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LIMITS OF GAUDIN ALGEBRAS, QUANTIZATION OF BENDING FLOWS,

JUCYS-MURPHY ELEMENTS AND GELFAND-TSETLIN BASES
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ABSTRACT. Gaudin algebras form a family of maximal commutative subalgebras in the tensor product of n copies
of the universal enveloping algebra U(g) of a semisimple Lie algebra g. This family is parameterized by collections
of pairwise distinct complex numbers z1,...,2,. We obtain some new commutative subalgebras in U(g)®" as
limit cases of Gaudin subalgebras. These commutative subalgebras turn to be related to the hamiltonians of
bending flows and to the Gelfand—Tsetlin bases. We use this to prove the simplicity of spectrum in the Gaudin
model for some new cases.
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1. INTRODUCTION

Gaudin model was introduced in [G76] as a spin model related to the Lie algebra sly, and generalized to
the case of arbitrary semisimple Lie algebras in [G83|, 13.2.2. The generalized Gaudin model has the following
algebraic interpretation. Let V) be an irreducible representation of g with the highest weight A. For any
collection of integral dominant weights (A\) = Aq,..., A, let Viy =V ®---@V,,. For any z € g, consider
the operator z) =1® - ®1z01® ---®1 (xz stands at the ith place), acting on the space Vin - Let
{zs}, a=1,...,dimg, be an orthonormal basis of g with respect to Killing form, and let z1, ..., z, be pairwise

distinct complex numbers. The hamiltonians of Gaudin model are the following commuting operators acting
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in the space V,):

dim g :El(;) x[(l]g)

(1) H; = Z

hpi a=1 1 7k

We can treat the H; as elements of the universal enveloping algebra U(g)®". In [FFR], an existence of a
large commutative subalgebra A(z1,...,2,) C U(g)®" containing H; was proved. For g = sly, the algebra
A(z1,...,2,) is generated by H; and the central elements of U(g)®™. In other cases, the algebra A(z1,...,2,)
has also some new generators known as higher Gaudin hamiltonians. Their explicit construction for g = gl,
was obtained in [T04], see also [CT04],|[CT06]. (For g = gl see [CRT]). The construction of A(z1,...,2y,)
uses the quite nontrivial fact [FF] that the completed universal enveloping algebra of the affine Kac-Moody
algebra g at the critical level has a large center Z(g). There is a natural homomorphism from the center Z(g)

to the enveloping algebra U(g®t~!C[t~!]). To any collection z1, ..., 2, of pairwise distinct complex numbers,
one can naturally assign the evaluation homomorphism U(g ® ¢t !C[t7!]) — U(g)®". The image of the center
under the composition of the above homomorphisms is A(z1,...,2,). We will call A(z1,...,2,) the Gaudin
algebra.

The main problem in Gaudin model is the problem of simultaneous diagonalization of (higher) Gaudin
hamiltonians. The bibliography on this problem is enormous (cf. [BEL Fr95l Fr02, [FFR] [FFTL, MV] MTV05,
MTV06-1]). It follows from the [FFR] construction that all elements of A(z1,...,2,) C U(g)®" are invariant
with respect to the diagonal action of g, and therefore it is sufficient to diagonalize the algebra A(z1,...,2y)
in the subspace V(s)f)" I c Vin) of singular vectors with respect to diag,(g) (i.e., with respect to the diagonal
action of g). The standard conjecture says that, for generic z;, the algebra A(z1,...,2,) has simple spectrum
in V(SAZ)" 9. This conjecture is proved in [MV] for g = sl, and \; equal to w; or w,_1 (i.e., for the case when
every V), is the standard representation of sl, or its dual) and in [SV] for g = slo and arbitrary \;.

In the present paper we consider some limits of the Gaudin algebras when some of the points z1,...,z,
glue together. We obtain some new commutative subalgebras this way. We consider the "most degenerate”
subalgebra of this type. In the case of g = glx, this subalgebra gives a quantization of the (higher) "bending
flows hamiltonians”, introduced in [FMO03-1]. Original bending flows were introduced in [KM96]. They are
related to SU(2). See [BR98, [FIMO01, FM03-2l [FMO04, [FM06] for further developments. Further, we establish a
connection of this subalgebra to the Gelfand—Tsetlin bases via the results of Mukhin, Tarasov and Varchenko
on (gly, glyr) duality (cf [MTVO05, MTV06-1]). This result was obtained first in [FIMO01] by different methods.
We use this to prove the simple spectrum conjecture for g = gly and A\; = mywi, m; € Z,.

The paper is organized as follows. In section [2] we collect some well-known facts on Gaudin algebras. In
section Bl we describe some limits of Gaudin algebras. In section [ we obtain quantum hamiltonians of bending
flows as limits of higher Gaudin hamiltonians. In sections B and [6] we establish a connection between quantum
bending flows hamiltonians and Gelfand—Tsetlin theory. Finally, in section [7] we apply our results and prove
the simple spectrum conjecture.
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2. PRELIMINARIES

2.1. Construction of Gaudin subalgebras. Consider the infinite-dimensional pro-nilpotent Lie algebra
g_:=g®t 'C[t™!] — it is a "half” of the corresponding affine Kac-Moody algebra g. The universal enveloping
algebra U(g_) bears a natural filtration by the degree with respect to the generators. The associated graded
algebra is the symmetric algebra S(g_) by the Poincaré-Birkhoff-Witt theorem. The commutator operation
on U(g-) defines the Poisson—Lie bracket {-,-} on S(g_): for the generators =,y € g_ we have {z,y} = [z,y].
For any g € g, we denote the element g ® t™ € g_ by g[m].

The Poisson algebra S(g_) contains a large Poisson-commutative subalgebra A C S(g_). This subalgebra
can be constructed as follows.

Consider the following derivations of the Lie algebra g_:

(2) at(g[m]) :mg®tm_l vg€g7m:_17_27

(3) to(glm]) =mget™ Vgegm=-1,-2,...
The derivations (2), (B]) extend to the derivations of the associative algebras S(g_) and U(g—). The derivation
@) induce a grading of these algebras.

Let i_1 : S(g) — S(g—) be the embedding, which maps g € g to g[—1]. Let &, [ = 1,...,rkg be the
generators of the algebra of invariants S(g)?.

Fact 1. (1) [BD| [FFRL [Fx02] The subalgebra A C S(g_) generated by the elements OPS;, | =1,...,1kg,
n=0,1,2,..., where S; =i_1(®;), is Poisson-commutative.
(2) There exist the homogeneous with respect to t0; elements S; € A such that gr S; = S;.
(3) A is a free commutative algebra generated by 0]'S;, k=1,...,rkg, n=0,1,2,....

Remark. The generators of the subalgebra A C S(g—) can be described in the following equivalent way.
Let i(z) : S(g) — S(g—) be the embedding depending on the formal parameter z, which maps g € g to
S~ 2F=1g[—k]. Then the coefficients of the power series Sj(z) = i(2)(®;) in z freely generate the subalgebra
k=1

AcCS(g-).

Remark. The subalgebra A C U(g_) comes from the center of U(g) at the critical level by the AKS-scheme
(see [FER] [ER] [CT06] for details).

The Gaudin subalgebra A(z1,...,2,) C U(g)®" is the image of the subalgebra A C U(g-) under the
homomorphism U(g_) — U(g)®™ of specialization at the points zi,...,z, (see [FFR] [ER]). Namely, let
U(g)®™ be the tensor product of n copies of U(g). We denote the subspace 1®---®10go1®---®@1 C U(g)®",
where g stands at the ith place, by g(?. Respectively, for any f € U (g) we set

(4) f=1g - @lefele - -@leU(g).

Let diag, : U(g_) — U(g_)®" be the diagonal embedding. For any collection of pairwise distinct complex
numbers z;,i = 1,...,n, we have the following homomorphism:
(5) Poryzn = (P21 @ @ p,) o diag, : U(g-) — U(g)™"

More explicitly, we have

n
Pty (g DT = Z zimg(z),
i=1
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Set
A(Zl, - ,zn) = Q1,02 (A) C U(g)®"

2.2. Quantum Mishchenko-Fomenko ”shift of argument” subalgebras. Consider the subalgebra A(z1, z2) C
U(g) ® U(g). The associated graded quotient of A(z1, z2) with respect to the second tensor factor is a com-
mutative subalgebra A (21, 22) C U(g) ® S(g). Any element p € g* = Spec S(g) gives the evaluation homomor-
phism id®u : U(g)®™~Y @ S(g). The image of A(z1, 22) under this homomorphism a commutative subalgebra

A, C U(g), which does not depend on 2, z2. This subalgebra is a quantum version of the Mishchenko-Fomenko
”shift of argument” subalgebra A, C S(g) (see [CT06, FETL, MTV06-2, Ryb]). The latter generated by the
derivatives (of any order) along u of the generators of the Poisson center S(g)?, (or, equivalently, generated

by central elements of S(g) = C[g*] shifted by tu for all ¢t € C) [MF]. In [FETL, Ryb| it is shown, that
grA, = A,. The algebra A, is a free commutative algebra with %(dim g+rkg) generators, and hence has the
maximal possible transcendence degree (see [ME]).

2.3. Talalaev’s formula. In [T04] D. Talalaev constructed explicitly some elements of U(g)®" commuting

with quadratic Gaudin hamiltonians for the case g = gl,. The formulas of [T04] are universal, i.e. actually
they describe a commutative subalgebra of U(g_) which gives a commutative subalgebra of U(g)®" as the
image of the specialization homomorphism at the points z1,..., 2, (see [CT06]).

Namely, set

o
Lz)= > Y eyl @eji € Ulg) @ EndC,
1<i,j<rn=1
where z is a formal parameter, and consider the following differential operator in z with the coefficients from

Ulg-): ) .
D=Te A JJL=D -0.) =00 + >3 Quuz"'or [
=1

k=1n=1
Here we denote by L(z)® € U(g_) ® (EndC")®" the element obtained by putting L(z) to the i-th tensor
factor, and A, denotes the projector onto U(g_) ® End(A"C") C U(g_) ® (End C")®". It follows from [CT06]
that the elements @, ; € U(g—) pairwise commute.

o0
In [Ryb06], it is shown that > Q,x2""! = Sj(2), and hence the elements @, € U(g_) generate the same

commutative subalgebra A C U(g_).

2.4. The generators of A(zy,..., z,). For our purposes, we need some specific set of generators of A(z1,...,25,).
Let us describe it.
Consider the following U(g)®"-valued functions in the variable w

Si(w; 21, ..., 2n) 1= Pw—z1,.w—2, (S1)
Let Sli’m(zl, ...,2n) be the coefficients of the principal parts of the Laurent series of Sj(w;z1,...,2,) at the
points z1,...,2,. Le. we set

m=deg ¥; ‘
Si(w; 21, ..., 2n) = Z S (21 z) (2 — )T+ O(1) as 2 — 2.
m=1

The following assertion is standard.

11t was first observed in [MTV0512], that one can use simply the column determinant to define D, D = det®®(L(z) — 8.), where
det® M =3 _(—1)*9"*[] My(),i. This becomes natural due to an observation of [CF07], that L(z) — 0 is a “Manin’s matrix”,
so use of column-determinant is dictated by Manin’s general theory.
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Proposition 1. (1) The subalgebra A(zi,...,z,) is a free commutative algebra generated by the ele-
ments S, (z1,...,2,) € U(g)®™, where i = 1,...,n—1, Il =1,...,tkg, m = 1,...,deg®;, and
Sf’dogq)l(zl,...,zn) = @l(n) e U(g)®", where  =1,...,tkg.

(2) The elements Sli’m(zl, cy2zn) € U(g)®" are stable under simultaneous affine transformations of the
parameters z; — az; +b.
(3) All the elements of A(z1,...,z,) are invariant with respect to the diagonal action of g.

(4) The center of the diagonal diag,,(U(g)) C U(g)®" is contained in A(z1,...,2,).

Proof. (1) The algebra A(z1,...,z2,) is generated by the elements ., . (07S;). The latter are Taylor coef-
ficients of Sj(w;z1,...,2n) = Gw—z,..w—2,(51) about w = 0. The function Sj(w;z1,...,z2,) is meromorphic
in w having a zero of order deg®; at co. Since the poles of Sj(w) are exactly z1,...,z,, the Taylor coef-
ficients of S;(w) about w = 0 are linear expressions in the coefficients of the principal part of the Laurent
series for the same function about zi,...,z,. Since the function S;(w) has zero of order deg ®; at oo, for
each m =1,...,deg ®; — 1 the Laurent coefficient S;""™(z1,...,2,) = Resy—, (w — 2)" LS (wy 21, 2) S
a linear combination of the Laurent coefficients at z1,...,z,_1.

Now, it remains to check that the generators S;’m are algebraically independent. Equivalently, we need
to prove that the transcendence degree of A(z1,...,2,) is 27*(dimg + rkg) 4+ rkg. We shall deduce
this from the maximality of quantum Mishchenko-Fomenko subalgebras. Namely, it is sufficient to prove
that the associated graded quotient of A(z1,...,z,) with respect to the n-th tensor factor has the tran-

scendence degree "T_l(dim g +rkg) + rkg. This associated graded quotient is a commutative subalgebra

Az, .. 20) C U@%" Y @ S(g). Any element u € g* = SpecS(g) gives the evaluation homomorphism
id® Y @u : Ug)®™ D @ S(g). This homomorphism sends the central generators Sln’dogq)l (21,0 y2n) =
@l(n) € Alz1,...,zn) C U(@®™ 1D @ S(g) to constants. By Theorems 2 and 3 of [Ryb|, the algebra
(1d®™ D @u)(A(z1,- -, 20)) € U(g)®" D is the tensor product of quantum Mishchenko-Fomenko subalge-

bras, .A,(}) ®--- ®A,(f_1) which is known to be of the transcendence degree 251 (dim g+1kg) (see [ME]). Thus,

the algebra A(z1,...,2,) has the transcendence degree 31 (dimg + rkg) over (C[(I)gn),...,QDEZ)Q] = S(g)®.
Hence the assertion.
(2) The Laurent coefficients of the functions Sj(w;z; +b,...,2, + b) about z; + b are equal to those of

Si(w — b;z1,...,2,) about z;, hence our generators are stable under simultaneous transformations of the
parameters z; — z; + b.

Now consider simultaneous transformations z; — az;. The Laurent coefficients of the functions Sj(w;az1,...,azy,)
about az; are proportional to those of Sj(aw;azi,...,az,) about z;. Since the elements S; € U(g-)

are homogeneous with respect to td;, we see that exp((loga)td;)S; is proportional to S;. Note that
Si(aw;azy,...,02,) = Quw—z,...w—2,(exp((log a)td;)S;). This means that the Laurent coefficients of the func-
tions Sj(aw;az,...,az,) about z; are proportional to those of Sj(w;z1,...,2,) about z;.

(3) The elements S; € U(g—) are g-invariant, and the homomorphisms ¢,—,, w—z, are g-equivariant for
any w, hence the images of S; under the homomorphisms ¢,—;, .. w—2, are g-invariant as well.

(4) The deg®;-th Taylor coefficient of Sj(w;z1,...,2,) at oo is the [-th generator of the center of
diag, (U(g)) © U(g)®" O



3. LiMITS OF GAUDIN ALGEBRAS

The algebra U(g)®™ has an increasing filtration by finite-dimensional spaces, U(g)®" = U (U(9)®")x) (by

degree with respect to the generators). We define the limit li)m B(s) for any one-parameter family of subal-
S [ee]

gebras B(s) Cc U(g)®" as U lim B(s) N (U(g)®") k). It is clear that the limit of a family of commutative
k:()s [e.e]

subalgebras is a commutative subalgebra. It is also clear that passage to the limit commutes with homo-
morphisms of filtered algebras (in particular, with the projection onto any factor and with finite-dimensional

representations).

We shall consider the limits of Gaudin subalgebras when some of the points z1,...,z, glue together. More
precisely, let zi1,...,2; be independent on s, and zx1; = 2z + su;, ¢ = 1,...,n — k, where z1,...,2,,2 €
C are pairwise distinct and ui,...,u,_r € C are pairwise distinct. Let us describe the limit subalgebra
gilllmﬂ(zl,...,zk,z+su1,...,z—i—sun_k) c U(g)®™.

Consider the following homomorphisms
Dy = 1d*" @ diag,,_, : U(g)** ) — U(g)*",

and
[k,n = 1®k ® id®(n—k) . U(g)@)(n—k) < U(g)®",

where id : U(g) — U(g) is the identity map, diag, , : U(g) — U(g)®" %) is the diagonal embedding.Clearly,
the image of [U(g)®™ %8 under the homomorphism I, commutes with the image of the homomorphism
Dy -

Let z1,...,25,2z and wuq,...,up_g be two collections of pairwise distinct complex numbers. We assign to
these data a commutative subalgebra

‘A(zl,...,zk,z),(ul,...,un,k) = Dk,n(-A(zly sy 2k 2)) ' [k,n(-A(ula cee 7un—k)) - U(g)®n

Proposition 2. The subalgebra A, . ., 2) (u1,.ou, ) S @ free commutative algebra generated by the elements
Dk,n(Sli’m(zl,...,zk,z)), with i =1,....k, l=1,...,tkg, m=1,...,deg ®,, Ik,n(Sli’m(ul,...,un_k)), with

i=1,....n—k—1,1=1,....,tkg, m = 1,...,deg®; and Sf’degq)l(zl,...,zn) = <I>l(") € U(g)®™, where
l=1,...,rkg.

Proof. Note that by the assertion (4) of Proposition [ the center of id®* @ diag,, ,(U(g)) is contained in
I n(A(ui,. .., up—). Hence, by (1) of Proposition [ the elements defined above generate the algebra
Aarozi,2) (wn i) - Lhus it remains to show that these elements are algebraically independent. But this is

so due to the same argument as (1) of Proposition [II O
Theorem 1. 1iin>0fl(z1, e Zhy 2 SUL, 2 SUn k) = Ay ) (s ) C U(g)®™.
S

Proof.

Lemma 1. lim ¢, =&, where ¢ : U(g-) — C-1cC Ul(g) is the co-unit.
z o

Proof. 1t is sufficient to check this on the generators. We have

lim ¢.(g[m]) = lgn 2Mg=0 Vgeg, m=—-1,-2,....

Z—>00



Let us choose the generators of .A(zl, ey Zky 2+ SUL, ..., 2+ Sup_k) as in Proposition [Il. The coefficients of

the Laurent expansion of Sj(w;z1,..., 25,2 + su1,...,2 + Su,_i) at z + su; are proportional to the Laurent
coefficients of Sj(w; 2=,..., 2== wy,...,u,—y) at the point u;. On the other hand, by Lemma [I] we have
-z 2 — 2
lim S ey JULy ey Uy ) =
Jm 1 (w; . 5 1 n—k)
- SIETI)O(’D s -7w_2k;27w_u1---7w_un7k (Sl) -

- (6 Q- QER Puw—uy @+ & (-Pw—un,k) © dlagn(sl) = In,ksl(w;uly I aun—k)-

Sz-‘,—k m(

Therefore, hm 2y 2 2 SUL oy 2 SUn—g) = Ly i (S (U, .. upg)) for i=1,...,n—k.

Now let us compute the limits of the coefficients of the Laurent expansion of Sj(w; z1,..., 2k, 2+ su1,..., 2+
SUp_k) at z;.

Lemma 2. sl£n>0 P21, 2l 2 5UL e 2 S U Dmk O Pz1,21,2
Proof. 1t is sufficient to check this on the generators. We have
512130 Dotz ztsun e atsun_, (9M]) =

k n
= slg%(z; 790+ D (24 sui )W) =

i=k+1
= Dn,k S @zl,...,zk,Z(g[m])‘

O
By Lemma[2l we have lilnmSli’m(zl, ey 2y 2 SUL, e 2 SUL_g) = Dmk(Sli’m(zl, ey 2y 2)) fori=1,... k.
S
Thus we have li_nl)O.A(zl, ey 2Ry 2 SUL -y 2 SU k) D Az 2 2) (unseung) - O the other hand, from
S

propositions[Iland 2] it follows that the algebras A(z1, ..., 2k, 2+su, ..., 2+su,_) and of Aoy, zi02), (W1 yoeostin k)
have the same Poincare series. Hence li_m)OA(zl, e 2Ry 2 SUL, e 2 SUn k) = A 2) (i k) O
S

4. QUANTUM HAMILTONIANS OF BENDING FLOWS

In [FMO03-1], a complete system of Poisson-commuting elements in the Poisson algebra S(gln)®" was con-
structed. Namely, the following functions on gl, @ --- @ gly commute with respect to the Poisson bracket.

o 1 -
HS (X1, X,) i= Rese 0 o (X +2( Y X)),
i=k+1

where Xi,...,X, € gly. Now, we construct a system of commuting elements Hl(‘z) € U(gln)®" such that

or Hl(%) _ H(a)

One can iterate the limiting procedure described in the previous section to obtain some new commutative
subalgebras in U(g)®". In particular, we can obtain the following subalgebra A, .,y (s ) C U(g)®", which
is generated by

D"72(‘A21722)’ 1® DTL—L?(‘AZLZQ)v ERRE 1®(n_2) & ‘A21722'

By Proposition [I] assertion (2), this subalgebra is independent on 21, zo. We denote it by Ajy,. The following
is checked by an easy computation.

Proposition 3. For ®;(X) = Tr X! (X € gly), Si(2) = i.(®;), we have gan_ng(Sll’ )= Hl((z)
7



This means that, for g = gl , the algebra Ay, gives a quantization of the ”bending flows” system from
[EMO03-1].

5. SCHUR-WEYL DUALITY AND JUCYS—MURPHY ELEMENTS

Let g = gly, and V() = CN®---@CN . By Schur-Weyl duality, the centralizer of the diagonal g in End(V(y))
is the image of the group algebra CI[S,]. Equivalently, the space V&Z)" I=[CN®---®@CN]*"9 decomposes into
the sum of irreducible S, -modules with multiplicities 0 or 1. Since the elements of A(z,...,z2,) commute

with the diagonal action of g, we can treat them as commuting elements of C[S,]. In particular, one can
rewrite quadratic Gaudin hamiltonians [I] as follows:

(i, )
H = .
' Z zi — %
J#i

The quadratic elements of Aj;, can be rewritten as follows

J<t
The latter are known as Jucys—Murphy elements. By [OV], these elements generate the Gelfand—Tsetlin
subalgebra in C[S,,] (in other words, this subalgebra is generated by the centers of the group subalgebra
C[Sn-1] C C[Sy], C[S,—2] C C[Sn—1] C C][S,] and so on). This algebra has a simple spectrum in any
irreducible representation of S,,. We can obtain from this the following result of Mukhin and Varchenko.
Proposition 4. [MV] Suppose g = gly and (\) = (A1,...,\n), where A\; = wi. The Gaudin algebra

A(z1,...,2n) (and, moreover, its quadratic part) has simple joint spectrum in V&Z)"g for gemeric values of

the parameters zi,...,%n.

Proof. The Gelfand—Tsetlin subalgebra in C[S,,] has a simple spectrum in any irreducible representation of
Sy . This means that the algebra Ay, has a simple spectrum in V(‘;Z)" I=[CN®---®CN*™9 (since the latter
is multiplicity-free as an S,,-module). Since the subalgebra Ay, belongs to the closure of the family of Gaudin
subalgebras A(z1,...,2y,), for generic values of z; the algebra A(z1,...,z2,) has simple spectrum in V(‘i\z)" 9 as

well. O

6. (gln, glpr) DUALITY AND GELFAND—TSETLIN ALGEBRA

Consider the space W := CY¥ @ CM with the natural action of the Lie algebra gly @ glps. The universal
enveloping algebra U(gly @ glyp) = U(gln) ® U(glar) acts on the symmetric algebra S(W) = C[W*] by
differential operators. Let D(W) be the algebra of differential operators on W*. We shall use the following
classical result.

Fact 2. The image of Ul(glar) is the centralizer of the image of U(gly) in D(W). FEquivalently, the space
S(W)*™9 s multiplicity-free as glas -module.

We can treat the space W as the direct sum of M copies of CV, and hence we have the action of U(gly®---@
gly) = U(gln)®™ on S(W). The elements of the Gaudin subalgebra A(z1,...,2zy) C U(gly)®M commute
with the diagonal gly, and hence they can be rewritten as the elements of U(gly/). Thus, we obtain a
commutative subalgebra in U(glys). Let us describe this subalgebra explicitly. Consider the diagonal M x M -
matrix Z with the diagonal entries equal to z1,...,zp . To any diagonal matrix Z one can naturally assign a

8



quantum Mishchenko-Fomenko subalgebra Az C U(glys). For generic Z, the subalgebra Az C U(glyr) is the
centralizer of the following family of commuting quadratic elements [Ryb05]:

(6) Q7= {3 21, o nen),

CVGA+ <a7 Z>

where b C glys is the subalgebra of diagonal matrices, A is the root system of gly;, A, is the set of positive
roots, and e, are certain nonzero elements of the root spaces go, @ € A. The following assertion is due to
Mukhin, Tarasov and Varchenko.

Fact 3. [MTV06-1] The image of the Gaudin subalgebra A(z1,...,zy) C U(gly)®M in End S(W) coincides
with the image of Az C U(gly). The space of quadratic Gaudin hamiltonians coincides with the image of
Qz CU(gly).-

Remark. The quasi-classical version of this fact goes back to [AHHI0] (see also [GGM97] section 5.4 and
especially formula 5.27 page 23). But the relation with the (gln, glas) duality was not understood and the full
picture was not developed. These facts go back to the well-known in integrability theory fact that the Toda
chain has two Lax representations: one is by 2 x 2 matrices another by n X n matrices.

Remark. The (gly, gly) duality for quadratic hamiltonians was first observed by Toledano Laredo in
[TL].

In [Sh] Shuvalov described the closure of the family of subalgebras Az C S(g) under the condition Z € h"9
(i.e., for regular Z in the fixed Cartan subalgebra). In particular, the following assertion is proved in [Sh].

k
Fact 4. Suppose that Z(t) = Zo + tZy + t2Zs + -+ € §™9 for generic t. Set 31 = () 3q(pi) (where 34(Z;) is
=0

1=

the centralizer of Z; in g), 31 = g. Then we have
(1) the subalgebra tli_r% Az C S(g) is generated by all elements of S(3x)% and their derivatives (of any

order) along Zy.q for all k.
(2) tli_mm Az 18 a free commutative algebra.

This means, in particular, that the lim (...( lim ( lim Ag))...) for g = glps is generated by the
2177ZM EM-2"7ZM ZM—-1"7ZM

Poisson centers of S(glar—1) C S(glar), of S(glar—2) C S(glar—1) C S(glar) ete. (this is a maximal commutative
subalgebra known as the Gelfand—Tsetlin algebra). This was observed earlier by Vinberg in [Vin], 6.1-6.4.

Let Ag_71s C U(glyr) be the Gelfand—Tsetlin commutative subalgebra generated by the center of U(glas—1) C
U(glnr), the center of U(glar—2) C U(glapr—1) C Ulglyr) ete.

Theorem 2. The image of Am C U(glny)®M in End S(W) coincides with Ag_1s C U(glar).

Proof. Tt is sufficient to prove, that the corresponding limit of Az C U(glys) is the Gelfand-Tsetlin subalgebra.
On the level of Poisson algebras this is proved in [Vin] and [Sh|. On the other hand, in [Tar], it is proved that
there is a unique lifting of such limit subalgebra to U(glys). Thus, the limit of Az C U(gly) is Ag—1s C
Ulglm). 0

7. SIMPLICITY OF THE JOINT SPECTRUM OF THE GAUDIN ALGEBRAS IN THE gly CASE

n

Let V' be the tautological representation of g = glx (of the highest weight w;) and V() = @ S™V (or,

i=1
equivalently, (A\) = (A1,...,\,), where \; = mwy, m; € Zy ). We shall show in this section, that the joint
spectrum of the Gaudin algebra A(z1,..., z,) in the space V(s)f)" 9 is simple for generic values of the parameters

ZlyeeeyRn-
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Theorem 3. Suppose () = (A1,...,A), where N\; = m;w1, m; € Zy. The Gaudin algebra A(z1,...,z,) has
simple spectrum in V&Z;Lg for generic values of the parameters z1,...,zn.

Proof. The Gelfand—Tsetlin subalgebra in U(glys) has simple spectrum in any irreducible representation of
glyr. Since the image of Ag_7s C U(gly) coincides with Ajy,, and S(W)*™ is multiplicity-free as glys-
module, the algebra Ay, has a simple spectrum in S(W)%"9.

Note that the representation V() occurs in S(W). Thus the algebra Ay, has simple spectrum in V(s)f)" g,

Since the subalgebra Ay, belongs to the closure of the family of Gaudin subalgebras A(z1,...,z,), for
generic values of z; the algebra A(21,...,2,) has simple spectrum in V[ as well. O
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