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1. Introduction to part I

The notion of a function of bounded variation was introduced by Jordan
in [32] for real valued functions on the closed interval I = [a,b] C R with
a,b € R, a <b. In the present time this notion is well studied and applied in
many directions even for metric space valued maps (e.g., [3, 6, 7, 9, 11, 15,
18, 19, 20, 21, 26, 35, 39, 40]) and can be formulated as follows. Let (M, d)
be a metric space with metric d and f : I — M be a map. Then f is said
to be of bounded variation on I (in symbols, f € BV(I; M)) if its (Jordan)
variation defined by

m

V(f) = sup Z d(f(zi-1), f(2:))

P i=1

is finite, the supremum being taken over all partitions P = {z;}I", of the
interval I,i.e., meNanda=2p <21 < -+ < Zp_1 < T,, = b. Let us note
that the value V’(f) depends only on the order relation on the domain I,
which is a linear order, and the distance function d in the target space M,
and these are minimal assumptions for the value V’(f) to be meaningful.

Given z,y € I with < y and f : I — M, the value V¥(f) is defined
in a similar way, and it is well known (e.g., from the references above, or
as almost straightforward consequences of the definition of V¥(f)) that it
has the following three basic properties: (a) it is additive in the sense that
ifa <z <y <z<0b then V() = VI(f) + V7(f); (b) the inequality
d(f(z), f(y)) < VH(f) holds for all z,y € I, x < y; and (c) it is sequentially
lower semi-continuous in the sense that if z,y € I, x <y, and a sequence of
maps f; : I — M, j € N, converges pointwise on I to amap f: I — M (ie.,
d(fj(x), f(x)) = 0as j — oo for all x € I), then V¥(f) <liminf; .. VY(f;).

In particular, these properties are essential for the validity of the following
Helly-type pointwise selection principle in the space BV(I; M) ([28] if M = R,
and [7, 11, 15, 18] in the general case): if a sequence {f;} = {f;j}jen of
maps from BV (I; M) is such that the closure in M of the set {f;(x)};en is
compact for each x € I and the sequence {V.’(f;)}jen is bounded, then there
exists a subsequence of {f;}, which converges pointwise on I to a map f
from BV(I; M). This compactness result effectively applies to the proof of
the existence of selections of bounded variation for univariate multi-valued
maps with compact images from M (cf. [7, 10, 11, 15, 22]).

At the same time the above Helly-type selection principle is a motivation
for this paper (part I). In what follows we will be interested to what extent
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the three properties above of the Jordan variation carry over to maps of
several real variables so that the Helly theorem still holds. These properties
are also of independent importance in the study of (multi-valued) nonlinear
superposition operators acting on BV maps of several variables (in a paper
under preparation) as it was exposed in more particular cases in [16] and
[17]. Basing on the results and technique of this part, two extensions of the
Helly-type pointwise selection principle to metric semigroup valued maps of
several variables will be established in part II of this paper (we refer to part II
in this issue for more details).

Properties (a), (b) and (c) above depend upon notions of bounded vari-
ation for functions of several variables, which are known to be quite numer-
ous in the literature (e.g., [4, 8, 23, 25, 29, 31, 37, 41, 42, 43]) and which
generalize different aspects of the classical Jordan variation. Under some ap-
proaches to the multidimensional variation (]2, 8, 36]), which involve certain
integration procedures, Helly-type theorems are rather concerned with the
almost everywhere convergence of extracted subsequences, and no stronger
convergence can be expected in this case. On the other hand, for real valued
functions of several variables there are definitions of the notion of variation
([29, 34]), which go back to Vitali [41], Hardy [27] and Krause [1, 23], such
that a complete analogue of the Helly theorem holds with respect to the
pointwise convergence of extracted subsequences. Moreover, it was shown
recently ([17, 34]) that certain counterparts of properties (a) and (b) hold
for the variation in the sense of Vitali-Hardy-Krause.

The aim of part I is to study properties of the notion of total variation
([29, 34]) for maps of several variables under minimal requirements on the
target space M such that the approach of Vitali, Hardy and Krause is still
applicable (in some generalized sense [14]). This is interesting in connection
with the notion of a multifunction of several variables of bounded variation:
it suffices to assume that the target space M is a metric semigroup (cf.
Section 2). Note that in this case most approaches to the multidimensional
variation lose sense (except the approach in [2]).

This paper (part I) is organized as follows. In Section 2 we present nec-
essary definitions and our three main results, Theorems 1, 2 and 3, which
extend the properties of additivity, generalized triangle inequality and se-
quential lower semicontinuity of the Jordan variation to metric semigroup
valued maps of several variables. Sections 3-5 are devoted to their proofs.



2. Definitions and main results

Throughout the paper we adopt and follow the Vitali-Hardy-Krause ap-
proach to the notion of variation for maps of several variables in the multiin-
dex notation initiated in [12, 14] and developed in detail in [17] (equivalent
approaches in different notation for real functions can be found in [33, 34]).

Let N and Ny stand for the sets of positive and nonnegative integers,
respectively, and n € N. Given z,y € R", we write x = (x1,...,2,) =
(; :i € {1,...,n}) for the coordinate representation of z, and set x +y =
(x1+ Y1, -+, Tn + Yn), and = — y is defined similarly. The inequality = < y
will be understood componentwise, i.e., z; < y; for all i € {1,...,n}, and
a similar meaning appliestox =y, x < y,y >xand y > z. If x < y or
z <y, we denote by I¥ the rectangle [/, [z:, vi] = [T1,y1] X =+ X [T, Yn)-
Elements of the set Njj are as usual said to be multiindices and denoted by
Greek letters and, given 6 = (64,...,0,) € Nj and x € R", we set |0] =
0y + - - -+ 0, (the order of ) and 6z = (0124, ...,60,x,). The n-dimensional
multiindices 0, = (0,...,0) and 1, = (1,...,1) will be denoted simply by 0
and 1, respectively (actually, the dimension of 0 and 1 will be clear from the
context). We also put £(n) = {§ € Ny : 6 <1 and |f] is even} (the set of
‘even’” multiindices) and O(n) = {# € Nj : 6 <1 and |6| is odd} (the set of
‘odd” multiindices). For elements from the set A(n) ={a € N : 0 # a <1}
we simply write 0 # o < 1.

The domain of (almost) all maps under consideration will be a rectangle
I® with fixed a,b € R", a < b, called the basic rectangle. The range of
maps will be a metric semigroup (M,d,+), i.e., (M,d) is a metric space,
(M,+) is an Abelian semigroup with the operation of addition +, and d
is translation invariant: d(u,v) = d(u + w,v + w) for all u,v,w € M. A
nontrivial example of a metric semigroup is as follows ([24, 38]): Let (X, ||-||)
be a real normed space and M be the family of all nonempty closed bounded
convex subsets of X equipped with the Hausdorff metric d given by d(U, V') =
max{e(U,V),e(V,U)}, where U,V € M and e(U, V) = sup,,cyy inf ey ||lu—v]|.
Given U,V € M, defining U & V as the closure in X of the Minkowski
sum {u+v :u € Uyjv € V} we find that the triple (M,d,®) is a metric
semigroup (actually, M is an abstract convex cone but this is irrelevant for
our purposes).

Given f : I’ — (M, d, +), we define the Vitali-type n-th mived ‘difference’



of f on a subrectangle I¥ C I°, where x,y € I? and x < y, by (cf. [14])

(Z flz+0(y—=x) Z flz+n(y —:c))) (2.1)

0cE(n) neO

For example, for the first three dimensions we have: if n = 1, then

E(1) = {0} and O(1) = {1}, and so, md;(f,I¥) = d(f(x), f(y)); if n = 2,
then £(2) = {(0,0), (1,1)} and O(2) = {(0,1),(1,0)}, and so,

md?(fv Ig) = d(f(:(fl,l’g) + f(y17y2>7 f(x17y2> + f(y1,$2));

if n = 3, then £(3)={(0,0,0), (1,1,0),(1,0,1),(0,1,1)} and O(3)={(1, 1, 1),
(1,0,0),(0,1,0),(0,0,1)}, and S0,

0
mds( f, I d(f w1, T2, 23) + f(y1, ¥, 23) + f(y1, 22, y3) + (21, y2, ¥3),
T, y2,y3) + fyn, w2, 23) + f(21, Y2, 23) + (21, $27y3)>

(one may draw corresponding pictures to see the points where f is evaluated
at the left and right hand places of d(‘left’; ‘right’) ).

Remark 2.1. Formally, the value md,,(f, IY) from (2.1) is defined for x < y.
Now if 2,y € I®, x < y and x # y, then the right-hand side in (2.1) is equal

to zero for any map f:I°— M. In fact, if z; =y, for some i€ {1,...,n}, then
Z flx+0(y — ) Z f(z —x)).
0e&(n 0cO(n)

In order to see this, given § = (6y,...,0,) € E(n), we set 0 = (6,,...,0,) =
(01,...,0i_1,1—0;,0,11,...,0,) and note that # € O(n) and, moreover, the
map 6 +— 0 is a bijection between £(n) and O(n). It remains to take into
account that x + 0(y — z) = x + 0(y — x) for all § € £(n), because

T+ 0y — ) = x5 = a2+ (1—0)(ys — ) = 25 + 0:(yi — 5).
The Vitali-type n-th variation ([17, 34, 41]) of f: I® — M is defined by

Vn(f> IS) = sup Z mdn(f> I;C[[:}_l})a (2'2)

1<o<k



the supremum being taken over all multiindices x € N™ and all net partitions
of IY of the form P = {z[o]}%_,, where points z[o] = (z1(01),...,Zn(0,))
from It are indexed by o = (0y,...,0,) € N2 with o < k and satisfy the
conditions: x[0] = a, z[k] = b and z[c — 1] < z[o] for all 1 < ¢ < &k (in other
words, a net partition P is the Cartesian product of ordinary artltlons of
closed intervals [a;, b;], i = 1,...,n). Note that all rectangles I 1] of a net

partition are non-degenerated, non—overlapplng and their umon is I°.

In order to define the notion of the total variation of a map f : If; — M
we need the notion of variation of f of order less than n. Following [17], we
define the truncation of a point x € R™ by a multiindex 0 # o < 1 by z|a =

(z; i€ {l,...,n}, a; = 1), and set I’|a = Ig{z Clearly, |1 = z and
I’|11=1° and if x € I®, then z|a € I’| . For example, if z = (21, 2o, 73, 74)
and o = (1,0,0,1), we have z|a = (x1,74) and I’[a = [a1,b1] X [a4, ba).
Given f : I® — M and z € I, we define the truncated map fz : I’|a — M
with the base at z by fZ(z|a) = f(z+a(x—2z)) for all z € I?. It follows that
fZ depends only on |«| variables z; € [a;, b;], for which «; = 1, and the other
variables remain fixed and equal to z; when «; = 0. In the above example
we get f2(x1,x4) = fZ(x|a) = f(x1, 22, 23, 24) for (21, 24) € [ay, b1] X [ag, by].

Now, given f : I° — M and 0 # a < 1, the function f2: I’|a — M with
the base at z = a depends only on |«| variables, and so, making use of the
definitions (2.2) and (2.1) with n replaced by |a|, f replaced by f? and I®
replaced by I°|a, we get the notion of the (Hardy-Krause-type [1, 23, 27))
||-th variation of f, which is denoted by Via(f2, I%| ).

The total variation of f : I® — M in the sense of Hildebrandt ([13, 16],
29, 111.6.3], [30] if n = 2) and Leonov ([12, 14, 17, 34] if n € N) is defined by

)= Y Vi(fe, Ila Z Z Vi(fa. Il (2.3)
0#£a<1 i=1 a<l,|a|=i

the summations here and throughout the paper being taken over n-dimen-
stonal multiindices in the ranges specified under the summation sign.
For the first three dimensions n = 1,2, 3 we have, respectively,

V(f,I!) = VI(f), the usual Jordan variation on the interval [a, b],
1

V(1)) = VI(f(- a2) + V2 (f(ar, ) + Valf, 10002),



TV Y = VE(S(- azas)) + V2 (Flar, - a5) + V5 (far,as, -)
+Va(f(-, -,ag),lé’;:gi) +Va(f(-, as, )Jﬁiﬁi)
+Vs (f(al, - .)’ Ib2,b3) + VE’,(f ]bl,bg,bg )

a2,a3 ?7a1,a2,03
We denote by BV(I%; M) the space of all maps f : I> — M of finite (or
bounded) total variation (2.3).

Our first main result, a counterpart of property (a) from the Introduction
to be proved in Section 3, is the additivity property of |a|-th variation Vi,
for each 0 # a < 1 (which is well known when M = R):

Theorem 1. Given f: I° — M, v,y € I’ withx <y, z € I” and 0 # o < 1,
if {x[o]}s_, is a net partition of IY, then

Vol (F5 )= Y V(2 2 L), (2.4)

lla<o|a<lk|a

where the summation is taken only over those o; in the range 1 < o; < K;
with i € {1,...,n}, for which a; = 1.

In order to present our second main result (Theorem 2), we need a lemma
concerning mixed differences and some short notations, which will be used
throughout the paper. Given 0 # « < 1, the sum over ‘evf < o’ denotes
the sum over ‘0 € £(n) s.t. # < a’, where ‘s.t.” is the usual abbreviation for
‘such that’, and a similar convention applies to the sum over ‘odf < «’.

Lemma 1. If f: [’ - M, z,y € I’, 2 <y, 2€ I’ and 0 # a < 1, then

(2 1]0) = d(z F(z+ale —2) + 0y — o),

ev <o

Z f(z+a(x—z)+9(y—:c))). (2.5)

od <«

In particular, if z = a or z = x, we have, respectively,

md|o¢\( 5 1Y |_Oé) = md\a| (fg-i-a(x—a)’ [34_&(;(;—@) |_Oé),

)X

(2. 12 ) =d( S fat b)), 3 f(:c+9(y—:c)))- (2.6)

evi<a od <



The proof of Lemma 1 is the same as in [17, Part I, Lemma 5] (and so,
details are omitted): we note only that 6 € NLO“ and |0 is even (odd) if and
only if there exists a unique 0 € N s.t. 0 < a, || is even (odd, respectively)
and 0" = 0| «, and apply definition (2.1) where n is replaced by |a|.

Theorem 2. If f € BV(I’; M), z,y € I’ and x <y, then

d(f(x), f() < Y md(f2, IY]e) < TV(f, 1Y).

0£a<l1

This theorem will be proved in Section 4. It is a generalization of prop-
erty (b) from the Introduction and a counterpart of Leonov’s (in)equalities
established in [34, Theorem 2 and Corollary 5] for real valued functions of n
variables (cf. also [17, Part I, Lemma 6 and (3.5)]). The inequalities in The-
orem 2 are also known for metric semigroup valued maps of two variables
[5, 16]. However, in the general case Theorem 2 needs a different proof as
compared to the cases of maps of one or two variable(s) or M = R.

The last property, to be established in Section 5, is the sequential lower
semicontinuity of the total variation TV(-, I?):

Theorem 3. If a sequence of maps {f;} from I into M converges pointwise
on I? to a map f: 12— M, then TV(f,12) <liminf; ., TV(f;, I?).

3. Proof of Theorem 1

In order to prove Theorem 1, we need several lemmas. The following
equality will be needed in Lemma 2 (cf. [17, Part I, equality (3.4)]): given
two multiindices 0 < § < v < 1, we have:

Ha:pf<a<~yand |a| =i} = Cﬁf‘m for all |B|<i<|y|, (3.1)

where |A| denotes the number of elements in the set A and, given 0 < j < m,
Cl = (T) = #’J), is the usual binomial coefficient (w1th 0! =1). Also,
recall (cf. Section 2) that a multiindex « is said to be even (odd) if a € E(n)

(v € O(n), respectively).

Lemma 2. (a) Given m € N and integer 0 < k <m — 1, we have:

<m/2 <(m+1)/

21— 2i—1-k _ om—k—1
2 G = D it i
i>k/2 i>(k+1)/
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where the summations are taken over integer i in the ranges specified.
(b) Given two multiindices 0 < 3 <~ <1 with 5 # -, we have:

[{even a: f <a <7} = [{odd a: f <o <7},

PROOF. (a) Since the case m = 1is clear, let m>2. By the binomial formula,
we find 0 = (1 — 1)m* = Z;’:Ok(—l)jC%_k. Considering the possibilities
when m and k are of different evenness or of the same evenness and changing
the summation index j appropriately, we arrive at the desired equality.

(b) By virtue of (3.1), the left-hand side of the equality is equal to

<hl/2
[{o: B<a<yand |of =2ifor all i s.t. [B] < 2i < |y[}] = Z C’ffqg\,
i>|B]/2
and the right-hand side of the equality is equal to

[{o: B <a<~yand |a\:2i—1forallis.t. 8] <2i—1< [y}
<(v[+1)/ P
o 2i—1—|8
= > Clvl 8l -

i>(|181+1)/

It remains to put m = |y| and k& = ||, note that k& < m and apply the
equality from the previous assertion (a). O

Since (M,d,+) is a metric semigroup, then, by virtue of the triangle
inequality for d and the translation invariance of metric d on M, we have,
for all u,v,u/,v" € M:

d(u,v) < du',v") +du+ud' v+,
dlu+u,v+v) < du,v)+du,v). (3.2)

Inequality (3.2) yields that the addition operation (u,v) — u + v is a con-
tinuous map from M x M into M. More generally, if u; — u, v; — v,
u; — v’ and v; — v as j — oo (convergence of sequences in M), then
im0 d(uj + vj, uf; +0%) = d(u + v, u' +').

Before we turn to the proof of Theorem 1, a few remarks are in order.
Note that if P = {z[o]}%_, is a net partition of I?, then

U [gf[[j_u: U H[%’(Uz’— , i (03) —H<Ufm((zl 1) (3.3)

1<o<k 1<o<k =1



is a union of non-overlapping non-degenerated rectangles I:f[[;ﬂ—l} with the
sides parallel to the coordinate axes. In this section it will be convenient and
brief to term the union as in (3.3) also a partition of I’ (by non-overlapping
non-degenerated rectangles).

If P = {x[o]}s_, and P’ = {a2'[0"]}%,_, are two net partitions of I?, we
say that P’ is a refinement of P if P C P’. Also, for the sake of convenience
we define the n-th prevariation of f : I° — M, corresponding to P, by

va(£iP) = > mda(f. 1),

1<o<k

It follows that the Vitali-type n-th variation of f is given by V,(f,I°) =
supp Vi, (f; P), where the supremum is taken over all net partitions P of I7.

The basic ingredient in the proof of Theorem 1 is the following

Lemma 3. Given f : 1> — M, if P and P’ are two net partitions of I® s.t.
P C P, then v, (f; P) < v, (f;P).

In order to prove this lemma we need three more Lemmas 4-6. In what
follows we fix a map f: I° — M.

Lemma 4. Given z,y € I with x < y and x' € I, we have the following
partition of 1Y, induced by the point z’:

= U e (3.4)

1-£<a<l
where the multiindex £ = &(x, 2’ y) = (&1, ..., &) 1S given by

1af o<l <y

0 Zf xh < 0’/’1’/.>y~ 'ée{l,,,,’n}’ (35)

@zaaaw:{

and

md,(f, 1Y) < Y md, (f 15580, (3.6)

1-¢<a<1

Before we prove Lemma 4, let us establish two of its particular variants
as Lemmas 5 and 6 (note that in Lemma 5 the rectangles in the union may
degenerate).
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Lemma 5. [f v,y € I® with x < y and 2’ € IY, then we have the following
union of non-overlapping (possibly, degenerated) rectangles

IV = [¥ e (3.7)

z 4oz’ —x)
0<a<l1

and the following inequality holds:

' +a(y—z')
md,(f, 1Y) < > md, (£, 1250070, (3.8)
0<a<l
PROOF. Since z; <z <y, for all i € {1,...,n}, we have:
! 1 ! !
IV = (g, 53] = s, 2] U [, ) = Lol U LY = Ijiz((i’:z)),

a; =0
and so (cf. equation (2.5) in [17, Part II]),
n n 1 ( )
y — vi _ Titai(yi—z)) | _ z'+a(y—z’)
=111 = H( U Ixﬁw(x;—xi)) = Iy vafai—o) -
i=1 i=1 Na;=0 0<a<l1

The mixed difference at the left-hand side of (3.8) is given by (2.1), and
again by virtue of (2.1), the mixed difference at the right-hand side of (3.8)
is equal to

wd, (1,150 =i X Ham, X hlas))

ev <1 od <1

where h(a, 8) = f(zr+(aVP) (@' —z)+af(y—2')) and aV G = a+ [ —af.
Noting that if « = 3, then aV § = and af = (3, we find

SN N ks = S ks + Y wEs)

0<a<l evp<1 ev <l 0<a<l, ev 3<1
a#p
= > Y heB)+ Y fla+Bly—2)
evp<l 0<a<l, ev 3<1
a#B
= U+u.

11



Let us show that the double sum U can be represented as

U= > > cuflz+1@ —2)+6y—21))

0#~<1 0%675{%
with certian integer factors c,; to be evaluated below. In fact, given 0 # v <1
and 0 < § < with § # v, there exist even f < 1land 0 < a <1, a # f3, s.t.
aV f=~and af = 4. In order to see this, if v is even or J is even, we may
set =7 and a =9, or § =6 and a = 7, respectively. Now, if v and § are
odd, then since § # v, we can find ¢ € {1,...,n} s.t. §; = 0 and ; = 1, and
so, if we set 3 = (01,...,0;-1,1,0i41,...,0,), then § < 3 <, 0 # 3 #~ and
|B] = |0] + 1 is even, and it remains to put « =+ 6 — .

Given 7 and 0 as above, let us evaluate c,5. Since 6 = af < B < aVp =1y
and, given even 3, the multiindex 0 < a < 1, a # 3, s.t. aV = v and
af =4, is determined uniquely by o = v+ 6 — 3, we have c¢,5 = [{even [ :
o< B <}

In a similar manner, we find

SN has) =Y Y wad+ Y fa+By—a) =V 4o,

0<a<1 od <1 od 3<1 0<a<l, od <1
o#f

where

V=3 Y defletal o) +dly )

0#£v<1 0<6<y,
oFy

with dys = [{odd 8 : § < § < 7}|. By Lemma 2(b), ¢, = d,5, and so,
U = V. Applying the translation invariance of d and inequality (3.2), we
obtain inequality (3.8):

d(u,v) = d(U+u,V+v):d<Z S h(a,B8), Yo > h(a,ﬁ))

0<a<levp<l 0<a<lodp<1
< Y d(Z ho, 8), Y h(a,m). O
0<a<l1 ev <1 od B<1

Lemma 6. Given z,y € I with x < y and 2’ € 1Y, we have the following
partition of 1Y, induced by x':

= \J e (3.9)

z 4oz’ —x)
A<la<y

12



where the multiindices A = ANz, 2') = (A1,..., ) and p = p(2',y) =
(1, -+, i) are defined fori € {1,... ,n} by

Aizki(z’x/):{ 0 if z<d, /

d i = M /7 =
and p; = (2, y) {1 v

and the following inequality holds:
wd (1) < 3 i ( ). (3.10)

Alaly

PROOF. First, we note that, since x; < y; for all i € {1,...,n}, then A < p.
In particular, if x < 2/ < y, then A = 0 and p = 1, and we get (3.7) as a
consequence of (3.9).

In order to prove (3.9), given i € {1,...,n}, consider the following possi-
bilities: (i) } = z; and 2 < y;; (ii) z; < 2} and 2 = y;; and (iii) z; < 2 and
x} < y;. We have, respectively:

(i) \; = 1 and p; = 1, and so, if \; < a; < p;, then o; = 1 and

; i witai(yi—a}),
Igf = Ig; - Ul ]sz‘-i-ai((i/;—xi))’

1) A; =0 and p; =0, and so, it \; < «; < py, then o = 0 an
i) A 0 and 0 d if A\ h 0 and

!
yi _ 7% __ @i 4o (yi —z5) |
Iwi - LEZ - le—l-al(x f—x;))
a; =0

(iii) \; =0 and p; = 1, and so, if A\; < «a; < p, then a; € {0,1} and

=Ly = U ety

7,+a7, x! _mz

Moreover, in all the cases (i)—(iii) the left endpoint z; + «;(z; — ;) is less
than the right endpoint z} + a;(y; — 2}), and so, all the closed intervals above
are non-degenerated. It follows that

! !
Yi — witos(yi—zy) | ' +a(y—z')
H Iy = H( U L) = Liva@—a)
=1 ;<o <py A<a<y
K

The point 2’ gives rise to a net partition {z[o]}i_, of IY as follows: we
put Kk = p—A+1 and, giveni € {1,...,n}, we set :)3,(0) = x; and z;(1) = y;

13



if k; =1, and 2;(0) = z;, z;(1) = 2 and x;(2) = y; if k; = 2. We note that if
0<o<p—Athenzlo]=x+(c+N)(2'—z),andif l <o <kK=pu—A+1,
then z[o] = 2/ + (0 — 14+ \)(y — 2’). Also, note that x + A\(z' —x) = z and
¥ 4+ u(y — ') = y. Tt follows that
I = [f;;?g(ﬁ_;)) = U fi”f(ﬁ”_lii??ff’_i)) = [f[[:]_u-
A<a<p 1<o<p—A+1 1<o<k
Now, we turn to the proof of (3.10). By Lemma 5, inequality (3.8) holds.
Clearly, if A = 0 and p = 1 (i.e,, z < 2’ < y), then (3.8) implies (3.10).
Assume that A # 0 (i.e., x £ 2) and suppose that 0 < o < liss.t. A £ a.
Then there exists ¢ € {1,...,n} s.t. \; = 1 and o; = 0, and so, x; = z,
which implies z; + a;(2} — x;) = x; = x, = x, + a;(y; — ). It follows

from Remark 2.1 that md,(f, [j;;o(ls,’:;)) = 0. Similarly, if we assume that
uw# 1 (ie., 2 £ y) and suppose that 0 < a < 1 is s.t. @ £ p, then there
exists i € {1,...,n} st. a; = 1 and p; = 0, and so, 2, = y;. Noting that
xi+ o (2 — x;) = 2f =y = o) + a;(y; — x}), we find md,,( ,Ig;zgf:g)) =0.

In this way inequality (3.10) follows. O

PROOF OF LEMMA 4. Suppose that z,y € I°, x < y and 2/ € I°. We set
2 = x4+ &2’ — x), where £ is defined in (3.5) (the point x” will play the
role of 2’ from (3.9)). We have z < 2” < y; in fact, given i € {1,...,n}, we
find: if §; = 1, then z; < 2} < y; and z] = z} implying z; < z < y;, and if
& =0, then 2 < z; or z > y;, and 2] = z; implying z; = =/ < y;. Applying
(3.9) with 2’ replaced by z”, we get the following partition of ¥ induced by
2" and, hence, by x’: ) )

= \J i, (3.11)

N'<a<pu!

where \" = A(z,z") and " = p(z”,y) are defined in Lemma 6, i.e., given
i€{1,...,n}, we have:

1 if €r; = LU,-/, 0 if 2/ = s
X=1, yoand =g
0 if =z <al, 1 if 2] <.

We assert that \' = 1 — ¢ and p” = 1. In fact, since 2”7 < y, then
" = 1. In order to see that \" =1—¢, let i € {1,...,n}. If x; < 2} <y,
then § = 1, and so, 2} = x; + &(x; — x;) = «, which implies z; < x] and
N =0=1-=¢. Now if 2, < x; or z, > y;, then & = 0, and so, =} = x;,
which gives A/ =1=1—-¢,.

14



Now, let us calculate the lower and upper indices in (3.11). We have:
r+a(r’—z) = x4+ af(x’ — x) and
+aly—2") =2+ (1 - )@ —z)+aly — ).
Noting that the union in (3.11) is taken over a < 1 s.t. 1 — ¢ < «, we get
1—a<¢ and so, (1 — a)é =1 — « implying
+aly—2)Y=z+(1-a)@ —z)+aly—z)=2"+aly —2).

These calculations and observations above prove equality (3.4).
Let us show that partition (3.4) is actually induced by z’. Since 2’ € I?,
by Lemma 6, the point 2’ induces a partition of I° of the form (3.9):

b &' +B(b—z')
L= Tors(@—a) »
N<B<u!

where the multiindices N =\(a, z’) and ¢/ =p(2’,b) are defined in Lemma 6,
i.e., given i € {1,...,n}, we have:

1 if a; =2 0 if =1
N — i =T d = i = Y
i {Oif @<, o0 M {1 it @ <b,

We assert that for each o with 1 — ¢ < o < 1 there exists a unique
8= 06(a) with N < 3 <y s.t.

' ta(y—z') _ o' +B(b—a')
I:c—i-af(x’—:c) - Ig N [a-}—ﬁ(x’—a) . (312)

In order to prove (3.12), we define 5 = B(«a) = (54, ..., 5,) by

B a; it a2 <y, ,
/51':/31'(04)—{ 0 if 2>y ic{l,...,n},
and establish equality (3.12) componentwise. Given i € {1,...,n}, we con-

sider the following two cases: (a) z; < y;, and (b) x} > y;.

In case (a) we have ; = ;. First, assume that z; < 2}, and so, & = 1.
It follows that if 1 — & < a; < 1, then a; =0 or a; = 1. If a; = 0, then we
find (fOI' ﬂz = o; = 0)

Iw§+ﬁi(bi )

I:ff = [$ia Zlf/] = [$Z>yl] N [aia Zlf;] = -[;ZEIZ N ai+Bi(z)—a;)’

i

15



and if oy; = 1, then we find (for 5; = o, = 1)

Yi Tl 01— [ o 11 T @+ (bi—a;)
[m; = [}, yi] = [zi, yi] O [z, bi] = Ialc/i 8 [ai+ﬁi(w;—ai)'

Now, assume that z} < x;, and so, {; = 0 and z} < x; < y; < b;. It follows
that if 1 — & < a; <1, then 3; = ; = 1 implying
1% = oo ] = [ i) 01 o 0] = T 0 IE00T0

In case (b) we have & =0, 3; = 0 and a; < z; < y; < 2}, and so, if
1-¢& <a; <1, then a; =1 and

1% = e ] = [oowd 0o, 2f] = 12 0 0T

Let us show that N < g < p/. Let i € {1,...,n}. If a; = 2}, then
A, =1 =} and, since z; < y;, then 3; = a;. By (3.5), & = 0, and so, since
1—-¢& < a; <1, then a; = 1, which implies X, = ; = u;. Now, if 2} = b;,
then \; = 0 = pu; and, since z} > y;, then §; = 0 (and & = 0), and so,
A\, = 3; = p;. Finally, if a; < 2} < b;, then X\, = 0 and p; = 1, and so, since

The uniqueness of G(«), for each 1 — ¢ < o < 1, is a consequence of the
following: if N < § < p/ and 8 # [(«), then there exists i € {1,...,n} s.t.
B; =1 — Bi(a). Arguing as in (a) and (b) above, we find that the equality
(3.12) cannot hold for this £3.

Now, inequality (3.6) readily follows from Lemma 6, (3.11) and (3.4). O

Remark 3.1. (a) If 2’ € IV in Lemma 4, then it is easily seen that £ = u— A,
and so, equality (3.4) assumes the form:
IV — U [gc’+a(y—m’)

x w+a(u-\)(2'—)
1-(p=A)<a<l

Although this equality looks different from (3.9), the two equalities are the
same: this is verified as in (i)—(iii) of the proof of Lemma 6.

(b) If x <2’ <y, then { =1, A =0 and p = 1, and so, (3.4), (3.9) and
(3.7) are identical.

(c) Here we consider a certain particular case of (3.12) and establish
conditions on z’, under which 2’ does not induce a (further) partition of Y.
In view of (3.12), we have:

[f;;ag(é,__x;)) =171V ifandonly if { =0 and a =1, (3.13)
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which is also equivalent to
a+ (' —a) <z and y<a'+p0b-—2") with g=p(1). (3.14)

Clearly, if £ = 0 and a = 1, then the left-hand side equality in (3.13) holds.
Conversely, if the left-hand side equality in (3.13) holds for some 1 —¢ <a <1,
then z + aé(2’ — z) = x and 2’ + a(y — 2’) = y, and so, if we suppose that
& = 1 for some ¢ € {1,...,n}, then, by (3.5), z; < x}, < y;, and so, a; = 0
and z;, = y;, which is a contradiction. Thus, £ =0 and a = 1.

Now, if £ = 0 and o = 1, then, by (3.12) and (3.13),

T b—zx .
=101 07 with 8= p(1), (3.15)

which implies (3.14). Conversely, (3.14) implies (3.15), and so, the left-hand
side equality in (3.13) holds, i.e., £ =0 and a = 1.

This observation also shows that a point 2’ € I® induces a ‘true’ partition
of IY provided that, for all 8 with X < 8 < p/, we have:

e+ B —a)Lr or yZa+Bb-2),
which is also equivalent to £ # 0.

PrOOF OF LEMMA 3. Let P = {z[o]}5_, for some x € N" and 2’ € P".
Given 1 < 0 < K, we set z, = z[o — 1], y, = z[o] and &, (2) = &{(x,, 2, ys),
where ¢ is defined in (3.5), and note that z, < y,. The point 2’ induces a
partition of I} = I;”M of the form (3.4) with = = xo and y = y,, and so,
by virtue of (3.3), we get the following partition of I°, induced by 2':
U U e, 316

1<0<k 1-£(a')<a<1

We denote by P! the net partition of I’ corresponding to (3.16). Moreover,
by (3.6), for each 1 < o < k we have the inequality:

d(f1) < Y md, (f I ). (3.17)

1-¢5(2")<a<l

With no loss of generality we may assume that 2/ ¢ P: if 2’ € P, i.e,
' = z[o’] for some 1 < ¢’ < k, then 2’ does not affect the partition P
of I” in the sense that P* = P, and so, v,(f;P!) = v,(f;P). In order to
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see this, we note that (3.5) implies &,(2') = &(x[o — 1], z[0’], z[o]) = 0, and
so, by Remark 3.1(c), conditions (3.13) and (3.14) hold with 8 = (1) =
(ﬂh---aﬂn)Sj-

5 _{ Lif (o)) < wi(oy), { 1 if o) <oy,

0 if z;(0}) > i(0y), 0 if o >o;.

Summing over 1 < ¢ < k in (3.17) and taking into account (3.3) and
(3.16), we obtain the inequality

Va(f3P) < va(f; PY).

Replacing P by P! in the arguments above, taking 2/ € P’ \ P! and de-
noting by P? the partition of I? induced from P! by 2/, we get v, (f;Pt) <
va(f;P?). Since P’ \ P is a finite set, we exhaust it by points 2’ in a fi-
nite number of steps, arrive at the partition P’ of I’ and prove the desired
inequality v, (f; P) < vn(f;P'). O

PROOF OF THEOREM 1. 1. First, we establish (2.4) for a =1 =1,, i.e.,

=" V. ij[[jj] ) (3.18)

1<o<k

Modulo the notation, there is no loss of generality if we assume that x = a
and y = b, so that {z[o]}%_, is a net partition of I°.

Let P be an arbitrary net partition of 1. Denote by P’ the net partition
of I’ induced from P by points {z[o]}5_,, so that P’ is a refinement of P.

Given 1 <o <k, set P, =P'N [f[[:] 1 and note that P, is a net partition of

Ix[[a_l}, and P’ = Ulgagn P,. Then by virtue of Lemma 3, we have:

Va(f;P) S valFiP) = D valfsPo) < > Valf I

1<o<k 1<o<k

Since P is arbitrary, the left-hand side in (3.18) is not greater than the right-

hand side.

Let us prove the reverse inequality. If V,(f, [j[[:] 1
1 < o <k, then since I;C[[g}_l} C IP = IY, the value V,,(f, IY) is infinite as well.
Thus, we suppose that the right-hand side of (3.18) is finite. Let ¢ > 0 be

) is infinite for some
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arbitrary. Given 1 < o < k, by the definition of V,,(f, Ij[[;ﬂ_u), there exists a
net partition of ]f[[:]_l], denoted by P, (¢), s.t

Val(£3Po(€) = Val £, T2 1) = (/)

where ¢ = [{o : 1 < 0 < k}|. We denote by P(¢) the net partition of I®
induced from {z[o]}5_ 0 by points from (J, ., Ps(¢). Given 1 <o <k, we

set Pl () =P(e) N I oo 1} and note that P’ (¢) is a refinement of P,(¢), and
P(e) = Uico<r Ph(€). By virtue of Lemma 3, we find

Vi(£, 1) = va(fsPE) = D valfsPo@) = D valf; Pole))

1<o<k 1<o<k
> Z Vn(fv Iz[[;ﬂ_l}) - 6( Z 1) /Cv
1<o<k 1<o<k

where the factor by ¢ is, actually, equal to 1. The desired inequality follows
if we take into account the arbitrariness of £ > 0.

2. Now, suppose that 0 # o < 1 and a # 1. Note that z|a,y|la €
I’ and z|a < y|a, and that {z[o ]La}ﬂgzo is a net partition of ISE So,

ala

replacing 1 = 1,, by 1|« (so that |1|a| = |a|) and f—by fZ in (3.18), we get:

Vil (F2, 120) = Vi (£2,12(2)
= Z Viilaf (fa, ]f[[:] L?] |_a)

1la<o|a<lk|a

which is equal to the right-hand side of (2.4).
This completes the proof of Theorem 1. O

4. Proof of Theorem 2
In order to prove Theorem 2, we need two more lemmas (Lemmas 7 and 8).
Lemma 7. Ifm € N, u,v € M, {u;}7,, {v;}7L, C M and

<m/2 <(m+1)/2 <m/2 <(m+1)/2

ZUQZ—FU—'— ZU221—2U22+U+ ZUQZl, (41)
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then

Z (uj,v5). (4.2)

PROOF. Observe that if u+ 01 + - —l—ﬁk =v+r+---+r, for some k € N
and {¢;,7;}*_ | € M, then d(u,v) <S¢ d(¢;, ;). In fact, by the translation
invariance of d and inequality (3.2), we have:

k k k k
d(u,v) = d<u+Z€i,v+Z€i) = d<v+Zm,v+Z€i)
. i=1 . Z:Ik i=1 i=1
= d(Zﬁ,ZEi) < Zd(%«gi)
i=1 =1 i=1

Applying this observation and equality (4.1), we get:

<m/2 <(m+1)/2 m
Z d U2Z7U2z Z d(U2i—17u2i 1 Zd u]vvj O
i=1 j=1

Remark 4.1. In particular, (in)equalities (4.1) and (4.2) hold for odd m if

(m—1)/2 (m+1)/2 m+1)/

(m=1)/2
u+ Z Ug = Z Ugi—1 and v+ Z V2; Z vgio1, (4.3)
i=1 i=1

and for even m if either

m/2 m/2 m/2 m/2

U+ Z U9 =V + Z U2—1 and Z Vo = Z V2i—-1, (44)
i=1 i=1 i=1 i=1
or

Z U9 = U+ Z Ug;—; and ngi =u-+ ngi_l. (4.5)

In the next lemma we set Ay = Ag(n) = {6 € Njj : 0 < 1}. Also, we
stick to the following conventions: ‘u = 0’ will mean that v is omitted in the
formula under consideration (especially in a metric semigroup with no zero),
and a sum over the empty set is also omitted in any context (i.e., > = 0).
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Lemma 8. Given a map h : Ay — M and a multiindex v € Ay, we have:

SN O =+ > > (), (4.6)

eva<ly evi<a oda<y evl<a

where ¢, = 0 if v is odd, and c, = h(vy) if v is even, and

S>> O =dy+ > D o), (4.7)

oda<y odf<a eva<ly odf<a
where d, = h(y) if v is odd, and d,, =0 if y is even.

PROOF. 0. Denote by £ (by R) the set of all ‘admissible’ 0’s at the left
(right) hand side of the equality under consideration and, given 6 € £ (and
6 € R), by L(6) (and by R(A))—the multiplicity of the term h(f) at the left
(and right) hand sum(s). Then the equality can be rewritten as

> LO)(O) =D R(O)O), (4.8)

oeL 0ER

where L(0)h(f) denotes the sum of terms of the form h(#) taken L(6) times
(and likewise for R(0)h(#)). In what follows in order to prove (4.8), we show
that £L =R and L(f) = R(#) for all 0 € L =TR.

We divide the proof into four steps for clarity.

In the first two steps we let v be odd (i.e., 0 <y <1 and || is odd).

1. Let us establish (4.6). We have £ = {even 6 : Jeven a < v s.t. 0 < a},
e, L={even §:0 <~}, and R = {even 6 : Jodd a < ys.t.0 < a}. The
sets £ and R are nonempty (0 € £ and 0 € R) and £ = R. In fact, the
inclusion £ D R is clear, and so, we let § € L. Since 0 is even, v is odd
and 6 < ~, there exists i € {1,...,n} st. §; = 0 and v, = 1. We set
a=(0,...,0;_1,1,0,41,...,6,). Tt follows that o < 7, |a| = |6] + 1 is odd
and 0 < «, and so, 8 € R.

Given 0 € L =R, we find 6 # v, L(0) = |{even a : § < a < ~}| and
R(0) = [{odd a: 0 < a < «}|. By Lemma 2(b), L(#) = R(0), and so, (4.8)
holds implying (4.6) with ¢, = 0.

2. Let us prove (4.7). If |y| = 1, then the equality is immediate: the
left-hand side is equal to h(y) = d,, while the double sum at the right is
omitted (in fact, even a < v implies @ = 0, and so, no odd 6 s.t. § < 0
exists). Now, if |y| > 1, then £ = {odd # : § < ~} and R = {odd 6 :
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Jeven a < vs.t.0 < a} U {v} (disjoint union), and £L =R. Let § € L ="R.
If @ # ~, then L(0) = [{odda : 0 < a < ~}| and R(0) = |{even « :
6 < a < v}, and so, by Lemma 2(b), L(#) = R(#). Now if § = ~, then
L(vy) =|{odd a: v < a < ~v}| =1, and since d, = h(y), then R(y) =1 as
well. The conclusion follows as in Step 1.

Suppose that 7 is even.

3. In order to prove (4.6), we first note that if v = 0, then the double sum
at the right is omitted and the double sum at the left is equal to h(0) = c.
Assume that v # 0. Then £ = {even 6 : § < v} and R = {7} U {even 6 :
Jodd a < ys.t.0 < o} (disjoint union), and £ = R. Let § € L = R. Then
L(0) = |[{even a : § < a < 7}| and, in particular, L(vy) = 1. If § = ~, then,
since ¢, = h(7y), we have R(y) = 1, and if § # v, then R(d) = |{odd « :
0 < a < ~}|, and so, by Lemma 2(b), L(0) = R(0).

4. Finally, we prove (4.7). Since the equality is clear for v = 0 (i.e.,
‘empty’ equality), we assume that |y| > 0. We have £ = {odd 6 : 6 < ~},
R ={odd 0 :Jeven a < ys.t.0 <a}and L=TR. Given § € L =R, we find
0 #~, L(O) =|{odd a: 0 < a <~} and R(f) = [{even a : 0 < a < v},
and so, by Lemma 2(b), L(0) = R(0). O

Now we are in a position to prove Theorem 2.

PrROOF OF THEOREM 2. It suffices to prove only the first inequality: the
second one follows from the first inequality, (2.2) and (2.3). Setting u = f(x)
and v = f(y) and taking into account (2.6), the first inequality in Theorem 2
can be rewritten equivalently as

d(u,0) < Y d(ule),v(a) =Y > d(u(a),v(e)) (4.9)
0£a<1 i=1 |al=j

(the sum over |a| = j designates the sum over 0 # a < 1 s.t. |a| = j), where,
given a, 8 € Ay, we set h(f) = f(z +0(y — x)),

u(a)= > h(f), and wv(a)= > h(f) ifa#0 and v(0)=0.

evi<a od <a

In order to establish (4.9), given integer 0 < j < n, we also set

uj = Z'u(a) and vj = Z-v(a)
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and note that
up = u(0) = h(0) = u, vy = v(0) =0, v = h(1), u, = u(l) and v, = v(1).

Suppose that we have already verified equalities (4.3) if m = n is odd and
(4.4) if m = n is even. Applying Lemma 7, we get inequality (4.2), where,
by virtue of (3.2), we have:

d(uj,v;) = d(Z u(a), Y v(a)) < d(u(a), v(a

o] =7 la|=5 o] =7

Now, (4.9) follows if we sum these inequalities over j = 1,...,n and take
into account (4.2).

It remains to verify equalities (4.3) and (4.4). For this, we apply Lemma 8
with v = 1 and note that m = n = |y| = |1|. Suppose that n = |1] is odd.
By virtue of (4.6), we have:

(m—1)/2 (n—1)/2 (n—1)/2
u+ Z Ugi = Z Ug; = Z Z Z u(a)
1=0 |a|=2i¢ eva<l
(n+1)/2 (m+1)/2
= Z Z Z Z U2i—1,
oda<l =1 |a|=2i—1

and by virtue of (4.7), we get:

(m=1)/2 (n=1)/2 (n=1)/2
+ > v o= h(1)+ Y vy =h(1)+ v(a) =h(1)+ > v(a)
i=1 i=0 i=0 |a|=2i eva<l

(n+1)/2 (m+1)/2
= Z v(a) = Z Z v(a) = Z V9i—1,
od a<1 i=1  |a|=2i—1 i=1

which establishes (4.3). Now suppose that n = |1| is even. By (4.6), we get:

m/2 n/2 n/2
U+ZU22' = ZU%ZZ Z u(a) = Z u(«)
i=1 i=0 1=0 |a|=2: eva<l
n/2 m/2
= A1)+ > ula)=v+y > ul)=v+Y Uy,
oda<l i=1 |a|=2i—1 i=1
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and by virtue of (4.7), we have:

m/2 n/2 n/2
Do = ) =2 ) vl@)= ) v
i=1 =0 =0 |a|=21 eva<l
n/2 m/2
= D vl@)=3 > v(@)=3 v,
oda<l i=1 |a|=2i—1 i=1
which establishes (4.4) and completes the proof of Theorem 2. O

Remark 4.2. The left-hand side inequality in Theorem 2 is of interest when
x < y. However, if x <y and x £ y, it can be refined in the following way
(cf. [17, Part I, Lemma 6)): given x,y € I?, 2 <y, and 0 # v < 1, we have:

d(f(x), fle+y(y—2) < > md(f2, 1Y),

0Fa<y

In fact, by Theorem 2, we find

d(f(2), fx +7(y —2))) < Y mdi(f7. 770 o),

0#a<1
where, by virtue of (2.6), the mixed difference at the right is equal to
(Z flx+0vy(y — x) fo+«97( —x))) (4.10)
ev <« od 6<a

If « £, then a; = 1 and ; = 0 for some 7 € {1,...,n}, and so, arguing
as in Remark 2.1 we find z + 0y(y — x) = 2 + 0y(y — ) for all even 6 with
0 < « implying that (4.10) is equal to zero. Now if o <+, then 6 = 6 for
any 0 < «, and so, (4.10) coincides with the right-hand side of (2.6).

5. Proof of Theorem 3

PROOF OF THEOREM 3. 1. First, we show that if z,y € I, z < y, and
0+# a <1, then

gy (£2, 72]0) = Tim mdyey((f5)2 12L0). (5.1)

Jj—
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By virtue of (2.5), we have:

(2 1210) = 3 flatale—a) 100, 3 56),

evi<a (v) od <
and a similar equality holds for f; in place of f. Applying the inequalities

|d(u,v) —d(u, V)| < d(u,u) + d(v,v"), u,v,u',v" € M, and (3.2) and taking
into account the pointwise convergence of f; to f, we find

|mdjo)((f))a, ¥ o) — mdja(f, I )]

<a( X 56 X o) +a( Tt T st

evO<a evi<a od < od <«
<A fC) D AU fC))
_ Z d(f]()’f())ﬁo as j — oo.

2. In the rest of this proof we need only the inequality

md|a‘(fa, Vo) < hm mf md|a‘((f])a, Y a), (5.2)

which readily follows from (5.1). If P = {x[o]}5_, is a net partition of I?,
then P|la = {z]o] La}ﬁz is net partition of I’|a, and so, given 1 < o < &,
setting x = z[o — 1] and y = z[o] in (5.2), we find

>0 mde(fE Ll yle) < DT Timinf mdie ()5 35{::] ylo)
1|a<o|a<k|«a lla<co|a<k|a =
< liminf Y mdig ()% Ly @)

j—o0
1|a<o|a<k|«a

< hmmf Vil ((f5)a f[[g] il

By the arbitrariness of P, we infer that

Viel(f2 Z3igL L) < liminf Viey ()5, 2571y ).

a’ Txlo—1]
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We conclude that

VL) = Y Vi Lile) < ) lim inf Vial(f)a Zalev)

0£a<l1 0£a<l1

< liminf Y V()8 Ille) = liminf TV(f;, I2). O
J—00 J—00

0#£a<1
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