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A B S T R A C T 

The free motion of a thin cylindrical body is investigated based on a previously derived expression for 

the radiation force acting on moving point sources in a stratified fluid. The fundamental equations of 

motion are derived, the limits of applicability of the approximation used are indicated and the results of 

calculations of typical trajectories of a body w h i c h begins to move with a specified velocity from a position 

of neutral buoyancy at an angle to the horizon are presented. Calculations of the trajectory of motion of a 

thin cylindrical body in a stratified fluid when the total radiation force is taken into account show that the 

effect of the lateral component of this force is considerable and leads not only to quantitative corrections 

but also to qualitative effects (for example, to an increase in the oscillations of the body and a change 

in its direction of motion). The results obtained pertain both to the motion of solids in fluids and to the 

translational motion of vortex dipoles in weakly stratified media. 

© 2009 Elsevier Ltd. Ail rights reserved. 

The m o t i o n of m a t e r i a l objects in c o m p l e x m e d i a possess ing a s p e c t r u m of n a t u r a l o s c i l l a t i o n s , g e n e r a l l y s p e a k i n g , i s a c c o m p a n i e d by 
the r a d i a t i o n o f w a v e s o f o n e k i n d o r another , w h i c h leads t o the o c c u r r e n c e o f a d d i t i o n a l r a d i a t i o n forces , a c t i n g o n t h e sources o f these 
waves . Effects o f t h i s k i n d have b e e n invest igated i n d e t a i l i n e l e c t r o d y n a m i c s i n the case o f C h e r e n k o v r a d i a t i o n o f e l e c t r o m a g n e t i c waves 
b y r a p i d l y m o v i n g charges . S i m i l a r p h y s i c a l p h e n o m e n a also o c c u r i n s trat i f ied m e d i a , f o r e x a m p l e , i n t h e a t m o s p h e r e o r i n t h e o c e a n , w h e n 
i n t e r n a l gravitat ional w a v e s of m o v i n g bodies are r a d i a t e d . H o w e v e r , the r a d i a t i o n of i n t e r n a l w a v e s has a n u m b e r of speci f ic features due 
t o their anisotropic n a t u r e , 1 ~ 3 c o n n e c t e d w i t h the a c t i o n o f t h e force o f gravi ty . 

For u n i f o r m m o t i o n of a source at an a r b i t r a r y angle to the h o r i z o n , d u e to a s y m m e t r y of the r a d i a t i o n f ie ld w i t h respect to t h e d i r e c t i o n 
of m o t i o n , the total r a d i a t i o n force a c t i n g on the source , in a d d i t i o n to the l o n g i t u d i n a l c o m p o n e n t (the w a v e drag) also has a transverse 
c o m p o n e n t , w h i c h does not d o w o r k , b u t bends the trajectory o f m o t i o n o f the source . B o t h these c o m p o n e n t s o f the r a d i a t i o n force w e r e 
ca lculated for a speci f ied source v e l o c i t y in Ref. 4 . i t is of interest to c o n s i d e r the se l f -consistent p r o b l e m of the accelerated or retarded 
m o t i o n o f bodies i n a strat i f ied m e d i u m w h e n they are acted u p o n b y t h e total r a d i a t i o n force i n a d d i t i o n t o the force o f gravity . 

The p u r p o s e of this p a p e r is to investigate the trajectories of m o t i o n of a b o d y in s u c h a m e d i u m in the q u a s i - s t a t i o n a r y a p p r o x i m a t i o n . 

1. Fundamental equations 

General re lat ions . We w i l l c o n s i d e r the m o t i o n in an ideal i n c o m p r e s s i b l e strat i f ied f lu id of a b o d y of c y l i n d r i c a l shape of radius a , the 
axis o f w h i c h is p e r p e n d i c u l a r to t h e d e n s i t y gradient . For s i m p l i c i t y , we w i l l assume the f lu id to be u n b o u n d e d a n d e x p o n e n t i a l l y stratif ied 
in density , so that the B r u n t - V a i s a l a f r e q u e n c y is constant : 

_s_^A' _ c o n s t 

Р/ d z 

w h e r e g is the accelerat ion d u e to g r a v i t y a n d рДг) is the u n p e r t u r b e d f l u i d densi ty . Suppose that , at the i n i t i a l instant of t i m e , the b o d y 
has a ve loc i ty i / 0 , d i r e c t e d at an angle tpo to the h o r i z o n . We w i l l investigate the s u b s e q u e n t m o t i o n of the b o d y . 

We w i l l choose a f ixed s y s t e m of coordinates x s a n d z s so that the level z s = 0 is the level of n e u t r a l b u o y a n c y of the body , i .e . at this level 
Pj{0) = ps, w h e r e p s is the b o d y densi ty . The f l u i d d e n s i t y is t h e n g i v e n by p/(z s) = p s e x p ( - N 2 z s / g ) . 
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Fig. 1. 

The e q u a t i o n of m o t i o n o f the b o d y has the f o r m 

d\)s r 

s (1.1) 

w h e r e v t is the b o d y veloci ty , C s is the area of cross se ct ion of the body , p is the pressure of the s u r r o u n d i n g f l u i d , S is the body surface 
and n is the u n i t vector of the n o r m a l to the b o d y surface. 

The first t e r m on the r i g h t - h a n d side of E q . (1.1) is the force a c t i n g on the b o d y f r o m the f l u i d . To calculate i t we w i l l change to a s y s t e m 
of coordinates m o v i n g w i t h the b o d y (Fig . 1). In this n o n - i n e r t i a l s y s t e m of coordinates the f l u i d at c o n s i d e r a b l e distances from the b o d y 
moves w i t h v e l o c i t y - f s ( t ) , a n d Euler's e q u a t i o n takes the f o r m 

Эг> dx>. 
y<ldt J P V ) dt (1.2) 

W e w i l l represent the f l u i d v e l o c i t y f ie ld i n the f o r m o f the s u m o f the v e l o c i t i e s o f the u n p e r t u r b e d f l o w a n d o f a p e r t u r b a t i o n i n t r o d u c e d 
by the b o d y into the f l o w : 

V - - \ ) v + \ ) ' ; - D v = (U,W), гУ = (u',W) 

We w i l l m o d e l the i m m e r s e d b o d y by a mass d i p o l e , o r i e n t e d a l o n g the free s t r e a m , w i t h a m o m e n t / ~ u s G s , w h e r e C s ~ a2. In particular , 
if the m o v i n g b o d y is a c y l i n d e r of radius a, the value o f the d i p o l e m o m e n t w i l l be l = 2ira2vs. S u c h a m o d e l , as is w e l l k n o w n , 2 is j u s t i f i e d 
if the Froude n u m b e r is suf f ic ient ly h i g h : Fr= u s / ( N a ) » 1. 

To f ind the c o m p o n e n t s of the r a d i a t i o n force, w h i c h arises d u e to the loss of m o m e n t u m by the b o d y to t h e r a d i a t i o n of internal waves , 
i t is necessary to k n o w the v e l o c i t y p e r t u r b a t i o n f ie ld . A s s u m i n g that the a m p l i t u d e of the waves radiated by t h e b o d y is fairly s m a l l in the 
far zone (r » X, w h e r e X is the w a v e l e n g t h ) , we w i l l use the l i n e a r a p p r o x i m a t i o n to descr ibe t h e m . In the s y s t e m of coordinates c o n s i d e r e d , 
the equations o f m o t i o n a n d c o n t i n u i t y , d e s c r i b i n g these p e r t u r b a t i o n s i n the B o u s s i n e s q a p p r o x i m a t i o n , have t h e f o r m 

D M ' 1 Эр' „ Dw' 1 Эр' p'g „ Dp' dp, - — + —-=f- = 0, -=—+ — + = 0, -^L + w'—J- = 0 
Dt pf,dx Dt р л Э г p / v Dt dz 

Эи' dw' . . D Э , , . . Э . . . . . Э 
~ + — = m(x, г) ; тг = ^ + u0)*r + W(t)^-
dx dz Dt dt dx 'dz (1.3) 

Here u ' a n d w' are the p e r t u r b a t i o n s of the h o r i z o n t a l a n d v e r t i c a l c o m p o n e n t s of the veloci ty , p' a n d p' are the pressure a n d d e n s i t y 
perturbations , pfS is the f l u i d d e n s i t y at the p o i n t w h e r e the b o d y is s i t u a t e d , m(x,z) is a mass source, that m o d e l s the m o t i o n of the body, 
w h i c h , in the case of a m o v i n g d i p o l e c o n s i d e r e d , is equal to l&'(rn)o(ri) , w h e r e 6 is t h e Dirac del ta f u n c t i o n , 8' is its der ivat ive , a n d Гц a n d 
r± are the l o n g i t u d i n a l a n d transverse c o m p o n e n t s of the radius vector of the source w i t h respect to its v e l o c i t y vector . In Fig . 1 we s h o w 
the d i r e c t i o n of m o t i o n of the source a n d the c o m p o n e n t s of the r a d i a t i o n force F| a n d Fj_ a c t i n g on it , a n d also the tota l r a d i a t i o n force F . 

It is obvious , in v i e w of the l i n e a r i t y of Eqs (1.3), that a l l the p e r t u r b a t i o n s of the h y d r o d y n a m i c fields are p r o p o r t i o n a l to /. 
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U s i n g a Fourier t r a n s f o r m a t i o n of the h o r i z o n t a l a n d vert ica l c o m p o n e n t s , we can reduce s y s t e m (1.3) to a s ingle e q u a t i o n for the 
c o m p l e x a m p l i t u d e of the p e r t u r b a t i o n of the v e r t i c a l c o m p o n e n t of the v e l o c i t y w'(r , kx, kz): 

DFw 

DFt2 
, 2 , 2 N w = 

D2
Fih(kx, kz) 

, 2 . 2 
(1.4) 

w h e r e DF/Dpt= 9/dt+ikxU+ikzW is the o p e r a t o r of the s u b s t a n t i o n a l der ivat ive D/Dt i n the F o u r i e r r e p r e s e n t a t i o n of the spatial c o o r d i ­
nates, Щкх, kz) is the F o u r i e r t r a n s f o r m of the source, a n d k x a n d k y are the c o m p o n e n t s of the w a v e v e c t o r k. 

I t can be seen f r o m E q . (1.4) that w h e n the c o n d i t i o n 

Эй)' 
dl 

< \(kxU + kzW)w'\ 
(1.5) 

is sat is f ied , its s o l u t i o n has the f o r m 

w — 
Акж(кк, kz) 

i2 I 2 

kr + k. 

krN 

kxU{t)+k-W(t) (1.6) 

w h e r e e is an i n f i n i t e s i m a l q u a n t i t y , i n t r o d u c e d in accordance w i t h L ighthi l l ' s r u l e 2 to e l i m i n a t e the s i n g u l a r i t y in the s o l u t i o n . I t is 
obvious that, w h e n c o n d i t i o n (1.5) i s sat is f ied , the t i m e - d e p e n d e n c e o f the w a v e f i e l d B e c o m e s p u r e l y p a r a m e t r i c . The l i m i t s o f a p p l i c a b i l i t y 
o f this quasi-steady a p p r o x i m a t i o n w i l l b e e s t i m a t e d b e l o w . 

To calculate the force a c t i n g on the b o d y we w i l l use the m e t h o d d e s c r i b e d p r e v i o u s l y in Refs 5 a n d 4 . T h e h y d r o d y n a m i c force a c t i n g on 
unit length of a c y l i n d r i c a l b o d y in a f l u i d is d e t e r m i n e d by the f lux of m o m e n t u m r e m o v e d to i n f i n i t y by i n t e r n a l w a v e s from an isolated 
v o l u m e G , c o n t a i n i n g t h e body, b y t h e change i n m o m e n t u m i n u n i t t i m e i n s i d e this v o l u m e , a n d also b y the m o m e n t u m o f t h e external 
forces - o f i n e r t i a a n d g r a v i t a t i o n , a c t i n g o n the f l u i d i n this v o l u m e . W e w i l l i n t r o d u c e a n u m b e r i n g o f the c o o r d i n a t e s s o that the subscr ipt 
1 corresponds to the x c o o r d i n a t e a n d the s u b s c r i p t 2 c o r r e s p o n d s to the z c o o r d i n a t e . We can t h e n w r i t e the f o l l o w i n g e x p r e s s i o n for the 

j '-th c o m p o n e n t (j = 1, 2) of t h i s force 

/; = - ff rj/p/ lV / v + J j ( I V , + Пдп2)<Ь - JJp/(-^ + *8,2]л 
ABCD (1.7) 

w h e r e П;/0',1= 1. 2) are the e l e m e n t s of the m o m e n t u m f lux tensor, nj are the c o m p o n e n t s of the u n i t v e c t o r of the n o r m a l to the 
surface, b o u n d i n g the i s o l a t e d c y l i n d r i c a l v o l u m e G, A B C D is a rectangular c o n t o u r e n v e l o p i n g t h e sect ion of this c y l i n d r i c a l v o l u m e in the 
p e r p e n d i c u l a r plane xs, z s , a n d 5p is the K r o n e c k e r del ta . 

I f the b o d y is r e p l a c e d by a m a s s source m(x,z), we have f r o m Euler's e q u a t i o n , t a k i n g i n t o a c c o u n t t h e e q u a t i o n of c o n t i n u i t y for each 
j - t h v e l o c i t y c o m p o n e n t , 

dv.fdUj.dYlj 

dt Эх, В) -
(1.8) 

Integrating E q . (1.8) over the c r o s s - s e c t i o n area i n s i d e the iso lated f l u i d v o l u m e G, w i t h the e x c e p t i o n of t h e c r o s s - s e c t i o n area G s o f the 
body itself, a n d e q u a t i n g the r e s u l t to e x p r e s s i o n (1.7), we o b t a i n , in the B o u s s i n e s q a p p r o x i m a t i o n . 

-t-oo 

f = P / J -^ds~Pf^Gx-pfijj v'mdxdz 

The f irst t e r m on the r i g h t - h a n d side of this e q u a l i t y is the force related to the a d d e d mass of the b o d y in u n s t e a d y f l u i d m o t i o n . 1 - 3 I t is 
equal to -c m p^9v s /9t , w h e r e c m is the a d d e d mass coeff ic ient . The s e c o n d t e r m is the A r c h i m e d e s b u o y a n c y force a n d the t h i r d t e r m is 
the r e q u i r e d r a d i a t i o n force d u e to the r a d i a t i o n of w a v e s by the body . 

A detai led ca lculat ion of the r a d i a t i o n force a c t i n g on u n i f o r m l y m o v i n g sources in a strat i f ied m e d i u m w a s c a r r i e d out p r e v i o u s l y in 
Ref. 4 . Here the dependences of the total r a d i a t i o n force a n d its c o m p o n e n t s on the value a n d d i r e c t i o n of the v e l o c i t y of the source are 
g iven by the formulae 

p f s/V 
4 ™ s (1.9) 

The c o m p o n e n t s of the vector R are 
It/2 о ? 

_ f Sin HCOS И , л 4 , . 2 - 3 , 4 
R = - -d® = -cosa>-2<b((p)cos m - 2 c o s w + 4 / (m)cos ш 

л J c o s ( 6 - c p ) 3 
-it/2 
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37t/2 

Fig. 2. 

я/2 з 
r sin 0cos9 ,n , . Г1 2 7 7 i — = -2sin(p|- + cos ф 

-11/2 
cos(9 - ф) 3 

Ф(ф)С05" ф 

Ф(ф) = In + j2cos(q> + 7i/4) 
1 - V2cos(9 + 7t/4) 

Ч'(ф) = In 1 - С 0 8 ф 

+ СОБф 

The integrals are u n d e r s t o o d in the sense of the p r i n c i p a l va lue , w h i l e the i n t e g r a t i o n is c a r r i e d out over all possible d i r e c t i o n s of the 
wave vector к = {kx, kz). 

H e n c e we o b t a i n for the c o m p o n e n t s of the v e c t o r R 

/? ± (ф) = -sin29[ 1 + - Ч / ( ф ) с о 5 ф 
(1.10) 

Note that p r e v i o u s l y in Ref. 4 o n l y a quadrature f o r m u l a w a s d e r i v e d for R±{y) a n d the c o r r e s p o n d i n g dependence w a s c o n s t r u c t e d 
n u m e r i c a l l y . Here we have s u c c e e d e d in o b t a i n i n g an a n a l y t i c e x p r e s s i o n for it . As can be seen, the value of the wave drag, e q u a l to the 
l o n g i t u d i n a l c o m p o n e n t of the r a d i a t i o n force, Рц~Кц, is i n d e p e n d e n t of the d i r e c t i o n of m o t i o n , w h e r e a s the transverse c o m p o n e n t of t h e 
r a d i a t i o n force Fj_ ~ R ± d e p e n d s on i t . The angular d e p e n d e n c e of the transverse c o m p o n e n t of the r a d i a t i o n force, n o r m a l i z e d to the w a v e 
drag, is s h o w n in Fig . 2 in p o l a r c o o r d i n a t e s . The a r r o w s indicate the d i r e c t i o n of a c t i o n of the lateral force in the c o r r e s p o n d i n g a n g u l a r 
sectors. The local e x t r e m a in the first q u a d r a n t o c c u r w h e n ф яв 0.217 a n d <p w 1.078. It is i n t e r e s t i n g to note that , in a d d i t i o n to the o b v i o u s 
direct ions <p = 0, TT a n d ф = тг/2, in w h i c h the lateral c o m p o n e n t of the r a d i a t i o n force vanishes d u e to the s y m m e t r y of the r a d i a t i o n field, 
there is one other d i r e c t i o n in each q u a d r a n t <p w 0.585 ± птг/2 (n = 0 3), in w h i c h this force also v a n i s h e s . These d i r e c t i o n s are i n d i c a t e d 
by the d a s h e d l ines in Fig . 2 . I t is in these d i r e c t i o n s (rather t h a n in the h o r i z o n t a l or v e r t i c a l d i r e c t i o n s ) that , for s m a l l deviat ions , a r e s t o r i n g 
force, d i r e c t e d t o w a r d s it , occurs (see the a r r o w s in Fig . 2). 

F o r m u l a e (1.9) a n d (1.10) r e m a i n true w h e n there is a fairly s l o w change in the v e l o c i t y of the b o d y m o t i o n , i.e., in the quasi -steady 
a p p r o x i m a t i o n , the l i m i t s o f a p p l i c a b i l i t y o f w h i c h are e s t i m a t e d b e l o w . 

2. The equations of motion of a cylinder taking the radiation force into account 

We w i l l n o w w r i t e the c l o s e d sel f -consistent s y s t e m of equat ions of the free m o t i o n of a c y l i n d r i c a l b o d y (a mass source) in a u n i f o r m l y 
strati f ied m e d i u m (N= const) w h e n acted u p o n by a r a d i a t i o n force 

dxs 

It ~dt ~ V" 

паУ^ = Fx(x>s), (ms + ma)d-^ - F?(t)4.) + (p/ s-p,)gG, (2.1) 
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Here m s = p s G 5 is the mass of the b o d y a n d m a = p/ s C s is the a d d e d mass of the b o d y 1 (the a d d e d mass coeff ic ient of the c y l i n d e r is equal 

to u n i t y ) . 

W e w i l l i n t r o d u c e the f o l l o w i n g d i m e n s i o n l e s s variables 

\ = xja, C, - zja, x = Nt, u = \>J(Na) (2.2) 

and we w i l l w r i t e the f u n d a m e n t a l s y s t e m of equat ions for the m o d u l u s of the b o d y v e l o c i t y и a n d the angle cp, d e n n i n g the d i r e c t i o n 

of m o t i o n of the b o d y (Fig. 1): 

— - = M C O S ( p , 

dx 

- 1 

1 +e 

dx 

Ъи 

du 

dx 

41 = - i 

d x u(l+e<lb)l 

Msincp 

+ b( \ -e ^ / f c ) s i n i p 

Л1Ь 

-Я ± (Ф)е < l h 

+ b(\-e )соБф 

(2.3) 

w h e r e b =gj{N2a) is the d i m e n s i o n l e s s scale of v a r i a t i o n of the u n p e r t u r b e d d e n s i t y of the m e d i u m , w h i l e the r e l a t i o n ft±(cp) is expressed 

by f o r m u l a (1.10). 

I t is also necessary to s u p p l e m e n t this s y s t e m of e q u a t i o n s w i t h the i n i t i a l c o n d i t i o n s 

5(0) = 5o, C(0) = £„, и(0) = u0, q>(0) = Ф 0 

w h e r e the i n i t i a l p o s i t i o n of the b o d y on the x axis , d e f i n e d by the d i m e n s i o n l e s s c o o r d i n a t e £o. i s u n i m p o r t a n t in v i e w of the u n i f o r m i t y 

of the p r o b l e m a l o n g the x axis , a n d we can therefore h e n c e f o r t h p u t £n = 0 , w h i c h we w i l l d o . The e q u a t i o n for the h o r i z o n t a l c o o r d i n a t e £ 

is t h e n spl i t , so that, by o b t a i n i n g и a n d cp by s o l v i n g the res idual equat ions of s y s t e m (2.3) , we can t h e n d e t e r m i n e 

The g o v e r n i n g equations in this f o r m o n l y c o n t a i n one d i m e n s i o n l e s s p a r a m e t e r b , the role of w h i c h in fact is also u n i m p o r t a n t s ince, as 

w i l l b e seen later, w e w i l l use the a p p r o a c h d e v e l o p e d here w h e n t h i s p a r a m e t e r i s c o n s i d e r a b l y greater t h a n u n i t y . This enables u s t o take 

the l i m i t a s b ^ o o i n s y s t e m (2.3) , after w h i c h n o p a r a m e t e r s , apart f r o m the i n i t i a l data , r e m a i n i n i t . T h e f u n d a m e n t a l s y s t e m o f equations 

t h e n f inal ly reduces to the f o l l o w i n g three equations 

dl du 1 С . Afro R±(q>) 
- 3 = MSinffl , — = ; ? 8 1 П ф , — x = 
dx v dx 3u 2 ^ dx 

2u 
2u 

СОБф 

In this s y s t e m there is a first integral 

2 4 
2 £ o = « о + 2 

(2.4) 

(2.5) 

w h e r e E 0 is the i n i t i a l value of the total energy of the body . It can be seen f r o m f o r m u l a (2.5) that the total e n e r g y decreases l i n e a r l y 

w i t h t i m e due to r a d i a t i o n losses a n d vanishes after a f inite t i m e To = 3En/2. Natural ly , o n l y the l o n g i t u d i n a l c o m p o n e n t of the r a d i a t i o n 

force facilitates the energy losses, w h e r e a s the transverse c o m p o n e n t does no w o r k . 

One m o r e useful e q u a t i o n for the c o m p o n e n t s of the k i n e t i c energy, related to the m o t i o n a l o n g the x axis , f o l l o w s f r o m s y s t e m (2 .4) : 

d(ucos(0) „, v 2 

— , ^ = С(ф) = - С 0 8 ф 
dx 

- + / ? ± ( ф ^ ф 
(2.6) 

Hence we see that the loss of k i n e t i c m o m e n t u m a l o n g the x axis is d u e b o t h to the l o n g i t u d i n a l a n d transverse c o m p o n e n t s of the 

radiat ion force. M o r e o v e r , an analysis of this f o r m u l a s h o w s that , d u e to the transverse c o m p o n e n t of the r a d i a t i o n force, the f u n c t i o n G(cp) 

becomes posit ive (i .e. , the m o m e n t u m of the b o d y a l o n g the x axis increases) for angles ip > 0 .89. A g r a p h of G(tp) is s h o w n in Fig . 3 (curve 

1), w h e r e , for c o m p a r i s o n , we s h o w the same r e l a t i o n w h e n R±(tp), w h e n the lateral force is i g n o r e d (curve 2) . 

3. The area of applicability of the above approach 

W e w i l l est imate the l i m i t s o f a p p l i c a b i l i t y o f the s y s t e m o f equat ions e m p l o y e d . The quasi -steady a p p r o x i m a t i o n holds w h e n the 

characteristic t i m e scale N _ 1 o f the v a r i a t i o n o f the v e l o c i t y o f the body , o s c i l l a t i n g u n d e r the a c t i o n o f the force o f gravity a n d the 

A r c h i m e d e s force, is large c o m p a r e d w i t h the t i m e ajvs t a k e n for the w a v e f ie ld to b e c o m e e s t a b l i s h e d in a frame of reference c o n n e c t e d 

w i t h the b o d y (we can c o n v i n c e ourselves o f this b y f o r m a l l y s u b s t i t u t i n g e x p r e s s i o n (1.6) into c o n d i t i o n (1.5)). This c o n d i t i o n agrees w i t h 

the c o n d i t i o n of a p p l i c a b i l i t y of r e p l a c i n g the b o d y by a d i p o l e s o u r c e ; in b o t h cases the b o d y v e l o c i t y m u s t be suf f ic ient ly h i g h or, m o r e 

accurately, the Froude n u m b e r m u s t be h i g h . 

On the other h a n d , the B o u s s i n e s q a p p r o x i m a t i o n u s e d ear l ier holds w h e n the characterist ic scale of v a r i a t i o n of the d e n s i t y gjN2 i s 

m u c h greater t h a n the characterist ic w a v e l e n g t h vsjN r a d i a t e d by the body, w h i c h in d i m e n s i o n l e s s variables , gives u «с b . 

Both these l i m i t a t i o n s reduce to the d o u b l e i n e q u a l i t y 

1 <§ и « b (3.1) 
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We recal l that the d i m e n s i o n l e s s p a r a m e t e r b=g/(N 2 a) is equal to the ratio of the scale of the d e n s i t y v a r i a t i o n to the b o d y r a d i u s , w h i c h , 

in a l l cases of pract ica l i m p o r t a n c e , is in fact e x t r e m e l y h i g h (for e x a m p l e , the characterist ic scale of the d e n s i t y v a r i a t i o n in the a t m o s p h e r e 

is 8 k m ) , so that , for the d i m e n s i o n l e s s v e l o c i t y и (or for the Froude n u m b e r ) there is a fair ly w i d e range of a d m i s s i b l e v a l u e s . 

4. Calculation of the trajectories of motion of a cylinder 

Since s y s t e m o f E q . (2.4) c a n n o t b e s o l v e d analyt ica l ly , its t y p i c a l s o l u t i o n s w e r e a n a l y s e d b y n u m e r i c a l i n t e g r a t i o n . W e w i l l i n i t i a l l y 

consider the m o t i o n of the b o d y w i t h a speci f ied i n i t i a l v e l o c i t y uo = 10 f r o m a p o s i t i o n of n e u t r a l b u o y a n c y £ = 0 at an angle cpo = 0.217 to 

the x axis (here the transverse c o m p o n e n t of the r a d i a t i o n force reaches a local m a x i m u m a n d is d i r e c t e d a w a y f r o m the x axis) . In Fig . 4 we 

s h o w the trajectories of the b o d y m o t i o n b o t h t a k i n g the a c t i o n of the transverse c o m p o n e n t of the r a d i a t i o n force i n t o account (curve 1), 

a n d w i t h o u t i t (curve 2) , b u t t a k i n g into account the l o n g i t u d i n a l force of the w a v e drag . (Note that , w h e n the r a d i a t i o n force is i g n o r e d , the 

m o t i o n of the b o d y consists o f n o n - a t t e n u a t i n g osc i l la t ions , the a m p l i t u d e a n d p e r i o d of w h i c h is a p p r o x i m a t e l y the s a m e as on the i n i t i a l 

part of the trajectory.) I t can be seen that, u n d e r the inf luence of the lateral force, the a m p l i t u d e of the o s c i l l a t i o n s of the b o d y i n i t i a l l y 

increases considerably , a n d t h e n falls s h a r p l y to zero , w h e r e a s the a c t i o n of o n l y one l o n g i t u d i n a l c o m p o n e n t of the r a d i a t i o n force leads to 

a m o n o t o n i c a t t e n u a t i o n of the o s c i l l a t i o n s . This effect is m o r e not iceable the s m a l l e r the i n i t i a l angle of i n c l i n a t i o n of the v e l o c i t y vector 

to the h o r i z o n t a l axis . 

M o r e o v e r , w h e n the tota l r a d i a t i o n force is t a k e n into account d u r i n g the a t t e n u a t i o n t i m e To, the b o d y travels a l o n g a shorter p a t h a l o n g 

the h o r i z o n t a l t h a n w h e n o n l y one w a v e d r a g force acts. The r e d u c t i o n i n the distance t r a v e l l e d a l o n g the h o r i z o n t a l agrees w i t h f o r m u l a 

(2.6), since, for s m a l l angles <p, the f u n c t i o n R±(ip) is posit ive (see also the b e h a v i o u r of the f u n c t i o n G(cp) in F ig . 3 ) , i.e., the a t t e n u a t i o n of 

the x c o m p o n e n t of the m o m e n t u m is m o r e p r o n o u n c e d . 

In Fig. 5 we s h o w the t i m e d e p e n d e n c e s of the v e r t i c a l c o o r d i n a t e ip of the body , the v e l o c i t y m o d u l u s и a n d the angle <p, w h i c h defines 

the d i r e c t i o n of the b o d y m o t i o n . In agreement w i t h f o r m u l a (2.5) the osc i l lat ions are cut of f w h e n т = TQ = 150, w h e n the total energy of 
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the b o d y vanishes . In fact, the s o l u t i o n c o n s t r u c t e d ceases to be correct s o m e w h a t earl ier , w h e n и ~ 1, w h e n the l i m i t s of a p p l i c a b i l i t y of 
the a p p r o x i m a t i o n e m p l o y e d , speci f ied by c o n d i t i o n (3.1), are v i o l a t e d . 

We w i l l n o w c o n s i d e r the m o t i o n of a b o d y at a large angle to the h o r i z o n ф = 1.078 r a d . In this case the transverse r a d i a t i o n force again 
reaches a m a x i m u m a n d is d i r e c t e d t o w a r d s the x axis (see Fig . 2). The trajectories of the b o d y m o t i o n in this case are s h o w n in Fig. 6 . 
A g a i n , for c o m p a r i s o n , we s h o w the trajectories o f the b o d y b o t h t a k i n g the act ion of the transverse c o m p o n e n t of the force into account 
(curve 1), a n d w i t h o u t i t (curve 2), b u t t a k i n g into account the l o n g i t u d i n a l c o m p o n e n t of the w a v e - d r a g force. In b o t h cases the osc i l lat ions 
of the b o d y attenuate m o n o t o n i c a l l y , but n o w the b o d y travels a longer p a t h a l o n g the h o r i z o n t a l d u r i n g the a t t e n u a t i o n t i m e w h e n the 
transverse c o m p o n e n t of the r a d i a t i o n force is t a k e n i n t o a c c o u n t . This effect can also be e x p l a i n e d u s i n g the f o r m u l a for the f u n c t i o n G(<p): 
for large angles, this f u n c t i o n decreases in m o d u l u s a n d also b e c o m e s posit ive , w h i c h c o r r e s p o n d s to a c c e l e r a t i o n of the b o d y a l o n g the 
h o r i z o n t a l axis. Note that, as f o l l o w s f r o m f o r m u l a (2.5) , the a t t e n u a t i o n t i m e of the m o t i o n T 0 i s i n d e p e n d e n t of the i n i t i a l angle cp0-
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Osci l lat ions of the angle of i n c l i n a t i o n of the v e l o c i t y v e c t o r to the x axis , <р(т), occurs w i t h constant a m p l i t u d e in the case c o n s i d e r e d 
u n t i l the m o t i o n is c o m p l e t e d ( c o m p a r e w i t h Fig. 5 , w h e r e the a m p l i t u d e of the osc i l lat ions <р(т) g r o w s ) . For large i n i t i a l angles щ e (1.078, 
TT/2) the a m p l i t u d e of these o s c i l l a t i o n s decreases w i t h t i m e , a n d w h e n <p0 s ( 0 , 1 . 0 7 8 ) it g r o w s . 
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