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Received 23 September 2008 the radiation force acting on moving point sources in a stratified fluid. The fundamental equations of
motion are derived, the limits ofapplicability of the approximation used are indicated and the results of
calculations oftypical trajectories ofa body which begins to move with a specified velocity from a position
of neutral buoyancy at an angle to the horizon are presented. Calculations ofthe trajectory of motion ofa
thin cylindrical body in a stratified fluid when the total radiation force is taken into account show that the
effect of the lateral component ofthis force is considerable and leads not only to quantitative corrections
but also to qualitative effects (for example, to an increase in the oscillations of the body and a change
in its direction of motion). The results obtained pertain both to the motion ofsolids in fluids and to the
translational motion of vortex dipoles in weakly stratified media.
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The motion of material objects in complex media possessing a spectrum of natural oscillations, generally speaking, is accompanied by
the radiation of waves of one kind or another, which leads to the occurrence of additional radiation forces, acting on the sources of these
waves. Effects ofthis kind have been investigated in detail in electrodynamics in the case of Cherenkov radiation of electromagnetic waves
by rapidly moving charges. Similar physical phenomena also occur in stratified media, for example, in the atmosphere or in the ocean, when
internal gravitational waves of moving bodies are radiated. However, the radiation ofinternal waves has a number ofspecific features due
to their anisotropic nature,' ~* connected with the action ofthe force of gravity.

For uniform motion ofa source at an arbitrary angle to the horizon, due to asymmetry ofthe radiation field with respect to the direction
of motion, the total radiation force acting on the source, in addition to the longitudinal component (the wave drag) also has a transverse
component, which does not do work, but bends the trajectory of motion of the source. Both these components of the radiation force were
calculated for a specified source velocity in Ref. 4. it is of interest to consider the self-consistent problem of the accelerated or retarded
motion of bodies in a stratified medium when they are acted upon by the total radiation force in addition to the force of gravity.

The purpose ofthis paper is to investigate the trajectories of motion of a body in such a medium in the quasi-stationary approximation.
1. Fundamental equations

General relations. We will consider the motion in an ideal incompressible stratified fluid of a body of cylindrical shape of radius a, the
axis ofwhich is perpendicular to the density gradient. For simplicity, we will assume the fluid to be unbounded and exponentially stratified
in density, so that the Brunt-Vaisala frequency is constant:
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where g is the acceleration due to gravity and p/ir) is the unperturbed fluid density. Suppose that, at the initial instant of time, the body
has a velocity i/., directed at an angle tpo to the horizon. We will investigate the subsequent motion ofthe body.

We will choose a fixed system of coordinates x. and z. so that the level z. = 0 is the level of neutral buoyancy of the body, i.e. at this level
Pj{0) = ps, where p. is the body density. The fluid density is then given by p/(z) = p. exp(-N:z./g).
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Fig. 1.
The equation of motion of the body has the form
d\). .
S (1.1)

where v. is the body velocity, C. is the area of cross section of the body, p is the pressure of the surrounding fluid, S is the body surface
and n is the unit vector of the normal to the body surface.

The first term on the right-hand side of Eq. (1.1) is the force acting on the body from the fluid. To calculate it we will change to a system
of coordinates moving with the body (Fig. 1). In this non-inertial system of coordinates the fluid at considerable distances from the body
moves with velocity -f.(t), and Euler's equation takes the form

> dx>.
s<ldt ] o v dt (1.2)

We will represent the fluid velocity field in the form ofthe sum ofthe velocities ofthe unperturbed flow and ofa perturbation introduced
by the body into the flow:

V--\).+\)5 -D.=(UW), ry = (u,w)

We will model the immersed body by a mass dipole, oriented along the free stream, with a moment / ~ u.G., where C. ~ a. In particular,
if the moving body is a cylinder of radius a, the value ofthe dipole moment will be I = 2irazv. Such a model, as is well known,* isjustified
if the Froude number is sufficiently high: Fr=u./(Na)» 1.

To find the components ofthe radiation force, which arises due to the loss of momentum by the body to the radiation of internal waves,
it is necessary to know the velocity perturbation field. Assuming that the amplitude of the waves radiated by the body is fairly small in the
far zone (r » X, where X is the wavelength), we will use the linear approximation to describe them. In the system ofcoordinates considered,
the equations of motion and continuity, describing these perturbations in the Boussinesq approximation, have the form

pM: 1 39p" _ 0, Dw' 13p' p'g 0 op, an
Dt  p,dx Dt p.3r p,. Dt dz
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(1.3)

Here u’ and w' are the perturbations of the horizontal and vertical components of the velocity, p' and p' are the pressure and density
perturbations, pf. is the fluid density at the point where the body is situated, m(x,z) is a mass source, that models the motion of the body,
which, in the case of a moving dipole considered, is equal to 1&'(rn)o(ri), where 6 is the Dirac delta function, 8' is its derivative, and 'y and
r+ are the longitudinal and transverse components of the radius vector of the source with respect to its velocity vector. In Fig. 1 we show
the direction of motion of the source and the components of the radiation force F| and Fi_ acting on it, and also the total radiation force F.
It is obvious, in view ofthe linearity of Eqs (1.3), that all the perturbations ofthe hydrodynamic fields are proportional to /.
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Using a Fourier transformation of the horizontal and vertical components, we can reduce system (1.3) to a single equation for the
complex amplitude of the perturbation of the vertical component of the velocity w'(r, k, k):

Dw Diih(k, k)
Dt ,2 ,2NW - ,2 .2
iz (1.4)
where D./Dpt= 9 /dt+ik.U+ik.Wis the operator ofthe substantional derivative D/Dtin the Fourier representation ofthe spatial coordi-
nates, Ik, k) is the Fourier transform of the source, and k. and k, are the components of the wave vector k.

It can be seen from Eq. (1.4) that when the condition

M < \(kU + kWw'\
dl (1.5)

is satisfied, its solution has the form

Axxc(k, k)
iz I2 k,N
k +k  kU{t)+k-W(t) (1.6)
where e is an infinitesimal quantity, introduced in accordance with Lighthill's rule: to eliminate the singularity in the solution. It is
obvious that, when condition (1.5) is satisfied, the time-dependence ofthe wave field Becomes purely parametric. The limits ofapplicability
of this quasi-steady approximation will be estimated below.

To calculate the force acting on the body we will use the method described previously in Refs 5 and 4. The hydrodynamic force acting on
unit length ofa cylindrical body in a fluid is determined by the flux of momentum removed to infinity by internal waves from an isolated
volume G, containing the body, by the change in momentum in unit time inside this volume, and also by the momentum ofthe external
forces - ofinertia and gravitation, acting on the fluid in this volume. We will introduce a numbering ofthe coordinates so that the subscript

1 corresponds to the x coordinate and the subscript 2 corresponds to the z coordinate. We can then write the following expression for the
j'-th component (j =1, 2) ofthis force

/i = -£3/p/V ] 5 (IV, +nny<s -]]p/(-" +*8.,.]n

ABCD (1.7)

where II;/0'1= 1. 2) are the elements of the momentum flux tensor, nj are the components of the unit vector of the normal to the
surface, bounding the isolated cylindrical volume G, ABCD is a rectangular contour enveloping the section of this cylindrical volume in the
perpendicular plane x, z., and 5p is the Kronecker delta.

If the body is replaced by a mass source m(x,z), we have from Euler's equation, taking into account the equation ofcontinuity for each
j-th velocity component,

dv.fdUj.dYlj
v.fdUj.dYlj B) -
dt X, (1.8)

Integrating Eq. (1.8) over the cross-section area inside the isolated fluid volume G, with the exception ofthe cross-section area G, of the
body itself, and equating the result to expression (1.7), we obtain, in the Boussinesq approximation.

“t-00
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The first term on the right-hand side of this equality is the force related to the added mass of the body in unsteady fluid motion.'-* It is
equal to -c.p”"9v./9t, where c, is the added mass coefficient. The second term is the Archimedes buoyancy force and the third term is
the required radiation force due to the radiation of waves by the body.

A detailed calculation of the radiation force acting on uniformly moving sources in a stratified medium was carried out previously in
Ref. 4. Here the dependences of the total radiation force and its components on the value and direction of the velocity of the source are
given by the formulae

p./V

— (1.9)
The components of the vector R are
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The integrals are understood in the sense of the principal value, while the integration is carried out over all possible directions of the
wave vector k = {k, k).
Hence we obtain for the components of the vector R

/?.(d) = -sin29[ 1 + -Y/(d)co5d

(1.10)

Note that previously in Ref. 4 only a quadrature formula was derived for R#{y) and the corresponding dependence was constructed
numerically. Here we have succeeded in obtaining an analytic expression for it. As can be seen, the value of the wave drag, equal to the
longitudinal component of the radiation force, Pu~Ku, is independent of the direction of motion, whereas the transverse component of the
radiation force Fj_ ~ R. depends on it. The angular dependence of the transverse component of the radiation force, normalized to the wave
drag, is shown in Fig. 2 in polar coordinates. The arrows indicate the direction of action of the lateral force in the corresponding angular
sectors. The local extrema in the first quadrant occur when ¢ a8 0.217 and <pw 1.078. It is interesting to note that, in addition to the obvious
directions <p=0, TT and ¢ =1r/2, in which the lateral component ofthe radiation force vanishes due to the symmetry of the radiation field,
there is one other direction in each quadrant <p w 0.585 # nrtr/2 (n =0 3), in which this force also vanishes. These directions are indicated
by the dashed lines in Fig. 2. It is in these directions (ratherthan in the horizontal orvertical directions) that, for small deviations, a restoring
force, directed towards it, occurs (see the arrows in Fig. 2).

Formulae (1.9) and (1.10) remain true when there is a fairly slow change in the velocity of the body motion, i.e., in the quasi-steady
approximation, the limits of applicability of which are estimated below.

2. The equations of motion of a cylinder taking the radiation force into account

We will now write the closed self-consistent system ofequations of the free motion ofa cylindrical body (a mass source) in a uniformly
stratified medium (N= const) when acted upon by a radiation force

dx,
It dt ~ "

ny* = FEx>), (m +m)-* - rm.J + (p.-p,)gG, 2
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Here m. = p.G. is the mass of the body and m, = p/.C. is the added mass of the body' (the added mass coefficient of the cylinder is equal
to unity).

We will introduce the following dimensionless variables

\ = xja, C -za x=Nt u=\>(Naj 2.2)

and we will write the fundamental system of equations for the modulus of the body velocity u and the angle cp, denning the direction
of motion ofthe body (Fig. 1):
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where b =gj{N-a) is the dimensionless scale ofvariation ofthe unperturbed density ofthe medium, while the relationft+(cp)isexpressed
by formula (1.10).

It is also necessary to supplement this system of equations with the initial conditions

5(0) = 50, C(0) = £, u(0) = u, @0 = ®,

where the initial position ofthe body on the x axis, defined by the dimensionless coordinate £0. is unimportant in view ofthe uniformity
of the problem along the x axis, and we can therefore henceforth put £n =0, which we will do. The equation for the horizontal coordinate £
is then split, so that, by obtaining u and cp by solving the residual equations of system (2.3), we can then determine

The governing equations in this form only contain one dimensionless parameter b, the role ofwhich in fact is also unimportant since, as
will be seen later, we will use the approach developed here when this parameter is considerably greater than unity. This enables us to take
the limit as b”oo in system (2.3), after which no parameters, apart from the initial data, remain in it. The fundamental system of equations
then finally reduces to the following three equations

di = MSinffl du—_il -Cs'ln Ao __7Ri-(q>) COBb
dx- T dx 3u 20" 2 2u cl)
u (2.4)

In this system there is a first integral

2 4
2 £0 = «o + . (2.5)
where E, is the initial value of the total energy of the body. It can be seen from formula (2.5) that the total energy decreases linearly
with time due to radiation losses and vanishes after a finite time To = 3En/2. Naturally, only the longitudinal component of the radiation
force facilitates the energy losses, whereas the transverse component does no work.

One more useful equation for the components of the kinetic energy, related to the motion along the x axis, follows from system (2.4):

d(ucos(0) w V 2 n
oA =C(¢0)=-C08C1)-+/?’(q) ¢

dx
Hence we see that the loss of kinetic momentum along the x axis is due both to the longitudinal and transverse components of the
radiation force. Moreover, an analysis of this formula shows that, due to the transverse component of the radiation force, the function G(cp)

becomes positive (i.e., the momentum of the body along the x axis increases) for angles ip > 0.89. A graph of G(tp) is shown in Fig. 3 (curve
1), where, for comparison, we show the same relation when R(tp), when the lateral force is ignored (curve 2).

(2.6)

3. The area of applicability of the above approach

We will estimate the limits of applicability of the system of equations employed. The quasi-steady approximation holds when the
characteristic time scale N-' of the variation of the velocity of the body, oscillating under the action of the force of gravity and the
Archimedes force, is large compared with the time ajv. taken for the wave field to become established in a frame of reference connected
with the body (we can convince ourselves of this by formally substituting expression (1.6) into condition (1.5)). This condition agrees with
the condition of applicability of replacing the body by a dipole source; in both cases the body velocity must be sufficiently high or, more
accurately, the Froude number must be high.

On the other hand, the Boussinesq approximation used earlier holds when the characteristic scale of variation of the density gjiN: is
much greater than the characteristic wavelength vjN radiated by the body, which in dimensionless variables, gives u «c b.

Both these limitations reduce to the double inequality

1 <§Uu«b (3.1)
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We recall that the dimensionless parameter b=g/(N:a) is equal to the ratio ofthe scale of the density variation to the body radius, which,
in all cases of practical importance, is in fact extremely high (for example, the characteristic scale of the density variation in the atmosphere
is 8 km), so that, for the dimensionless velocity u (or for the Froude number) there is a fairly wide range of admissible values.

4. Calculation of the trajectories of motion of a cylinder

Since system of Eq. (2.4) cannot be solved analytically, its typical solutions were analysed by numerical integration. We will initially
consider the motion ofthe body with a specified initial velocity uo = 10 from a position of neutral buoyancy £ =0 at an angle cpo = 0.217 to
the x axis (here the transverse component ofthe radiation force reaches a local maximum and is directed away from the x axis). In Fig. 4 we
show the trajectories of the body motion both taking the action of the transverse component of the radiation force into account (curve 1),
and without it (curve 2), but taking into account the longitudinal force ofthe wave drag. (Note that, when the radiation force is ignored, the
motion of the body consists of non-attenuating oscillations, the amplitude and period ofwhich is approximately the same as on the initial
part of the trajectory.) It can be seen that, under the influence of the lateral force, the amplitude of the oscillations of the body initially
increases considerably, and then falls sharply to zero, whereas the action of only one longitudinal component ofthe radiation force leads to
a monotonic attenuation of the oscillations. This effect is more noticeable the smaller the initial angle of inclination of the velocity vector
to the horizontal axis.

Moreover, when the total radiation force is taken into account during the attenuation time To, the body travels along a shorter path along
the horizontal than when only one wave drag force acts. The reduction in the distance travelled along the horizontal agrees with formula
(2.6), since, for small angles <p, the function R%(ip) is positive (see also the behaviour of the function G(cp) in Fig. 3), i.e., the attenuation of
the x component of the momentum is more pronounced.

In Fig. 5 we show the time dependences of the vertical coordinate ip of the body, the velocity modulus u and the angle <p which defines
the direction of the body motion. In agreement with formula (2.5) the oscillations are cut off when T=TQ = 150, when the total energy of
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the body vanishes. In fact, the solution constructed ceases to be correct somewhat earlier, when u ~ 1, when the limits of applicability of
the approximation employed, specified by condition (3.1), are violated.

We will now consider the motion of a body at a large angle to the horizon ¢ = 1.078 rad. In this case the transverse radiation force again
reaches a maximum and is directed towards the x axis (see Fig. 2). The trajectories of the body motion in this case are shown in Fig. 6.
Again, for comparison, we show the trajectories of the body both taking the action of the transverse component of the force into account
(curve 1), and without it (curve 2), but taking into account the longitudinal component of the wave-drag force. In both cases the oscillations
of the body attenuate monotonically, but now the body travels a longer path along the horizontal during the attenuation time when the
transverse component of the radiation force is taken into account. This effect can also be explained using the formula for the function G(<p):
for large angles, this function decreases in modulus and also becomes positive, which corresponds to acceleration of the body along the
horizontal axis. Note that, as follows from formula (2.5), the attenuation time ofthe motion T, is independent of the initial angle cp.-
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Oscillations of the angle of inclination of the velocity vector to the x axis, <p(t), occurs with constant amplitude in the case considered

until the motion is completed (compare with Fig. 5, where the amplitude ofthe oscillations <p(t) grows). For large initial angles w e (1.078,

TT/2) the amplitude of these oscillations decreases with time, and when <p, s (0,1.078) it grows.
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