
Àíàëèç I Ëèñòîê 7

Âîçâåäåíèå â ñòåïåíü
Çàäà÷à 1. Ïóñòü lim

x→a
f(x) = b, lim

y→b
g(y) = c. Äîêàæèòå, ÷òî ïðåäåë ïðè x → a ôóíêöèè

g(f(x)) ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî êàêîå-íèáóäü èç ñëåäóþùèõ
óñëîâèé:

1) g(y) íåïðåðûâíà â òî÷êå b;
2) íàéä¼òñÿ òàêîå âåùåñòâåííîå δ > 0, ÷òî f(x) 6= b ïðè 0 < |x− a| < δ.

×åìó ðàâåí ýòîò ïðåäåë?
Çàäà÷à 2. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ âåùåñòâåííîé ïåðåìåííîé f : D → R ëèïøèöåâà
â òî÷êå x ∈ D, åñëè íàéäóòñÿ òàêèå c ∈ R è δ > 0, ÷òî äëÿ âñåõ y ∈ D, óäîâëåòâîðÿþùèõ
|y − x| < δ, âûïîëíåíî |f(y)− f(x)| < c|y − x|.
a)Äîêàæèòå, ÷òî âñÿêàÿ ëèïøèöåâà â x ôóíêöèÿ íåïðåðûâíà â x.
b)Ïðèâåäèòå ïðèìåð íåïðåðûâíîé â x ôóíêöèè, íå ÿâëÿþùåéñÿ ëèïøèöåâîé â x.
Çàäà÷à 3. a)Äîêàæèòå, ÷òî ôóíêöèÿ ex =

∑
xn/n! íåïðåðûâíà â òî÷êå 0.

Ïîäñêàçêà: âîñïîëüçóéòåñü ïðåäûäóùåé çàäà÷åé.
b)Äîêàæèòå, ÷òî ôóíêöèÿ ex íåïåðûâíà íà âñåé âåùåñòâåííîé îñè.
Ïîäñêàçêà: âîñïîëüçóéòåñü òåì, ÷òî ea+b = eaeb.
c)Äîêàæèòå, ÷òî ôóíêöèÿ ex ïðèíèìàåò âñå ïîëîæèòåëüíûå âåùåñòâåííûå çíà÷åíèÿ.
Ïîäñêàçêà: âîñïîëüçóéòåñü òåîðåìîé î ïðîìåæóòî÷íîì çíà÷åíèè.
d)Äîêàæèòå, ÷òî ex � ñòðîãî âîçðàñòàþùàÿ ôóíêöèÿ.
Çàäà÷à 4. a)Äîêàæèòå, ÷òî ex çàäà¼ò èçîìîðôèçì ãðóïïû R+ âåùåñòâåííûõ ÷èñåë ïî
ñëîæåíèþ è ãðóïïû R∗>0 ïîëîæèòåëüíûõ âåùåñòâåííûõ ÷èñåë ïî óìíîæåíèþ.
b)Äîêàæèòå, ÷òî ãðóïïà R∗ íåíóëåâûõ âåùåñòâåííûõ ÷èñåë ïî óìíîæåíèþ èçîìîðôíà
Z/2Z× R+.
c∗)Èçîìîðôíû ëè Q+ è Q∗>0?
Îïðåäåëåíèå 1. Ôóíêöèÿ ln : R+ → R, îáðàòíàÿ ê ex, íàçûâàåòñÿ íàòóðàëüíûì ëîãà-
ðèôìîì. Äëÿ a, b ∈ R, a > 0 îïðåäåëèì ñòåïåíü ab = eb ln(a).
Çàäà÷à 5. a)Äîêàæèòå, ÷òî ln(ab) = ln(a) + ln(b).
b)Äîêàæèòå, ÷òî (ab)c = acbc, ab+c = abac,

(
ab

)c
= abc.

c)Ïóñòü f(x), g(x) � íåïðåðûâíûå ôóíêöèè âåùåñòâåííîé ïåðåìåííîé, ïðè÷¼ì f(x) > 0.
Äîêàæèòå, ÷òî f(x)g(x) � íåïðåðûâíàÿ ôóíêöèÿ.
d)Äîêàæèòå, ÷òî ôóíêöèÿ xa äëÿ a ∈ R � ñòðîãî âîçðàñòàþùàÿ ïðè a > 0 è ñòðîãî
óáûâàþùàÿ ïðè a < 0. Íàéäèòå îáðàòíóþ ê íåé ôóíêöèþ.
e)Äîêàæèòå, ÷òî ôóíêöèÿ ax äëÿ a ∈ R, a > 0 � ñòðîãî âîçðàñòàþùàÿ ïðè a > 1 è ñòðîãî
óáûâàþùàÿ ïðè a < 1. Íàéäèòå îáðàòíóþ ê íåé ôóíêöèþ.
Çàäà÷à 6. Íàéäèòå ïðåäåëû ôóíêöèé:
a) lim

x→0

ex−1
x

;

b) lim
x→0

ln(1+x)
x

;
c) lim

x→0
xα, α > 0;

d) lim
x→0

x1/x;
e) lim

x→0
x sin(1/x);

f ∗) lim
x→0

(1 + x)1/x.


