
úÁÄÁÞÉ �Ï ËÏÍ�ÌÅËÓÎÏÍÕ ÁÎÁÌÉÚÕ 2, 15.2.2011{8.3.20111. äÏËÁÖÉÔÅ ÔÅÏÒÅÍÕ òÕÛÅ: �ÕÓÔØ f(z); g(z) | ÇÏÌÏÍÏÒÆÎÙÅ × ÏÂÌÁÓÔÉ D ÆÕÎË�ÉÉ;  | ÇÒÁÎÉ�ÁËÏÍ�ÁËÔÁ K, ÓÏÄÅÒÖÁÝÅÇÏÓÑ × ÏÂÌÁÓÔÉ D. åÓÌÉ |f(z)| > |g(z)| �ÒÉ z ∈ , ÔÏ ÞÉÓÌÏ ÎÕÌÅÊ f(z) + g(z) ×K ÒÁ×ÎÏ ÞÉÓÌÕ ÎÕÌÅÊ f(z) × K. îÁ�ÒÉÍÅÒ, ÅÓÌÉ f(z) ÇÏÌÏÍÏÒÆÎÁ × ÏÂÌÁÓÔÉ, ÓÏÄÅÒÖÁÝÉÊ ËÒÕÇ |z| ≤ 1, É
|f(z)| < 1 �ÒÉ |z| = 1, ÔÏ ÕÒÁ×ÎÅÎÉÅ f(z) = zn ÉÍÅÅÔ ÒÏ×ÎÏ n ÒÅÛÅÎÉÊ × ËÒÕÇÅ |z| < 1.2. ðÕÓÔØ f(z) ÇÏÌÏÍÏÒÆÎÁ × ËÒÕÇÅ |z| < 1, É f(0) = 0. äÏËÁÖÉÔÅ, ÞÔÏ ÒÑÄ ∑∞n=1 f(zn) ÒÁ×ÎÏÍÅÒÎÏÓÈÏÄÉÔÓÑ ÎÁ ËÁÖÄÏÍ ËÏÍ�ÁËÔÅ ÜÔÏÇÏ ËÒÕÇÁ.3. ðÕÓÔØ fn(z) | �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÆÕÎË�ÉÊ, ÇÏÌÏÍÏÒÆÎÙÈ × ÏÂÌÁÓÔÉ D, ÒÁ×ÎÏÍÅÒÎÏ ÓÈÏÄÑÝÁÑÓÑ ÎÁËÁÖÄÏÍ ËÏÍ�ÁËÔÅ Ë ÆÕÎË�ÉÉ f(z), ÎÅ ÒÁ×ÎÏÊ ÔÏÖÄÅÓÔ×ÅÎÎÏ ÎÕÌÀ. ðÕÓÔØ  | ÇÒÁÎÉ�Á ËÏÍ�ÁËÔÁ K ⊂ D,É f(z) 6= 0 ÎÁ . äÏËÁÖÉÔÅ, ÞÔÏ Á) ÓÕÝÅÓÔ×ÕÅÔ N Ô.Þ. �ÒÉ n ≥ N ÆÕÎË�ÉÉ fn(z) ÎÅ ÏÂÒÁÝÁÀÔÓÑ × ÎÕÌØ ÎÁ, É ÞÉÓÌÏ ÎÕÌÅÊ fn É f × K ÏÄÉÎÁËÏ×Ï; b) ÅÓÌÉ f(a) = 0, ÔÏ ÎÁÊÄÅÔÓÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ (an), ÓÈÏÄÑÝÁÑÓÑË a Ô.Þ. fn(an) = 0.4. ðÕÓÔØ Im� > 0; q = exp(�i�). äÏËÁÖÉÔÅ, ÞÔÏ a) ÓÌÅÄÕÀÝÉÅ ÒÑÄÙ ÓÈÏÄÑÔÓÑ ÒÁ×ÎÏÍÅÒÎÏ ÎÁ ËÁÖÄÏÍËÏÍ�ÁËÔÅ C : �0(u) :=∑−∞<n<∞

(−1)nqn2 exp(2�niu); �1(u) := −i∑
−∞<n<∞

(−1)nq(n+1=2)2 exp((2n+1)�iu).b) ×ÅÒÎÙ ÓÏÏÔÎÏÛÅÎÉÑ �0(u+1) = �0(u); �1(u+1) = −�1(u); �0(u+ �) = −q−1 exp(−2�iu)�0(u); �1(u+ �) =
−q−1 exp(−2�iu)�1(u); �0(u+ �2 ) = iq−1=4 exp(−�iu)�1(u). ) �0(u); �1(u) ÎÅ ÒÁ×ÎÙ ÎÕÌÀ ÔÏÖÄÅÓÔ×ÅÎÎÏ.d) ÷ÓÅ ÎÕÌÉ �1(u) | ÜÔÏ ÞÉÓÌÁ ×ÉÄÁ m + n� , Á ×ÓÅ ÎÕÌÉ �0(u) | ÜÔÏ ÞÉÓÌÁ ×ÉÄÁ m + (n+ 1=2)� .e) f(u) =∏∞n=1[(1− q2n−1 exp(2�iu))(1− q2n−1 exp(−2�iu))℄ Ñ×ÌÑÅÔÓÑ �ÅÌÏÊ ÆÕÎË�ÉÅÊ; f) îÁÊÄÉÔÅ ×ÓÅ ÎÕÌÉÆÕÎË�ÉÉ f(u); g) äÏËÁÖÉÔÅ, ÞÔÏ f(u) = �0(u) ÄÌÑ ÎÅËÏÔÏÒÏÇÏ .5. ðÕÓÔØ a | ÄÅÊÓÔ×ÉÔÅÌØÎÏÅ ÞÉÓÌÏ. äÏËÁÖÉÔÅ, ÞÔÏ Á) �i sh 2�asin�(z+ai) sin�(z−ai) =∑−∞<n<∞

( 1z+n−ai − 1z+n+ai);b) �a · sh 2�ah 2�a−os 2�z =∑−∞<n<∞

1(z+n)2+a2 .6. äÏËÁÖÉÔÅ, ÞÔÏ Á) �os�z =∑∞n=1 (−1)n+1(2n−1)(n−1=2)2−z2 ; b) � tg �z = 2z∑∞n=1 1(n−1=2)2−z2 ; ) �4 = 1− 13 + 15 − 17 + : : :;d) os �z =∏∞n=1(1− 4z2(2n−1)2 ); e) os �z4 − sin �z4 =∏∞n=1(1 + (−1)nz2n−1 ). (õËÁÚÁÎÉÅ: (os t2−sin t2 )′os t2−sin t2 = −12 · 1+sin tos t .)7. þÉÓÌÁ âÅÒÎÕÌÌÉ Ï�ÒÅÄÅÌÑÀÔÓÑ ÒÁÚÌÏÖÅÎÉÅÍ × ÒÑÄ xex−1 = 1− x2 +∑∞k=1B2k x2k(2k)! (B3 = B5 = : : : = 0).äÏËÁÖÉÔÅ, ÞÔÏ Á) z tg z = 1−∑∞k=1(−1)k+1B2k 22kz2k(2k)! ; b) z tg z = 1+2∑∞n=1 z2z2−n2�2 = 1−2∑∞n=1∑∞k=1 z2kn2k�2k ;) �(2k) = (−1)k+1 22k−1(2k)! B2k�2k.8. äÏËÁÖÉÔÅ, ÞÔÏ Á) ddz (�′(z)�(z) )+ ddz (�′(z+1=2)�(z+1=2) ) = 2 ddz (�′(2z)�(2z) ); b) �(z)�(z+ 12) = exp(az+b)�(2z) ÄÌÑ ÎÅËÉÈ a; b;) ÷ÙÞÉÓÌÉÔÅ a; b, �ÏÄÓÔÁ×É× z = 12 ; 1; d) �(pz) = (2�)−(p−1)=2ppz−1=2�(z)�(z + 1p) : : :�(z + p−1p ) ÄÌÑ �ÅÌÏÇÏp ≥ 2. (õËÁÚÁÎÉÅ: äÌÑ ×ÙÞÉÓÌÅÎÉÑ �(1p)�(2p) : : :�(p−1p ) ÉÓ�ÏÌØÚÕÊÔÅ sin �p · sin 2�p : : : sin p−1p � = p2p−1 .)9. äÏËÁÖÉÔÅ, ÞÔÏ Á) ÉÎÔÅÇÒÁÌ ∫ ∞0 e−ttxdtt ÓÈÏÄÉÔÓÑ ÒÁ×ÎÏÍÅÒÎÏ ÎÁ ÉÎÔÅÒ×ÁÌÅ 0 < a ≤ x ≤ b, Á �ÏÔÏÍÕÉÎÔÅÇÒÁÌ ∫ ∞0 e−ttz dtt Ï�ÒÅÄÅÌÑÅÔ ÇÏÌÏÍÏÒÆÎÕÀ ÆÕÎË�ÉÀ G(z) × ÏÂÌÁÓÔÉ Re(z) > 0; b) ∫ n0 (1− tn)ntxdtt =nxn!x(x+ 1) : : : (x+ n) ÄÌÑ x ∈ R>0 É n ∈ N; ) e−t(1− e2nt2) ≤ (1− tn)n ≤ e−t �ÒÉ 0 ≤ t ≤ n; d) limn→∞

n
∫0 (1− tn)ntxdtt= ∫ ∞0 e−ttxdtt ; e) G(z) = �(z) �ÒÉ Re(z) > 0; f) ï�ÒÅÄÅÌÉÔÅ ×ÙÞÅÔÙ �(z) × �ÏÌÀÓÁÈ 0;−1;−2; : : :.10. a) äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ }(z) = 1z2 + a2z2 + a4z4 + : : : + a2nz2n + : : : | ÒÁÚÌÏÖÅÎÉÅ ìÏÒÁÎÁ ÆÕÎË�ÉÉ}(z) × ÎÕÌÅ, ÔÏ ×ÓÅ a2n ÍÏÖÎÏ ×ÙÒÁÚÉÔØ ËÁË �ÏÌÉÎÏÍÙ ÏÔ a2; a4. b) ÷ÙÞÉÓÌÉÔÅ Ñ×ÎÏ a6; a8.11. äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ P | �ÁÒÁÌÌÅÌÏÇÒÁÍÍ �ÅÒÉÏÄÏ× (ÆÕÎÄÁÍÅÎÔÁÌØÎÁÑ ÏÂÌÁÓÔØ) ÆÕÎË�ÉÉ }(z), a�; � | ÌÀÂÙÅ ÞÉÓÌÁ, ÔÏ ÆÕÎË�ÉÑ }′(z)−�}(z)−� ÉÍÅÅÔ × P ÒÏ×ÎÏ 3 ÎÕÌÑ, É ÉÈ ÓÕÍÍÁ ÌÅÖÉÔ × ÒÅÛÅÔËÅ 
;b) åÓÌÉ u; v ∈ C Ô.Þ. u± v 6∈ 
, ÔÏ ÍÏÖÎÏ ÎÁÊÔÉ ÔÁËÉÅ �; �, ÞÔÏ ÎÕÌÉ }′(z)− �}(z)− � ÒÁ×ÎÙ u; v;−u− v;) åÓÌÉ u+ v + w = 0, ÔÏ ∣∣∣∣

∣

∣

}(u) }′(u) 1}(v) }′(v) 1}(w) }′(w) 1 ∣∣∣∣∣∣ = 0. 1



-6. îÁÊÄÉÔÅ ÏÛÉÂËÕ × ÓÌÅÄÕÀÝÅÍ ×Ù×ÏÄÅ (×ÅÒÎÏÇÏ!) ÒÁ×ÅÎÓÔ×Á −Bkk = �(1− k) := ∑∞n=1 nk−1: �ÁË ËÁË( ddt)k−1 exp(nt)|t=0 = nk−1, ÔÏ�(1− k) = ∞
∑n=1 ( ddt)k−1 exp(nt)∣∣∣

∣

∣t=0 = ( ddt)k−1 ∞
∑n=1 exp(nt)∣∣∣∣∣t=0 = ( ddt)k−1 ( 11− exp(t) − 1)∣∣∣

∣t=0 == ( ddt)k−1 ( 11− exp(t))∣∣∣∣t=0 = ( ddt)k−1 (
−
1t ∞
∑n=1Bn tnn!)∣∣∣∣∣t=0 = ( ddt)k−1 ∞

∑n=1 (−Bnn ) tn−1(n− 1)! ∣∣∣∣∣t=0 == −
Bkk :ðÏÌÅÚÎÏ ÚÎÁÔØ, ÞÔÏ B2 = 16 ; B4 = − 130 ; B6 = 142 ; B8 = − 130 ; B10 = 566 ; : : :


