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To the memory of the late Professor Hiroshi Saito

Abstract We construct a family of irreducible representations of the quantum contin-
uous gl whose characters coincide with the characters of representations in the mini-
mal models of the W, -algebras of gl,, type. In particular, we obtain a simple combina-
torial model for all representations of the W, -algebras appearing in the minimal models
in terms of n interrelating partitions.

1. Introduction

In [FFJ+] we initiated a study of representations of the algebra which we denote
by £ and call quantum continuous gl.,. This algebra depends on two parameters
q1, g2 and is closely related to the Ding-Iohara algebra introduced in [DI] and then
considered in [FHH+] and [FT]. Conjecturally, the algebra £ is isomorphic to the
infinite spherical double affine Hecke algebra constructed in [ScV1] and [ScV2]
(see also [BS], [9]).

We argued that the representation theory of the algebra £ has many fea-
tures similar to the representation theory of gl . In particular, it has a family
of vector representations. The algebra £ is not a Hopf algebra. However there
is a “comultiplication rule” which, under some conditions, defines an action of
& on a tensor product of £-modules. We used the comultiplication rule and the
vector representations to construct Fock modules by the standard semiinfinite
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construction (which can also be called an inductive limit construction or semi-
infinite wedge representation). Similarly to the case of gl , the Fock modules
have a natural basis labeled by partitions.

On the other hand, due to the quantum nature of the algebra &, the represen-
tation theory of £ is richer than that of gl . In [FFJ+], we used the semiinfinite
construction to define another family of modules for the case when qi_rqlz;f*'1 =1
with r € Zs1, k € Z~¢. These modules do not have gl -analogues. Their bases
are given by the so-called (k,r)-admissible partitions A satisfying \; — A\j1r > 7.

In [FJMM] it was shown that when the parameters ¢, satisfy ¢'~"tF*1 =1,
the Macdonald polynomials Py(q,t) with (k,r)-admissible partitions A form a
basis of the smallest ideal in the space of symmetric polynomials stable under
the Macdonald operators (see also [K], [SV]). The £-module we constructed is
an inductive limit of these ideals in an appropriate sense.

In this paper we continue the study of representations of £ started in [FFJ+].
We find that this algebra has a large class of modules which are tame in the fol-
lowing sense. The algebra £ has a commutative subalgebra generated by ’(/J;r U5,
where ¢ € Z>(, which serves as an analogue of a Cartan subalgebra. We call a
module tame if this subalgebra acts diagonally with the simple joint spectrum.

In contrast to [FFJ+], to construct new modules we do not use the semi-
infinite constructions but use the Fock spaces as building blocks. Namely, we
consider subquotients of the tensor product of several Fock spaces.

The Fock space depends on a continuous parameter u and has a basis labeled
by partitions. Therefore the tensor product of n Fock modules depends on n
complex parameters u;, where ¢ =1,...,n, and has a basis labeled by n-tuples
of partitions. The subalgebra of 1&?[ acts diagonally in this basis. Remarkably,
all submodules and quotient modules we study also have a basis of n-tuples of
partitions with some conditions. It means that we never have to deal with linear
combinations of the basic vectors and all considerations are purely combinatorial.

For generic parameters g1, g2, u;, where i =1,...,n, the tensor products of
Fock modules are irreducible. We consider special values which we call reso-
nances. In the case of the resonances, the £-action on the tensor product of the
Fock spaces is not defined. However we find a “subquotient” for which it is well
defined. This subquotient is an irreducible £-module with a basis labeled by n
partitions AV, ..., A(™) with conditions

)\gi) > /\gfbli) —a;, wherei=1,...,n, s€Zy.

Here A1) =\ and a;,b; € Z>¢ are the parameters of the module. The con-
ditions with ¢ =1,...,n — 1 correspond to the submodules appearing under res-
onances u;/u;41 = q‘fiﬂqg”l, where g3 = (q1g2)"'. The i = n condition corre-
sponds to the quotient module appearing under the resonance ¢} ,qg =1, where
P = Z;L:1(ai +1), p= Z?:l(bz +1).

We use a recursion to compute the graded character of the subquotient and
find that it coincides with the character of the W,,-module from the minimal

(p',p)-theory labeled by the fy/[\n—weights n=> 1 aw; and £ =" bw; (see
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Theorem 4.5). The recursion in the case n =2 is similar to the recursion in
[ABB+].

For the information on W,, and its representations we refer to [FKW]. The
W,,-modules are not well understood apart from the Virasoro n = 2 case, and we
hope that such a relatively simple combinatorial description sheds new light on
the subject. Moreover, there are many indications that the relation between &
and W,-algebras is much deeper than the one described in this paper.

The paper is constructed as follows. In Section 2 we recall the main defini-
tions and constructions from [FFJ+]. In Section 3 we construct the subquotients
of the tensor products of Fock modules and prove that they are tame and irre-
ducible. In Section 4 we describe the recursion for the set of n-tuples of partitions
with conditions, give a solution of the recursion in a bosonic form, and compare
it to the characters of W, -algebras. In Section 5 we show several isomorphisms
of £-modules, in particular, the isomorphism of the subquotients in the case
p=mn+1 to the E-modules with bases of (k,r)-admissible partitions of [FFJ+].

2. Quantum continuous gl__
In this section we recall the basic definitions about quantum continuous gl and

its representations following [FFJ+].

2.1. Algebra
Let ¢1,42,93 € C be complex parameters satisfying the relation gi1g2g3 =1. In
this paper we assume that neither ¢; is a root of unity. Let

g(z,w) = (z — qw)(z — gaw)(z — gzw).

The quantum continuous gl is an associative algebra & with generators e;, fi,
where i € Z, ;7,1 ~,;, where i € Zsg, and ()" satisfying the following defining
relations:

9(z, wle(z)e(w) = —g(w, 2)e(w)e(z),

2.1)
g, 2)1(2) () = —g(z.0) ) (2),

0= GJelw) = —glw, e(w)i* (2),
(2.2)

ol 2)05(2) ) = —g(z,0) ) (),
(2.3 (a1 ()] = 28 (0 ) - 07 ()
(2.4) Wi vi1=0, [ ¢7]=0,
(2.5) Yo (05) 7t = (w5) e =1,

(2.6) [eo, [e1,e-1]] =0, Lfo; [f1, f-1]] =0.
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Here 6(z) =),z 2" denotes the formal delta function, and the generating series
of the generators of £ are given by

e(z) = Zeiz_i, flz)= Zfiz_i, @bi(z) = Z w;‘:z—i,

i€z i€z +i>0

Note that the algebra £ depends on the unordered set of parameters {q1, g2, g3}
as all ¢; enter the relations symmetrically through the function g(z,w).

The algebra generated by {1;7,% ", }icz., is commutative. We call an &-
module V' tame if the operators {w;r,w:i}ieim act by diagonalizable operators
with simple joint spectrum. B

The elements z/JOi € £ are central and invertible. For z,y € C*, we say that
an E-module V is of level (z,y) if 1§ acts by @ and v, acts by y.

Let qbat (2) € C[[zT1]] be a formal series in 2F!. We call an E-module V highest
weight module with highest vector v €V and highest weight gi)é)t (2) if v generates
V and

flew=0,  PFv=¢j(z)v, ¢ ()v=g; (2)v.
The comultiplication rule (see [FFJ+], [DI]) is given by

(2.7 Ae(z)=e(z)@1+9 (2) ®e(z),
(2.8) Af(z)=f(2) @ ¥"(2) +1® f(2),
(2.9) AY™(2) =¥ (2) @ Y (2).

These formulas do not define a comultiplication in the usual sense since the right-
hand sides are not elements of £ ® £ as they contain infinite sums. However,
under some conditions the comultiplication rule does give an £-module structure
on V3 ® Va. We will discuss these conditions somewhere else. In [FFJ+] and in
this paper we use the comultiplication rule as a way to obtain the formulas for
the £-action, and then we check directly that the answer is consistent with the
relations in the algebra &£.

Note that this comultiplication rule is compatible with permutations of ¢;.

We say that a set of complex parameters vy, ..., v, is generic if no monomial
in v; is equal to 1: H?zl vf =1 with j; € Z implies that j, =--- =7, =0.

Clearly, q1, g2 are generic if and only if ¢1, g3 are generic, and ¢y, g2 are generic
if and only if ¢, q3 are generic. If a set of parameters is generic, then any subset
of that set is also generic. Throughout the paper we assume that neither ¢; is
a root of unity. That is, we always assume that ¢; is generic, and ¢o is generic,
and g3 is generic.

The algebra £ is Z-graded. The degrees of generators are given by

2.10 dege; =1, deg fi = —1, degyF =0.
(2.10) g g gY;

In fact, & is Z2-graded (see [FFJ+, Lemma 2.4]), but we do not need the second
component of the grading in this paper.
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2.2. Vector representations
For uw e C*, let V(u) be a complex vector space spanned by the basis |i),,, where
i€ Z.

We also use the notation , (| with i € Z for the dual basis. When it is clear,
we skip the subscript « and write simply |¢), (i].

LEMMA 2.1

The formulas
(1= a1)e(2)]i) = 8(giu/z)|i+ 1),
(ar" = 1) f(2)]i) = 6(ay " u/2)]i — 1),

o~ (L= qiasw/2)(1 — gigu/2)
(o)) = (e

(i) = (1*inqglz/u)(lfq;iqz—lz/u)i
d) ( )‘ > (1 —q;’z/u)(l—qulZ/u) | >

define a structure of an irreducible tame E-module on V (u) of level (1,1).

Proof
These formulas define an £-module by [FFJ+] and [FHH+]. It is easy to check
that it is tame and irreducible. ]

We call the £-module V (u) the vector representation. Note that ¢; plays a special
role in the definition of V (u), while g2 and g3 participate symmetrically. There-
fore there are two other vector representations obtained from V' (u) by switching
roles of ¢;. We do not use these other two modules in this paper.

Note that the vector representation is not a highest weight representation.

The comultiplication rule defines an £-module structure on the tensor prod-
uct of vector representations V(u1) ® --- ® V(uy,) for generic q1,qa,u1,...,Uy.
This is again an irreducible representation of level (1,1).

If these parameters are not generic, the comultiplication rule may fail to
define the action of series e(z) and f(z). In general, some matrix coefficients
are well defined and some are not. Also, some matrix coefficients which are
generically nonzero become zero for special values of parameters.

The study of this phenomena is reduced to the case n =2, and the following
simple lemma about tensor products of two vector representations of £ describes
the situation.

LEMMA 2.2
In V(u) ® V(v), all matriz coefficients of operators ¥*(2), e(z), and f(z) are
well defined except possibly for

(iledleheli-1), @ ilfE)li+1)al)).
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Each of these matriz coefficients is undefined if and only if

vju=q "l or  vfu=q M
and is equal to zero if and only if
v/u:quqgl or U/u:qiqug_l.

Moreover, the matriz coefficients
(i+1e(le)) i),  (ile{lf)lh)ei+1)

are always nonzero.

Proof
The proof is straightforward. O

2.3. Fock modules
A partition A is the sequence (As)sez.,, such that A\s € Z and As > A4y for all
s. Let P be the set of all partitions. Let P+ C P be the set of finite partitions:
A€ P isin PT if and only if only finitely many A, are nonzero.

For s € Z>1, denote 15 = (0sm)mez.,- For example, we have A + 1, =
()\1, . ..,)\571,)\5 + 1,)\5+1,. . )

For uw € C, let F(u) be a complex vector space spanned by |A), , where A €

Pt.

We use the notation ,(\| with A € Pt for the dual basis. When it is clear
we omit the subscript u and write simply (| and |)).

For a partition A we denote by (A\|[t)*(2);|\) the eigenvalue of the series 1)*(z)

on the vector |A\; —i + 1>uq2—i+1 € V(ugy 1), that i,
,L/):E(Z)I)\l -1+ 1>uq2—i+1 = <)\|wi(z)z‘)\>‘)\l —1+ 1>uq2—i+1.

The subscript 7 in ¥ (2); indicates the ith component \; of the partition A and
at the same time the shifts

AN —i+1, Ub—>uq2_i+1

in the vector |A\; — i+ 1>uq2—i+1.
Similarly, we introduce the matrix coefficients (A +1;|e(2);|A) and (A f(2)i| A+
]_Z>
i i—1 i ji—1
0+ Lle(e)y) = QLG WE) oy g 1, = DO W)
—q I-q
In what follows we multiply these delta functions by rational functions
(A[*(2)j|A). We mean that they are multiplied by the values of the rational
functions at the support of the delta function F(z)d(v/z) = F(v)d(v/z).
Let 0 be the empty partition, (; =0, i € Z>1. Introduce the series wat(z) €
C[[=*!]] by

1—qoz
1—2"

by (2) =
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Define the action of e(z) on F(u) by
i—1
(2.11) A+ 1le(2)[A) = A+ Lile(2)il ) TT Al (2,10,
j=1
and set all other matrix coefficients to be zero. Define the action of f(z) on F(u)
by

. > +(2).
(212) G+ 1) = AFEIA+ 1w (ui/2) ] %

j=i+1
and set all other matrix coefficients to be zero. Define the action of ¥*(z) on

F(u) by

W’i Z] IA)

(2.13) A= (2)IA) = vy (u/2) H = (2);10)

and set all other matrix coefficients to be zero.

Note that although the formulas are written using infinite products, each
product in fact is finite since A\; =0 =(); for all but finitely many indices j.

For example, explicitly we have

YT (2)IN) = alu/2)|N),
(2.14)

A1—

o0 Y ir1—1 z

w}\(u/z) 1_q 1q3 1U/Z (1—qi‘1qéu/z)(1_q1+ 1U/Z)
A Il Ntl s l

L-qru/z (- ghu/2) (1 - g e e/2)

LEMMA 2.3
Formulas (2.11), (2.12), and (2.13) define a structure of an irreducible tame E-

module on F(u) of level (1,q2). It is a highest weight module with highest vector
|0) and highest weight dzét(u/z)

Proof

These formulas define an £-module by [FFJ+] (see also [FT]). It is easy to check
that it is tame and irreducible (see also Theorem 3.4 below). The highest weight
conditions are obvious. g

We call F(u) the Fock module. It is an analogue of a Fock module for gl,,. This
module appeared in [FT] from geometric considerations.

2.4. The module G%"

Assume q1 Tq:’;“ =1, where ,k+1 € Z>5. More precisely, we mean that ¢ ¢4 =
1 if and only if = (1 —r)k, y = (k + 1) for some k € Z.
Fix a sequence of nonnegative integers a = (a1, . .., ax) satisfying Zle a; =,

and set ¢; = 23:1 a;. Define the vacuum partition A° € P by

A8k+i+1:—ur—ci, where v € Z>g, 1=0,...,k—1.
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We define the sets of (k,r)-admissible partitions
PET={A€PIN;—Ajyp>7 for j€Zsy; Ay =AY for all sufficiently large i}.

We recall the semiinfinite construction of £-modules given in [FFJ+]. Let WF7 (u)
be the space spanned by |A), where A € PF7.

REMARK 2.4

Note that our notation is different from the one used in [FFJ+]. The module
WET (u) in [FFJ+] is denoted by W (u) here, where ¢; = Z'Z:l a;. The formulas
for the action are shorter in terms of ¢;; on the other hand, a; are natural
parameters for many related objects appearing in this paper.

Define series <,0®i (2) € C[[zF1]] by
1 gyt
B2

1—gqsz

Define the action of e(z) on Wk (u) by

Py (2) =as 1.

(2.15) (A+1Lile(2)|A) = (A+ 1;e(z 1:[ (Al (

and set all other matrix coefficients to be zero. Define the action of f(z) on
Wg (u) by

(A[f(2)[A +14)

(2.16)
— (@A +1) T &%:%H ot g g 12)),
j=it1 =0

and set all other matrix coefficients to be zero. Define the action of ¢*(z) on
Wa" (u) by

k—1 . Aw:l: 2)i A

and set all other matrix coefficients to be zero.

LEMMA 2.5

Suppose qi g5t =1 with v,k + 1€ Zsy. Then formulas (2.15), (2.16), and
(2.17) define a structure of an irreducible tame E-module on WET(u) of level
(1, qs) It is a highest weight module with highest vector |A°) and highest weight

k— a; 1
Hz 0 Py (Wh q3/%).

Proof

These formulas define an £-module by [FFJ+]. It is easy to check that it is tame
and irreducible. (It also follows from Theorem 5.3 of this paper.) The highest
weight conditions are obvious. O
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Let qf/qg =1,and let p=k+1, p’ =k +r, where as above, 1,k + 1 € Z>5. This
is equivalent to q1 Tqé“'l =1. Again, by that we mean that ¢{¢4 =1 if and only
ife=(k+r)k, y=(k+ 1)k for some k € Z.

Let G be the space spanned by |)\), where A € P¥7. Define the action of
operators e(2), f(2),9*(z) on GE™ by formulas (2.15), (2.16), and (2.17), where

q2 is replaced with g3 and q3 is replaced with gs.

LEMMA 2.6

Suppose qf'qg =1, and suppose p=Fk+1, p' =k +r, where k+ 1,r € Z>s.
Then formulas (2.15), (2.16), and (2.17), where qo is replaced with g3 and qs is
replaced with qo, define a structure of an irreducible tame E-module on GE™ of
level (1, q2) It is a highest weight module with highest vector |A°) and highest

weight Hl 0 Z/JQ) (ug; “g5/2)).

Proof
The lemma follows from Lemma 2.5 and the symmetry of the algebra & with
respect to permutations of parameters qi,qs, 3. (Il

3. Construction of £-modules

In this section we construct £-modules lef (u) as subquotients of tensor prod-
ucts of Fock modules.

3.1. Generic tensor products
Consider a tensor product of n Fock modules F(u1) ® -+ & F(u,) with n >2. In
this section we assume that ¢;,qo2,uq,...,u, are generic.

A Dasis of F(u1) ® -+ @ F(uy) is given by |/\(1)>u1 ® - ® |)\(")>un, where
XD epPtfori=1,...,n

We use the following notation. We write basic vectors in F(u;) with upper
index 7 and skip the index u;: we write simply |A\(V)) instead of |>\(i)>u,;' Moreover,
we use the notation AV, ... A and (AW .. AM)] for [AD) @ @A) and
AD|@-- @ (A, Sometimes we use the bold font notation A= (A1, ... A(),
and then we denote 1 in the ith place by 1%

A+10 =D AO 41, A0,
Define a Z-grading on F(u1) ® --- ® F(u,) by (cf. (2.10))

deg(IAM) @ - @ |AMY) Zp\ )|7ZZ>‘(Z

i=1 s=1
LEMMA 3.1

Assume that q1,q2,u1,...,u, are generic. The comultiplication rule defines on
F(ur) ® -+ & Fuy) a structure of an irreducible graded tame E-module of level

(1,45).
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The module F(u1) ® -+ ® F(uy,) is a highest weight module with highest
vector |0V) @ -+ @ |0 and highest weight [}, z/;é,t(uz/z)

Proof

To check that the comultiplication rule gives well-defined formulas, it is sufficient
to consider the case n = 2. In the case n = 2, the well-definedness is obvious due
to Lemma 2.2.

These formulas give a well-defined action of &; that is, the relations in £ are
respected. Indeed, the check is reduced to the case of a tensor product of vector
representation, which is done in [FFJ+, Lemma 2.5].

Let us prove the simplicity of the spectrum of 1(z). Recall the eigenvalue
¥a(u/z) of YT (2) on |A) in F(u) (see (2.14)). Assume that

[T s (wi/z) =TT ¢uo (wi/2).
i=1

=1

We need to show that this implies A = 4@ fori=1,... n.
(1)
Note that ¢, (u;/z) has a pole at z = qi‘l u;. Since q1,qo, U, ..., Uy, are
0) @) _
generic, this pole can be canceled only by the poles z = qf Yu;or z=q 1ui.

The latter is impossible because in such a case )\gi) = ugi) — 1, and the pole

() A .
z=q}" u; is not canceled. Therefore we obtain /\Y) = ugl) fori=1,...,n. Cancel

the terms with )\(li) and ugi), and replace u; with u;/gs. Then the same argument

gives )\g) = ,ug) for i=1,...,n. Repeating the process, we obtain A(*) = () for
1=1,...,n.

Since the representation is tame, to show that it is irreducible it is sufficient
to check that the matrix coefficients (X + lgi)|e(z)|)\> and (A|f(2)|A+ 1§i)> are
nonzero for all i,s. This is reduced to the n =2 case where it follows from

Lemma 2.2. O

3.2. Resonancein u;/u;+1,q1, 43
We turn to special values of parameters. In doing so we always keep in mind
that the matrix coefficients of the considered modules are rational functions of
parameters, sometimes multiplied by the delta functions. When we go to special
values of parameters, we just take limits of these rational functions. In particular,
we first cancel factors at generic values of parameters as much as possible and
then simply substitute the special values.

Consider the tensor product of n Fock modules F(u;) ® --- ® F(u,) with
n > 2, and let

(3.1) u; :uiﬂq’f?‘“qg"ﬂ, where a;,b; € Z>p and i=1,...,n— 1.
Let a=(a1,...,an-1), b=(b1,...,bp—1), u1 = u, and let
Map(u) = span{\ AL .,)\(")) | )\gi) > )\ifbli) — a;,

where s € Z>1, i:l,...,n—l}.
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Note that if a; were negative for some ¢, then the space M, 1, would be trivial.
The following lemma shows that the definition of M, (1) is in fact a super-
position of n =2 conditions. Note that for 1 <i < j <n, we have
-1 j—1

y aij:Z(al‘f’l)*l, blj:Z(bl+1)71

=1 =1

;= ujqim-ﬁ- Q3”+

LEMMA 3.2
We have [N XY € Mg (u) if and only if for alli,j,1<i<j<n, |AD)®
|)‘(])> € Maz‘j,bij (ul)

Proof
The lemma is straightforward. (I

We have an obvious inclusion of vector spaces Map(u) — F(u1) @ - @ F(up,).
In particular, the space Ma p(u) inherits the Z-grading.

We define the action of operators 1*(z),e(2), f(z) on Map(u) by using
the action of £ on the tensor product F(u1) ® --+ ® F(uy,). Namely, let the
matrix coefficients of operators ¢*(2),e(z), f(2) acting on Mg p(u) in the basis

|)\(1)7 e )\(")> be the same as the corresponding matrix coefficients for the tensor
action.
PROPOSITION 3.3

Assume that q1,q2,u are generic. Then the action of operators ¥ (z),e(z), f(2)
in Man(u) is well defined and gives a structure of a graded &-module.

Proof
Consider the case n =2. Let ay =a,b; =b.
It is sufficient to perform the following checks.

(1) If |A\p) € Mgp(u), then the matrix coefficients (A, ple(2)|A, 1 — 15),
(A u|f(2)|N+ 15, ) are well defined.
(i) TF [\, /1) € M p(u), then

|>\,,LL + ]-s> ¢ Ma,b(u) = <>\,,LL + 18|6(Z)‘/\7PJ> = O,
|>\ - 137,u'> ¢ Ma,b(u) = <>‘ - 1S7ILL|f(Z)|>\,ILL> =0.

All the checks are straightforward using Lemma 2.2.

For example, let |A) @ |p), | A+1s) ® |pu) € Mgp(u), and consider (A ®
(| f(2)I\+1,) @ |p). By Lemma 2.2 (where u = vg{ ™ ¢5™), the poles of this
matrix coefficient happen if

1—s 1-1y _ p—l=As+s 1-s 1—1\ _  p—l—Xs+s—1
ugy /(v ) = qf or ugy /(vgy ") = qf
for some [ € Z>1, which means qf‘*’\s*afl = g5l oy qllll*As*a*Q N aiar

Equivalently, [ =s+b+ 1, and As = pts4p4+1 —a — 1 or Ay = pig4p+1 —a — 2. This
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is impossible because

As > flotb — Q2> flstpgl — O > fstpyl — 0 — 1> Usypyr —a—2.

Similarly, let |\ ® |u) € Mg p(u), and let |A) @ |+ 1,) ¢ Mg p(u). Then
we have s —b>1 and A;_p = us — a. It follows that the coefficient (A ®

(i + 1sle(2)|\) ® |n) vanishes by Lemma 2.2 since vq;_s/(uqéf(sfb)) =gt %, =

As—b—ps+b—1 1
1 qs -

We omit further details.
Since all the necessary checks reduce to the case of n =2 due to Lemma 3.2,
the general case of Proposition 3.3 follows. ]

THEOREM 3.4

Assume that q1,q2, and u are generic. Then Mapn(u) is an irreducible, tame,
highest-weight €-module with highest weight [];_, Q/J@i (ui/z).

Proof
First, let us show that the module is tame. Assume that for some [A(D), ... A(™)]
M, ™) € Map(u), we have

H Vao (ui/z) = H V0 (ui/2).

(i)
Recall that 1) (u;/2) has a pole at z = qi‘l u; (see (2.14)). We show that for

, . (i)
i=1,...,n, )\(IZ) = ,ugz) by showing that the pole z = qi‘l u; in the left-hand side
()
is canceled by the pole z = ¢}"" u; in the right-hand side.
(i)
Suppose that the pole z = qfl u; is canceled by zeros of V) (u;/2). There
() G O] A 1

. A A A
are two possible cases: ¢! u; =¢q;° q3u;, where s € Z>1, and ¢;"

qgfluj, where s € Z>.
0 )
Suppose qfl Uu; = qisj qju;, where s € Z>;. Since s >1 and (3.1) holds, it
implies that j >4 and

-1 iy
AP A S+, 5= S0,

=1 =1

But then we have

Jj—1 Jj—1
(4) () _ (9) _ _ (@)
M2 A1+Z-Z;£ by IZC” ” AE-Z;S(bm) ;(‘” U=
=1 =1
which is a contr(a)diction.( )
¢ A -1 o ..
Suppose qlAl wu=q¢""" ¢ 1uj, where s € Z>¢. By a similar argument, we

show that it is possible only if s =0, ?)z’ —1,b,1 =0, and )\gi) = )\gifl)
Now suppose that the pole z = qi‘l u; is canceled by poles of ¥, (u;/2).

(i) (3)
We again have two cases. For example, suppose qfl u; = qfs“qguj and (i,1) #

— Qj—1-
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(j,s+1). Then we necessarily have i < j and

Jj—1 Jj—1
MY =4 =S (@ +1), 5= (bi+1).
=i l=i
It implies that
j—1
(1) () N O)
1+Z Z WP ) ;(al TU=N
() (H
Similarly, we obtain ,u1 > /\(Z in the other case of q1 u; = q)° 1q§ Y.
We claim )\(1) = Mgl). Indeed, for ¢ =1 the cancellation of the poles with

A
zeros is impossible, and as we saw, the cancellatlon of poles z = q1 u1 and
w0
z=¢q|"" u; with other poles implies both ul )\(1 and Ay DN e ), which is a
contradiction.

Next, we claim that )\(2) = u(2). Indeed, since the terms with )\gl) and ugl)

A® o)
cancel each other, the cancellation of the poles z = q1 up and z =g} u; with

zeros is again impossible, and cancellation with other poles leads to a contradic-
tion.

Repeating, we obtain )\gi) = ugi) fori=1,...,n

Cancel the corresponding factors, and replace u; with u;qs L. Then, a similar
argument gives )\é D= pé ), where ¢ =1,...,n. Repeating the argument, we prove
that the module M, p(u) is tame.

Now, to prove that Ma p(u) is irreducible, it is sufficient to show that if vectors
IA), |A+ 187 are both in Mg p (1), then (A+ 187 [e(2)|A) and (A|f(2)|A + 187) are
nonzero. It is similar to that of Proposition 3.3. We omit further details. O

The character of M, p(u) is given in Theorem 4.6.

The tensor action of £ on the space F(u1) ® -+ ® F(uy,) for generic u; does
not have a limit to the case (3.1) in the basis [A("), ..., A(). This limit exists
only on M, p(u). However, we think of M, p(u) as “a submodule of F(uq) ®

@ Fluy)”.

REMARK 3.5

Note that in the case of (3.1), the action of operators %<, on F(u;) ®--- @ F(uy,)
is well defined; however, the joint spectrum of wii is not simple. For example,
consider the case n =2, a; = by =0. Thus we consider F(u) ® F(ugqz). Then the
vectors |0), ®1(2,2)),,.. and |(1)), ®[(2,1)),,, have the same Y -eigenvalues.

ugqz ugqz

3.3. Resonancein ¢, qs3
Consider the tensor product of n Fock modules F(u;) ® - - ® F(u,) with n > 2.
Assume (3.1), and let p’, p be some integers such that

n—1 n—1

an:p’fle(aiJrl), bn:pfle(biJrl)

i=1 i=1
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belong to Z>(. Assume further that

(3.2) =1 p#p.
x Y

More precisely, by equality (3.2) we mean that ¢7¢3 =1 if and only if 2 = p'k,
y = pk for some k € Z.

We use a cyclic modulo n convention for indices and suffixes: wu, 1 = u,
A0 = )\(”) and so on. Let

ME ()
(3.3)

=span{| A1, AM)) [ A )>)\(’+1)—a,', where s € Z>1, i=1,...,n}.

The following lemma shows that the definition of ./\/lgiif (u) is in fact a super-
position of n =2 conditions.

LEMMA 3.6
We have [N, ... A ¢ MG () if and only if for alli,j, 1 <i<j<n, AN
IANDYy e MP P b, (i)

a”

Proof
The lemma is straightforward. O

We have an obvious surjective map of linear spaces: Map(u) — Mglif (u) send-
ing |AW, ..., A(™) to either zero or to A, ..., A(™). In particular, the space
PP (u) inherits the Z-grading.

We define the action of operators 1+ (z),e(z), f(2) on Mg:f(u) as the fac-
torized action of £ on My p(uw). Namely, let the matrix coefficients of operators
Y*(2),e(2), f(2) in the basis [A(1),... X"} be the same as the corresponding
matrix coefficients in Ma p(u).

PROPOSITION 3.7
The action of operators Y= (z),e(z), f(z) in ML F(u) is well defined and gives a
structure of a graded £-module.

Proof
Consider the case n =2, and set a; =a,b; =b.
It is sufficient to perform the following checks.

(i) If |\ u) € Mp 2 (u), then the matrix coefficients (A, p + Lsle(2)|A, p),
(A =15, p]f(2)|A, p) are well defined.
(i) If |\, p) GMp 3 (u), then

‘A’:u_]‘ >¢Mp ,p( ) <)\,/J,‘6(Z)|/\,,u—]_s>:0,

A+ Lo, 1) & M P () = Ol F(2)A + Lo, ) =0.

All the checks are straightforward using Lemma 2.2.
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For example, consider (A\| ® (u+ 14le(2)|A\) ® |u).
By Lemma 2.2, the poles of this matrix coefficient happen if vqé_s/(uq%_l) =
qf"_l_“”s or uq%fs/(vq%*l) = q{\l_l_”""_s_l. It means q{\L_MﬁqugSerH =

or g Hetagl=stbtl — 1 Bquivalently, due to (3.2),

—_

l=5s—b—1+~(b +b2+2), A —ps +a1+1=7(a1 + a2 +2)
or
l=5—b—1+7(b1 +b2+2), Al = pis + a1 =7(ar +az +2)
for some v € Z.
Therefore
Al = iy 41—~ (by+ba42) T V(@1 a2 +2) —a; — 1

or

AL= by 41—~ (b +bot2) (@1 + a2 +2) —ar.

First, let v < 0. Then

AL = iy (by+ba42) b1 41 = AL — Bl—nytby+1 + (@1 +a2) > N — pqp, + (a1 + az)
> —a1 + (a1 +az),

and therefore the poles of the matrix coefficient do not occur.
Let v > 0. Then

AL = Hi—y(by+ba+2)+b1+1)
S A= (7= 1) (b1+b5) — Hi—ry(br+bs+2)+b1+1 T (7 = 1)(a1 + a2)
<az+ (v —1)(a1 +az),

and again, such a pole is impossible.

Let now y=0. That is, s=1+b; + 1, and \; — py4p,41 = —a1 or A\ —
i+b,+1 = —ap — 1. Since A\ — pitp,+1 > A\ — fi+p, > —a1, the second case is
impossible, and in the first case we have py4+p,+1 = fti4s,. Therefore our matrix
coefficient was zero already for generic u,v, q1,g2. Note that we use b; > 0 here;
otherwise, in the case [ =1 the index of ps_1 = py+p, is nonpositive and the
coefficient does not have to be zero.

We omit further details.

The general case of Proposition 3.7 reduces to the case of n = 2 by Lemma 3.6.

a

THEOREM 3.8

Assume in addition that p >n. Then the £-module ./\/lgllf(u) s an irreducible,
tame, highest-weight €-module with highest weight [, wét(ul/z)

Proof
The proof is similar to the proof of Theorem 3.4.
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Assume that for some [\, ... A M) e Mg:f(u), we have

[T s (wi/z) =TT o (wi/2).
i=1 i=1

We then show that this implies A" = (9.

For example, let us check that the pole z= )‘(i)

1"y, is not canceled by the zero
@3) 4 /\(J)
z —q1 gju; of ¥y (u;/z), that is, q1 uz =q1° qiu;.
It is easy to see that ¢ = j is impossible.

Consider the case j > 4. Then for some k € Z we have

j—1 j—1
)\gz)z)\gj)—Z(al—l-l)—ﬁp’, Z (b + 1) + kp.
I=i 1=i
Since s > 1, we obtain x > 0. This is impossible since
Jj—1 Jj—1
(4) @ (7) _ _ ) _ _
A2 AN — P > )‘1+Z bi+rp Zal >N 1 (al o
Here we used a;,b; > 0.
In the case j < i, we have
' i—1 i—1
)\gl):)\gj)—FZ(al—Fl)—/{p’, SZ—Z(bl—l—l)—an.
=3 l=y

Since s > 1, we obtain x > 1. This is impossible since

(i) 5 ()
A 2 M ey = (5= 1

i—1

(4) _ (4) _
>)\1 S by nJrZalJrl kp' > g +Zal+1 kp'.
=3 =1
A A9 1 . . . e .
The case ¢;* u; =¢q;" " q§ u; is again possible only if j=¢—1, s =0,

and b;,_1 =0.

Note that since p > n, there exists ¢ such that b;_; # 0. In such a case the
pole z = qui)ui is not canceled with a zero.

We omit further details. a

Note that if some of b; were negative, then the theorem would not hold.

The character of ./\/lg/]’f(u) is given in Theorem 4.5.

The tensor action of & on the space M, p(u) for generic ¢1,¢e does not
have a limit to the case (3.2) in the basis [A(),... A\("). However, we think
of Mgi’tf’(u) as “a quotient module of M, p(u)” and even as “a subquotient of
Flu) @ @ F(uyn)”.
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4. Characters

All modules considered in Section 3 are graded modules with finite-dimensional
graded components. Therefore we have well-defined formal characters which we
study in this section.

4.1. Finitized characters and recursion

Recall that we have constructed a family of £-modules MZ:f . Here p,p’ are posi-
tive integers satisfying p,p’ > n,p’ #p,anda= (a1,...,ap—1),b=(b1,...,bp_1) €
Zggl are such that there exist a,, b, € Zx> satisfying

n n

dla+1)=p, > (bi+1)=p.

i=1 i=1
We always assume that a,,b, are determined from a,b as above. Throughout
this section, b is fixed. We also assume that p’ > n.

The module ./\/lg’iop has a basis labeled by the set of n-tuples of partitions

) PP = {(AD, . AM) [ AD e pr A0 > 20D g,
where i=1,...,n, j €Z>O},
where A(*) = ()\g-i))j>0 and A1) = X(1) | n this section, we study their characters
(42) e S
(AW, AM)ePELP

Our goal is to show that they coincide with the characters of modules from
the W,,-minimal series of sl,,-type, up to an overall factor corresponding to the
presence of an extra Heisenberg algebra (see Theorem 4.5 below).

As a technical tool for studying (4.2), let us introduce a finitized version of
the characters. For N € Z", define the subset

PYPIN] = {(AD,. Ay e PPP AW, =0, wherei=1,...,n}

and its character

/ n co (i)
Xop [N]:= > gz 2= A
(AW A(M)e PP P[N]

We set also

(4.3) XUPIN]=0 if N; <0 for some i.
Clearly we have

(4.4) XLilo)=1.

In the following, we extend the suffix i for a; by a@;+, =a;. A similar con-
vention is used for b;, N;.
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PROPOSITION 4.1
The finitized characters x* '[N| satisfy the following recursion relations for each
1=1,...,n:

Xap Nl = xa i IN = 1]+ ¢V xi . g pIN]

if Nig1 — N; <b; and a;—1 > 1,

(4.5)

(46) XZ:ED[N] = Xg:lf[N - 11} Zf N1 - Ni—l = bi—l +1 and ;1 — 0.

In the right-hand side of (4.5), a—1,_1+1; meansa+1; fori=1anda—1,_1
fori=n.

Proof
We fix i and assume first that N; > 0. Then the set Pflt’,p [N] is partitioned into
a disjoint union of subsets P’ LI P, where

P'={xePIPINI[AY =0}, P'={xeP’?IN]|AY) >0l

By the definition, P’ coincides with Pg/l’)p [N —1,].
Suppose N;11 — N; <b; and a;—1 > 1. For X € P”, the conditions involving
A® read

AGD 5 A
D>

JHbi—1 1= (ai_l o 1)’

(1) . \(+1)
A2 Ny, — aie

Since N; +1+b; > N;41 and a; > 0, the second condition is void if j > N;. Hence
it can be replaced by

. . -

MY =0 < N) =AY = (a; +1),
where 0(P) = 1 if the statement P is true and §(P) = 0 otherwise. This gives rise
to a bijection P — PZ% | [N] sending A to X with A" =X\ — 4, ;0(j <
N;). The recursion (4.5) follows from this. When N; = 0, the same consideration
applies to show that P ;’[N] is in bijective correspondence with Py}~ ;| [N].
Next, suppose N; — N;_1 =b;—1 + 1 and a;—1; =0. (In this case necessarily

N; >0.) The condition /\5\17;11)-%1 > /\g\l,z — a;—1 implies )\5\2 =0, so that P” = 0.
Hence (4.6) holds true. 0

In general, the recursions (4.5) and (4.6) are not enough to determine the char-
acters x? ;”[N] completely. Nevertheless, they are in certain region of the para-
meters a, b, N, as the following proposition shows.

PROPOSITION 4.2
The set

{Xp:if[N] | Ni,a; € Z>0,Niz1 — N; <b;+1, wherei=1,...,n}

a
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is uniquely determined by the recursion relations (4.5) and (4.6), along with the
ingtial condition (4.4) and the boundary condition (4.3).

Proof

The proof is by induction on d =" | N;. When d =0, there is nothing to show.
Suppose d > 0, and assume that the assertion is true for Y. | N; < d. We divide
into two cases:

(a) Nij1—N;<b;foralli=1,...,n
(b) Niy1 — N; =b; + 1 for some i.

Consider case (a). Since p’ —n > 0, there is an ¢ such that a;—1 > 0. Apply-
ing (4.5) successively for i, i+ 1, ..., we obtain

XOPIN] = ZPIN = 1)+ ¢¥nl Ay bIN]

3

= XOEIN = L)+ Vo, g, b N = 1]

N;+Niy1 P p
+4q Xa-1,_ 1+1i+1;b[N]

i+n—1
_ Nit-+N;_1. 9 p )
- Z q " Xas1,- 141 1b[N 1]]
J=i

+ N1+ JrN

q X2 EIN.

7

Since Ny 4+ ---+ N, =d > 0, xﬁj]’f[N] is determined in terms of those with
Z?:l N; <d.

Next, consider case (b). Since Y ;- (b; +1) > 0, we cannot have the equality
N;41 — N; =b; + 1 for all . Choose an ¢ such that N; — N;_; =b;,_1 + 1 and
Niy1 — N; <b;. If a;_1 =0, then (4.6) implies Xz:if[N] = Xi:if[N —1;] and we
are done. Otherwise, (4.5) is applicable. Repeating it a;—; times we obtain

ai—1

1)N; s .
Z q(] ) g IZJ 1)(1i—1*1i)xb[N —Jj1i]

i—1N; )
+qa ' XZ_Z;i—l(li—l_l'iLb[N}.

The last term reduces to the case a;_1 =0 already discussed above. O

4.2. Bosonic formulas and comparison to VV,, characters

Our next task is to relate Xif to the characters from the W,,-minimal series.
Let us prepare some notation concerning the affine Lie algebra ;[n Denote the
simple roots by ag,...,a,—1 and the fundamental weights by wy,...,w,—1. We
set p= 27_01 w;i. Let W =5,, X @ be the affine Weyl group of type Afl ) 1, Where
Q=6 Zal denotes the classical root lattice. Further, let L = EB:L 01 Zw; be
the Welght lattice, and let L = {Zi:O Ciwi | o,y Cn_1 € L>p, Zi:_O ¢ =1} be
the set of dominant integral weights of level I.
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The characters of the irreducible modules from the W,,-minimal series of s[,,-

type are parameterized by a pair of dominant integral weights (n,&) € L+, _p X
L} . Explicitly, they are given by the alternating series (see [FKW]),
’ € 2 wE_ / _
Yf,’gp Z (—1)4w) gp'p/2(wi€=€)/pI"+((wi€ =€) /p.p" (€+p) ~p(n+P)
weW
(4.7) ©
— Z (=1)4@ Z gt/ ()t o (E+p)—p(ntp)a) +(E+p—0(E+p)mtp)
oc€Sy acQ

Here wx & =w(€+p) —p=0c(&+p) — p+ pa, where w = (0, ), and £(w) denotes
the length function.
We need also their finitization. For N € Z%, and 1, € L, define
vl PIN| = Z (_1)5(10)qP’P/Ql(w*ﬁ—ﬁ)/P\2+((w*€—€)/P»P'(€+p)—:l7(’rl+ﬂ))

Xn.g
wew

9N H

Here (q)m =[]~ (1 —¢*) for m € Z>, N| =>_"_, N;. We set also
1 .
— =0 ifm<0.
(@)m

We retain the modulo n convention for the indices, such as w,, = wyq.

—(w*€—&,w; —wi—1)

PROPOSITION 4.3
(i) Fordlé&mnelL andi=1,...,n, we have

’

RN =N, N (- RN - 1,
(ii) If Nig1=N;+ (E+p,a;) and (n+ p,a;) =0 fori=1,...,n, then

y{; ¢[N]=0.
(iii) If €€ Ly, then
X2 2o =1.

Proof
The relation (i) can be verified directly, term by term. To see (ii), let o; be the
simple reflection with respect to the root «;. The assumption can be written as

—(w*€—&w;—wi—1)=Nip1 — ((in) & — & wip1 — wi),
g, *n=n.
Under these circumstances, the terms with w and o;w cancel out in the sum
pairwise.

Finally, under the assumption of (iii) and N =0, only the term with w =1id
survives. 0
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PROPOSITION 4.4
For all N,a,b such that N;,a;,b; >0 and N;41 — N; <b;+1 fori=1,...,n, we
have the equality

p'\p _ Ly

Xa,b [N] - mxmg ]7

n n
n= Z a;w;, where &= Z biw;.
i=1 i=1
We recall that a,, =p' —n — 22:11 ai, by =p—n— E?:_f bi.

Proof
This follows from Propositions 4.3 and 4.2. ([

Letting N; — oo, we arrive at the following result.

THEOREM 4.5
The character of the module My, ' is given by

/ 1 ’
=p'.p
X - X Y
a,b (q)oo n,€

n n
n= E a;w;, where &= E biw;.
i=1 i=1

4.3. Characters of M, ,
The module M, 1, has a basis labeled by the set of n-tuples of partitions

Pap = {(AW,... M) [ 2D e P AY > 2D g,

where i=1,...,n—1, j€Z>0}.

Define their characters

n ) (i)
Xab = E RSN
(AW, AMYEP, b

THEOREM 4.6
We have
1 —w
Xab o Z (—1)4w) g tp—w&tp)mte)
9o wESy,
Proof

Clearly, the set P, p, is the limit of the set P::t’)p as p’,p — 0o. The theorem then
follows from Theorem 4.5. O
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5. Isomorphisms of representations

In this section we establish several isomorphisms between representations of £
discussed in this paper. All these isomorphisms preserve the basis described in
terms of partitions. This is no wonder since the modules are tame. In general,
we expect that any two highest-weight £-modules with the same highest weight
are isomorphic. We check this statement here in several cases. At the moment
our proofs are strictly computational.

5.1. Permutations of factors in the tensor products of Fock spaces

In this section we assume that q1,q2,u1,...,u, are generic.
THEOREM 5.1
Let 0 € S, and let q1,q2,u1,...,u, be generic. There exist nonzero constants

bx, where A= (A1 ... X)) e P such that the map
LiF(ur) @+ @ F(un) = Fluon) @+ @ F(tg(n)),
|)\(1)> R ® |)\(”)> s b>‘|)\(0(1))> R ® |)\(U("))>

is an isomorphism of £-modules.

Proof
It is sufficient to prove the theorem in the case n = 2.

Let n =2 and o = (12). It is necessary and sufficient to show that there exist
coeflicients by, satisfying the conditions

bysqr A+ 10 [e(2)|A) =ba(N + 187D e(2)|\),

IaALf(2)A+10) = by 10 N F(2)IA + 1879).

Here i = 1,2, and if A= (AW, A?), then X' = (A®) A1),
In order that these equations for by be consistent, the following conditions
are necessary and sufficient:
Af@IA+1Y) N 18 e(z)IX)

o) V)N 187 T A+ 10 )e(2)A)

G2 A1) A tew)N)
V187 1 eI+ 17T (N 18 e(w) X

o1l +1) A1)l
N+ 187 e N+ 1) (N 1 fe(w)|X)
The precise meaning of such equations is as follows. Suppose that 6;(z) =

Ci ) nez(u/2)", where i = 1,2, are delta functions with the same support multi-
plied by nonzero constants ¢;. Then by the ratio d1(z)/d2(z) we mean the ratio
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¢1/co. For example, we have
(A+Tile(z)iA) _ 4

NF@HR+1) "
Equations (5.1) and (5.2) are checked by a straightforward computation. [

5.2. The Z,-symmetry of M7}/

In this section we assume that the parameters ¢1,qo, u1,...,u, satisfy (3.1) and
(3.2).

THEOREM 5.2

Let parameters q1,qa,u1, ..., uy, satisfy (3.1) and (3.2). There exist nonzero con-

stants cx, where A € Pf:l’)p, such that the map

/
L MP P

p’,p
(@1 (brrbn1) " Manan) (o br)
MDY @ @ APTDY @ A 5 ey [AP) @ - @A) @ [AMD))

is an isomorphism of €-modules.

Proof
Clearly the set-theoretic map

’ /
. D P D P
LBy ) (b1 bas) 7 Dazsan) (barbn)

()\(1),“.7)\("*1),/\(@) s ()\(2)7”")\@)’)\(1))
is a bijection.

Then the equations on the constants cy are the same as in Theorem 5.1 with
o=(1,2,...,n). Therefore, the theorem follows. O

5.3. The modules M ™" *! and G2"
In this section we assume the resonance condition
(5.3) e =1,

/
We consider the special case of M ¥ where

a
n

p':n—i—r, p:n+17 r:Zaia
=1

a:(al,...,an_l),b:0:(O,...,O).
N——
n—1

We abbreviate the representation M2 """ to Ma, where a= (as,...,a,),

and the set of n-tuple partitions Py’ Srntl b0 Py:
n i 4 i+1
Pé:{)\:(A(l)w”’)\( )) | NG €p+,)\§)2>\§+ )—ai,

where i=1,...,n, jeZzo}.
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Similarly, we abbreviate the representation G3'" to Ga and the set Py" to Pa.
Our aim is to prove that two representations Mz and G5 are isomorphic:

(54) L M5 i’ Gé.

Recall that the vector space Gz has a basis labeled by the set Py of (n,7)-
admissible partitions. Let ¢ be a bijection given by

t: Ps — Ps, A=A,

Anﬂ_z—)\g_irl+Ans_~_z fori=1,...,n, s€Z>y.

THEOREM 5.3

There exist nonzero constants cp, A € Pa, such that the linear map
(5.5) L: Mz — Gj,

(5.6) [A) = calA), A=1(N),

is an isomorphism of graded £-modules.

Proof
The proof is similar to the proof of Theorem 5.1. However, the checks are slightly
more involved, and we give some details.

Note that the vectors e(z)|A) are a finite linear combination of the vectors
IA+1;), where A+ 1; = (A1, Aoy, Aj_1,Aj +1,A44,...), and f(2)|A) is a
finite linear combination of the vectors |[A —1;).

Therefore, it is necessary and sufficient to show that there exist coefficients
cp satisfying the conditions

Cattners A+ 10 e(2)[A) = ea (A + Logpsle(2)[A),
A LFE)A+ 180 = eagan s (A FIA + Lgys).

Here (A + 1&21|6(z)|)\> and (A|f(2)|A+ 1£z+)1> denote the matrix coefficients of
e(z) and f(z), respectively, in the module Mz, and (A + 1,54:|e(2)|A) and
(Al f(2)|A 4 1,544) are those in the module Gj.
In order that these equations for ¢y be consistent, the following conditions
are necessary and sufficient:
<A|f( )|A+1s+1> <A+1ns+2| ( )|A>

B R @A+ L) (A1 (A

A1+ 1 e A +10) A1l Je(w)|A)

<A+1ns+z+1nt+J| e(2)|A + 1nsti) (A + Lpspile(w)|A)
o H 1 le@A 1) A1) fe(w) A
(A Lnsri + Lug [e(2)IA + Lorrs) (At Loy gle(w)[A)

and the condition similar to (5.8) for f(z). Here we follow the conventions for
the ratios of delta functions with the same support as in (5.1) and (5.2).

(5.8)
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We rewrite the action of £ on Gj in such a way that the matrix coefficients
of e(z) and f(z) acting on G5 are given in terms of certain quantities which are
used in the expressions for the matrix coefficients of e(z) and f(z) acting on Mj.
This makes the proof of these equations shorter.

The vector in Gz which corresponds to A € Pz is given by a semiinfinite
tensor product:

|A> = |A1>u® ‘Ag — 1>uq;1 R Q |AJ —j+ 1>q3—j+1u®"'

Let (A|*(2)nsei|A) be the matrix coefficient of 1% (z) in the module
V(™ )

wi(z)|AnS+i —ns—1+ 1>q;ns—i+1u
= <A|z/}i(z)ns+i|A>|Ans+i —ns—1+ ]_>q3—ns—i+1u.

Recall that we also write (A¥|ypF(2),1|A®)) for the matrix coefficient of
¥*(2) in the module V (g5 *u;):
V=N =8y, = DO WEE)e AN =), s
where

—Yizi(ai+1) —ci1 i
(59) u=q, >iza(aj+ )q3 1+1u:q1 c1_1q; 1u.

Note that we consider these quantities as rational functions in z, not as series in
z*1: therefore, there is no distinction between ¥ (z).
The following is the basic equality for the proof of the isomorphism:
@)

s+1

s MAneti ms+i—1
q1  q3Ui =4y D) Uu.

From this follows
A= (@)sr1ND) = (Al* (sl A)-

Using these equalities one can write the formula for the actions of e(z), f(z)
in Gz in the form

(A4 1ps44le(2)|A)
AL i—1 s+1
~ 0(q " g5/ 2) H(l —qouj/z 1 —g¢5" uj/z
J

o 1—q e L—uj/z 1—qogi™u,/z

s+1

AP~ (2)m|AD)
11 <W)\¢‘(2)m|®(”>)

m=1

n 1—q2Uj/Z 1—q§uj/z S <)\(])|w—(z)m|/\(1)>
XE( ]_—uj/z 1—q2q§uj/z H <w(;)|¢_(z)m|@0)>)7

m=1

(A[f(2)A+ Lpsyi)

() .
st+1 2

= (J15(q1\ g5ui/z) H(l — 4205wy /z ﬁ <)\(j)‘1/)+(z)m|)\(j)>>
1—-q o b= a5 /2 e (0D [p+(2) 1 |0G))

- ggiui/z T (AD T ()| A9
T (s [ Q0 Oy

1 —qsu;/z (PD[F (2)m]00))

j=i+1 m=s-+1
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We also have the following formulas for the matrix coefficients in Mj:

A+19 le(2)[A)
NOR R o ;
_ 0 giui/2) 1 - qui/z 1 — qiui/z I AP~ ()i AD)
l-q L—ui/z 1—qaq5ui/z (OO]h=(2)m |0@)

m=1

(L ww/z 7 A9 (:)nAD)
<II( 1—u;/z 7,1;[1 <@(j>\¢f(z)m\@<j>>)’

AfE)A+18)
N R oo i i
_ @10(qy " q3ui/2) 1 - 9295 ui /2 11 AD[t (2)in|AD)

l1-q 1—q5" /2 (POF (2)m[00)

m=s+2

L guy/s T QO () AD)
<M1 (7= 1 o)

j=i+1 m=1

Here () is used for the trivial partition A(*) = (0,0,...).
It is straightforward to check (5.7) and (5.8) by using these formulas. O

As a corollary we have a bosonic formula for the character of set of the (k,r)-
admissible partitions. Let

o = E: qlAfAO\: E: qZ;";l(AfA;’)
AePET N

be the character of set of the (k,r)-admissible partitions.

COROLLARY 5.4

The character of the set of the (k,r)-admissible partitions PX" coincides with the
character of the set P(f:(’)p with p' =k +r, p=k+1, and, in particular, we have
the bosonic formula

1
k,r ket k1
Xa = Xn )
(Q) o0 ’0

where )‘(fﬁf’kﬂ is gwen by (4.7) and n =37, a;w;(wn =wp).

There are other known formulas of the sets of (k,r)-admissible partitions for
bosonic formulas (see [FJL+]; for fermionic formulas in the case (p = 3), see
[FJ+1], [FJ+2)).
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