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Abstract. Laumon moduli spaces are certain smooth closures of the
moduli spaces of maps from the projective line to the flag variety of
GL,. We calculate the equvariant cohomology rings of the Laumon
moduli spaces in terms of Gelfand-Tsetlin subalgebra of U(gl,), and
formulate a conjectural answer for the small quantum cohomology rings
in terms of certain commutative shift of argument subalgebras of U(gl,).

1. Introduction

1.1. Cohomology of Laumon spaces

The moduli spaces Q4 were introduced by G. Laumon in [13] and [14]. They
are certain compactifications of the moduli spaces of degree d maps from P!
to the flag variety B,, of GL,,. The original motivation of G. Laumon was to
study the geometric Eisenstein series, but later the Laumon moduli spaces
proved useful also in the computation of quantum cohomology and K-theory
of By, see e.g. [10], [2]. The aim of the present note is to calculate the coho-
mology rings of the Laumon moduli spaces, and to formulate a conjectural
answer for the quantum cohomology rings.

The main tool is the action of the universal enveloping algebra U(gl,,)
by correspondences [7] on the direct sum (over all degrees) of cohomology of
Qq4. More precisely, we consider the localized equivariant cohomology B :=
D, Her, e () QmHy, (o) Frac(Hgp c-(pt)) where C* acts as “loop
rotations” on the source P!, while GL,, acts naturally on the target B,,. We
also consider a “local version” Qg4 of the Laumon moduli space, which is a
certain closure of the moduli space of based maps of degree d from P! to B,,.
This local version does not carry the action of the whole group GL, x C*,
but only of the Cartan torus T'x C*. Accordingly, we consider the equivariant
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cohomology (resp. localized equivariant cohomology) 'V = P, H2 .(Qd)
(resp. V- =@y HE . (Qa) @ns o) Frac(HE . (p1))).

o

According to [1] (cf. also [19] and our Theorem 2.7), the above action of
U(gl,,) identifies V' with the universal Verma module 2. Similarly, B carries
the action of two copies of U(gl,) by correspondences, and can be identified
with the tensor square B of U (Theorem 5.8). The nonlocalized cohomology
'V is identified with a certain integral form 2 of 0, a version of the uni-
versal dual Verma module (Theorem 3.5). We were unable to describe the
nonlocalized equivariant cohomology of | |;Qq4 as a U(gl,)*>-module, but we
propose a conjecture 5.14 in this direction; it is an equivariant generalization
of Conjecture 6.4 of [7].

1.2. Gelfand-Tsetlin algebra

The description of the cohomology rings is given in representation theoretic
terms. Namely, the universal enveloping algebra of gl,, contains the Gelfand-
Tsetlin subalgebra & (a maximal commutative subalgebra). For a given degree
d, the equivariant cohomology 'Vy is identified with the weight subspace 2.
The identity element 14 of the cohomology ring goes to the weight component
v, of the Whittaker vector v € 2. It turns out that the vector 14 € 'V is cyclic

for &; hence the equivariant cohomology ring H, %X o (Qgq) is identified with

a quotient of the Gelfand-Tsetlin subalgebra (Corollary 3.7). Similar results
hold for the localized equivariant cohomology of Q4 and Q4 (Propositions 2.17
and 5.12).

The proof uses two ingredients. First, the localized equivariant coho-
mology has a natural basis of classes of the torus fixed points. We check that
under the identification V' =~ U, this basis goes to the Gelfand-Tsetlin basis
of . Also, the cohomology of Q4 contain the (Kiinneth components of the)
Chern classes of the universal tautological vector bundles on Q4 x P!. The
operators of multiplication by these Chern classes are diagonal in the fixed
point basis, and by comparison to the Gelfand-Tsetlin basis it is possible to
identify these operators with the action of certain generators of &. Finally,
since the diagonal class of g4 is decomposable, the above Chern classes gen-
erate the cohomology ring of Qg.

In a similar vein, in Proposition 6.7 we compute the localized equivariant
K-ring of 4 in terms of the “quantum Gelfand-Tsetlin algebra”.

1.3. Quantum cohomology of Laumon spaces

The Picard group of the local Laumon space Qg is free of rank n — 2 iff all
the entries of d are nonzero. It possesses the set of distinguished generators:
the classes of determinant line bundles Do, ..., D, _1. Let T be a torus with
the cocharacter lattice Pic(Qg), and let ¢;, 2 <i < n —1, be the coordinates
on T corresponding to D;. We conjecture a formula for the operator Mp, of
quantum multiplication by the first Chern class ¢1(D;). A priori this operator
lies in End(Vy)][g2, - - - , ¢n—1]], but according to Conjecture 4.6, it is the Taylor
expansion of a rational End(Vg)-valued function on T. Moreover, this function
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arises from the action of a universal element QC; € U(gl,,) (depending on
q2,---,qn—1) on the weight space Vy of the universal Verma module. The
commutant of the collection of all such elements {QC;(qa, . .., gn—1)} is a shift
of argument subalgebra A, C U(gl,) (a maximal commutative subalgebra,
see [21]).

We consider the flat End(Vy)-valued connection on T : V =
E?:_Ql Qia%i + QC; (the quantum connection). Conjecture 4.6 (recently
proved by A. Negut) implies that V is induced by the Casimir connec-
tion [4, 6, 24, 16] on the Cartan subalgebra h C sl,, under an embedding
T < b. In particular, V has regular singularities, and its monodromy factors
through the action of the pure braid group PB,, (fundamental group of the
complement in h to the root hyperplanes) on the weight space Vy by the
“quantum Weyl group operators”.
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2. Local Laumon spaces

2.1. Laumon spaces

We recall the setup of [7], [2]. Let C be a smooth projective curve of genus
zero. We fix a coordinate z on C, and consider the action of C* on C such
that v(z) = v=2z. We have C® = {0, o0}.

We consider an n-dimensional vector space W with a basis w1, ..., w,.
This defines a Cartan torus T C G = GL,, C Aut(W). We also consider
its 2"-fold cover, the bigger torus f, acting on W as follows: for T>t=
(t1,...,t,) we have t(w;) = t?w;. We denote by B the flag variety of G.

Given an (n — 1)-tuple of nonnegative integers d = (dy,...,d,—1), we
consider the Laumon’s quasiflags’ space Qq, see [14], 4.2. It is the moduli
space of flags of locally free subsheaves

OCWiC...CW,,.1 CW=W®O0O¢

such that rank(Wy) = k, and deg(Wy) = —dj.

It is known to be a smooth projective variety of dimension 2d; + ...+
2d,,—1 + dim B, see [13], 2.10.

We consider the following locally closed subvariety Qg4 C Qg4 (quasiflags
based at oo € C) formed by the flags

0OCWiC...CW,,.1 CW=W®O0O¢

such that W; C W is a vector subbundle in a neighbourhood of co € C, and
the fiber of W; at co equals the span (wy,...,w;) C W.

It is known to be a smooth quasiprojective variety of dimension 2d; +
e+ 2dy 1.

2.2. Fixed points
The group G x C* acts naturally on Qg4, and the group T xC* acts naturally on

4. The set of fixed points of T x C* on g is finite; we recall its description
from [7], 2.11.

Let Q be a collection of nonnegative integers (d;;), ¢ > j, such that
d; = E;‘:l dij, and for ¢ > k > j we have dy; > d;;. Abusing notation we
denote by d the corresponding T x C*-fixed point in Qg4:

Wi = Oc(—di1 - 0)wy,

Wy = Oc(—da21 - 0)wy @ Oc(—daa - 0)wa,

W1 =0c(—dn-11-0)w1 ®O0c(—dn-12-0)wa®...®O0c(—dn-1,n-1-"

2.3. Correspondences

Forie{l,...,n—1}, and d = (d1,...,dp-1), we set d + i := (dy,...,d; +
1,...,dn—1). We have a correspondence €4, C Qg X Qg+, formed by the pairs
(We, Wy) such that for j # i we have W; = W', and W; C W;, see [7], 3.1.
In other words, £, ; is the moduli space of flags of locally free sheaves

0OCWi;C.. W1 CW, CW; CWii1...CW,_1 CW
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such that rank(Wy) = k, and deg(Wy) = —dj, while rank(W}) = 4, and
deg(W}) = —d; — 1.

According to [13], 2.10, £, is a smooth projective algebraic variety of
dimension 2d; + ...+ 2d,,_1 +dim B + 1.

We denote by p (resp. q) the natural projection €4; — Qg (resp. €a,; —
Qg+i). We also have amapr: €q,; — C,

(0 cCWiC..W,_1 C W; cW; C Wi+1~~~ cW,_1 C W) — supp(Wi/Wg).

The correspondence €4 ; comes equipped with a natural line bundle £;
whose fiber at a point

OCWi;C.. W1 CW, CW; CWii1...CW,_1 CW)

equals T'(C, W;/W}).
Finally, we have a transposed correspondence "€4; C Qg4; X Qq.
Restricting to Qg4 C Q4 we obtain the correspondence €g; C Qg X Qa4
together with line bundle £; and the natural maps p : €gz; — Qg, q :
€y = Qgri, T Eg; = C —o0o. We also have a transposed correspondence
Ty C Qari X Qq. It is a smooth quasiprojective variety of dimension 2d; +
vt 2dp—1+ 1.

2.4. Equivariant cohomology

We denote by 'V the direct sum of equivariant (complexified) cohomol-

ogy: 'V = @4l ..(Qa). It is a module over H? . (pt) = C[t® C] =

Clx1,...,2n, h]. Here t & C is the Lie algebra of T x C*. We define & as
twice the positive generator of HZ. (pt,Z). Similarly, we define z; € H% (pt, Z)
in terms of the corresponding one-parametric subgroup. We define V =
avs Dms L (ot) Frac(HE, .. (pt)).

We have an evident grading V' = ®4Va, Vg = H2

TxC*
Frac(HTX(C* (pt)).

(Q4) ®pe

Fon (P)

2.5. Universal Verma module

We denote by 4 the universal enveloping algebra of gl,, over the field C(t®C).
For 1 < j,k < n we denote by Ej, € gl, C il the usual elementary matrix.
The standard Chevalley generators are expressed as follows:

e = Eit14, fi = Eiit1, bi = Eip141 — By

(note that e; is represented by a lower triangular matrix). Note also that 4 is
generated by E;;, 1 <i<n, E; 11, Fit14, 1 <i <n—1. We denote by U<q
the subalgebra of i generated by E;;, 1 <i<mn, E;;11, 1 <i<n—1.1It acts
on the field C(t&C) as follows: E; ;41 acts trivially for any 1 <i <n—1, and
E;; acts by multiplication by A~ 'z; +i — 1. We define the universal Verma
module U over U as U ®g_, C(t@® C). The universal Verma module U is an
irreducible {-module. -
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2.6. The action of generators

The grading and the correspondences T€,;, €4, give rise to the following
operators on V' (note that though p is not proper, p. is well defined on the
localized equivariant cohomology due to the finiteness of the fixed point sets
and smoothness of €g4;):

Ey=hte;+di1—d;+i—1: Vi — Vg;

h; = hil(xlurl — :El) +2d; —di—1 —di41 + 1 Vd — Vd;

fi = Eiip1 =Peq" 1 Vg — Vg_s;

¢; = Eiy1i = —a.p" 0 Va = Vapa
Theorem 2.7. The operators ¢; = Fiy1,i, By, §i = Fiip1 on 'V defined in 2.6
satisfy the relations in 3, i.e. they give rise to the action of L on V. There is a
unique isomorphism W of U-modules V' and U carrying 1 € H%x@* (Qo)CV

to the lowest weight vector 1 € C(t® C) C .

The proof is entirely similar to the proof of Theorem 2.12 of [2]; cf.
also [19]. O

2.8. Fixed point basis

According to the Localization theorem in equivariant cohomology (see
e.g. [3]), restriction to the T' x C*-fixed point set induces an isomorphism

T><(C* TxC*

The fundamental cycles [d] of the T x C*-fixed points d (see 2.2) form a

basis in ®¢2 . (ngc*) ®ns . (vt) Frac(HZ ..(pt)). The embedding of a

point d into Qg4 is a proper morphism, so the direct image in the equivariant
cohomology is well defined, and we will denote by [d] € Vg the direct image
of the fundamental cycle of the point d. The set {[d]} forms a basis of V.

The matrix coefficients of the operators e¢;,f; in the basis {[d]} were
computed in [2]; cf. also [19] 8.2. The result is:

Pr~0position 2.9. The matriz coefficients of the operators e;,f; in the basis
{[d]} are as follows:

gz =~ I @i—atdin—di)h)™ [[ (@5 —an+(diorp—dij)h)
JAR<i k<i—1

ifd; ; = d;j+1 for certain j < i;

Figa =h"" [T G+ (dig—dip)h) ™ [T (on—a;+(dij - diva)h)
jAk<i k<i+1

if d; ; = dij—1 for certain j <i;
All the other matriz coefficients of e;, §; vanish.

The proof is entirely similar to that of Corollary 2.20 of [2].

(Qd)®H- LnFrac(HZ ., (pt)) — HZ (ngc*)®}p (pnyFrac(HZ_ ., (pt))
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2.10. Gelfand-Tsetlin basis of the universal Verma module

We will follow the notations of [17] on the Gelfand-Tsetlin bases in rep-
resentations of gl,. To a collection d = (dij), n—1 > i > j we asso-
ciate a Gelfand-Tsetlin pattern A = A(d) = (Aij), m >4 > j as follows:
Anji=hta4+i—1,n>j>1; Nji=htaj+j—1—dy, n—1>i>j>1
Now we define U > {5 = &p = (—=h)~14W[d]. According to Proposition 2.9,
the matrix coefficients of the operators ¢;, f; in the basis {&5} are as follows:

ei7A(E)7A(El) = H (ifj—xkﬁ-(di’k—di’j)ﬁ)il H (:Cj—ifkﬁ-(d@;l’k—di’j)h)
JF#k<i k<i—1

if dgyj =d; ; + 1 for certain j < 4

fi,A(E),A@/) = _—p2 H (xk—$j+(di7j—di,k)ﬁ)_1 H (xk—$j+(di,j—di+17k)h)
J#k<i k<i+1

if dj ; = d; j — 1 for certain j < i;

All the other matrix coefficients of e;, f; vanish.

The above matrix coefficients, under appropriate specialization of
Z1,...,Tn, coincide with the matrix coefficients of ¢;, f; in the Gelfand- Tsetlin
basis of an irreducible finite dimensional gl,,-module, cf. formulas (2.7), (2.6)
of Theorem 2.3 of [17]. For this reason we suggest to call the basis {£5} (over

all collections E) of U the Gelfand-Tsetlin basis. Algebraically, {5 = {x € U
can be defined by the formulas (2.9)—(2.11) of [17] (where £ = &, = 1 € V).
Up to proportionality, the Gelfand-Tsetlin basis can also be defined as an
eigenbasis of the Gelfand-Tsetlin subalgebra of if.

For a future reference, let us formulate once again the relation between
the fixed point base of V' and the Gelfand-Tsetlin base of U:

Theorem 2.11. The isomorphism ¥ : V59 of Theorem 2.7 takes [d] to
(—h)4&; where |d| =dy + ...+ dp—1.

Remark 2.12. One can prove that the isomorphism ¥ : V-9 of Theo-
rem 2.7 takes [E] to & up to proportionality without explicitly computing
the matrix coefficients. In effect, the Gelfand-Tsetlin basis is uniquely (up to
proportionality) characterized by the property that the matrix coefficients of
ek, fr with respect to £a,&as vanish if A\;; # )\;j for some ¢ > k. Now it is
immediate to see that the matrix coefficients of ey, fi with respect to [d], [d']
vanish if d;; # d;j for some 7 > k.

2.13. Determinant line bundles

We consider the line bundle Dy on Q4 whose fiber at the point (W,) equals
det RT'(C, Wy).
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Lemma 2.14. Dy, is a T x C*-equivariant line bundle, and the character of
T'xC* acting in the fiber of Dy at a point d = (di;) equals 3y (1—di;)x; +
duj(dij—1) B

5 .

Proof. Straightforward. O

Let Casy = Z E;;Ej; be the quadratic Casimir element of U(gl})
,j=1
naturally embedded into U(gl,,) C Y. The operator Casy, is diagonal in the

Gelfand-Tsetlin basis, and the eigenvalue of C'asy on the basis vector £ = &a
is ngk Mej(Akj +k — 25+ 1). We define the following element of &l:

k(k —1)(k — 2)

2 2
Cask =Casg + (2 —k ZEJJ Zh 1xj R~ a:J—l)—i— 3

The eigenvalue of this element on the basis vector £ is >, 2(1—dy;); it
di;(dij — 1).

Corollary 2.15. a) The operator of multiplication by the first Chern class
1 (Dk) in V is diagonal in the basis {|d|}, and the eigenvalue corresponding
tod= (dij) equals 3 ;) (1 — dyj)z; + w&

b) The set {c1(Dy) : k > 2, di # 0 # dk—1} forms a basis in the
nonequivariant cohomology H?(Qg).

¢) The isomorphism U : V"5 carries the operator of multiplication
by c1(Dg) to the operator %C/c;ts/k

Proof. a) follows from Lemma 2.14.

b) It follows e.g. from [7] that dim H%(Qu) = #{k > 2, dr # 0 #
di—1}. Now it is easy to see from Lemma 2.14 that the classes {[Dy] : k >
2, dj, # 0 # di_1} in Pic(Q4) are linearly independent, and hence the classes
{e1(Dy) : k>2, di, # 0% di_1} are linearly independent in H?(Qg).

¢) Straightforward from a) and formula for eigenvalue of Cfa\s/k on &y.

U

2.16. Gelfand-Tsetlin subalgebra and cohomology rings

It is known that a completion 9 of the universal Verma module U contains
a unique Whittaker vector v = ) vg such that vy = 1 (the lowest weight
vector), and f;o = h~'v for any 1 < i < n — 1. Let us denote by 1g €

HY .(Qa) C Vg the unit element of the cohomology ring. Then ¥(14) = vy.

The proof is entirely similar to the proof of Proposition 2.31 of [2], and goes
back to [1].

Recall that the Gelfand-Tsetlin subalgebra & C End() is generated
by the Harish-Chandra centers of the wuniversal enveloping algebras
gly, a0y, ..., gl, (embedded into gl, as the upper left blocks) over the field
C(t® C). We denote by J4 C & the annihilator ideal of the vector vy € U,
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and we denote by &4 the quotient algebra of & by J4. The action of & on
vg gives rise to an embedding &4 — Uy.

Proposition 2.17. a) &,——U,.

b) The composite morphism U : H%xc*(

Q4) Ocpac) C(t @ C) =
Va——Uy—+84 is an algebra isomorphism.
¢) The algebra H?. . (Qd) @cpac) C(t@ C) is generated by {c1(Dy) :

k Z 27 dk # O # dkfl},

Proof. ¢) The algebra H2 .. (Q4) ®cpac) C(t @ C) consists of operators on
the space Vy; which are diagonal in the basis of fixed points [é] On the
other hand, the operators Cas, € &, k > 2, are diagonal in the Gelfand-
Tsetlin basis £ and have different joint eigenvalues on different 5. Hence
the images of Casy in End(Ug4) generate the algebra of operators which are
diagonal in the Gelfand-Tsetlin basis, and in particular, the images of Casy,
k > 2, in &4 generate &,. By Theorem 2.11, the isomorphism ¥ : V3 —
Uy carries [d] to (—h)!4&;. By Corollary 2.15, ¢ (Dy) is U~1(4Cask) up to
an additive constant. Hence the elements c;(Dy) = U~1(4Casy) + const €

H2  .(Q4)®c(iec) C(t@C) generate the algebra H . (Qa)@cpiac) C(tSC).

a-b) Since U(lgy) = g, the (surjective) homomorphism
vt . ClCass,...,Casn_1] — HY .. (Q4) ®cpiec) C(t & C) factors
through ®4. Hence (a) and (b). O

3. Integral forms

3.1. Renormalized Universal Enveloping Algebra

We denote by 4 C 4 the C[t & C]-subalgebra generated by the set {E;; =
hE”, 1<i1<3<nm Eija 1§j <1< n; Ez/z :E“—ﬁ_lx“ 1= 1,,7’1}
We denote by U< the subalgebra of 4l generated by {E/,, 1 <i <n; E;;, 1 <
i < j < n}. It acts on the ring C[t @ C] as follows: E;; acts trivially for any
i < j, and E;, acts by multiplication by ¢ — 1. We define the integral form
of the universal Verma module ¥ C U over Y as L = Y ®y_, Clt & C].
We define the integral form of the universal dual Verma module 0* C U as
T :={ueY: (u,v) e CtadC] for any v’ € L} (where (u,u) stands for
the Shapovalov form). Clearly, U* is a $-module.

Note that the Whittaker vector b € U lies inside the completion of U*,
and is uniquely characterized by the properties a) fio = v where f; 1= E; i41;
b) the highest weight component of v equals 1 € C[t & C].

Finally, we denote by & C & the integral form of the Gelfand-Tsetlin
subalgebra, generated by the centers of the algebras 4y, 4s, ..., U, = U con-
structed from the Lie algebras gl;,gls,...,gl, (embedded into gl,, as the
upper left blocks) the same way as 4 is constructed from gl,,. Recall that the
Harish-Chandra isomorphism identifies the center of 4l(gl;) with the ring of
symmetric polynomials in k£ variables. Namely, to any symmetric polynomial
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P one assigns a central element HC(P), whose PBW degree equals deg P,
acting on the Verma module with the highest weight A = (A1,..., ;) as
the scalar operator with the eigenvalue P(A\y,..., \; —i+1,..., A — k+1).
Clearly, the central element HC(P) := h%s P HC(P) lies in U(gl,). More-
over, the difference HC(P) — P(x1,...,x) is divisible by A in U(gl;,), hence
(HC( ) — P(z1,...,z1)) also lies in the center of U(gl;,).

We denote by J4 C & the annihilator ideal of the vector vy € ¥, and
we denote by &4 the quotient algebra of & by J. The action of & on vy gives
rise to an embedding &4 — U.

Lemma 3.2. QQQQE.

Proof. By graded Nakayama lemma, it suffices to prove the surjectivity of
Ba/(x1,... &, h =0) = B5/(x1,..., 20,8 = 0). We denote by g-o C gl,
the Lie subalgebra spanned by the set {E;;, 1 < j < i < n}. We denote
by g>o0 C gl,, (resp. g<o C gl,, 950 C 8l,, g9<o C gl,,) the Lie subalgebra
spanned by the set {F;;, 1 < j < i < n} (resp. {E;j, 1 < i < j < n},
{Eij, 1 <j<i<n}, {Ej 1<i<j<n}). The Killing form identifies
the vector space g~ with the dual of g<g, and gives rise to an isomorphism
Sym(g<o) =~ C[g>o]. The universal enveloping algebra of g>¢ over C[t] lies
inside 4 and is denoted by Uso. Evidently, >0 ~ U(g>o) ® C[t]. We have
U/ (x1,..., 20, h=0)~Clgso]xU(g>0). Here the semidirect product is taken
with respect to the adjoint action of g>o on g (and the induced action on
the algebra of functions).

Let V denote the space of distributions on g~ supported at the ori-

n(n—1
gin, that is cohomology with support of the structure sheaf H {()(}T) (g>0,0).
The algebra Clgso] % U(g>o) acts on V naturally. As a C[gso]-module, V
is cofree, and its completion is naturally isomorphic to C[gso]*. Clearly,
U4/ (x1,..., 20,k = 0) as a module over {/(z1,...,2n, i = 0) ~ Clgso]
Ul(gso) is isomorphic to V. The value of the Whittaker vector v|p—q in the
completion of V is the functional X : Clgso] — C which sends P € C[gso]

to P(f) € C, where § = E f; is the principal nilpotent element. The adjoint

G>¢-orbit of f is dense in g>0, hence the submodule generated by the Whit-
taker vector is dense in the completion of V. This means that each weight
space of V is generated by the component of the Whittaker vector.
Consider the Whittaker module W over Clgso] X U(g>0), that is, in-
duced from the character x : C[g>o] — C. The module W is free with respect
to U(g>0), and hence has natural filtration coming from the PBW filtration
on U(g>o). The associated graded grW is naturally a C[g>0]®S(g>0) = Clg]-
module. It is easy to see that grW = CI[f + g>o]. The restriction of the
Gelfand-Tsetlin subalgebra in C[g] to the affine subspace f+ g>¢ is known to
be an isomorphism onto C[f+ g>o] (see [12], [23]). Thus the module W is gen-
erated by the Whittaker vector as a B4/(x1,...,2n, A = 0)-module. Hence
the &4/(x1,...,2n, h = 0)-submodule generated by the Whittaker vector v
is dense in the completion of V. This means that each weight space of V
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is generated by the component of the Whittaker vector with respect to the
action of the Gelfand-Tsetlin subalgebra. O

3.3. Kuznetsov correspondences

We consider a correspondence €4; C Qg x Qg4; defined as r~*{0}. In other
words, &4 ; is a closed subvariety of €4 ; where we impose a condition that the
quotient flag is supported at {0} € C. It is a smooth quasiprojective variety
of dimension 2d; +. ..+2d,_1. Wedenoteby p: €4, — Qq, q: €4; — Qays
the natural projections. Note that both p and q are proper.

More generally, for 1 < i < j < n we denote by d + a;; the sequence
(dv,...,di—1,d; £1,...,dj—1 £1,d;,...,dn—1). We have a correspondence
°Cd.ai; C Qd X Qdta,, formed by the pairs (W,, W) such that a) W, € W,
for any 1 < k < n—1;b) The quotient W, /W, is supported at {0} € C; ¢) For
i < k < j the natural map W/ W}, — Wi11 /W) | is an isomorphism (of one-
dimensional vector spaces). We define a correspondence €4, C Qda X Qd+a,,
as the closure of °€4 ;. According to Lemma 5.2.1 of [7], €4 o, is irreducible
of dimension 2d; + ...+ 2d,—1 + 7 — i — 1. We denote by Pij ¢ Caa;; —
Qd, i €d.0s; — Qd+a,; the natural projections. Note that both p;; and
q;; are proper.

Also, we consider the correspondences €y o,; C Qg X Qqyq,;; defined
exactly as €g.a,; C Qda X Qdta,, in 3.3 but with condition b) removed (i.e. we
allow the quotient flag to be supported at an arbitrary point of C — o0). In
particular, €4 o, .., = €q,i- We denote by pij : €qa;; — Qas Qij : Cday; —
Qd+a,; the natural projections. Note that q;; is proper, while p;; is not.

3.4. The action of the renormalized Universal Enveloping Algebra

Recall that 'V = @®g Vg := ®¢H2 .. (Qq). The grading and the correspon-

dences €4 ,,; give rise to the following operators on 'V:
Eii=x;+ (di,1 —d;+1— 1)h : IVQ — /Vi;
Qi = (xiJrl — :El) + (Qdi —di—1 —di41 + 1)77, : IVQ — IVQ;
fi=Eiip1 =peq” : Vg — Vai;
¢ =FEi1;=—q.p": Vg — Vay;
Eij =pijaij: Va— Via, (1<i<j<n);
Eji = (~1)7'qupl ¢ Va— Vira, (10 < j < n):
Ej‘ = (—1)j7iqij*p;‘j : /Vi — IVdJra” (1 <i<g< TL)

Theorem 3.5. a) The operators {E;;, 1 <i<j<mn; E;;, 1<j<i<n}on
'V defined in 3.4 satisfy the relations in i, i.e. they give rise to the action of
U on'V.

b) There is a unique isomorphism ® of U-modules 'V and B* carrying

le H%Xc*(ﬂo) C 'V to the lowest weight vector 1 € C[t® C] C T*.

Proof. a) We define the operators

Eij =pijsdij : Va— Via,; (1 <i<j<n). (1)
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It is clear that €44,; ~ €44, X (C — 00). It follows that for any 1 <
1,7 < n we have B;; = hE;;. Furthermore, the operators E; ;11 are exactly
those defined in 2.6, and they satisfy the relations of 4 (and generate it)
by Theorem 2.7. Finally, according to Proposition 5.6 of [7], the elements
E;; e, 1 <i#j<nactinV by the same named operators of (1) and 3.4.
This proves a).

b) We have 'V C V-5 5 U*, so we have to check that ¥('V) = U*,
and then ® = U|iy. Recall that ¥(vy) = 1 € HZ _ (Qa). By the virtue of

TxC*
Lemma 3.2 it suffices to prove that H2 7', C*(Qi) is generated by the action

of the integral form & of the Gelfand-Tsetlin subalgebra on the vector 1 €
HY (D)

For any 1 < i < n—1 we will denote by W; the tautological i-dimensional

vector bundle on Q4% C. By the Kiinneth formula we have H2 . (Qq4xC) =

H2 .. Qo) ®1® HY .. (Q4) ® 7 where 7 € HZ.(C) is the first Chern

class of O(1). Under this decomposition, for the Chern class ¢;(W;) we have
;i (W;) =: (j) (W) ® 1+ c§j71)(ﬂi) ® 7 where cg.j)(ﬂi) € Hqijxo (Qq), and
e V(W) € B2 (Qa)
The followmg Lemma goes back to [5]:

Lemma 3.6. The equivariant cohomology ring H:.r o (Qq) is generated by the

classes c(J)(W ), c§J D(ﬂi), 1<j<i<n-—1 (over the algebra C[t® C]).

Proof. By the graded Nakayama lemma, it suffices to prove that
the nonequivariant cohomology ring H®(Qg) 1is generated by
the Kiinneth components of the (nonequivariant) Chern classes
c;])(wi), cgj_l)(wi), 1 < j <4 < n—1. The locally closed embedding
Q4 — Qg induces a surjection on the cohomology rings (see e.g. the
computation of cohomology of Qg in [7]), so it suffices to prove that the
cohomology ring of the compact smooth variety H®(Qq) is generated by
the Kiinneth components of the Chern classes of the tautological bundles.

But this follows from Theorem 2.1 of [5], since the fundamental class of
the diagonal in Qg4 x Q4 can be expressed via the Chern classes of the
tautological vector bundles (cf. [20], section 5). O

Returning to the proof of the theorem, if suffices to check that the
operators of multiplication by c(j)(wl), c§j_1)(ﬂi), 1<j<i<n-1,in
the equivariant cohomology ring H S (Qq) = 'Vy lie in the integral form &
of the Gelfand-Tsetlin subalgebra. To this end we compute these operators
explicitly in the fixed point basis {[d]} (alias Gelfand-Tsetlin basis {&}) of
Va=2Dg.

The set of eigenvalues of t & C in the fiber of W, at a point @, 00)
(resp. (d,0)) equals {—z1,...,—x;} (vesp. {—z; + dirh, ..., —x; + d;;i}).

IWe have learnt of it from A. Marian.
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For 1 < j < i, let e (resp. egi@)) stand for the sum of products of
the j-tuples of distinct elements of the set {—z1,...,—z;} (resp. of the
set {—z1 +diah,...,—x; + d; ;h}). Then the operator of multiplication by
the Chern class ¢;(W;) is diagonal in the basis {[d, o], [d, 0]} with cigenval-
o5 ﬂ( )}. It follows that the operator of multiplication by c(j)(W )
(resp. by c(J D(ﬂi), 1 <j <i<n-—1)is diagonal in the basis {[_]}
with eigenvalues {%(ejof + 691@))} (resp. {7%1(600 — ¢%.(d))}). Note that

ji ji
es; € Clt® CJ, and e?i (d)) is precisely the eigenvalue of the central element
HC(ej;) € YU(gl;) corresponding to the j-th elementary symmetric function
e; via the Harish-Chandra isomorphism, on the Verma module with high-
est weight {\1h, ..., A\;;Ai}. Hence the operator of multiplication by c(] ) (W,)

(with eigenvalues {3 (e e +e ﬂ(c_l))}) lies in the integral form & of the Gelfand—
Tsetlin subalgebra. Moreover, €57 — HC((ej;) is divisible by £ in $(gl;). Hence

the operator of multiplication by c(] 1)(\/\%) lies in & as well. O

ues {e%?

Corollary 3.7. The composition of isomorphisms Qﬁd—>%d b HE . (Qq)

is an isomorphism of algebras.

O

4. Speculation on equivariant quantum cohomology of 9,

4.1. Calabi-Yau property of Laumon spaces

According to Theorem 3 of [10], the variety 4 is Calabi-Yau. For the reader’s
convenience we recall a proof. First note that if d = (di,...,dn—1), and
dr = 0, then Qg = Qy x Qg where d = (dy,...,di_1), and Qg is the
corresponding Laumon moduli space for GLy, while d’ = (dg11,...,dn_1),
and Qg is the corresponding Laumon moduli space for GL,_j. Hence we
may assume that all the integers d,...,d,_1 are strictly positive.

For 1 <i <n—1, we consider the locally closed subvariety of Q4 formed
by all the quasiflags which have a defect of degree exactly i. We denote by
D, C Qg the closure of this subvariety. It is a divisor. We denote by [O(D;)]
the class of the corresponding line bundle in Pic(Qg).

Lemma 4.2. Assume all the integers dy, . ..,d,_1 are strictly positive. Then
[0(D1)] = [Da], ..., [0(D)] = [Dit1] = [Dil, - .-, [0(Dn-1)] = = [Dyp—1].

Proof. Recall the morphism mq : Qg — Zg to Drinfeld’s Zastava space (a
small resolution of singularities). For 1 < k < n — 2, choose a point s € Z,
with defect of degree exactly k + (k + 1). We denote by Py the preimage
7;'(s) C Qg. By a GLs-calculation, Py is a projective line. The fundamental
classes [P1],. .., [Pn—2] form a basis of Hy(Qg,C). It is easy to see that the
restriction D;|p, is trivial if ¢ # k + 1, while Dy41|p, =~ O(1) (this is again a
G Ls-calculation). Furthermore, it is easy to see that the restriction O(®;)|p,
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is trivial for ¢ # k,k + 1, while O(Dg)|p, =~ O(1), and O(Dy41)|p, = O(—1)
(once again a G'Ls-calculation). The lemma is proved. (]

Let °Q4 C g4 denote the open subspace formed by all the quasiflags
without defect. Recall the symplectic form €2 on °Q, constructed in [9]. Note
that the complement Qg4 \ °Qg equals the union of divisors (J;«;<,,_1 Di-
Thus the top power w := QP is a meromorphic volume form on bd with
poles at | J; <;<,,_1 Di. The formula for {2 given in Remark 3 of loc. cit. shows
that the order of the pole of w at ®; is 2 for any 1 < i < n — 1. Hence the
canonical class of Qg in Pic(Qq) equals 23, ., ,[0(D;)]. By Lemma 4.2,
the class 23", <;<,,_1[0(D;)] = 0. We have proved

Corollary 4.3. (Givental, Lee [10]) The canonical class of Qq is trivial.

4.4. Shift of argument subalgebras

To each regular element p of the Cartan subalgebra b of a semisimple Lie
algebra g one can assign a space @),, of commuting quadratic elements of the
universal enveloping algebra U(g). Namely,

Q}L = { Z <h,a> €af—a; | h e h}v

wex, ()

where A, is the set of positive roots, and e,, e_, are nonzero elements of
the root spaces such that (eq,e—_o) = 1. Note that the space @, does not
change under dilations of p, hence we have a family of spaces of commuting
quadratic operators, parametrized by the regular part of P(b).

These quadratic elements appear as the quasiclassical limit of the
Casimir flat connection on the trivial bundle on the regular part of the
Cartan subalgebra with the fiber Ug4, (cf. [4, 6, 24, 16]). This connection is
given by the formula

do
V=d+&k Z eae_a;,

ac€Ay

where k is a parameter. Since every element of U(g) of the form eye_,
commutes with the Cartan subalgebra b, this connection remains flat after
adding any closed U(h)-valued 1-form.

The centralizer in U(g) of this space of commuting quadratic operators
is the so-called shift of argument subalgebra A, C U(g), which is a free com-
mutative subalgebra with (dim g + rkg) generators. For g = sl,, the family
of commutative subalgebras A, C U(g) is an (n — 2)-parametric deformation
of the Gelfand-Tsetlin subalgebra (see [21, 22]).

4.5. Conjecture on equivariant quantum cohomology

Consider the shift of argument subalgebra for g = gl,, ¢ =
n—1
> Qit+1Giv2 - - qnw; With w; being the fundamental weights of gl,,. Since
i=1
the shift of argument algebra does not change under dilations of u, we can
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k—1
assume that g, = 1. Taking hx, = > ¢i¢i+1 - - - gnwi, we find that the space

i=1
Q@ is generated by the elements
) Z Uq+1 - - n
ks l=it1
2. ia) Peeen= ¥ Bubut ¥ 5 By Eji =
aEA L Hs i<j<k i<k<j Z Qq+1 -+ -qn
l=it+1
k
Y Qi1 ---Gi-1
l=it+1
Z EijEji + Z iy EijEj;,
l=i+1

withk=2,....n— 1.
We consider the equivariant (small) quantum cohomology ring of Q4

which depends on n — 2 quantum parameters ¢, ..., ¢,—1 corresponding to
the Chern classes of the determinant bundles. Note that Y FE;; Ej; is Casy
i<j<k

up to some Cartan term. Hence the shift of argument subalgebra contains
the following (commuting) elements

k
> Q- qj—1
—~ l=it+1
QC), := Casy + Z 71‘71 Ei;jEj;.
SE<I14 YD Q- Qi1
l=i+1

Conjecture 4.6. 2 The isomorphism U : Va — Uq carries the operator Mo,
of quantum multiplication by c1(Dy) to the operator hQCk

Corollary 4.7. The localized equivariant quantum cohomology ring of Qg s
isomorphic to the quotient of the shift of argument subalgebra A, by the
annihilator of vq.

Let A,, denote the integral form A, N4l

Conjecture 4.8. The equivariant quantum cohomology ring of Qq is isomor-
phic to the quotient of A, by the annihilator of vg.

Remark 4.9. It is natural to expect 4.8 since the analogue of Lemma 3.2 is
valid for A, as well (and the proof is the same).

n—1
The map (g2, -+, qn-1) = =Y Gi+1¢i+2 - - - gn—1w; embeds the torus

i=1
T = C*(™=2) with coordinates ¢a, ..., ¢,—1 into the Cartan subalgebra h =
C"~1 of s1,, as an open subset of an affine hyperplane. Restricting the Casimir

21t was recently proved by A. Negut.
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connection to T and adding an appropriate Cartan term, we obtain the fol-
lowing flat connection on T in the coordinates ¢;:

d
V= d+n§chk I
2 gk

On the other hand, the trivial vector bundle with the fiber V4 over the
space of quantum parameters T is equipped with the quantum connection

n—1
d+ Y My, %,

E q
h—2 k

Corollary 4.10. The isomorphism U carries the quantum connection to the

Casimir connection with k = g

Remark 4.11. According to Vinberg [25], the family of subspaces @, form an
open subset in the moduli space of (n — 1)-dimensional spaces of commuting
linear combinations of eqe_q in U(g). Thus it is natural to expect that the
operators Mp, span the space (), for some p depending on ¢o,...,¢n—1
(but unfortunately, we have no idea how to prove that the operators My,
are quadratic expressions in the correspondences). Moreover, since the unit
in the cohomology ring remains unit in the quantum cohomology ring, the
quantum correction has to annihilate the vector vg. Therefore the operator

U(Mop, ) is QC) up to a change of parametrization. Finally, the flatness of the
n—1

quantum connection d + Mg;kik is a very restrictive condition on the
k=2
parametrization u(qo,...,q,—1) — this leaves no other choice for ¥(Myp, )

but to coincide with %QCk.

5. Global Laumon spaces

5.1. Correspondences

Recall the setup of 2.3. We define two versions of the correspondences €4 ; C
Qa X Qavi, namely, €, :=r~1{0}, €F; :=r~'{oo}. Their projections to Qg
(resp. Qa+i) will be denoted by p°, p> (resp. q°, q*°). The projection of €4,
to Qg (resp. Qu+;) will be denoted by pC (resp. q©).

We denote by 'A (resp. 'B) the direct sum of equivariant (complexified)
cohomology: 'A = ®qHZ . (Qa) (resp.'B = ©aHE, ¢ (Qa)). We define A =

A DHs (pt) Frac(HZ, .. (pt)), and B= 'B®pes__ (pr) Frac(H - (pt)).

We have an evident grading A = ®©gA4, Ag = HY. (Qd) ®Hs (o)

Frac(HTXc*(pt)); similarly, B = ®¢B4, Bg = HGX(C*(Qd) ®chu(1’t)

Frac(Hg . ¢ (pt)).
Note that H%. . (pt) = Cleq, ..., en, I] where e; is the i-th elementary
symmetric function of z1,...,z,.
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5.2. Fixed points
The set of T x C*-fixed points in Qg is finite; it is described in [7], 2.11. Recall
that this fixed point set is in bijection with the set of collections {E} of the
following data: a) a permutation o € Sy,; b) a matrix (d;) (resp. d5¥), i > j
of nonnegative integers such that for ¢ > j7 > k we have dgj > d?j (resp.
dps > d7¥) such that d; = 22:1 (dY; +d5¥). Abusing notation we denote by d
the corresponding T x C*-fixed point in Qg:

W1 = Oc(—d(l)l -0 — dﬁ . oo)w[,(l),

Wz = Oc(—d3; - 0 — d3§ - 00)wo(1) ® Oc(—d3y - 0 — dS5 - 00)we (2),

b...P OC(_d(r)z—l,n—l -0 — dz,o—l,n—l . oo)wa(n_l).

Also, we will write E = (o, EO,E"O).

The localized equivariant cohomology A is equipped with the basis of
direct images of the fundamental classes of the fixed points; by an abuse of

-~

notation, this basis will be denoted {[d]}.

5.3. Chern classes of tautological bundles
As in the proof of Theorem 3.5 and Corollary 3.7 we see that the H2. . (pt)-
algebra HY . (Qq) is generated by the Kiinneth components of the Chern
classes c;j)(wlc), c;j_l)(ﬂ?), 1 <j <i<n-—1, of the tautological vector
bundles W€ on Q4 x C. We compute the operators of multiplication by
cg.j)(ﬂlc), c§j71)(ﬂ?), 1 <j <i<n-—1,in the equivariant cohomology
ring H2. . (Qq) in the fixed point basis {[d]}.

We introduce the following notation. For a  function
f(z1,...,zp,h) € C(t & C) and a permutation ¢ € S, we

set  fo(x1,...,2n, R) = f(Toys - To@my, h).  Also, we set
f(x1,...,2n,h) = f(x1,...,20,—h). For 1 < j < i, let e?i(/c_l\)
(resp. ey @)) stand for the sum of products of the j-tuples of distinct
elements of the set {—z1 + df;h,...,—xz; + df;h} (resp. of the set
{—z1+ d2qh, ..., =z + d75h}).

Lemma 5.4. The operator of multiplication by c§j ) (WE)  (resp. by

c;j_l)(ﬂ?), 1<j<i<n-—1)is diagonal in the basis {[d] = [(o,d°,d>)]}
- ~ . ~ =

with eigenvalues {%(egi (d) + €5 (d))7} (resp. {%(e}’? (d) —€%(d)?}).

Proof. The same argument as in the proof of Theorem 3.5. (]

Corollary 5.5. The operator of multiplication by cgl)(ﬂf) is diagonal in the
basis {[d] = [(c,d°,d>)]} with eigenvalues —(x1 + ...+ ;)7 + d;h.
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5.6. The double Universal Enveloping Algebra

We denote by 42 the universal enveloping algebra of gl,, @ gl,, over the field
C(t® C). For 1 < 4,5 < n we denote by Efjl) (resp. El(f)) the element
(Ei;,0) € gl, ®gl, C Y2 (resp. the element (0,F;;) € gl, & gl, C U?).
We denote by 112<0 the subalgebra of U? generated by EY EP <i<

[ Rt TR

n, El(ll)Jrl,El(zl)Jrl, 1 < i < n-—1 Tt acts on the field C(t & C) as follows:
EZ(RH, Eg)ﬂ act trivially for any 1 <i <n-—1, and Ei(il) (resp. Eff )) acts by

multiplication by A= 'a; +i—1 (resp. —A~'z; +i—1). We define the universal
Verma module B over {42 as U2 KITER C(t® C). The universal Verma module
B is an irreducible U?-module. R

For a permutation ¢ = (c(1),...,0(n)) € S, (the Weyl group of
G = GL,) we consider a new action of 42, on C(t @ C) defined as fol-

lows: E7(11)+1’ Ez(27)+1 act trivially for any 1 <4 <n —1, and Ei(il) (resp. Ez(f ))
acts by multiplication by h’lx(,(i) +i—1 (resp. —h’lxg(i) +i—1). We define
a module B7 over U2 as 42 ®yz , C(t® C) (with respect to the new action of

U2, on C(f @ C)). Finally, we define 2 := @, g B°.

5.7. The action of the double Universal Enveloping Algebra

The grading and the correspondences €4 ;, 8&, &g give rise to the following
operators on A, B:

i =B =n'plq’ : Ag— Ag_; and By — By
f(2) = El(i)Jrl = _h—lpioqoo* : Ai — Ad—i and Bi — B(_i—i§

3

o) = Bl = —h'alp™ Ay — Agys and By — Bayi;
egz) = Ei(JQr)l,i = h71q®p>®* : Ag — Ag+i and Bg — Bayi;

& =pSq©*: Ay — Ag—; and By — By_;

eiA e _q*CpC* : Ai — Agl+i and Bi — Bgl+i-

Furthermore, we define the action of C[t&C] on B as follows: for 1 < i <
n—1, z; acts on By by multiplication by cgl) (W€ ) — cgl) (W) —(d; —d;_1)h
(cf. Corollary 5.5); and x,, acts by multiplication by e; —x1 —...—x,—1 (recall
that ey is the generator of HZ(pt)).

Theorem 5.8. a) The operators el(.l) = Ei(}%)l,i’ez(?) = Eﬁ)l’i,fl(.l)
EY)

17i+1,f§2) = E7(21)+1, along with the action of C(t® C) on B defined in 5.7
satisfy the relations in 42, i.e. they give rise to the action of U? on B;
b) There is a unique isomorphism W2 of U%-modules B and B carrying
le H%Xc*(Qo) C B to the lowest weight vector 1 € C(t® C) C B.

Proof. We describe the matrix coeflicients of egl) = Ei(}r)mv%(‘?)
Eﬁ)l’i,fgl) = Ei(’li)Jrl,fl(.Q) = ES)H in the fixed point basis {[d]}. Recall the

matrix coefficients ¢ E']’fi[ﬁ @ computed in Proposition 2.9. The proof of
the following easy lemma is omitted.
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Lemma 5.9. Let d = (0,d°,d®), and d = (o/,d”,d>"). The ma-
e

W 2

triz coefficients are as follows: ;= 50[,/(%@0@0,])”; iaa) -

i[d,d’
— _ (2) _ =
6070’(87;@3@@00/ ) ; fz[d ] (5(77[7 ( do d()/]) [:E = 5(7701 (fi[éoo@ac/]) . g

It follows that the operators egl) = El(}r)“, 52) = E(zll,fl) =

E(l) 1,]‘(2) Ez(27)+1 on A defined in 5.7 satisfy the relations in 42, i.e.
they give rise to the action of {42 on A. Moreover, it follows that the
Y2-module A is isomorphic to . In order to describe the image of the
basis {[d]} under this isomorphism, we introduce the following notation.
First, we introduce a il-module U7 = U @y _, C(t & C) where <o acts
on C(t @ C) as follows: F; ;41 acts trivially for any 1 < i < n — 1, and
FE;; acts by multiplication by h_lxa(i) + i — 1. Similarly, we introduce a
-module Y7 = U ®y_, C(t @ C) where <o acts on C(t ® C) as follows:
E; i1 acts trivially for any 1 <i¢ <n — 1, and Ej;; acts by multiplication by
—h_la:[,(i) +1 — 1. Note that B7 ~ U7 Qc(ec) 25°.

Now to a collection E = (di;), and a permutation o € S, we associate
a Gelfand-Tsetlin pattern A% = A°(d) := (Af;); n > > j, as follows: A7, =
W laegy+i—1,n>j 21 X =hla,g+j—1—dij, n—1>i>j>1
We define {7 = {a- € U7 by the formulas (2.9)—(2.11) of [17] (where & =
& =1 € 2°). Similarly, to a collection d = (dij), and a permutation o € S,
we associate a Gelfand-Tsetlin pattern A® = A%(d) := (5\” ), n>1i>j, as
follows: /_\le = —h_la:g(j) +5—-1, n>j52>1,; /_\j;7 = —h! Toy +J—1—
dij, n—12>1i>j > 1. We define {7 = {5- € U by the formulas (2 9)-(2.11)
of [17] (where € = ¢y =1 € QI") Finally, to a collection d= (o,d", d>) we
associate an element fd =&, f” € T° Qcpc) V7 = B7.

Theorem 2.11 and Lemma 59 implies that under the above isomorphism
A ~ 2 a basis element [d] goes to (—h)ldl&

We are ready to finish the proof of the theorem. Since the action of
T x (C* on Qg extends to the action of G x C*, the equivariant cohomol-
ogy HZ c*(Qd) is equipped with the action of the Weyl group S,, and
He oo (Qa) = HZ C*(Qd) . It follows B = A% . Since B is closed with

rebpect to the action of the operators e(.l) = El(}r)“, 52) = Zi)“,f(l

b z+17f @) — Ef l)+1 on B, part a) follows. Note however, that the action of
S, on A does not commute with the action of the above operators.
To ) prove part b), we describe the action of S,, on A explicitly in the
basis {[d d|}. For d=(0,d°d>®), o € Sn, [ € C(t®C), we have o '(Fld]) =
(oo, c_lo,c_loo)] We conclude that for d = (1,d°,d>) (so that &€ Bl =B)

we have (U?)71(f&) = X cq. [0, d°,d>)]. This completes the proof of
the theorem. - g
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Remark 5.10. The operators 2, ¢2 of 5.7 were introduced in [7]. It is easy
to see that f& = fgl + f§2 , oD = El) eg ),
5.11. The double Gelfand-Tsetlin algebra

A completion of B = U ®c(tec) U contains the Whittaker vector ), by =
b := v®v. It follows from the proof of Theorem 5.8 that for the unit element
of the cohomology ring 1¢ € HY, . (Q4) we have ¥2(14) = by. The double
Gelfand-Tsetlin subalgebra 2 := & ® & acts by endomorphisms of B. We
denote by 32 C &2 the annihilator ideal of the vector by € B, and we denote
by ®2 the quotient of &2 by J2. The action of 2 on b, gives rise to an
embedding &2 < B,. The same way as in Proposition 2.17.a) one proves

that this embedding is an isomorphism &2-"%B,.

Proposition 5.12. The composite morphism W2 : H?. - (Qq) Qme, . (o)

Frac(H& ¢« (pt)) = Bg——B4—®2 is an algebra isomorphism.

Proof. As in the proof of Theorem 3.5 and Corollary 3.7 we see that the
H¢. o~ (pt)-algebra HY. ¢.(Qq) is generated by the Kiinneth components of
the Chern classes c(J)(WC) G- 1)(\/\70) 1 < j <i < n—1,of the tautological
vector bundles WC on Qg X C In order to prove the proposition, it suffices
to check that the operators of multiplication by c(J)(WC) (j 1)(ﬂ$), 1<
7 <i<n-—1,in the equivariant cohomology ring HGX(C*(QQ) lie in 052. To

this end we compute these operators explicitly in the basis {(\112)4{3, E =

(1,EO,E°°)} of B. Lemma 5.4 implies that the operator of multiplication
by c(j)(WC) (resp by c(] 1)(\/\70), 1 <j<i<n-1)is diagonal in the
basis {(¥?)~ 1§d, d= (1 d° do")} with eigenvalues {e); ( ) + €3 (d)} (resp.
{h(es ( ) — e(J)Z( ))})- As in the proof of Theorem 3.5 we see that e (d) is
the elgenvalue of the element of &; ® 1 C 62, and €35 (d) is the elgenvalue
of the same element in the other copy of the Gelfand-Tsetlin subalgebra
1®6q4 C Qié, hence cgj)(w?) and c;] 1)(w?) lie in 052.

O

5.13. Integral forms
Recall the notations of 3.3. We consider the correspondences 82}01” C Qg X
Qdta,; (resp. €5, C Qa X Qdtq,;) defined exactly as in loc. cit. (resp.
replacing the condition in 3.3.b by the condition that W, /W, is supported
at oo € C). We denote by p% : 8910 — Qq, q?] : 82(17 = Qita,, P
82‘7’%], — Qa, q;5 : 8(_300 = Qdtay; the natural proper projections. We also
consider the correspondences and projections Ed}a” C 94 x Qgtay;s pij, qij
defined as above but without any restriction on the support of W, /W,

We consider the following operators on ’'B:

1
—gj) = p?j*q7j : /Bd - /B(_i_aij;

Eng) = -pi5.a5y" : 'By— 'Ba—ayi
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1 o
B = (—=1)"79%.pY% : 'Ba— 'Buray;

2 - .
Egz) = _( 1)1 quf*pff : /Bi_> /Bd-l'olij;
Ez] - pg*qg* : IBd — IBd*Otij;

EJA7 ( 1)1 qu*pg*: /Bi_> /BdJra,ij.

We have B3 = h~ (B + EY), B4 =n~'(£5 + E).

We define 4> < 4> as the C[t @ C]-subalgebra generated by
yM, y@ . yA y € gl,, where y™ (resp. y¥) stands for A(y,0) (resp.
h(0,y)), and y® stands for (y,y). Then it is easy to see that the above
operators give rise to the action of 4* on 'B.

Also, it is easy to check that U*/(h = 0) is isomorphic to the algebra
U := (Clgl,] @ U(gl,)) ® C[t] (the semidirect product with respect to the
adjoint action). Hence B := 'B/(h = 0) = ®4Hg&(Q4) inherits an action of
u.

n(n—1)

Conjecture 5.14. The U-module B is isomorphic to H{g 2} (gf,,, 0). Under

this zsomorphzsm the action of H&(pt) on B corresponds to the action of
n—1)

(C[g[n] on H{ 520} (g[nvo)

Conjecture 6.4 of [7] on the direct sum of nonequivariant cohomology of
Qg4 is an immediate corollary of 5.14.

5.15. Relative Laumon spaces

We propose a generalization of Conjecture 6.4 of [7] in a different direction.
Let d = (dy,...,d,) be an n-tuple of integers (not necessarily positive). Let
Qg be the moduli stack of flags of locally free sheaves W; C ... C W,,_1 C'W,,
on C such that rk(W;) = i, deg(W;) = d; (see [14]). We have a representable
projective morphism 7 : Qg — Bun, W, — W,,, where Bun stands for the
moduli stack of GL,,-bundles on C. The fiber of 7w over the trivial GL,,-bundle
(an open point of Bun) is Qq. The correspondences Eg’aij, dos;> gaij of
subsection 5.13 make perfect sense for the stacks Qq in piace ofiQd As in loc.

cit., they give rise to the operators ES), Eg), Eﬁ, etc. on the constructible
complex B:=&@,csn-1 mCy on Bun (where Cy stands for the constant sheaf
on Q). This constructible complex is the geometric Eisenstein series of [14].
The above operators give rise to the action of U := Cl[gl,,] x U(gl,,) on B: this
follows from the results of 5.13 by the argument of [2], 3.8-3.11. In particular,
U acts on the stalks of B, and we propose a conjecture describing the resulting
U-modules.

Recall that the isomorphism classes of GL,-bundles on C are
parametrized by the set X+ of dominant weights of GL,. For n € X+ we
denote by B,, the corresponding stalk of B. Also, we will denote by O(n)
the corresponding line bundle on the flag variety B,, of GL,. We will keep
the same notation for the lift of O(n) to the cotangent bundle T*B,. We
will denote by L, the direct image of O(n) under the Springer resolution
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morphism 7B, — N to the nilpotent cone N C gl,,. The cohomology of the
coherent sheaf L, carries a natural action of U.

n(n—1)

Conjecture 5.16. The U-module B,, is isomorphic to H,
Jjecture 7.8 of [8]).

(N, Ly,) (cf. Con-

2
<0

6. Equivariant K-ring of Q, and quantum Gelfand-Tsetlin
algebra

6.1. Quantum Universal Enveloping Algebra

We preserve the setup of [2] with the following slight changes of notation.
Now T stands for a 2"-cover of a Cartan torus of GL,, as opposed to SL,, in
loc. cit. Now U’ stands for the quantum universal enveloping algebra of gl
over the field C(T x C*), as opposed to the quantum universal enveloping
algebra of sl,, in 2.26 of loc. cit.

For the quantum universal enveloping algebra of gl,, we follow the no-
tations of section 2 of [18]. Namely, U’ has generators t;;,%;;, 1 < i,j < n,
subject to relations (2.4) of loc. cit. The standard Chevalley generators are
expressed via t;5, ﬂ;j as follows:

K =tiv1i41tii, Bi= (v —v ) Ytig1, Fy=—(v—v ) it
(note that this presentation differs from the one in (2.6) of loc. cit. by
an application of Chevalley involution). Note also that U’ is generated by
iy tis, 1 <@ <mn; tigv1,i,tiit1, 1 <1 <n—1. We denote by UL the sub-
algebra of U’ generated by ti;, i, fiip1. It acts on the field C(T x C*) as
follows: ;41 acts trivially for any 1 < i < n —1, and #;; = ti_il acts by
multiplication by ¢, Lpl=t, We define the universal Verma module M over U’
as M:=U' @y, C(T x C*).

Recall that M = ®qMy, My =
(cf. [2], 2.7).

We define the following operators on M (well defined since the corre-
spondences €4 ; are smooth, and the T x C*-fixed point sets are finite):

KT*C(Q4) ®¢7ycq CT x C)

di—1—di+i—1 . L F. 4L,

tii = ;"1 -l Md — Md? tis =t;;
g —1 3 —i—1_(2i+1)d; —(i+1)d; —1—id;+1—21+1 . .
tiiv1 = (v —v)ti b pZitDdi—(i41)di 1 —idit1—2i+ p«q*: Mg — Mg_i;

tipri = (v o)ttt DG S EHDE g, (€0p") : Mg — May.

According to Theorem 2.12 of [2], these operators satisfy the relations in
U’, i.e. they give rise to the action of U’ on M. Moreover, there is a unique
isomorphism ¢ : M — 9 carrying [Oq,] € M to the lowest weight vector

1eC(T x C*) C m.
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6.2. Quantum Gelfand-Tsetlin basis
The construction of Gelfand-Tsetlin basis for the representations of quan-
tum gl,, goes back to M. Jimbo [11]. We will follow the approach of [18].
Given d and the corresponding Gelfand-Tsetlin pattern A = A(d) (see sub-
section 2.10), we define £5 = {4 € M by the formula (5.12) of [18]. According
to Proposition 5.1 of loc. cit., the set {5} (over all collections d) forms a
basis of 9. B -

Recall the basis {[d]} of M introduced in 2.16 of [2]: the direct images

of the structure sheaves of the torus-fixed points. The following theorem is
proved absolutely similarly to Theorem 2.11, using Proposition 5.1 of [18].

Theorem 6.3. The isomorphism ¢ : M — 9N of subsection 6.1 takes [E] to
c5&5 where

_ cidi_qdi—Y, 2La2 -1 (di—di— >
CE:(UQ_]_) |£l‘v|(_i‘+z7,7'd1—1dl > 55 d; > 77Ht I)Ht k25 9

6.4. Quantum Casimirs

Let Cas} be the quantum Casimir element of the completion of the quan-
tum universal enveloping algebra U, (gl;,). The quantum Casimir element is
defined in section 6.1. of [15] in terms of the universal R-matrix lying in
the completion of U,(gl;) ® Uy,(gl;). According to [15], Proposition 6.1.7,
the eigenvalue of Cas}, on the Verma module over U, (gl;,) with the highest
weight i, is v~ (A2 +20%)  This means that the operator Casj} is diagonal
in the Gelfand-Tsetlin basis, and the eigenvalue of Casj on the basis vector
& =&nis v 2z Mg Mg TR=2341) (with g9 1=k = o ki), Consider the

following “corrected” Casimir operators

k c—
__ D L O e
Cas} := Casy, - Htjfz 7=t

j=1
Lemma 2.14 admits the following

Corollary 6.5. a) The operator of tensor multiplication by the class [Dk] m M
is diagonal in the basis {|d]}, and the eigenvalue corresponding to d = (dij)
equals H]<k t2 2dg; ki (dk_j—l)

b) The zsomorphzsm v M — I carries the operator of tensor multi-

plication by [Dy] to the operator Casy},

Proof. a) is immediate.
b) straightforward from a) and the formula for eigenvalues of Casy. O
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6.6. Quantum Gelfand-Tsetlin algebra and K-rings
Recall the Whittaker vector & = >_, € of [2] 2.30. According to Proposi-

tion 2.31 of loc. cit., Y[0q] = t4.
Consider the “quantum Gelfand-Tsetlin algebra” G C End(9%) gener-

1
ated by all the C/'c;s’/}; ® over the field C(T x C*). We denote by JaC§
the annihilator ideal of the vector ¢; € U, and we denote by G4 the quo-
tient algebra of & by J4. The action of G on £4 gives rise to an embedding
91 — Sﬁd.

Proposition 6.7. a) G4——My.

b) The composite morphism v : KTXC*(QQ) OcFxcr] C(T x C*) =
Mg—M4—Gyq is an algebra isomorphism.

¢) The algebra KTXC*(QQ) DciFxce] C(T x C*) is generated by {[Dy] :
k>2 dp#0%#dg_1}.

Proof. The proof is the same as for Proposition 2.17. ([l

References

[1] A. Braverman, Instanton counting via affine Lie algebras I. Equivariant
J-functions of (affine) flag manifolds and Whittaker vectors, CRM Proc.
Lecture Notes 38, Amer. Math. Soc., Providence, RI (2004), 113-132.

[2] A. Braverman, M. Finkelberg, Finite difference quantum Toda lattice via
equivariant K-theory, Transformation Groups 10 (2005), 363-386.

[3] N. Chriss, V. Ginzburg, Representation Theory and Complexr Geometry,
Birkh&auser, Boston (1997).

[4] C. De Concini, unpublished manuscript (1995).

[5] G. Ellingsrud, S. A. Stromme, Towards the Chow ring of the Hilbert scheme
of P?, J. reine angew. Math. 441 (1993), 33-44.

[6] G. Felder, Y. Markov, V. Tarasov, A. Varchenko, Differential equations com-
patible with KZ equations, Math. Phys. Anal. Geom. 3 (2000), 139-177.

[7] M. Finkelberg, A. Kuznetsov, Global Intersection Cohomology of
Quasimaps’ spaces, Intern. Math. Res. Notices 7 (1997), 301-328.

[8] B. Feigin, M. Finkelberg, A. Kuznetsov, I. Mirkovié, Semiinfinite Flags
1I. Local and Global Intersection Cohomology of Quasimaps’ spaces, Amer.
Math. Soc. Transl. Ser. 2 194 (1999), 113-148.

[9] M. Finkelberg, A. Kuznetsov, N. Markarian, I. Mirkovié¢, A note on a Sym-
plectic Structure on the Space of G-Monopoles, Commun. Math. Phys. 201
(1999), 411-421.

[10] A. Givental, Y.-P. Lee, Quantum K-theory on flag manifolds, finite-
difference Toda lattices and quantum groups, Invent. math. 151 (2003), 193~
219.

[11] M. Jimbo, Quantum R matriz related to the generalized Toda system: an
algebraic approach, Lecture Notes in Phys. 246, Springer, Berlin (1986),
335-361.



Gelfand-Tsetlin algebras and cohomology rings of Laumon spaces 25

[12] B. Kostant, N. Wallach, Gelfand-Zeitlin theory from the perspective of classi-
cal mechanics. I, Progr. Math. 243, Birkhaiiser Boston, Boston, MA (2006),
319-364.

[13] G. Laumon, Un Analogue Global du Céne Nilpotent, Duke Math. Journal
57 (1988), 647 671.

[14] G. Laumon, Faisceaux Automorphes Liés aux Séries d’Eisenstein, Perspect.
Math. 10 (1990), 227-281.

[15] G. Lusztig, Introduction to quantum groups, Progress in Mathematics 110,
Birkhaiiser Boston, Inc., Boston, MA (1993), xii+341 pp. ISBN: 0-8176-
3712-5.

[16] J. Millson, V. Toledano Laredo, Casimir operators and monodromy repre-
sentations of generalised braid groups, Transform. Groups 10 (2005), no. 2,
217-254.

[17] A. I. Molev, Gelfand-Tsetlin bases for classical Lie algebras, in Handbook
of Algebra 4 (M. Hazewinkel, Ed.), Elsevier (2006), 109-170.

[18] A. I Molev, V. N. Tolstoy, R. B. Zhang, On irreducibility of tensor products
of evaluation modules for the quantum affine algebra, J. Phys. A: Math.
Gen. 37 (2004), 2385-2399.

[19] A. Negut, Laumon spaces and many-body systems, thesis, Princeton Univer-
sity (2008).

[20] A. Negut, Laumon spaces and the Calogero-Sutherland integrable system,
Invent. Math. 178 (2009), 299-331.

[21] L. G. Rybnikov, The shift of invariants method and the Gaudin model,
Funct. Anal. Appl., 40 (2006), no 3, 188-199.

[22] L. G. Rybnikov, Centralizers of some quadratic elements in Poisson-Lie al-
gebras and a method for the translation of invariants, Russian Math. Surveys
60 (2005), no 2, 367-369; math.QA /0608586.

[23] A. A. Tarasov, The mazimality of some commutative subalgebras in Poisson
algebras of semisimple Lie algebras, Russian Math. Surveys 57 (2002), no.
5, 1013-1014.

[24] V. Toledano Laredo, A Kohno-Drinfeld theorem for quantum Weyl groups.
Duke Math. J. 112 (2002), no 3, 421-451.

[25] E. B. Vinberg, Some commutative subalgebras of a universal enveloping al-
gebra, Math. USSR Izv. 36 (1991), no. 1, 1-22.



26 Boris Feigin, Michael Finkelberg, Igor Frenkel and Leonid Rybnikov

Boris Feigin, Michael Finkelberg, Igor Frenkel and Leonid Rybnikov

Address:

B.F.: Landau Institute for Theoretical Physics, Kosygina st 2, Moscow 117940,
Russia

M.F.: IMU, IITP, and State University Higher School of Economics,

Department of Mathematics,

20 Myasnitskaya st, Moscow 101000, Russia

I.F.: Yale University, Department of Mathematics, PO Box 208283, New Haven,
CT 06520, USA

L.R.: Institute for the Information Transmission Problems and

State University Higher School of Economics,

Department of Mathematics,

20 Myasnitskaya st, Moscow 101000, Russia

e-mail:

bfeigin@gmail.com, fnklberg@gmail.com, frenkel-igor@yale.edu,
leo.rybnikov@gmail.com



