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Introduction 

Contours are important elements of a retinal image because they play a critical role in visual 

perception of a shape (Pizlo, 2008). Contours have orientation information at every straight or 

smoothly curved point along them. It is this property that distinguishes them from discrete dots. In 

this study, we only consider a straight contour (a line segment) for purposes of simplicity. The 

perception of the orientation of contours has been extensively studied systematically in 

psychophysics. All of these studies used a discrimination threshold that was usually measured with 

the Method of Constant Stimuli. These thresholds represent the uncertainty of the perception of the 

orientation of the contour. They showed that the contour orientation threshold becomes lower as the 

contour becomes longer (Andrews, 1967; Mäkelä, Whitaker, & Rovamo, 1993; Vandenbussche, 

Vogels, & Orban, 1986; Watt, 1987), becomes thinner (Mäkelä, Whitaker, & Rovamo, 1993), and is 

presented closer to a fixation point (e.g. Mäkelä, Whitaker, & Rovamo, 1993). The threshold also 

becomes lower when the orientation of the contour is closer to the vertical or horizontal than it is 

with any of the other orientations (e.g. Westheimer, 2001). 

The orientation threshold can also be affected by the experimental procedure. These effects 

can depend on the perception of the relative orientation between two contours. Here, the threshold is 

lower when the two contours are presented simultaneously than it is when the contours are presented 

sequentially (Chen & Levi, 1996a; Regan, Gray, & Hamstra, 1996; Heeley & BuchananSmith, 1992, 

1996). Note also that some studies showed that the threshold depends on the relative orientation of 

the contours (Chen & Levi, 1996a; Heeley & BuchananSmith, 1992, 1996). Furthermore, the lowest 

threshold is observed when the pair of contours forms a perpendicular junction. The threshold also 

becomes this low when the contours are collinear to one another.
4
  

A pair of contours is more regular when they form a perpendicular junction or when they are 

parallel to one another (Metzger, 1936/2006; Koffka, 1935). These configurations are processed 

faster by the visual system than less regular configurations are (Feldman, 2007; Kubilius, Sleurs, & 

Wagemans, 2017). It seems possible that a parallel configuration will affect the orientation threshold 

of a contour as much as the perpendicular configuration does. Note, however, that it is difficult to 

compute orientation thresholds that reflect the effects of different configurations in such a way that 

they can be compared with one another. 

                                                      
4
 The orientation threshold under this collinearity condition is essentially the same as a chevron threshold but it has a different 

parameterization (Andrews, Butcher, & Buckley, 1973; Tyler, 1973; Watt, 1984). 
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In this study, we studied the perception of the configurations of contours by using the 

orientation threshold of a single contour. This orientation threshold was estimated by using a 

modified Method of Constant Stimuli that was based on the assumption that the contours making up 

a particular configuration are perceived individually from one another, and that the composition is 

perceived as a linear combination of the individual contours perceived (see Appendix for details). If 

this assumption is correct, this threshold should remain constant with all of the configurations. In 

other words, the difference of the thresholds measured with different configurations represents 

differences in processing in the visual system. A lower threshold for a particular configuration 

suggests that this configuration was processed more precisely and accurately than the others. So, by 

adopting our assumption, we made it possible to compare the perceived configurations 

quantitatively.  

General Method 

Apparatus 

The experiments were conducted in a completely dark room. The stimuli were displayed on a 

120Hz 24-inch LCD monitor (BenQ Zowie XL2411) controlled by a computer. The resolution of 

the monitor’s screen was 1920 × 1080 pixels, and its size was 53.1 × 29.8 cm. The viewing distance 

was 160 cm, and Observer’s head was supported by a chinrest. The screen was vertical and 

frontoparallel to the Observer’s head. Viewing was binocular, and the center of the screen was 

positioned at Observer’s eye-level. A black panel (57 × 50 cm) with a circular aperture (29 cm in 

diameter) was attached to the monitor to avoid the parallel and perpendicular edges between the 

screen and the monitor's frame to serve as an artifactual reference for judging the orientations of 

contours in the experiments. 

Stimuli 

All of the stimuli were composed of one or two contours. The length of the contour was 16.0 

± 2.0 cm (5.71 ± 0.71 deg) in Experiments 1 and 2. Their width was 1.0 mm (2.15 arcmin). The 

eccentricity of the contour depended on the experimental conditions, but it was never more than 3.3 

cm (1.18 deg). The contours were long enough to guarantee that an orientation threshold would not 

be affected by the eccentricity of the contour within this range (Andrews, 1967; Mäkelä, Whitaker, 

& Rovamo, 1993; Vandenbussche, Vogels, & Orban, 1986; Watt, 1987). The contours, drawn in 

white (297 cd/m
2
), were seen

 
on a dark background (0.48 cd/m

2
). 
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Procedure 

The Method of Constant Stimuli with a two-alternative-forced-choice design was used in all 

of the experiments. The Observers' tasks depended on the specific conditions (see the Method 

sections for the conditions). The experimental sessions were controlled by a program developed 

with Visual C++. 

Each trial began by fixating a small point for 250 ms, after which a mouse button was 

pressed which caused two intervals of visual stimuli to be shown. The duration of each visual 

stimulus was 250 ms with a 250 ms inter-stimulus interval. A response screen appeared 250 ms after 

the disappearance of the 2nd stimulus. The response screen displayed two choices and the Observer 

chose one by using the mouse. The Observers were informed about the accuracy of their response 

when they responded. The trials were self-paced. 

All of the experimental conditions were blocked within each session. The Observer 

participated in two sessions for each condition of the experiment. The Observer ran his first session, 

which contained all of the conditions in a random order. He ran his second session in the reverse of 

this order. The Observer was informed the condition coming up before each session. Each session 

consisted of 160 trials with their order randomized. An orientation threshold, which represented the 

uncertainty of the Observer's orientation perception of a single contour, was estimated for each 

session. 

The Observers were the authors of this study (EK and TS).  Eleven volunteers, with normal 

or corrected-to-normal vision, also participated. They had no prior experience in psychophysical 

experiments. The authors participated in all the experiments. Each of the volunteers participated in 

one of the experiments, except for AP. AP only participated in Experiment 1 and its control 

experiment. 

Experiment 1 

In Experiment 1, we measured the orientation threshold for the 4 types of contour 

configurations shown in Figure 1, specifically:  (i) a single contour (Condition-A), (ii) a 30° X-

junction (Condition-B), (iii) a perpendicular X-junction (Condition-C), and (iv) a pair of parallel 

contours (Condition-D). 
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Figure 1. The 4  types of contour configurations used in Experiment 1: (A) a single contour, (B) a 

30° X-junction, (C) a perpendicular X-junction, and (D) a pair of parallel contours. Black circles 

represent the circular aperture (29 cm in diameter) of the apparatus. The contours, which were 1.0 

mm (2.15 arcmin) wide in the visual stimuli, are wider in this figure to make them visible. 

 

Method 

In Condition-A, the orientation threshold was estimated from only a single contour. In each 

trial, two, 250 ms presentation intervals of single contours, were shown at the center of the screen. 

The orientation of the first contour was random, and the orientation of the second contour was made 

relative to the first contour as follows: by  -6.40°, -4.50°,  -2.70°, - 0.90°,  0.90°,  2.70° , 4.50°, or 

6.40°. The Observer judged whether the second contour shown was rotated clockwise or 

counterclockwise relative to the first contour shown. The Observer ran 20 trials for each value of 

relative orientation in a single session. The frequency of counterclockwise responses was plotted for 

each session as a function of its relative orientation. This plot was fitted with a cumulative normal 

distribution function. The standard deviation of this function represents the discrimination threshold 

of the orientation between the two contours. The orientation threshold of a single contour was 

computed by dividing the standard deviation by 2
0.5

 (Chen & Levi, 1996, see Appendix).  

In Condition-B, the orientation threshold was estimated from an X-junction of 30°. In each 

trial, two, 250 ms presentation intervals of X-junctions, were shown at the center of the screen. The 

orientation of each junction was random. In the first interval, the narrower angle of the junction was 

30° ± 0.90°, 2.70°, 4.50°, or 6.40°. It was always 30° in the second interval. The Observer indicated 
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which interval had the most acute angle.
5
 The Observer ran 20 trials for each of the eight different 

junction angles in a single session. The frequency of the responses in which the second junction was 

more acute was plotted in each session as a function of the junction’s angle in the first interval. This 

plot was fitted with a cumulative normal distribution function, and the orientation threshold of a 

single contour was computed by dividing the standard deviation of the fitted function by 2 (see 

Appendix). 

In Condition-C, the orientation threshold was estimated from a perpendicular X-junction.  In 

each trial, two, 250 ms presentation intervals of perpendicular and nearly-perpendicular X-junctions 

were shown at the center of the screen. The orientation of each junction was random. The angle of 

the nearly-perpendicular junction was 90° + 0.60°, 1.20°, 1.80°, 2.40°, 3.00°, 3.60°, 4.20°, or 4.80°. 

The Observer ran 20 trials for each of the eight nearly-perpendicular angles. The perpendicular 

junction was shown in the first interval for 10 of the 20 trials, and in the second interval for the other 

10 trials. The Observer indicated which interval had the perpendicular junction. The frequency of 

correct responses was plotted respectively for two sets of trials in which the perpendicular junction 

was shown in the first and second intervals. These two plots are functions of the nearly-

perpendicular angles. They were analyzed by using a modified Method of Constant Stimuli (see 

Appendix). This modified Method of Constant Stimuli characterizes the two plots with the 

orientation threshold of a single contour, and the response bias between the two intervals. 

In Condition-D, the orientation threshold was estimated from a pair of parallel contours. In 

each trial, two, 250 ms presentation intervals of parallel and nearly-parallel contours were shown. 

The eccentricity of each contour was random between 3.0 ± 0.3 cm (1.07 ± 0.1 degrees). The 

orientation of each pair of contours was random. The relative orientation between the pair of nearly-

parallel contours was 0.60°, 1.20°, 1.80°, 2.40°, 3.00°, 3.60°,  4.20°, or 4.80°. The Observer ran 20 

trials for each of the eight nearly-parallel orientations. The pair of parallel contours was shown in 

the first interval for 10 of the 20 trials, and in the second interval for the other 10 trials. The 

Observer indicated which interval had the parallel contours. The frequency of correct responses was 

plotted respectively for two sets of trials in which the parallel contours were shown in the first and 

                                                      
5
 We could have randomized the order of the intervals and asked the Observer to indicate which interval had the X-junction of 30° in 

Condition-B . Had this been done, the hypothetical task in Condition-B would have been more similar to the tasks in Conditions-C 

and -D. Note that the task required the Observer to memorize a 30° angle in a single session of Condition-B, and that this could be 

difficult.  A perpendicular junction (Condition-C), and a pair of parallel contours (Condition-D) are considered to be regular (see 

Metzger, 1936/2006; Koffka, 1935) but a junction of 30° is not considered to be regular. 
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second intervals. These two plots are functions of the nearly-parallel orientations. They were 

analyzed by using a modified Method of Constant Stimuli (see Appendix). This modified Method of 

Constant Stimuli characterizes the two plots with the orientation threshold of a single contour, and 

the response bias between the two intervals. 

Results 

Figure 2 shows the estimated orientation thresholds observed in Experiment 1 for individual 

Observers. It also shows their averaged results. The ordinate shows the estimated orientation 

threshold. The symbols show the 4 types of the configurations. These results were analyzed by using 

a one-way ANOVA within-subjects design. The Main effect of the type of configuration was 

significant (F3,15 = 44.58, p  = 1.04 × 10
−7

). Recall that these orientation thresholds were estimated 

under the assumption that the contours that made up a specific configuration were perceived 

individually, and that the complete visual composition was perceived as a linear combination of the 

individual contours perceived. If this assumption is correct, the threshold would be constant across 

the types of configurations. The effect of the type of configuration observed suggests that this 

assumption is not valid. 
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Figure 2. shows the results obtained in Experiment 1. The ordinate shows the orientation threshold, 

and the symbols shows the 4 types of the configurations. (A) Results of individual Observers. Error 

bars show the standard errors calculated from two sessions for each condition. (B) Averaged results 

from all six Observers. Error bars show the standard errors calculated from 6 Observers. 

 

The results described above can be interpreted as showing that the visual system is more 

sensitive to contour configurations that have lower thresholds.  An a posteriori test showed that the 

orientation threshold was high in the following order of Conditions-A, -B, -C, and -D (A vs. B, t(5) 

= 3.86, p = 0.0355; B vs. C, t(5) = 6.47, p = 0.00394; C vs. D, t(5) = 3.95, p = 0.0324, where the p-

values were multiplied by 3 as a Bonferroni adjustment). These results suggest that the visual 

system is sensitive to perpendicular junctions, and is even more sensitive to parallel contours. Note 

that in Condition-A, the Observer had to use a common world coordinate system between the two 

intervals in each trial to be able to compare the orientations of the two contours. Also note that this 
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was not the case in the other conditions. Here, the Observer compared the relative orientation 

between a pair of contours in the first interval with the relative orientation between another pair of 

contours in the second interval of Conditions-B, -C, and -D. This task did not require using the 

common world coordinate system between the intervals. The highest threshold, which was observed 

in Condition-A, can be explained by the fact that a common coordinate system between the two 

intervals was required. 

Control Experiment 

We tested only an X-junction (Condition-C) when we measured the orientation threshold 

with a perpendicular junction in Experiment 1. Note that there have been suggestions that the human 

visual system is more sensitive to L- and T-junctions than to the X-junction (Kubilius, Sleurs, & 

Wagemans, 2017). In a control experiment, run to confirm this, the orientation threshold was 

measured for 3 types of perpendicular junctions: (i) an L-junction, (ii) a T-junction, and (iii) an X-

junction. The condition of the X-junction in the control experiment was identical with Condition-C 

in Experiment 1. The conditions of the L- and T-junctions in the control experiment, were the same 

as  Condition-C with the following exception: The T- and L-junctions were generated by deleting 

parts of the contours that composed the X-junction. This operation made one (T-junction) or both 

(L-junctions) contours shorter (8.0 ± 1.0 cm, 2.86 ± 0.36 deg). They were still long enough to allow 

us to believe that their length would not affect the orientation threshold (Watt, 1987). The junctions 

were shown at the center of the screen in all the conditions.  

 

Figure 3. Two of the 3 types of junctions used in the control experiment: (A) an L-junction and (B) a 

T-junction. Black circles represent the circular aperture (29 cm in diameter) of the apparatus. The 

contours, which were 1.0 mm (2.15 arcmin) wide in the visual stimuli, are wider in this figure to 

make them visible. 
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Figure 4 shows the estimated orientation thresholds observed in Experiment 1 for individual 

Observers. It also shows their averaged results. The ordinate shows the estimated orientation 

threshold. The symbols show the 3 types of the junctions. These results were analyzed by using a 

one-way ANOVA within-subjects design. The Main effect of the type of junction was significant 

(F2, 10 = 4.235, p = 0.047). But note that an a posteriori test did not show any significant pair-wise 

difference (X vs. L, t(5) = 3.31, p = 0.0640; X vs. T, t(5) = 0.935, p = 1.0; L vs. T, t(5) = 1.77, p = 

0.412, where the p-values were multiplied by 3 as a Bonferroni adjustment). These results suggest 

that the type of junction is not critical for the human's sensitivity to a perpendicular junction.  

 

 

 

Figure 4. shows the results obtained in our control experiment for 3 types of junctions. The ordinate 

shows the orientation threshold, and the symbols show the 3 types of junctions. (A) Results of 

individual subjects. Error bars show the standard errors calculated from two sessions for each 

condition. (B) Averaged results from all three subjects. Error bars show the standard errors 

calculated from 6 Observers. 
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Experiment 2 

Results of Experiment 1 show that the Observer is more sensitive to a pair of parallel 

contours (Condition-D) than to a perpendicular junction (Condition-C). The contours that composed 

the perpendicular junction always intersected with one another at the center of the screen. This 

means that their eccentricity was always 0 from the center in Condition-C. But, the eccentricity of 

the parallel contours was different, namely, it was located randomly between 3.0 ± 0.3 cm (1.07 ± 

0.1 degrees) from the center. The difference in the orientation thresholds observed between these 

two conditions might have been underestimated because of this difference in eccentricity. In 

Experiment 2, we controlled the eccentricity of the contours systematically so we were able to make 

a more direct comparison of the orientation thresholds with perpendicular junctions and the parallel 

contours. 

Method 

Figure 5 shows the six (2 X 3) experimental conditions namely, the 2 types of contour 

configurations (a perpendicular X-junction or a pair of parallel contours) and the 3 levels of 

eccentricity of the individual contours from the center of the screen (1.0 cm, 2.0 cm, or 3.0 cm). 

Random noise (± 0.3 cm) was added to the eccentricity. The X-junction was not shown at the center 

of the screen in any of the eccentricity conditions. The parallel contours condition with an 

eccentricity of 3.0 cm (± 0.3 cm) was the same as Condition-D in Experiment 1. 

In each trial, two, 250 ms presentation intervals of configurations of contours were shown. 

The orientation of each configuration was random. One of the configurations was regular, namely, a 

perpendicular junction in a session with the perpendicular junction condition, and a pair of parallel 

contours in a session with the parallel contours condition. The other configuration was nearly-

regular. The relative orientation between the contours of the nearly-perpendicular junction was 90° 

+ 0.60°, 1.20°, 1.80°, 2.40°, 3.00°, 3.60°, 4.20°, or 4.80°. The relative orientation between the pair 

of nearly-parallel contours was 0.60°, 1.20°, 1.80°, 2.40°, 3.00°, 3.60°,  4.20°, or 4.80°. The 

Observer ran 20 trials for each of the eight nearly-regular configurations. Regular configurations 

were shown in the first interval for 10 of the 20 trials, and in the second interval, for the other 10 

trials. The Observer indicated which interval contained the regular configuration. The Observers' 

responses were analyzed by using a modified Method of Constant Stimuli (see Appendix). 
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Figure 5. The 2 types of configurations of contours with the 3 levels of eccentricity of the individual 

contours from the center of the screen used in Experiment 2. Black circles represent a circular 

aperture (29 cm in diameter) in the apparatus. The contours, which were actually 1.0 mm (2.15 

arcmin) wide in the visual stimuli, were made wider in this figure to make them visible. 

 

Results 

Figure 6 shows the estimated orientation thresholds observed in Experiment 2 for individual 

Observers. It also shows their averaged results. The ordinate shows the estimated orientation 

threshold. The abscissa shows the 3 levels of eccentricity. The symbols show the 2 types of 

configurations. These results were analyzed by using a two-way ANOVA within-subjects design: 

the 2 types of configurations of contours (a perpendicular X-junction or a pair of parallel contours) 

and the 3 levels of eccentricity of the individual contours from the center of the screen (1.0 cm, 2.0 

cm, or 3.0 cm). The Main effect of the type of configuration was significant (F1, 25 = 138, p = 1.13 × 

10
−11

). The Main effect of the eccentricity (F2, 25 = 2.90, p = 0.073), and the interactions between the 

type of configuration and the eccentricity (F2, 25 = 0.466, p = 0.633), were not significant. These 
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results also show that the visual system is more sensitive to parallel contours than to perpendicular 

junctions. The sensitivity to these configurations is robust against the eccentricity of the contours 

that composed the configurations within the range tested in Experiment 2. 

 

 

 

Figure 6. shows the results obtained in Experiment 2. The ordinate shows the orientation threshold, 

the abscissa shows the 3 levels of the eccentricity, and the symbols shows the 2 types of the 

configurations. (A) Results of individual Observers. Error bars show the standard errors calculated 

from two sessions for each condition. (B) Averaged results from all six Observers. Error bars show 

the standard errors calculated from 6 Observers. 
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Summary 

Our experiments showed that the visual system is sensitive to perpendicular junctions, and it 

is even more sensitive to pairs of parallel contours. The orientation threshold of parallel contours 

was lower than the threshold of perpendicular junctions by a factor of 0.71 in Experiment 1, and, on 

average, by a factor of 0.44 in Experiment 2. 

It is worth noting that the Observers were biased to respond that the configuration of the 

contours in the first interval was more regular than the configuration of contours in the second 

interval. The induced response bias was estimated by using a modified Method of Constant Stimuli 

(see Appendix). This bias was consistently negative in all 11 Observers when they indicated which 

interval had a perpendicular junction. It was −0.83° ± 0.24SE in Condition-C of Experiment 1, 

−0.90° ± 0.08SE in the control experiment, and −1.01° ± 0.09SE in the perpendicular junction 

condition of Experiment 2. The same trend was observed when the Observers indicated which 

interval had a pair of parallel contours. It was −0.48° ± 0.21SE in Condition-D of Experiment 1 

(except for Observer, RB, whose estimated bias was +0.18°), and −0.44° ± 0.05SE in the parallel 

contours condition of Experiment 2. This trend in the response biases could have been caused by 

visual memory. The configuration shown in the first interval could have been affected more by a 

memory factor than the configuration of the second interval.  Recall that the configurations shown in 

the two intervals had to be compared with one another, and the Observer had to indicate which 

configuration was more regular than the other. Doing this comparison required that the two 

configurations were remembered, and the configuration shown in the first interval had to be 

remembered longer than the configuration in the second interval because the first configuration 

disappeared from the screen before the second configuration disappeared. If the remembered 

configurations was distorted as it was remembered so as to make it more regular, the first 

configuration would become more regular because it had been remembered longer (Daniel, 1972; 

Werner & Diedrichsen, 2002). Such distortions of remembered visual information, which make it 

more regular, have been observed in experiments on drawing remembered shapes (Goldmeier, 1941; 

Perkins, 1932; Tversky & Schiano, 1989). So, it seems reasonable to suggest that it might have 

taken place with our visual contours, as well. It is also possible that this trend can be the result of 

some cognitive factor operating in the responses, themselves (e.g. Alluisi & Warm, 1990). 
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General Discussion 

The high sensitivity to pairs of parallel contours observed in our experiments can be 

explained by the  role that parallelism plays in the perception of the 3D shape of an object (Witkin & 

Tenenbaum, 1983; Biederman, 1987). Note that parallelism is a model-based invariant under an 

orthographic projection (Sawada, Li, & Pizlo, 2015). A pair of parallel contours in a 3D scene is 

projected to a pair of parallel contours in a 2D orthographic image of the scene. Note also, that the 

orthographic projection is a good approximation of a perspective projection from the 3D shape to 

the retinal image when the range in depth of the shape is small compared to its distance from an 

observer.  The perception of the 3D shape from a 2D contour drawing is biased so that the parallel 

contours in the drawing are interpreted as parallel contours in the 3D shape (Perkins, 1976; Sugihara, 

2014a). This invariant property of parallelism is also important for perceiving the 3D symmetry of 

the shape from its 2D asymmetrical retinal image (Sawada & Pizlo, 2008; Sawada, 2010). 

Parallelism has also been regarded as one of the Gestalt laws for Figure-Ground 

Organization (Froyen, Feldman, & Singh, 2017). Note that a figure is a 2D projection of an object 

(Goldreich & Peterson, 2012). Here, a pair of parallel curves can be grouped together to form the 

figure. So, parallelism can also play some role in the detection of an object from its 2D retinal image. 

But, note that the perpendicularity of a junction is not an invariant under a projection from a 

3D scene to a 2D image. A perpendicular junction in a 3D scene can be projected to a junction with 

any angle in the 2D image, but this depends on the orientation of the junction in the scene. It has 

been shown that the perception of a 3D shape from a 2D contour drawing is biased to make the 3D 

shape have perpendicular junctions (Erkelens, 2015a), and to make the faces of the 3D shape form 

perpendicular corners (Perkins, 1972; Perkins, 1976; Sugihara, 1997, 2005, 2014b, c).  

Note that in this study, we did not distinguish the perception of contours in a 2D retinal 

image from the perception of contours on the frontoparallel plane in a 3D scene. We plan to study 

the roles of perpendicularity and parallelism in 2D retinal images and in 3D scenes in our future 

work.  
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Appendix 

Consider that the perception of the orientation of a single straight contour in a visual stimulus 

can be represented as a normal distribution
6
: 

 
𝑃𝐴(𝜃|𝜃̇, 𝜎) =

1

𝜎√2𝜋
𝑒

−
(𝜃−𝜃̇)

2

2𝜎2  (1) 

where 𝜃 is the perceived orientation of the contour, the mean 𝜃̇ is the true orientation of the contour, 

and the standard deviation 𝜎 represents the uncertainty of the perceived orientation.  In this study, 

the standard deviation 𝜎 is referred to as the “orientation threshold".  

  Assume that the visual system processes multiple contours in a visual stimulus 

independently from one another. Their perceived orientations can be represented by Equation (1) 

individually. When this is done, a probability distribution representing the perception of the relative 

orientation between any two contours can be derived by using the cross-correlation of two 

distributions of their perceived orientations:  

 

𝑃𝐵(𝜃\ − 𝜃/|𝜃̇\, 𝜃̇/, 𝜎) = 𝑃(𝜃/|𝜃̇/, 𝜎) ⋆ 𝑃(𝜃\|𝜃̇\, 𝜎) =
1

2𝜎√𝜋
𝑒

−
((𝜃\−𝜃/)−(𝜃̇\−𝜃̇/))

2

4𝜎2  (2) 

where ⋆ is the cross-orientation operation, 𝜃/ and 𝜃\ are the perceived orientations of the two 

contours, and 𝜃̇/ and 𝜃̇\ are their true orientations. Equation (2) is another normal distribution whose 

mean is 𝜃̇\ − 𝜃̇/ and whose standard deviation is √2𝜎 (Chen & Levi, 1996). It is assumed that the 

perceived orientations of the individual contours are equally uncertain for simplicity of its derivation 

and for minimizing the number of its unknown parameters.  Note that 𝜎 depends on different factors 

in the visual stimulus, for example the orientation of the contour (e.g. Westheimer, 2001), the 

eccentricity of the contour (e.g. Mäkelä, Whitaker, & Rovamo, 1993), and the length of the contour 

(e.g. Andrews, 1967). The visual stimuli used in a psychophysical experiment should be controlled 

so that the assumption about the equal uncertainty is satisfied as well as possible. 

                                                      
6
 The normal distribution is defined between ˗∞ and +∞ while the dimension of the orientation is circular (see Fisher, 1996). This 

inconsistency is not critical because an orientation threshold of a contour is substantially smaller than the cycle of the orientation 

dimension (180°) (e.g. Westheimer, 2001; Mäkelä, Whitaker, & Rovamo, 1993; Andrews, 1967).  
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The deviation of the perceived contours from being perpendicular to one another can be 

characterized as: 

 𝑓𝑟(𝜃𝑋) = ||𝜃𝑋| − 𝜃̌| (3) 

where 𝜃𝑋 = 𝜃\ − 𝜃/ and 𝜃̌ is 90°. The deviation 𝑓𝑝(𝜃𝑋) from being parallel can be computed if 𝜃̌ is 

0° in Equation (3). From Equations (2) and (3), the probability distribution of the perceived 

deviation from being perpendicular is: 

 𝑃𝐶(𝑓𝑟(𝜃𝑋)|𝜃̇\, 𝜃̇/, 𝜎) = 𝑃𝐵(𝜃𝑋|𝜃̇\, 𝜃̇/, 𝜎) + 𝑃𝐵(2𝜃̌ − 𝜃𝑋|𝜃̇\, 𝜃̇/, 𝜎) (4) 

The distribution 𝑃𝐷 of the perceived deviation from being parallel can be computed from Equation 

(4) by replacing 𝑓𝑟 with 𝑓𝑝. 

In the psychophysical experiments performed in this study, the responses of human 

participants were collected with the Two-Alternative-Forced-Choice method. In this procedure, the 

participant is shown two visual stimuli sequentially in each trial, and the perceptions of these two 

stimuli are compared. A probability distribution of the difference between the perceptions of the two 

stimuli can be derived by cross-correlating the two distributions of the individual perceptions (as in 

Equation 2).  

The perceptions from the individual stimuli can be represented by Equation (1) in Condition-

A and by Equation (2) in Condition-B of Experiment 1. Both of these equations are normal 

distributions and cross-correlations of two normal distributions is also a normal distribution. This 

means that the probability distribution of the difference between the perceptions of the two stimuli is 

also a normal distribution in Conditions-A and –B. Its standard deviation is √2𝜎 for Condition-A, 

and is 2𝜎 for Condition-B. This means that 𝜎 can be estimated in these conditions by using the 

conventional Method of Constant Stimuli (Gescheider, 1985). The participant’s frequency choosing 

the first interval is measured and plotted as a function of the difference of the stimuli. This plot can 

be fitted with a cumulative normal distribution function using the maximum likelihood method. The 

estimated 𝜎 can be computed by dividing the standard deviation of the fitted cumulative distribution 

function with √2 for Condition-A, and with 2 for Condition-B. 
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In Condition-C of Experiment 1, all conditions of the control experiment, and the 

perpendicular condition of Experiment 2, two visual stimuli X1 and X2 in each trial are pairs of 

contours. The participant judges which pair of contours is more perpendicular than the other. The 

perceived deviations of X1 and in X2 from being perpendicular are 𝑓𝑟(𝜃𝑋1) and 𝑓𝑟(𝜃𝑋2), where 𝜃𝑋1 

and 𝜃𝑋2 are perceptions of the relative orientations of the contours in X1 and in X2 (Equation 3). The 

probability distributions of the perceived distributions can be represented individually by Equation 

(4). A probability distribution 𝑃∆𝐶  of the difference between perceived deviations can be computed 

as follows (see Equations 2 and 5). 

 𝑃∆𝐶(𝑓
𝑟
(𝜃𝑋2) − 𝑓

𝑟
(𝜃𝑋1)|𝑋1, 𝑋2, 𝜎) = 𝑃𝐶(𝑓

𝑟
(𝜃𝑋1)|𝑋1, 𝜎) ⋆ 𝑃𝐶(𝑓

𝑟
(𝜃𝑋2)|𝑋2, 𝜎) (5) 

The participant responds that X1 is more perpendicular if 𝑓𝑟(𝜃𝑋2) − 𝑓𝑟(𝜃𝑋1) > 𝛽 where 𝛽 is a 

response bias between the two intervals. The bias is neutral if 𝛽 = 0 and the participant is biased to 

respond that X1 is more perpendicular if 𝛽 < 0. The probability that the participant responds that 

that X1 is more perpendicular than X2 is computed as: 

 
∫ 𝑃∆𝐶(𝑓

𝑟𝜃
|𝑋1, 𝑋2, 𝜎)𝑑𝑓

𝑟𝜃

+∞

𝛽

 (6) 

where 𝑓𝑟𝜃 is 𝑓𝑟(𝜃𝑋2) − 𝑓𝑟(𝜃𝑋1). There are the two unknown parameters 𝜎 and 𝛽 in Equation (6) and 

𝜎 represents the uncertainty of the perceived orientations of the individual contours. These unknown 

parameters can be estimated from the data obtained in a psychophysical experiment. The relative 

orientations 𝜃̇𝑋1 and 𝜃̇𝑋2 of the contours in X1 and in X2 are controlled so that 𝑓𝑟(𝜃̇𝑋1) takes several 

different variables while 𝑓𝑟(𝜃̇𝑋2) is 0 in a half of the trials of the experiment. In the other half of the 

trials, 𝑓𝑟(𝜃̇𝑋2) takes several different variables while 𝑓𝑟(𝜃̇𝑋1) is 0. The participant’s percent correct 

is measured and plotted as a function of 𝑓𝑟(𝜃̇𝑋1) for the trials with 𝑓𝑟(𝜃̇𝑋2) = 0 and as a function of 

𝑓𝑟(𝜃̇𝑋2) for the trials with 𝑓𝑟(𝜃̇𝑋1) = 0. The unknown parameters 𝜎 and 𝛽 can be estimated from 

these two plots by using the maximum likelihood method. 

In Condition-D of Experiment 1 and in the parallel condition of Experiment 2, the participant 

is shown two pairs of contours and judges which pair is more parallel than the other. The orientation 

threshold 𝜎 and the response bias 𝛽 can be estimated in the same way as they were in the conditions 
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in which the participant judged the perpendicularity of the contours. The estimation of 𝜎 and 

𝛽, however, should use 𝑓𝑝 and 𝑃𝐷 instead of 𝑓𝑟 and 𝑃𝐶 in Equations (5) and (6). 
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