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Sample selection as a problem of econometric analysis

A. Roy was the first to rise the problem of selection bias!. He investigated the
influence of profession selection mechanism on the distribution of income and skills
within professional groups. According to the Roy’s model individuals select the
profession not by chance but based on their skills and demand for them. As a result,
distribution of skills and wages among professional groups differs from the corresponding
distribution within the whole population. This distribution may depend on the number of
professions, skills joint distribution and their effect on wages. This model served as a
foundation for many studies related to the parameters identification and estimation under
sample selection?.

Sample selection may cause censoring or truncation depending on the sample
generating mechanism. In both cases there is some sample selection rule determining
observations inclusion into the sample. The key distinction between truncated and
censored samples is that “in a truncated sample one cannot use the available data to
estimate the probability that an observation has complete data. In a censored sample, one
can.” (Heckman J. , 1976, p. 478). Within the regression analysis framework sample
selection usually concerns the dependent variable observability. Then truncation
undermines that the support of dependent variable given the sample selection rule will be
restricted®. If the censoring takes place then probability of observation inclusion does not
depend on the values of dependent variable but some of its values are unobservable.
Classical example states that wages are observable only for employed individuals*

(Heckman & Killingsworth, 1987). Consequently, the mechanism determining

L A. Roy’s model concerns particular case of sample selection, namely self-selection which undermines that individual selects
the profession following some (usually wage maximization) criteria.
2 The review of these studies with a focus on their relation to the Roy’s model has been provided by (Heckman & Taber,
2010) and (Heckman & Honore, 1990).
3 The support of discrete (continuous) random variable is the set of values for which probability (density) function takes
values greater than zero.
4 If the sample has been generated based on the survey among employed individuals only, then it is impossible to estimate
the probability of inclusion of wages for randomly chosen individual. Then the sample is truncated. If the survey covers the
whole population then it is possible to estimate probability of employment and hence the probability of wages observability
which makes the sample censored.
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employment will govern the rule of observations inclusion into the sample. Note that this
thesis concerns the problem of censoring only.

Econometric methods which do not account for the fact that the sample is censored
or truncated may provide inconsistent estimators. Wherein samples being subject to
sample selection are frequently arise in practice usually due to individuals (or other
observational units) self-selection or when “selection decisions by analysts or data
processors operate in much the same fashion as self selection” (Heckman J. , 1979, ctp.
1), (XexmaHn, 2013, ctp. 130). This obstacle gave a rise to the extensive literature related
to the sample selection models implementation: estimation methods accounting for the
fact that sample has been generated following a several of selection rules. Let’s consider

the main findings and results of these studies which are relevant to the topic of the thesis.

Brief review of sample selection models for multiple rules of observations
selection

“Classical sample selection models take into account single selection rule
determined by the value of binary variable (Heckman J. , 1979). However, some issues
require the consideration of more complicated selection mechanisms. So selection
equation also may be ordinal (Kugler, 1987), (Vella, 1993), continuous (Garen, 1984) or
categorical (Jeffrey & McFadden, 1984). The last one undermines that selection rule
depends on the values of several binary variables. For example, wages are observable
only for employed individuals who are additionally willing to reveal their salary
information.” (Koccosa & IToranun, 2018).

Furthermore, sometimes researchers may be interested in parameters estimation for
several forms of the main equation. Wherein the form depends on the combination of
selection rules. For example, the wage of individual with (without) higher education will
be observable only if he has (not) graduated from the university. Then wage determining
equations for both these states may differ since presence of higher education may
influence returns to skills. In order to estimate parameters of this model endogenous

switching regression may be used (Lee, 1978). This method undermines that we observe
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one form of dependent variable when particular selection rule has been satisfied and the
other form — otherwise. Herewith the need to account for additional selection rules may
arise. For example, employment is additional requirement for wages observability
independent of the presence of higher education.

“Since likelihood function maximization for the multivariate sample selection
models is technically complicated task there are few studies in this field and most of them
consider only two independent selection rules (Vella, 1998).” (KoccoBa & Iloranus,
2018). These studies take into account at most three selection rules with continuous
(Poirier, 1980), (Cinzia, 2009), (Ogundimu & Hutton, 2016) and binary (Rosenmana,
Mandal, Tennekoon, & Hill, 2010) dependent variables (Koccora & ITotanun, 2018). In
order to account for multiple selection rules some studies apply non-parametric two-step
procedures (De Luca & Peracchi, 2012), (Das, Newey, & Vella, 2003) which do not allow
to reconstruct random errors joint distribution therefore sufficiently reducing results
interpretability. Furthermore (Ogundimu & Hutton, 2016) and (De Luca & Peracchi,
2012) do not provide sufficient arguments for their two-step estimator consistency as well
as do not derive its asymptotic distribution and consistent estimator of the covariance
matrix. So, it complicates hypothesis testing.

Therefore, there is need for econometric methods providing consistent estimators
given multiple sample selection criteria and several forms of the main equation. Wherein
this method should allow to reconstruct random errors joint distribution in order to extend
interpretability of the results.

Several new sample selection models have been provided in this thesis. The models
assume voluntary number of selection equations and several forms of the main equation.
These models generalize classical and some semi-parametric approaches simultaneously
accounting for sample selection and endogenous switching. “The model has very general
setting. The form of the main equation depends on the combination of selection rules.
Particularly, for some of them dependent variable is unobservable. Furthermore, there
may be no information concerning the values of selection equation which corresponds to

the scheme of consecutive decision making.” (Koccosa & IToranus, 2018).



Goals and objectives of the research

The thesis concentrates on models with several sample selection rules. The subject
of this research covers econometric methods providing estimators for these models’
parameters. The goal of the thesis is to implement econometric methods® providing
estimators for the models with finite voluntary number of sample selection criteria and
several forms of the main equation. In order to achieve this goal, the following tasks
should be accomplished:

1. Derive some properties of truncated multivariate normal distribution and
distribution introduced by (Gallant & Nychka, 1987) in order to get estimators, standard
errors, conditional expectations and marginal effects expressions for the methods being
introduced in this thesis.

2. Review most popular and influential parametric, semi-parametric and semi-
nonparametric sample selection models.

3. Provide sample selection methods accounting for finite voluntary number of
selection criteria determining the form of the main equation. Furthermore, these methods
estimators’ properties should be investigated.

4. Provide software implementation of these methods in order to apply them to the
analysis of real and simulated data.

5. Analyze these methods estimators accuracy using simulated data and various
specification assumptions, particularly, concerning random errors joint distribution and
presence of exclusion restrictions (unique regressors for some equations).

6. Apply these methods to the analysis of real data that is subject to multivariate

sample selection.

5 Further on let’s sometimes refer to them as “these methods” for brevity.



Main findings of the thesis

The set of econometric tools for the analysis of samples generated subject to
multiple selection rules has been extended through the introduction of new methods
generalizing a couple of classical parametric and semi-parametric sample selection
models.

First, endogenous switching and Heckman’s models have been generalized to the
case of voluntary number of selection equations. Both maximum likelihood and two-step
implementations of these methods have been generalized. The last one has been equipped
with covariance matrix consistent estimator allowing for hypothesis testing. Furthermore,
formulas for conditional expectations and marginal effects have been derived for these
models.

Second, semi-nonparametric method of (Gallant & Nychka, 1987) has been
generalized. This method requires likelihood function maximization under substitution of
true density function with its Hermite form approximation. Furthermore, some properties
of distribution generated by this approximating function have been derived®. These results
might be useful for semi-nonparametric estimation of other models’ parameters going
beyond the scope of sample selection problem.

Third, nonparametric Newey’s method has been generalized for the case of finite
voluntary number of selection equations. This method approximates random errors’
unknown conditional expectation via polynomial of smooth functions which arguments
are linear indexes related to selection equations.

The accuracy of methods being provided in this research has been investigated
within simulation study framework. The data has been simulated under the assumption of
two sample selection rules. Let’s highlight main findings of the experiments with
simulated data.

First, generalized parametric methods provide notably more accurate results then

their classical counterparts and least squares method.

® Statistical package “hpa” has been implemented within R software framework. It allows to estimate truncated, conditional
and marginal moments as well as density and cumulative distribution functions for the distribution introduced by (Gallant &
Nychka, 1987) .
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Second, accuracy of generalized parametric two-step procedure sufficiently
declines if exclusion restrictions do not hold. The reason is probably the same as for one
dimensional case: inverse mills ratios are rather close to linear function causing losses in
efficiency due to multicollinearity problem.

Third, generalized parametric and semi-parametric methods are approximately
equally accurate when random errors’ distribution deviates from normality in terms of
tails thickness and asymmetry. However, if the distribution is bimodal then semi-
parametric methods demonstrate notable advantage over parametric approaches.

Fourth, generalized Newey’s methods’ specification with simple one-dimensional
inverse mills ratios and interactions between polynomial terms related to different
selection equations seems to be equally accurate as specification with generalized mills
ratios. Wherein the first of these specifications has much lower computational complexity
since it allows to estimate selection equations parameters separately rather than within
the system of equations. Note that the other tested specification with simple mills ratios
without interactions seems much less accurate than those mentioned above.

Fifth, generalized method of Gallant and Nychka notably inferior in terms of
accuracy to other methods provided in thesis if random errors have Student or Beta
distribution. However, this method comparative advantage rises substantially if random
errors follow bimodal distribution. Note that the study has investigated this method
accuracy only for low polynomial orders because of high computational burden
associated with likelihood function maximization given corresponding approximating
functions. Therefore, increase in polynomial order probably may result in sufficient
accuracy boost.

Parametric methods introduced in this thesis have been applied to Russian
Longitude Monitoring Survey data (RLMS) in order to estimate returns to education and
marriage for males. The results suggest that marriage and higher education are
endogenous to the wage equation: conditional distribution of wage equations’ random

errors depends on probabilities of being married and having higher education.



Estimate of correlation between random errors of marriage and wage equations is
significant and positive indicating that there are some unobservable characteristics
positively affecting wages and marriage probability.

Furthermore, it has been found that marriage exhibits negative effect on wage
probably because unmarried men may spend more time on job search process since they
are not obligated to insure their family financial stability. Finally, note that probably
because of selection bias estimate of marriage effect on wages for classical Heckman’s
and least squares methods is positive.

The effect of education on wages has been found to be positive and greater about
1.25-1.5 times (than for least squares or classical Heckman’s method) after accounting
for selection bias caused by self-selection to universities. It is consistent with previous
findings of studies based on United States labor market data. Furthermore, negative
correlation between higher education and wage equations has been revealed. It may be
caused by the fact that the data being used has lack of differentiation among various levels
of higher education related to universities quality.

Finally, wage equation parameters have been estimated under the assumption that
there is additional sample selection rule related to the fact that some individuals do not
reveal their salary information. The results suggest that omitted data on wages cause

selection bias while its effect on estimates values seems to be insufficient.

Main scientific contributions of the research

The thesis makes the following contribution to the methodology of models’
parameters estimation under multivariate sample selection:

1. Parametric generalizations of endogenous switching and Heckman models’ have
been provided based on maximum likelihood and two-step procedures. These
generalizations allow to consider finite voluntary number of selection equations and
several forms of the main equation. Estimators for marginal effects and conditional

expectations for these methods have been provided. These estimators allow to predict



dependent variable’s expected value given various combinations of selection rules.
Furthermore, generalized two-step estimator consistency and asymptotic normality has
been insured. Finally, consistent covariance matrix estimator for two-step method has
been derived.

2. Multivariate generalization to semi-nonparametric (Gallant & Nychka, 1987)
and semi-parametric (Newey, 2009) methods have been provided (the last one following
the idea of (De Luca & Peracchi, 2012)). Formulas for random errors’ conditional
expectations have been derived for the generalization of Gallant and Nychka method.
These formulas being coupled with numeric differentiation technics allow to estimate
marginal effects and conditional expected values for different forms of the dependent
variable.

3. These methods accuracy has been investigated by the means of simulated data
analysis. Particularly it has been demonstrated that generalized parametric methods’
estimates are robust to violation of random errors joint normality assumption.

The research contribution related to the application of these methods to the analysis
of RLMS data is as follows:

1. Returns to education estimate has been obtained simultaneously accounting for
self-selection of individuals into employment and universities. The results suggest that
education is endogenous respect to wage equation of Russian males. Without considering
self-selection of individuals to universities the effect of higher education seems to be
underestimated that is consistent with findings of several studies based on United States
labor market data being analyzed via the method of instrumental variables.

2. It has been shown that marriage status seems to be endogenous variable with
respect to the wage equation of Russian males. The results suggest that without
accounting for marriage endogeneity selection bias upon the marriage effect estimator
may become sufficient enough to change the sign of the corresponding estimate.

3. Statistical evidence has been found in favor of the argument that refusal to reveal
wage information may cause selection bias. However, this bias seems to be insufficient.

Note that formulas for truncated, conditional and marginal moments as well as

density and cumulative distribution functions of distribution introduced by (Gallant &
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Nychka, 1987) may be applied to semi-nonparametric generalization of broad class of
classical econometric models which parameters are estimated through the maximization

of likelihood function value.

The main results for the defense of the thesis

This paragraph briefly introduces new econometric methods being proposed in the
thesis. Since the available space is limited some formulas that have been derived in the

thesis are omitted.

Sample selection model with multivariate sample selection and endogenous

switching

“Consider m sample selection rules depending on the values of binary variables
z,,se{l..m}. If the rule s has been satisfied for the i-th observation then z, =1 and z, =-1
— otherwise. There are 2™ possible selection rules combinations and for r of them
dependent variable y; is observable, where (1<r<2") . So, there are r groups of
observations indexed by {1,---,r}. There is also additional group of observations indexed
with o value. This group has no observations for y; and may be empty. For each
observation i let’s define index function g, = g(z,.....z,;) =s (0 < s <r) Which value equals to

the group index of this observation.” (Koccosa & IToranus, 2018).

“The data generating process is as follows:” (Koccopa & IToranun, 2018).

*

’
Yi =X By g

Zsi = Wéiys + usi’ S E{l...m},

Zsi

* !
{1, eciau Zg 20, T.e. Uy = —W,7,,

* ’
=1, ecim z; <0, T.e. U; <—W,.
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I (7;' Prg 0 P2g0 pm,g.a_
0 IOLQIG 1 p12 plm
(Eivgi ’ui,)' ~N ’Zgi , eoe zgi - pZ,QiU P12 1 ’
0 : : : .. :
_pm,gio- p]_m ces e l |
y., ecin g, >0, .
y, = ie{l.n}.,
He Habnooaem, eciu g; =0,

“where x, and w,_— are vectors of exogeneous variables for the i-th observation of the

main equation and selection equation s correspondingly. These variables effects depend

on the coefficients vectors g, and ,, . Finally, there are random errors ¢, and u,

gi
following multivariate normal distribution.” (Koccosa & ITotanun, 2018).
“Let’s define the following vectors:” (KoccoBa & Ilotanun, 2018).

Z Z

i Z,; Z,W 7, —Z3;Uy Py,
z,=| |, z=|: |= : y U = : Up, = & |
Zpi Zmi ZmiWr;iym —ZniUpi pm,gi

According to the properties of truncated multivariate normal distribution

conditional expected value and variance of y; has the following form:

E(yl |Zli""’zmi): Xi'ﬂgi "’Z:Ggipj,gi/ljai (zi)zji '
j=1

m ~
DY |z Zni) 20; (1—2,0k2’gi 2.4 (Z)+
=i
n . m 5 ]
+kz::LZkipk'giZ|:<Zji(pj’g‘ _pkjpkygi)AE}(Zi)_(kZ:lzkipk,giilgi (Z))?).
= < 4

where:

Lo VR, H(F, ()
PO M T T

(Koccosa & Iloranus, 2018).

The term 2% (x) represents generalized inverse mills ratio.
Suppose that there is single selection equation, g(1)>0 and g(-1)=0, then this
model will be identical to classical Heckman’s model. Furthermore if g(1)>0 and

g() = g(-1) >0, then the model coincides with endogenous switching model. In addition
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when m=2 and g(1,1)>0,g0-1)=9g(-11)=9g(-1,-1)=0 then the model matches the
models of (Poirier, 1980) and (De Luca & Peracchi, 2012). Finally, if m=3, g1 >0
and equals zero otherwise then the model is the same as the model proposed by
(Ogundimu & Hutton, 2016).

Let’s briefly discuss the estimators of this model parameters introduced in the

thesis.
Parametric maximum likelihood estimator

The model parameters could be estimated via maximization of the following

likelihood function:

Fu,pg R (ZyW5711eees ZmiWr’niym)f<g (y; _Xi’ﬂg,): ona i: g >0,
r = i 9i i
Fu‘ (Zy Wy s 2 W7 ), Ot i g, =0,

where F, — is distribution function of ¢, and F, - —is his conditional distribution

=YX/,

function given ¢, =y, —xfq, -

Maximum likelihood estimator will be consistent, efficient and asymptotically
normal if random errors follow multivariate normal distribution and some regularity
conditions are satisfied. Simulated data analysis provides an evidence that even if random
errors normality assumption has been violated then this method estimates are not less
accurate than those obtained by nonparametric and semi-parametric multivariate sample

selection methods.
Parametric two-step estimator

“According to the theorem proposed by (Murphy & Topel, 1985) least squares
estimator will be consistent and asymptotically normal if inverse generalized mills ratios

are substituted with their consistent estimators.* (Koccosa & IToranun, 2018).
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“Therefore, two-step estimator is as follows:

1. First, apply multivariate probit model in order to estimate ,, and p,, where
s,k e{1..m}. Then use maximum likelihood estimator invariance property in order to get
consistent estimator 4’ (z) of 27(z), where ie{l,...n}.

2. Second, apply least squares estimator for each group of observations {i:g. =c}

separately:

Yi =%pB; + Zﬂzi (ﬂvja' (fi)zji)_'_vi » THE ﬁzj =0:Pjer

j=1

where generalized inverse mills ratios 27 (z) should be substituted with their consistent
estimators 4% (z) from the previous step and v, is heteroscedastic random error.”

(Koccosa & Iloranun, 2018).
Variances and correlations consistent estimators are:

1 &
6 =—|e'e+)
nC

m

S8, 350~ B, 232, (B, — B IR ()(z g (foj D ,

i=1 \ k=1 j=k

A
pk,c -

, 1<k<m.

O-C

Consistent estimator of the two-step estimator’s covariance matrix has the

following form:

AsCov() = 62(RTR) KT {(I _A)+fAs.cOVH7: Dﬂx(ﬁx)—l,
Yo}

where properties of truncated multivariate normal distribution guarantee that:

F = ‘] (zpk,czk Oﬂ’ka(z))l
k=1

- D*(F,
o=,

(T ). =W 202,20 (AR (2) = A2 (Z)A] (2)) = pic (B A8 (2) + (B2 (D) + Y pg A (2)242,))

j=k j=k
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Z;Z; (plkpkj — P )

_ ZiZiPuli —Li 5005 W AT (5 i (3
(Fp|k )i - Zkipl,c (( 1—/3|i //i“l (Zi))A|k (Zi)+ j;k 1—,0|2k Oljk(zi))+
F2,p, (L8 B By )08 )y Y D T Pdg iy

1-pi j#lk 1- py

+ 3 2,2,24P,, (O (Z) = AT (Z) A (Z)).

oy
“and 1 ismatrix r estimated with Z, 5 and 6.” (KoccoBa & [Totanun, 2018). Since two-
step estimator is asymptotically normal then covariance matrix consistent estimator is
sufficient for hypothesis testing.

This two-step estimator will be consistent and asymptotically normal. However, it
is less efficient then maximum likelihood estimator described above. Nonetheless
simulated data analysis results suggest that this estimator is more robust to random errors’
normality assumption violation. However, its estimates accuracy declines substantially if

exclusion restrictions are violated.
Semi-nonparametric estimator

Abovementioned parametric estimators’ consistency depends on the random
errors’ normality assumption. If it does not hold then consistent estimator could be
obtained through the maximization of the likelihood function where density functions are
substituted with approximating functions suggested by (Gallant & Nychka, 1987). For
example, if there is no endogenous switching’ the function to be maximized will have the

following form:

L(a"l’,u,a,ﬁ,y)=f[ﬁ-

r =

ﬁw:y_xl,ﬁ(—wl'iy1 ..... Wi Zmio0, e, 00) f (Y =X ), oma it g >0
B, W7y —Wyyy), oOna it g =0

where formulas derived in thesis insure that;

7 It means that (z, =+ =2z_ =1), g(L,---,1) > 0 and equals zero otherwise.
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l/jl =1 o

Kl Km+1 Kl Km+1 m+1

*ZZ z Z a(h ----- im+1)a(j1 ----- jm+1)( Xﬂ)lﬁ-Jl HMTR( + jrl;_W;li]/rl,OO,lurl,Url)

b=0 ipy=0j;=0  jpn,,=0 =2

e Wy +
F, (~W 7 —W) ) =iH[1—®[MD*

Wy %=t o

- ' ' . 1 rolj/rO :ur0+1
FUiI<g.:yi—x{ﬂ(_W1i71!"'!_Wmi7m!°o""v Hq)[ ]*

h+1
1

r+1
m+1 Kl m+1 m+1 ’
*Z Z Z Z CZ(|1 ----- ims1) (J1 ----- Jm+1)M(I + Jl’ﬂl’ol)HNLrR ( + Jrl rli}/rl,OO,,Llrl,O'rl)
=0 m+1*o Jl Jm+1*0 1_

feg‘(yi_x;ﬂ):l//i% JZ zli f“(.l ,,,,, i) X Jm)(y Xiﬂ)iﬁh*

0 m+1’0 Jl Jm+1*0

m+1

LM, +iim, 0,)

and:

m+1
m+1 Kl m+1

Z Z Z Z Xy i) F e JM)( Xﬂ)IﬁhHM(' + i 00,

b=0  ip=0 =0 ju,,=0

m+1
m+1 Kl m +1

Z Z Z z a(ll ,,,,, M)a(h ,,,,, Jma) HM(I + Jr’/ur’o- )’

=0 m+1’0 Jl Jm+1’0

Kl Km+1 Kl m+1 m+1
ZRPIEPIPIED I oo LIMG, + 11,0,
=0 ipy=0 =0  j;,,=0

a P =(aq gty ) K Ko € (NO{0Y),

where M (i, + j,; x,X, i1, 0,) are moments of the order (i, + j,) of the truncated at lower
point x and upper point x normal variable which expected value and variance equal to
u, and o? correspondingly. Note that M. (i, +j.;u.0,)=Mg(i, + j;—0,%,4,,0,) .
Finally, ¢ and @ are standard normal density and cumulative distribution functions
correspondingly.

In order to insure parameters identification it is necessary to set «(0,---,0)=1,

exclude constants from the selection equations and fix to 1 one of the regression

coefficients for each selection equation. Note that preserving g and , estimators

consistency it is possible to fix x4 and o, parameters where k e {L,---,m+1}.
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While the estimator is consistent its asymptotic distribution remains unknown that
complicates hypothesis testing which should be performed via bootstrap procedure.
Simulated data analysis reveals that this method has comparative advantage in terms of

estimates accuracy if random errors’ follow multimodal distribution.
Semi-parametric two-step estimator

This estimator generalizes one proposed by (Newey, 2009).
Conditional expected value of the dependent variable has the form:

E(Y,) = B 12y Z0) = EQY] [ =230y S Z0W730 002Uy < ZWei ) =
= xi'ﬂgi + E(ei,gi |-z,u; 2, W7y, —Z U, S Z WLy, ) =
=X By, +9 (W70 Wri )
Following the approach suggested by (De Luca & Peracchi, 2012) let’s
approximate unknow conditional expectation with the polynomial of generalized mills

ratios:

k

! ! . - ) ! !
gk(W1i71’---’Wmi7m):ert(\/)l} L (W70 W) + 74

t=1 j=1
Semi-parametric two-step estimator proceeds as follows:

1. Estimate w;», and correlation between random errors via some semi-parametric or
non-parametric method, je{1,---,m}. Then estimate l}‘“”(wl’iyl,...,wr;iym).

2. Substitute g~ with g and insert first step estimates into the equation of dependent
variable conditional expected value. Then estimate this equation parameters via least
squares method. Polynomial degree k should be selected by cross-validation (for
example leave-one-out) while hypothesis testing requires bootstrap procedure
application.

Note that the most technically complicated part is estimation of the system of
binary equations on the first step. In order to reduce computational burden, it is possible
to use the following specifications for approximating function allowing to estimate binary

equations parameters separately:

16



K, k,
O (Wi ys ey W7 ) = Zrt(l)s(wltij/l)t +"'+Zrt(m)s(wr'ni7/m)t +7,
1

t=1

where k=(k,---,k,) and s could be inverse mills ratio for the standard normal

distribution. “Note that the first of these specifications is a special case of the second one.
The last one includes interaction terms in order to capture statistical relationship among
random errors.” (Koccosa, Kynpusinosa, & IToranun, 2020).

It is technically complicated to proof that this estimator will be consistent. The
proof for the one dimensional case has been provided by (Newey, 2009) while (De Luca
& Peracchi, 2012) generalized his approach to bivariate case without any guarantee that
tthe estimator will be consistent. However simulated data analysis suggests that this

estimator accuracy is rather high.
Marginal effects

Researchers usually need to measure the effect of the regressors on the dependent
variable. If its expected value depends on the regressors nonlinearly then marginal effects
should be estimated.

For parametric models proposed above marginal effects have the form:

aE(y| | Zli""’ Zmi)
oy

:ﬂ,,, +ZYJ/(Zi) ’

where:

_ m oA (Z,)
5N K j i
Y;/(Zi) =12;04Pjq kZ;ZkJ/V/

=2,0, 00 (O 2478 (M (Z) = 4] (2) A0 () -

azk k#j

130, Pra EAN (@) + (A2 + X 2,2, A% (2).

k#j

In order to get marginal effects estimates for semi-nonparametric method numeric
differentiation technics could be applied for example Richardson’s method (Richardson,

1911). Note that in order to get estimates for conditional expectations and covariance

17



matrix it is possible to apply formulas derived in the thesis in order to get the following
expression (where k, e N):

E (H(é(aﬁ))kl } = ;H(@D(ﬂt t,0) = D(a; 4, 0,))*

t=1 |E (a,B) =2

*Z ZZ Z“(u ..... in) F (i) HMR('JerJFk @, Bito,)=

=0 i,=0j=0 j,

Z_Z ZZ Z“(u ..... i) F J)H'A/ITR(I + itk @ Bty o )

'1—0 in=0 =0 jn=

K, m
Z‘,O‘(i1 ..... i) Xy jm)];!:'A/lTR(ir+jr;&r7ﬂr;lur'0r)'
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