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DISSERTATION TOPIC

This thesis aims at a study of transport and multifractal properties of an
disordered electronic systems with magnetic scatters and/or electron-electron
interaction. More precisely, we study dephasing time of conduction electrons,
corrections to conductivity dut to scattering o� quantum magnetic impurities
and pure scaling operators of nonlinear sigma-model. Objectives include
analysis of dephasing time dut to scattering o� quantum dots and application
to experiment, prediction of new e�ects in electron conductivity and �nding
eigen-operators of renormalization group of sigma-model action in two-loop
approximation.

KEY RESULTS AND CONCLUSIONS

The thesis is theoretical. Value of results consists in direct value of in-
vestigation of theoretical models, and also the application to experiments
on electronic transport in low-dimensional systems with magnetic impurity:
possible explanation of the results[18, 25] and prediction of new e�ects in
electronic conductivity. Methods used include nonlinear sigma model, meth-
ods of many-body quantum mechanics, renormalization group analysis.

Key aspects/ideas to be defended:

1. In two-dimensional disordered electronic liquid linear on T rate of
dephasing (due to e-e interaction) can be accompanied by an approximately
Curie-like magnetic susceptibility (due to the localized electronic drops), in
agreement with experiment[18, 25].

2. Dephasing time due to scattering o� a quantum dot near Stoner's
instability with Coulomb blockade and strong spin-orbit interaction τφ(T )
depends on the parity of the number of electrons at low temperatures T �
δ − J , and in the temperature range δ � T � δ − J is insensitive to parity,
i.e. similar to the case of magnetic impurity.

3. In the case of the large g-factor for magnetic impurity compared to
the g-factor for conduction electrons the Altshuler-Aronov correction to con-
ductivity can change signi�cantly.

4. Local eigen-operators without derivatives of renormalization group
for the Finkelstein nonlinear sigma-model can be straightforwardly con-
structed by a simple generalization of the corresponding operators for the
non-interacting case.
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5. The operators found can be expressed as disorder averaged spacial
correlators of single particle Green's functions, or, alternatively local densities
of states.

All given results are obtained by the author personally with direct par-
ticipation of the supervisor.

PUBLICATIONS AND APPROBATION OF

RESEARCH

The results of the thesis are published in 3 Articles:
First-tier publications
1. Inelastic electron scattering o� a quantum dot in the cotunneling

regime: The signature of mesoscopic Stoner instability E. V. Repin and I. S.
Burmistrov Phys. Rev. B 93, 165425

2. Mesoscopic �uctuations of the single-particle Green's function at An-
derson transitions with Coulomb interaction E. V. Repin and I. S. Burmistrov
Phys. Rev. B 94, 245442

3. Quantum corrections to conductivity of disordered electrons due to
inelastic scattering o� magnetic impurities I. S. Burmistrov and E. V. Repin
Phys. Rev. B 98, 045414

CONTENTS

The main objective of Chapter 1 is to consider the in�uence of multi-
electronic droplets with �nite spin on the transport properties of a two-
dimensional electronic system. In particular, we estimate the contribution
to the dephasing due to inelastic electron scattering o� such droplets at
low temperatures (T ). The main motivation is the following: recently such
electronic droplets with spin S ≈ 2 (per one drop) were detected in a 2D elec-
tronic system in Si-MOSFET using thermodynamic measurements of sample
magnetization [18, 25]. In the presence of strong exchange interaction in
a two-dimensional (2D) electronic system at low temperatures, the electron
droplet spin may be �nite due to Stoner mesoscopic instability [12], [15]. The
�nite electron droplet spin leads to Curie type behavior for spin susceptibility.
In these experiments the temperature dependence of the measured magneti-
sation agrees with the Curie's law for spin susceptibility per drop provided
that their concentration is inversely proportional to the temperature [18, 25].
In this chapter we investigate a cross-section of inelastic scattering of elec-
trons o� a metallic quantum dot close to Stoner instability. We will focus on
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the regime of strong Coulomb blockade, in which the scattering cross-section
is dominated by the processes of cotunneling.

The expression for the dephasing time in d = 2 dimension can be written
as[14].

τ−1
φ (T ) = exp

[∫
dε n′F (ε) ln τinel(ε, T )

]
. (1)

where we introduce the rate of inelastic electron scattering as

τ−1
inel(ε, T ) =

ns
ν

∑
σ=±

Aσinel(ε). (2)

where ν denotes the average density of states per one spin for electrons in
an electron �uid surrounding quantum dots and the value of Aσinel(ε) is an
inelastic part of the quantity

Aσtot(ε) =
∑
k

δ(ε− εkσ) Im 〈kσ|T |kσ〉, (3)

which is a scattering cross-section σσtot = 2
vF

Im 〈kσ|T |kσ〉, averaged over the
single-particle density of states in the reservoir (vF is the velocity of electrons
in the reservoir at the Fermi level). The inelastic part is determined by the
fact that the initial and �nal states of the quantum dot are di�erent.

We model electronic droplets with quantum dots. Then the whole system
is described by the following Hamiltonian

H = HQD +HR +HT . (4)

Here the �rst term HQD describes electrons at a quantum dot. We consider
a metallic quantum dot, i.e. with a large dimensionless conductivity, gTh =
ETh/δ � 1, where ETh denotes Thouless energy. In this case, the quantum
dot is accurately described by the so-called universal Hamiltonian [12],[1]:

HQD =
∑
α,σ

εασd
†
ασdασ + Ec(n̂−N0)2 − JS2. (5)

here dασ and d
†
ασ are operators of creation and annihilation of electrons with

energy εασ = εα + µBgLBσ/2 at the quantum dot where σ = ±1 stands
for spin index, gL and µB stand for electronic g-factor and Bohr magneton
respectively. The second term on the right hand side of the Eq. (5) takes
into account the Coulomb blockade. It utilizes the particle number operator,

n̂ =
∑
σ

n̂σ =
∑
α

n̂α =
∑
α,σ

d†ασdασ, (6)
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and external charge N0. The last term in the r.h.s. of Eq. (5) describes
ferromagne�c Heisenberg exchange (J > 0). It is expressed with the operator
of the total spin of the dot,

S =
1

2

∑
α

sα =
1

2

∑
α,σ,σ′

d†ασσσσ′dασ. (7)

Here we do not consider interaction in the Cooper channel, which is respon-
sible for superconducting correlations in quantum dots[19, 29, 30, 21, 20, 26,
2, 16, 17].

Next, the term HR describes the electrons in the reservoir. For simplicity
we ignore the interaction of electrons in the reservoir and write the Hamilto-
nian as

HR =
∑
k,σ

εkσa
†
kσakσ. (8)

here a†ασ and aασ are electron creation and annihilation operators with energy
εkσ = ε(k) +µB g̃LBσ/2 in the reservior, where g̃L denotes the g-factor in the
reservoir. We note that zero energy is set to chemical potential value.

Finally, the term HT takes into account the connection between the quan-
tum dot and the reservoir. We choose it as a standard tunnel Hamiltonian:

HT =
∑
α,σ,k

tαkd
†
ασakσ + h.c. (9)

It should be emphasized that upon tunneling from the quantum dot into the
reservoir or vice versa, there is no spin �ip for an electron. Further we neglect
the in�uence of electrons in the reservoir on the dynamics of the full spin of
the quantum dot (see Ref. [23, 24]).

To calculate the scattering cross-section in the fourth order in tunnel-
ing amplitude w present the basis for exact multi-particle eigenstates |i〉 for
Hamiltonian (5) of the isolated quantum dot: HQD|i〉 = Ei|i〉. Then, cal-
culating the Green's function of electrons at the quantum dot in the second
order in tunneling, we �nd the following result for the full scattering section:

Aσtot(ε) = π[1 + e−βε]
∑
αβγη

∑
i,f,σ′

pi

∫
dε′

Qσ
βα(ε)Qσ′

γη(ε
′)

1 + e−βε′

×〈i|d†γσ′
1

ε′ − Ei +HQD

dασ + dασ
1

ε+ Ei −HQD

d†γσ′ |f〉

×〈f |d†βσ
1

ε′ − Ei +HQD

dησ′ + dησ′
1

ε+ Ei −HQD

d†βσ|i〉

×δ(ε+ Ei − Ef − ε′). (10)
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Here pi = exp(−βEi)/Z, where Z =
∑

i exp(−βEi), is Gibbs probability for
the initial states of the quantum dot, and

Qσ
αβ(ε) =

∑
k

δ(ε− εkσ)tαk t̄kβ. (11)

is a matrix characterizing the tunnel contact. For a multi-level quantum dot,
under the conditions that the charging energy Ec is large, Ec � T, ε, δ, J , and
the external charge N0 has an integer value, omitting the elastic contribution,
i.e. the terms with |i〉 = |f〉, from Eq. (10), we get an inelastic contribution
to the scattering section in the form

Aσinel(ε) =
4π

E2
c

∑
α,γ

∑
f 6=i,σ′

Qγα(ε)Qαγ(ε+ Ei − Ef )

× pi[1 + e−βε]

1 + e−β(ε+Ei−Ef )
〈i|d†ασ′dασ|f〉〈f |d

†
γσdγσ′|i〉

+
4π

E2
c

∑
α 6=γ

∑
f 6=i,σ′

Qαα(ε)Qγγ(ε+ Ei − Ef )

× pi[1 + e−βε]

1 + e−β(ε+Ei−Ef )
〈i|d†γσ′dασ|f〉〈f |d

†
ασdγσ′ |i〉 (12)

We are interested in the case when the energy of the electron before (ε) and
after (ε′ = ε+Ei−Ef ) scattering are small compared to the Fermi energy of
electrons in the reservoir. In this way, we can neglect the energy dependence
in Qαγ. For metallic quantum dots, gTh � 1, tunneling amplitude averaging
over disorder can be done independently of the energy levels of individual
particles εα. Using the following relations (we assume that Qαβ ∝ φαφ̄β,
where φα is a random vector with a Gaussian distribution, that satis�es the
following relations: 〈φαφ̄β〉 = Qδαβ and 〈φαφβ〉 = (2/β − 1)Qδαβ.)

QαγQγα =

{
Q2, α 6= γ,

(2/β)Q2, α = γ,
(13)

and
QααQγγ = Q2, α 6= γ, (14)

where parameter β = 1 and 2 for orthogonal class AI and unitary class A,
correspondingly, we can average the resulting quantities over disorder.

Using all these considerations, for a quantum dot near Stoner instability
with isotropic exchange at high energies ε � Ef , Ei, T → 0 and under
conditions δN0, δJ/[2(δ − J)]� ε� Ec we obtain

Aσinel = 4πQ2N0ε/E
2
c (15)
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For T . δ − J and low energies |ε|, δ − J � δ, J we obtain the following for
inelastic cross-section:

Aσinel(ε) =
4πQ2

E2
c

{(2S + 1)(S + 1)

3
+

1

2
F (ε, E−)

+
2S + 3

2(2S + 1)
F (ε, E+)

}
, (16)

where we introduce a function

F (ε, E) =
2 cosh2(βε/2)

cosh(βε) + cosh(βE)
. (17)

The �rst contribution to Eq.(16) is the elastic spin �ip scattering, the fol-
lowing two correspond to the inelastic scattering with and without the spin
�ip. Note that the contribution to the Eq. (16) due to the elastic spin-�ip
scattering (2S + 1)(S + 1)/3 is greater than the result for magnetic impurity
case, 2S(S + 1)/3. This is due to additional correlations between the ampli-
tudes of the tunneling in the case of orthogonal ensemble (β = 1). Inelastic
cross section at δ � T � δ − J at energies |ε| . δ is

Aσinel(ε) =
4πQ2

E2
c

[
δ(3δ − 2J)

6(δ − J)2
+

T

3(δ − J)

]
. (18)

We emphasize that the inelastic cross-section is greater than the one expected
for the case of magnetic impurity with the spin of the order δ/[2(δ − J)].

Above we assumed that the distance between adjacent single-particle lev-
els at a quantum dot is constant. In general, it's not. Following the Ref.[5]
we take into account �uctuations of single-particle levels near Stoner insta-
bility, δ − J � δ. Then we obtain the average inelastic cross-section at
temperatures T . δ − J and energies ε� δ:

Aσinel(ε) =
4πQ2

E2
c

{
2δ2

3(δ − J)2

[
1 +

2

π2
ln

δ

δ − J

]
+ F

(
ε, 2(δ − J),

δ

π

√
2 ln[δ/(δ − J)]

)}
. (19)

Here we neglect subleading terms compared to the main one in the �rst line
of Eq. (19), which corresponds to the elastic contribution with a spin �ip.
The function F(x, y, z) is de�ned as

F(x, y, z) = 1 +
1

2
erf

(
x− y
z

)
− 1

2
erf

(
x+ y

z

)
, (20)
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where erf(z) = (2/
√
π)
∫ z

0
dt exp(−t2) denotes error function. The expression

(19) is valid under

(1− J/δ)2 � (2/π2) ln
[
δ/(δ − J)

]
� 1. (21)

This limits the value of full spin in the ground state to 2 . S . 70. In
general, the �uctuations of single-particle levels enhance the contribution
of an elastic spin �ip (similar to the enhancement of spin susceptibility [?
5, 13, 22]) and smoothens the jumps of contributions of inelastic spin �ip and
inelastic scattering without a spin �ip.

Now let's consider the behavior of inelastic cross section in the presence
of magnetic �eld B. We assume that in addition to the Zeeman splitting,
this magnetic �eld causes an orbital e�ect and breaks the symmetry with
respect to time reversal. Then the parameter β becomes 2, β = 2. Consider
the case of Zeeman splitting, which is strong compared to temperature, but
small compared to δ, δ � b = µBgLB � T . The absence of degeneracy with
respect to the change of the projection of the full spin makes the contribution
of the elastic spin �ip to the inelastic cross-section exponentially small in the
parameter b/T � 1. The same applies to the contribution due to inelastic
scattering without a spin �ip. Thus, the main contribution to the inelastic
scattering cross section comes from inelastic scattering without a spin �ip.
We �nd the following result for the inelastic cross section at |ε| � δ and
T . (δ − J)� b:

Aσinel(ε) =
4πQ2

E2
c

[
1− nF

(
ε− Eσ(B)

)
+ nF

(
ε+ Eσ̄(B)

)]
. (22)

where the gaps between the ground state with a total spin S and the lowest
multi-particle excited state are denoted as E±(B) = E±∓ b. It is instructive
to compare the results for Aσinel(ε) with and without magnetic �eld. First, the
magnetic �eld suppresses the elastic spin-�ip contribution. Second, instead
of four steps with a height of 1/2 (for a large spin S � 1) at energies E±
and −E± with no magnetic �eld (see Eq. (22)), only two steps with a height
of 1 survive at energies Eσ(B) and −Eσ̄(B). We stress that unlike magnetic
impurity case, inelastic scattering in the presence of Zeeman splitting at
energies |ε| � Eσ(B) is not exponentially small in b/T � 1. For energies
|ε| � Eσ(B) the inelastic scattering cross section is zero at T = 0. Averaging
over the statistics of single-particle levels, we �nd the inelastic cross section
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at |ε| � δ and T . (δ − J)� b� δ as

Aσinel(ε) =
4πQ2

E2
c

[
1 +

1

2
erf

(
π[ε− 2(δ − J)]

δ
√

ln[b/(δ − J)]

)

− 1

2
erf

(
π[ε+ 2(δ − J)]

δ
√

ln[b/(δ − J)]

)]
. (23)

This result is valid under the condition

(δ − J)2 � 1

π2
ln

b

δ − J
� 1. (24)

Left inequality in Eq. (24) means that the e�ective temperature Teff =
(δ/π)

√
ln[b/(δ − J)] smoothing the steps of Aσinel(ε) at Eσ(B) and −Eσ̄(B)

is not too small, Teff � δ−J & T . Right Inequality in Eq. (24) ensures that
full spin �uctuations remain Gaussian.

For a quantum dot with Ising exchange (strong spin-orbit interaction)
without magnetic �eld, the total spin in the ground state is equal to 0 (1/2)
in the case of an even (odd) number of electrons. For an even number of
electrons, since S = 0, the elastic spin �ip scattering vanishes. For T . δ−J
and |ε| . δ, the only contribution to Aσinel(ε) remains due to an inelastic spin
�ip:

Aσ,einel(ε) =
4πQ2

E2
c

[
1− nF

(
ε−∆e

)
+ nF

(
ε+ ∆e

)]
. (25)

Here ∆e = δ− J denotes the gap between the ground state with S = Sz = 0
and the state with S = 1 and Sz = ±1.

In case of an odd number of electrons, since S = 1/2, the ground state
is doubly degenerate. Then the elastic spin �ip scattering is the same as for
a magnetic impurity with a spin of 1/2. In addition, an inelastic spin �ip
contributes to the inelastic cross section. Then for T . δ− J and |ε| . δ we
�nd

Aσ,oinel(ε) =
2πQ2

E2
c

[
1 + 1− nF

(
ε−∆o

)
+ nF

(
ε+ ∆o

)]
. (26)

Here ∆o = 2(δ − J) denotes the gap between the ground state with S = 1/2
and the states with S = 1 and Sz = ±1.

Note the inelastic scattering cross section at |ε| � δ − J is independent
of the parity of the number of electrons in the quantum point,

Aσ,einel(ε) = Aσ,oinel(ε) =
4πQ2

E2
c

. (27)
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Figure 1: Illustration of inelastic transitions with (left column) and without
(right column) spin �ip. The total spin is increased (decreased) by one when
going inside of the top (bottom) row (see text).

In case of temperatures δ � Tδ−J low-lying many-particle states with total
spin S .

√
T/(δ − J) contribute to inelastic section at |ε| . δ. Similar to

the case of low temperatures, the main contribution comes from the inelastic
spin �ip. Then we obtain

Aσinel(ε) =
8πQ2

E2
c

[
∞∑

Sz=−∞

eβ(J−δ)S2
z

]−1 ∞∑
Sz=−∞

eβ(J−δ)S2
z

× F
(
ε, (δ − J)(2Sz + 1)

)
=

8πQ2

E2
c

. (28)

Note that the inelastic cross-section at |ε| ∼ δ and δ � T � δ − J is
twice as big as at T � δ − J . Next, we calculate the observable dephasing
rate. We start the discussion of τφ(T ) with the case of isotropic exchange
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interaction at the quantum dot. Near the Stoner's instability, δ − J � δ, at
temperatures T � δ−J , the inelastic scattering rate Aσinel(ε) is given by Eq.
(16). Performing expansion in small energy-dependent terms, we �nd from
Eq. (1)

τ−1
φ (T ) =

8πnsQ
2

νE2
c

[
(S + 1)(2S + 1)

3
+ βE−e

−βE−

+
2S + 3

2S + 1
βE+e

−βE+

]
(29)

Weak dependence of dephasing rate on temperature is due to the possibility
of inelastic scattering which involves transitions to the lowest many-body
levels of the quantum dot. We also stress that the contribution of the elastic
spin �ip to the dephasing rate di�ers from the standard expression for the
case of magnetic impurity, which is proportional to S(S + 1)/3. We repeat
that this happens due to additional correlations between the amplitudes of
the tunneling for transitions to di�erent levels of the quantum dot. Using
the Eq. (18) at high temperatures δ − J � T � δ we obtain:

τ−1
φ (T ) =

8πnsQ
2

νE2
c

[
δ(3δ − 2J)

6(δ − J)2
+

T

3(δ − J)

]
. (30)

Note that in reality both estimates (29) and (30) are also valid in the dimen-
sionality d = 3. In the presence of Zeeman splitting, the elastic spin �ip is
suppressed. Then, with the help of Eq. (22), we �nd the following estimate
of the dephasing rate at low temperatures T � δ−J and moderate magnetic
�elds, δ � b� δ − J :

τ−1
φ (T ) =

4πe2nsQ
2

νE2
c

[
e−βE+(B) + e−βE−(B)

]
. (31)

It should be noted that the dephasing rate in this case is exponentially small
in temperature, τ−1

φ (T ) ∼ exp(−2β(δ − J)).
In the case of the Ising exchange interaction at the quantum dot τφ(T )

depends on the parity of the number of electrons at low temperatures T �
δ − J . Using the Eq. (25) and (26), we get

τ−1
φ,e(T ) =

8πnsQ
2

νE2
c

e−β∆e (32)

for even number of electrons

τ−1
φ,o(T ) =

4πnsQ
2

νE2
c

[
1 + πe−β∆o

]
(33)
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for an odd number of electrons. At higher temperatures δ � T � δ − J ,
dephasing time becomes insensitive to the parity of electrons:

τ−1
φ (T ) =

16πnsQ
2

νE2
c

. (34)

Thus, the dephasing time due to scattering o� a quantum dot with the Ising
exchange in the temperature range δ � Tδ−J resembles magnetic impurity
case.

We then analyze the experimental consequences. We suppose that there
are some electron droplets in a 2D electron liquid. Then some number of
electrons can be localized in such droplets. We model such a droplet of a size
Ldsize� l� λF with a quantum dot with Heisenberg exchange interaction
J = F σ

0 δ. Here λF denotes the Fermi wavelength. Then at temperatures
T � T? = nsSg/ν, where, we remind, Sg ≈ J/[2(δ − J)] = 1/[2(1 + F σ

0 )� 1
is the total spin of the droplet, the spin sensitivity is expected to be domi-
nated by the Curie type temperature dependence, χ ∼ nsS

2
g/T . Using the

Eq. (30) as an estimate for the contribution to the dephasing rate due to
the scattering o� these spin droplets, we �nd that it dominates the linear
in T contribution at temperatures T � Ts ∼ η2T?, where the parame-
ter η = (Q/Ec)

√
g ∼ gchl/(rsLd

√
g). Provided the interaction parameter

rs ∼ λF/aB ∼ 1, where aB stands for Bohr radius, and g & 1, we �nd
η � 1. Here we use the condition of a small tunnel conductance per channel,
gch � 1. Thus, in the temperature range Ts � T � T? we expect the tem-
perature dependence of spin susceptibility of the Curie type, but the usual,
linear in T , rate of dephasing. The contribution to the dephasing rate due
to electron scattering o� electron droplets with �nite spin will dominate over
the contribution of scattering due to �uctuations in the triplet channel [15]
if the following condition is ful�lled nfls . � η2ns or, equivalently, T? � Ts.
Since the density of spin droplets ns cannot exceed 1/L2

d, the saturation tem-
perature is less than the average distance between levels at the quantum dot,
Ts � δ provided η � 1/

√
Sg. To con�rm our proposal for the existence of

two characteristic temperatures Ts and T?, more detailed information on the
structure and properties of the spin droplets is required.

The main idea of Chapter 2 is to consider logarithmic temperature-
dependent corrections to conductivity of electronic disordered liquids with
rare quantum magnetic impurities in the framework of Born approximation
for inelastic scattering o� magnetic impurities. Unlike previous works, (i) we
have considered the case of very di�erent g-factors for electrons and mag-
netic impurities, |ge| � |gi|; (ii) we focused on the intermediate temperature
range |ge|µBH � T � |gi|µBH; (iii) we took into account electronic in-
teractions in the particle-hole channel. We have discovered that in the Born
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approximation inelastic scattering o� magnetic impurities leads to additional
temperature-dependent correction to conductivity. Also, inelastic scattering
alters Altshuler-Aronov correction to conductivity. Our predictions present
a challenge for experimental studies of low-temperature electron transport in
disordered electron systems with rare magnetic impurities.

We consider a 2-dimensional interacting electron system with short-range
potential disorder. Also, we assume the presence of a weak spin �ip scat-
tering, caused by the exchange interaction of rare magnetic impurities with
electrons, described by the following Hamiltonianom

Hmag = J
∑
j

ψ†(rj)Sjσψ(rj) . (35)

Here σ and Sj mean Paulie matrices and magnetic impurity spin operator at
rj respectively. Electron creation and annihilation operators are denoted as
ψ†(r) and ψ(r). We will consider rare magnetic disorder under the following
assumptions: (i) the impurity positions of rj have the Poisson distribution;
(ii) the impurity spins of Sj are independent but have their own quantum
dynamics. In the absence of magnetic scattering, e�ective �eld theory for
disordered interacting electrons in the di�usive limit, T � 1/τ , where τ
denotes the elastic mean free time, is de�ned in a standard way (see reviews
[10, 4])

Sσ =−
∫
drTr

[ g
32

(∇Q)2 − 4πTZωηQ− iZsbet33Q
]

− πT

4

∑
α,n,r,j

Γj

∫
drTr Iαn trjQTr Iα−ntrjQ. (36)

here 16 matrices trj, j, r = 0, 1, 2, 3 act in a tensor product of spin (index j)
and Nambu (index r) space:

trj = τr ⊗ sj, r, j = 0, 1, 2, 3. (37)

here matrices τ0 and s0 denote 2× 2 unity matrices

τ1/s1 =

(
0 1
1 0

)
, τ2/s2 =

(
0 −i
i 0

)
, τ3/s3 =

(
1 0
0 −1

)
.

An e�ective action (36) utilizes the following matrices

ηαβnm = n δnmδ
αβt00, (Iγk )αβnm = δn−m,kδ

αβδαγt00, (38)

where α, β = 1, . . . , Nr stand for replica indices and n,m indices stand for
Matsubara fermion frequencies εn = πT (2n + 1). Total (including spin)
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dimensionless (in units e2/h) Drude conductivity is denoted as g. The in-
teraction amplitudes Γj (for the singlet channel Γ0 = Γs, and for the triplet
channel Γ1 = Γ2 = Γ3 = Γt) describe an electron-electron interaction in the
particle-hole channel. Next, it will also be convenient to use γj = Γj/Zω
and γs,t = Γs,t/Zω. The parameter Zω takes into account the non-trivial fre-
quency renormalization under renormalization group[8, 7, 9]. Note that the
bare value of Zω is πν/4, where ν denotes the density of states at the Fermi
level. The last term in the �rst line of Eq. (36) describes the e�ect of a par-
allel magnetic �eld on electrons. This term clearly breaks the time-reversal
symmetry. A quantity Zs = Zω + Γt describes the Fermi-Liquid g-factor
enhancement (see [10, 4] for details). Note that in this chapter we neglect
electron-electron interaction in the Cooper channel.

By construction, the matrix Q(r) describes local rotations of the spatially
independent matrix Λ:

Q = T −1ΛT , Λαβ
nm = sgn εn δnmδ

αβt00. (39)

where matrices T satisfy the following symmetry relations:

C(T −1)T = T C, T TC = CT −1, (40)

where C = it12. The symbol T T denotes matrix transpose of T . As a
consequence of Eq. (39) and (40), the matrix Q satis�es a local nonlinear
constraint, Q2(r) = 1, condition TrQ = 0 and charge conjugation condition

Q = Q† = CTQTC. (41)

The following steps must be taken to take into account the contribution
of magnetic impurities to the action. The standard derivation of the sigma-
model action is done with taking into account the addition to the Hamiltonian
(35). Next, the Poisson's statistics averaging over the positions of magnetic
impurities (we neglect the correlations between impurities) is done. Further
we expand the action to the second order in J . Next, we average over the
temperature statistics of the isolated magnetic impurity. As a result, for
an additional contribution to the action due to rare magnetic impurities we
obtain
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Smag =

∫
dr

{
i

2
nsπνJ〈Sz〉S Tr t33Q+

ZωT

4τs0

∑
n

χ+(iωn)

×
[
Tr t−InQt+I−nQ−

1

2
Tr t−InQTr t+I−nQ

]
+

Zω
2τs0

M2

[
Tr t33Qt33Q−

1

2
Tr t33QTr t33Q

]}
, (42)

where t± = t31 ± it32 and

1

τs0
=
ns(πνJ)2S(S + 1)

2Zω
(43)

denotes the classical spin-�ip rate at zero magnetic �eld.
Within the framework of nonlinear sigma-model the static conductivity

can be computed with a Kubo formula:

g′ =− g

16n

〈
Tr[Jαn , Q(r)][Jα−n, Q(r)]

〉
+

g2

64dn

∫
dr′

×
〈

Tr JαnQ(r)∇Q(r) Tr Jα−nQ(r′)∇Q(r′)
〉
, (44)

where d denotes dimensionality, and the limit n→ 0 is assumed, and

Jαn =
t30 − t00

2
Iαn +

t30 + t00

2
Iα−n. (45)

Calculating averages with di�usive modes propagators, obtained from the
second order expansion of the full action in a standard way, in the case of
T � |bi| to the second order of J (�rst order in γsf), in the two-dimensional
case, we �nd for the modi�ed Altshuler-Aronov correction

δgAA =− 1

π

3∑
j=0

[
1− 1 + γj

γj
ln(1 + γj)

]
ln

1

2πTτ

− γsf

π

[1

2
+

1

γs
− 1 + γs

γ2
s

ln(1 + γs)
]

ln
|bi|

2πT

− 2γsf

π

[
1− 1

γt
ln(1 + γt)

]
ln
|bi|

2πT

− γsf

π

[3

2
− 1

γt
+

1− γt
γ2
t

ln(1 + γt)
]

ln
|bi|

2πT
. (46)
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Here Altshuler-Aronov's standard correction for conductivity is presented in
the �rst line. Since the corresponding contribution exists for frequencies
greater than |bi|, the UV cuto� for this correction is the inverse free time
1/τ . The second line describes the correction caused by the inelastic scat-
tering o� magnetic impurities e�ect in the particle-hole singlet channel. The
third line corresponds to the correction from the triplet particle-hole channel
with a total spin projection of ±1. The fourth line describes the correction
of the triplet particle-hole channel with a zero total spin projection. Note
that the corrections proportional to γsf includes ln(|bi|/2πT ) and disappears
in the absence of electronic interaction. We mention that in the standard
Altshuler-Aronov correction (�rst line of the Eq. (46)))) the singlet channel
favors localization (because γs 6 0), while the triplet channel favors anti-
localization (because γt > 0) at low temperature. Corrections proportional
to γsf work in the opposite direction, i.e. the presence of inelastic scattering
o� magnetic impurities reduces the localization (anti-localization) e�ect in
the singlet (triplet) channels respectively. Another correction due to inelastic
scattering

δgsf
2 =

γsf

πγt

[
1− 1

γt
ln(1 + γt)

]
ln
|bi|

2πT
. (47)

We note that this correction is positive, i.e. it works in favour of antilocaliza-
tion at low temperatures. In the absence of electron-electron interaction δgsf

2

is the only correction to conductivity due to inelastic scattering o� magnetic
impurities. It takes the following form:

δgsf
2 →

γsf

2
ln
|bi|

2πT
=

1

2π(S + 1)τs0|bi|
ln
|bi|

2πT
. (48)

This quantum correction works in the opposite direction to the weak local-
ization.

The main idea ofChapter 3 is to analyze the structure of eigen-operators
of the renormalization group of sigma-model action (36). The main motiva-
tion is that in the absence of electron-electron interaction, the eigen-operators
can be found by means of group theoretical analysis. In the presence of in-
teraction the task becomes much more complicated and the solution is not
obvious. We, using the two-loop analysis and the background �eld renor-
malization method, show that the local operators of pure scaling without
derivatives in the nonlinear Finkelstein sigma model can be constructed by a
simple generalization of the corresponding operators for the non-interacting
case. These operators of pure skailing demonstrate multifractal behavior and
describe mesoscopic �uctuations of single-particle Green's function.

17



We consider the following operators: the simplest local operator without
derivatives is given

K1(E) =
1

4
ReP+

1 (E), (49)

where retarded correlation function P+
1 (E) may be obtained from Matsubara

analogue

P1(iεn) = sp〈Qαα
nn〉 (50)

after standard analytic continuation, iεn → E + i0+. Here the symbol sp
denotes the trace over spin and Nambu spaces. There is no summation over
a replica index α. Physically, K1(E) corresponds to the disorder-averaged
LDOS:

K1(E) =
〈ρ(E)〉dis

ρ0

, ρ(E) = − 1

π
ImG+

E(r, r). (51)

Here G+
E(r, r′) is the single-particle Green's function for a given realiza-

tion of disorder. The quantity ρ0 stands for the density of states (including
spin) at the energy E ∼ 1/τ . We note that the energy E is counted from the
Fermi level. Since K1(E) represents the disorder-averaged density of states
this is no surprise that it is pure scaling operator under the action of the
renormalization group.

The local operator without derivatives which involves two Q matrices can
be written as follows

K2(E1, E2) =
1

64

∑
p1,p2=±

p1p2Pα1α2;p1p2
2 (E1, E2). (52)

Here the correlation function Pα1α2;p1p2
2 (E1, E2) can be obtained from the

Matsubara correlation function

Pα1α2
2 (iεn1 , iεn2) =

〈
spQα1α1

n1n1
(r) spQα2α2

n2n2
(r)
〉

+µ2

〈
sp
[
Qα1α2
n1n2

(r)Qα2α1
n2n1

(r)
]〉

(53)

by standard analytic continuation to the real frequencies: εn1 → E1 +
ip10+ and εn2 → E2 + ip20+. Here α1 and α2 are two di�erent �xed replica
indices. The operator K2(E1, E2) is parametrized by a real number µ2. For
µ2 = −2 this operator describes the two-point correlation function of LDOS
averaged over disorder realizations:

K2(E1, E2)
∣∣∣
µ2=−2

= ρ−2
0

〈
ρ(E1, r)ρ(E2, r)

〉
dis
. (54)
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Recently, it was shown within the two-loop approximation to the
Finkel'stein NLSM that the operator K2(E1, E2) in the case of µ2 = −2
is the pure scaling operator [6].

A general operator which involves the number q of matrix �elds Q can
be de�ned as

Kq(E1, . . . , Eq) =
1

23q

∑
p1,...pq=±

(
q∏
j=1

pj

)
×Pα1,...,αq ;p1,...,pq

q (E1, . . . , Eq). (55)

Here Pα1,...,αq ;p1,...,pq
q (E1, . . . , Eq) can be read from the imaginary time cor-

relation function

Pα1,...,αq
q (iεn1 , . . . , iεnq) =

∑
{k1,...,kq}

µk1,...,kq
〈
Ak1,...,kq

〉
,

Ak1,...,kq =

kq∏
r=k1

sp
[
Q
αj1

αj2
nj1

nj2
Q
αj2

αj3
nj2

nj3
. . . Q

αjrαj1
njrnj1

]
, (56)

after an analytic continuation to real frequencies: εnj
. → Ej + ipj0

+. A
sum in Eq. (56) is done over partitions of q, i.e. all sets of positive integers
{k1, . . . , kq} that satisfy the following conditions: k1 + k2 + . . . kq = q and
k1 ≥ k2 ≥ · · · ≥ kq > 0. There is no summation over replica indices that are
all considered di�erent, αj 6= αk if j 6= k for j, k = 1, . . . , q. Next, we choose
the normalization such that µ1,1,1,...,1 = 1. Performing the renormalization
in the minimal subtraction scheme (see, for example, [3]), we obtain the
condition of �niteness of the anomalous dimension of operators with q �elds
Q

µ2
2,1,...,1 + µ2,1,...,1 = 3µ3,1,...,1 + 2µ2,2,...,1 + q(q − 1). (57)

Surprisingly, the equation (57) does not depend on the interaction parameters
γs and γt. This means that Eq. (57) is satis�ed by the sets of {µk1,...,kq}, which
de�ne pure scaling operators in the theory with no interaction [11, 27, 28].
Let us mention that for q = 2 Eq. (57) allows one to determine possible
values of the coe�cient µ2 (equal to -2 and 1) and, therefore, to �nd all
possible operators of pure scaling for q = 2. In order to determine all the
coe�cients of {µk1,...,kq} for q > 3, it is necessary to analyze the next orders
in loop decomposition. We also present arguments based on the method
of background �eld renormalization in favor of that sets {µk1,...,kq} de�ning
pure scaling operators in an non-interacting problem, also de�ne pure scaling
operators in an interacting problem.
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Provided that the Eq. (57) is satis�ed, the anomalous dimension of the
corresponding pure scaling operator in two-loop approximation is given by

ζ(µ)
q = µ2,1,1,...,1

[
t+

t2

2

3∑
j=0

c(γj)
]

+O(t3). (58)

where a function

c(γ) = 2 +
2 + γ

γ
li2(−γ) +

1 + γ

2γ
ln2(1 + γ) (59)

includes polylogarithm li2(x) =
∑∞

k=1 x
k/k2. It should be emphasized that

in a two-loop approximation the anomalous dimension of the pure skaling
operator ζ

(µ)
q is fully determined by one coe�cient µ2,1,1,1,...,1. The critical

index ∆
(µ)
q for the pure scaling operator K(µ)

q is equal to the corresponding

anomalous dimension ζ
(µ)
q at a �xed point.

Also for additional evidence in favor of the main argument that the form
of eigen-operators does not change in the presence of interaction with respect
to the non-interacting case, we analyze the background �eld renormalization
in a single-loop approximation. We also show that the obtained operators can
be expressed as LDOS spatial correlators, which gives a theoretical possibility
to analyze them from an accurate analysis of experimental tunnel microscopy
results. For example, for square operators, as already mentioned, the K(−2)

2

operator can be expressed as the second LDOS moment, see (54).
Another pure scaling operator bilinear in Q can be similarly expressed in

terms of the single-particle Green's function:

K(1)
2 ∝

〈
ImG+

E(r, r) ImG+
E(r′, r′)

− ImG+
E(r′, r) ImG+

E(r, r′)
〉

dis
, (60)

where points r è r′ satisfy the condition

λF � |r − r′| � l, (61)

where λF and l denote Fermi length and mean free path correspondingly.

20



Literature

[1] I. Aleiner, P. Brouwer, and L. Glazman. Quantum e�ects in Coulomb
blockade. Phys. Rep., 358:309, 2002.

[2] Y. Alhassid, K. N. Nesterov, and S. Schmidt. The coexistence of super-
conductivity and ferromagnetism in nano-scale metallic grains. Physica
Scripta, 2012(T151):014047, 2012.

[3] D. J. Amit. Field Theory, the Renormalization Group, and Critical
Phenomena. World Scienti�c, Singapore, 1993.

[4] D. Belitz and T. R. Kirkpatrick. The Anderson-Mott transition. Rev.

Mod. Phys., 66(2):261, 1994.

[5] I. S. Burmistrov, Y. Gefen, and M. N. Kiselev. Exact solution for spin
and charge correlations in quantum dots: E�ect of level �uctuations and
Zeeman splitting. Phys. Rev. B, 85:155311, 2012.

[6] I. S. Burmistrov, I. V. Gornyi, and A. D. Mirlin. Multifractality and
electron-electron interaction at Anderson transitions. Phys. Rev. B,
91:085427, 2015.

[7] A. M. Finkelstein. In�uence of coulomb interaction on the properties of
disordered metals. JETP, 57:97, 1983.

[8] A. M. Finkelstein. On the frequency and temperature dependence of
the conductivity near a metal-insulator transition. JETP Lett., 37:517,
1983.

[9] A. M. Finkelstein. Metal-insulator transition in a disordered system.
JETP, 59:212, 1984.

[10] A. M. Finkelstein. Electron Liquid in Disordered Conductors, volume 14
of Soviet scienti�c reviews. Harwood Academic Publishers, 1990.

21
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