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Let R be a commutative associative ring with a unit. Denote by R∗ its
multiplicative group. Then its MilnorK-groupKM

n (R) of degree n can be de-
fined as the n-th graded component of the quotient of the tensor ring (R∗)⊗•

by a two-sided ideal, generated by elements of the type r ⊗ (1 − r), where
both r and 1− r are invertible. Such elements are called Steinberg relations.

Milnor K-groups are important algebraic invariants that play a funda-
mental role in various domains of algebra and arithmetics, such as class field
theory. Unfortunately, they are usually quite hard to commute, since their
definition involves a delicate interplay between the additive and multiplica-
tive structures in the ring R.

At the same time, the R-module of (absolute) differential forms Ωn
R of

degree n is relatively easy to calculate explicitly. There is a functorial group
homomorphism d log : KM

n (R) → Ωn
R, however in the general case it is far

from being an isomorphism.
Let I ⊂ R be a nilpotent ideal of degree N such that there exists a

section of the quotient map R → R/I that is also a ring homomorphism (in
this case we call the pair (R, I) a split nilpotent extension of the ring R/I).
By definition, the corresponding Milnor K-group KM

n (R, I) is the kernel
of the natural homomorphism KM

n (R) → KM
n (R/I). In 1975 Bloch [4, § 1]

constructed canonical integral of the relative map d log, that is, the functorial
group homomorphism

B : KM
n (R, I) −→ Ωn−1

R,I /dΩ
n−2
R,I , n ⩾ 1 ,

such that there is an equality

d ◦ B = d log : KM
n (R, I) −→ Ωn

R,I .

It was done under the assumption that all the natural numbers from 1 to N
are invertible in R.

Later the combination of results, obtained by Bloch [4, theorem 0.1],
Maazen and Stienstra [22, § 3.12], van der Kallen [18, corollary 8.5] and
Dribus [14] showed that under the additional assumption of R being 5-fold
stable the map B is an isomorphism. This result might be interpreted as a
variant of famous Goodwillie Theorem [8] with Milnor K-groups replacing
algebraic K-groups.

Some time later Gorchinskiy and Osipov [9, Theor. 2.9] proved that the
map B is an isomorphism in the case R = S[ε], I = (ε), where is a formal
variable such that ε2 = 0 and S is a weakly 5-fold stable ring such that
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2 is invertible in it. They applied this result to the study of the higher-
dimensional Contou-Carrère symbol. The approach in [9] was based on the
explicit analysis of elements in Milnor K-groups.

First major result of this paper (which we also call the isomorphism theo-
rem for Bloch map) states that in order for the map B to be an isomorphism
it is enough for R to be weakly 5-fold stable. This result was published in
paper [10], written together with S.O. Gorchinsky (see [10, Theorem 2.12]).
Note that the condition of R being weakly 5-fold stable is substantially more
general that the condition of R being just 5-fold stable (a good example is
a ring of Laurent series with a suitable ring of coefficients). In addition, the
proof of this theorem was carried in a much more simpler way, than the proof
described in the articles mentioned above. In particular, the proof is reduced
to the case of [9, Theor. 2.9] by using the fact that relative Milnor K-groups
and modules of differential forms commute with a certain class of non-filtered
colimits and also applying several new tricks to deal with elements in Milnor
K-groups.

Now let us fix some prime p bigger than two. Note that in case of p-
adically complete ring R with all natural numbers exept the ones divisible
by p being invertible in it, the integration of d log is not possible in general.
However, it turns out that one can define a p-adic equivalent of the Bloch
map B. Moreover, one might actually not regress to the relative case for some
nilpotent ideal. However, in order to do that one must consider the (derived)
p-adic completions of the corresponding modules of differential forms.

Originally, Katou [19, § I.3] defined such a p-adic equivalent of the Bloch
map for the case of smooth schemes over the ring of Witt vectors of some per-
fect field with characteristic p > 2, equipped with a lifting of the Frobenius
homomorphism. (In fact, Katou defined this map for a more general case of
syntomic schemes over the ring of Witt vectors, without any chosen lifting of
the Frobenius homomorphism; in this case the image of this map lies in syn-
tomic cohomologies). The main non-trivial fact here is that the constructed
map satisfies the Steinberg property, that is, it sends all the Steinberg rela-
tions to zero (see [19, proposition I.3.2]). The proof of the Steinberg property
provided by Katou is based on two statements. Firstly, one shows that p-
adic Bloch map in a right way does not depend on the choice of a lifting of
the Frobenius homomorphism (see [19, p. 212]). For this purpose one has
to reduce the syntomic cohomologies to the crystallic ones. Secondly, one
considers the separate case of the ring Zp[x, x

−1, (1− x)−1], equipped with a
lifting of the Frobenius homomorphism that maps x to xp [19, p. 217]. For
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this purpose the proof is reduced to the case of the ring Zp((x)) of Laurent
series. However, we think that the last reduction in [19] is not entirely clear.

Note that (affine) smooth schemes over the ring of Witt vectors, consid-
ered by Katou, can be viewed as a special case of a δ-ring. The notion of a
δ-ring was firstly introduced by Joyal [17] and was later studied by Buium [7],
who called them rings, equipped with p-derivations. The article of Bhatt–
Scholze [2, § 2] can also serve as a great source. Briefly, by a δ-structure on
the ring R one means a map δ : R → R that satisfies the set of certain proper-
ties, from which, in particular, it follows that the map φ : r 7→ rp+ pδ(r) is a
correctly defined endomorphism of the ring R and thus is also a lifting to the
Frobenius homomorphism. Notably, if the ring R has trivial p-torsion, then
the notions of a δ-structure and a lifting of the Frobenius homomorphism are
equivalent.

It is easy to show that a δ-structure on a R allows to define a group
homomorphism φ

pn
on the module Ωn

R, that coincides with the natural action
of φ on Ωn

R after being multiplied by pn and commutes with the differential
map.

Then there exists a canonical integral of the map
(
1− φ

p

)
d log. In other

words for any p-adically complete δ-ring (R, δ) there exists a functorial group
homomorphism

Bδ : (R∗)⊗n −→ DΩ̂
n−1

R /dDΩ̂n−2
R , n ⩾ 1

that satisfies the equality

d ◦ Bδ =
(
1− φ

pn

)
d log : (R∗)⊗n −→ DΩ̂

n

R .

Here, by DΩ̂n
R we denote the derived p-adic completion of the group DΩ̂n

R.
Second major result of this paper (which we call the exictence theorem for

Bloch–Artin–Hasse map) states that the map Bδ quotients through Steinberg
relations. Thus, there is a group homomorphism

Bδ : KM
n (R) −→ DΩ̂

n−1

R /dDΩ̂n−2
R .

The proof of this theorem is explicit and does not use divided powers theory
or chrystallic cohomologies. We call the homomorphism Bδ the Bloch–Artin–
Hasse map, because in case n = 1 the corresponding group homomorphism
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from R∗ to R might be considered as a generalization of the classic Artin–
Hasse logarithm, which is an isomorphism the groups 1 + tZp[[t]]

∼−→ tZp[[t]],

mapping element 1 + t to
∑

p ∤ i(−1)i−1 ti

i
(see [34, § 1]).

Now let R = S⊕I be a split nilpotent extension of S such that both rings
R and S are p-adically complete and have trivial p-torsion and IN = 0 for
some N ∈ N. Suppose that there is a δ-structure on R such that δ(S) ⊂ S
and δ(I) ⊂ I. It is easy to see that the restriction Bloch–Artin–Hasse map
Bδ defines the homomorphism

Bδ :
dK̂M

n+1(R, I) → DΩ̂
n

R,I/d
DΩ̂n−1

R,I .

Analogously to isomorphism theorem for the Bloch map, there is a rea-
son to believe that under some additional assumptions this map is an iso-
morphism. For instance, it is easy to show that if a δ-ring R has trivial
p-torsion and there is also an inclusion δ(I) ⊂ I2 then the corresponding
Bloch–Artin–Hasse map Bδ : 1 + I

∼−→ I is an isomorphism (compare this to
the results of [13], and also compare the particular case of the ring Zp[[t]]
with [34, Proposition 1]).

Our third major result (that we call the isomorphism theorem for the
Bloch–Artin–Hasse map) states that if S is a p-adically complete weakly 5-
fold stable δ-ring with trivial p-torsion, then for any N ∈ N and for any
extension of the δ-structure, such that δ(IN) ⊂ I2N the homomorphism Bδ :
DK̂M

2 (RN , IN) → DΩ̂1
RN ,IN

/dIN is an isomorphism. Here by RN we denote
the ring S[t]/(tN) and by IN — its nilpotent ideal (t). The proof is carried by
induction on N and actively uses the machinery, developed in paper [10]. We
would also like to note that, while the existence theorem for Bloch–Artin–
Hasse map stays true for the case of classic p-adic completion, in order to
achieve this particular result we had to turn to derived p-adic completion,
since classic p-adic completion does not satisfy some necessary conditions that
are required for the proof (for example, the cokernel of a map of p-adically
complete modules can fail to be p-adically complete).

In summary, there is a list of our main results:

(i) Let I ⊂ R be a nilpotent ideal andN ⩾ 1 be a natural number such that
IN = 0. Suppose that the quotient map R → R/I admits a splitting by
a ring homomorphism R/I → R, that N ! is invertible in R, and that R
is weakly 5-fold stable. Then for any natural number n ⩾ 0, the Bloch
map is an isomorphism

B : KM
n+1(R, I)

∼−→ Ωn
R,I/dΩ

n−1
R,I .
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(ii) There exists a group homomorphism

Bδ : KM
n (R) −→ DΩ̂

n−1

R /dDΩ̂n−2
R

that is functorial on the category of p-adically complete δ-rings and
satisfies the equality

d ◦ Bδ =
(
1− φ

pn

)
d log .

(iii) If S is a p-adically complete weakly 5-fold stable δ-ring with trivial
p-torsion, then for any N ∈ N and for any extension of the δ-structure,
such that δ(IN) ⊂ I2N the homomorphism

Bδ :
dK̂M

2 (RN , IN) → DΩ̂1
RN ,IN

/dIN

is an isomorphism.

The thesis is supported by the following papers:

� D.Tyurin, S.Gorchinskiy, “Relative Milnor K-groups and differential
forms of split nilpotent extensions”, Izvestiya: Mathematics, 82:5
(2018), 880-913.

� D.Tyurin, “Generalization of Artin–Hasse logarithm for milnor K-
groups of δ-rings”. The paper is accepted for publication by Sbornik:
Mathematics.
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