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Introduction 

Power indices are used to study electoral bodies and an institutional balance of power in 

these bodies (Aleskerov, 2006; Brams, 1975; Felsenthal and Machover, 1998). As an example of 

power index consider the Banzhaf index (𝐵𝑧), which was introduced in (Banzhaf, 1965).  

Let 𝑁 be a finite set of agents. Any subset of the set 𝑁 is called a coalition. A coalition is 

called winning if the number of its votes is not less than a quota q. An agent 𝑖 is called pivotal in 

winning coalition 𝐴 if coalition 𝐴\{𝑖} is not winning. The set of winning coalitions, where 𝑖 is a 

pivotal agent is denoted as 𝑊𝑖. 

The Banzhaf index (𝐵𝑧) for agent 𝑖 is defined as 

𝐵𝑧𝑖 =
|𝑊𝑖|

∑ |𝑊𝑗|𝑗∈𝑁
 . 

For instance, there are 3 parties in a legislative body – 𝐴, 𝐵, 𝐶. Party 𝐴 has 30 seats, 𝐵 has 

45, 𝐶 has 25 seats, q = 51 (simple majority rule). Thus, the Banzhaf index for 𝐴 is 𝐵𝑧𝐴 =

|{{𝐴,𝐵},{𝐴,𝐶}}|

|{{𝐵,𝐴},{𝐵,𝐶}}|+|{{𝐴,𝐵},{𝐴,𝐶}}|+|{{𝐶,𝐵},{𝐶,𝐴}}|
=

1

3
. For parties 𝐵, 𝐶 there are 𝑃𝐵 = 𝑃𝐶 =

1

3
. 

The Banzhaf and other most used indices are based on the idea that all coalitions can be 

formed. Going back to the previous example let us suppose that party 𝐵 prefers not to coalesce 

with parties 𝐴 and 𝐶. Thus, coalitions {𝐵, 𝐴}, {𝐵, 𝐶} and {𝐴, 𝐵, 𝐶} are not possible. If we try to 

measure the Banzhaf index, we will get for party 𝐴 𝐵𝑧𝐴 =
1

2
, for 𝐶 𝐵𝑧𝐶 =

1

2
, for 𝐵 𝐵𝑧𝐶 = 0. Party 

𝐵 has more seats than 𝐴 and 𝐶, but the influence of party 𝐵 in this legislative body is 0. Note that 

these values are not satisfied an axiomatization of the Banzhaf index (Dubey and Shapley, 1979; 

Laruelle and Valenciano, 2000). Such situations also occur in real political systems (Aleskerov et 

al., 2014). 

Power indices taking into account agents’ preferences to coalesce were introduced in 

(Aleskerov, 2006). These indices are constructed with the function of intensity of each agent. 

Sixteen functions of intensity were introduced in (Aleskerov, 2006). In that paper an 

axiomatization for one function was constructed and posed a problem of an axiomatization for 

other functions of intensity.  
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1. The statement of the problem 

Power index for agent 𝑖 taking into account agents’ preferences is constructed with the 

functions 𝑓(𝑖, 𝑤) of intensity of 𝑖’s connections with other agents from the coalition 𝑤. For agent 

𝑖 ∈ 𝑤, the value 𝑓(𝑖, 𝑤) is a real number, which is constructed by considering the preferences of 

members in coalition 𝑤. In other words, 𝑓: 𝑁 × (2𝑁\∅) → ℝ. 

In (Aleskerov, 2006) for each agent 𝑖 ∈ 𝑁 it is defined the value 

𝜒𝑖 = ∑ 𝑓(𝑖, 𝑤)

𝑤∈𝑊𝑖

. 

In other words, the value 𝜒𝑖 is the aggregated intensity of connection of agent 𝑖 with other 

agents in winning coalitions, where 𝑖 is pivotal. The power index taking into account preferences 

of agent 𝑖 is defined in (Aleskerov, 2006) similarly the Banzhaf index (modification for other 

power indices is introduced in (Sokolova, 2009)) as 

𝛼𝑖 =
𝜒𝑖

∑ 𝜒𝑗𝑗∈𝑁
. 

It can be said that the power index 𝛼𝑖 is the normalized value 𝜒𝑖. 

In (Aleskerov, 2006) it was proposed that the desire of agent 𝑖 to coalesce with agent 𝑗 is a 

real number 𝑝𝑖𝑗 ∈ [0,1], ∀ 𝑖 ∈ 𝑁 ∑ 𝑝𝑖𝑗 = 1𝑗∈𝑁 . The value 𝑝𝑖𝑗 is called the intensity of connection 

𝑖 and 𝑗. Basically, it is allowed that 𝑝𝑖𝑗 ≠ 𝑝𝑗𝑖. Power indices based on values 𝑝𝑖𝑗 are called cardinal 

(Aleskerov, 2006).  

For example, let 𝑁 = {𝐴, 𝐵, 𝐶}, 𝐵 is in bad attitude toward 𝐴 and in very good attitude 

toward 𝐶, 𝐴 is in equally good attitude toward 𝐵 and 𝐶. 𝐶 prefers the agent 𝐴 to 𝐵 for coalescing. 

Thus, the values 𝑝𝑖𝑗 can be the following: 𝑝𝐵𝐴 = 0, 𝑝𝐵𝐶 = 1, 𝑝𝐴𝐵 = 𝑝𝐴𝐶 = 0.5, 𝑝𝐶𝐴 = 0.7, 𝑝𝐶𝐵 =

0.3. 

Consider the following linear functions of intensity for cardinal indices (Aleskerov, 2006): 

• average intensity of 𝑖ʼ𝑠 connection with other agents of coalition 𝑤 

𝑓+(𝑖, 𝑤) =
∑ 𝑝𝑖𝑗𝑗∈𝑤

|𝑤| − 1
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• average intensity of connection of other agents of coalition 𝑤 with 𝑖 

𝑓−(𝑖, 𝑤) =
∑ 𝑝𝑗𝑖𝑗∈𝑤

|𝑤| − 1
 

• average intensity for 𝑖 

𝑓𝑎𝑣𝑔(𝑖, 𝑤) =
1

2
(𝑓+(𝑖, 𝑤) + 𝑓−(𝑖, 𝑤)) 

• average positive intensity in 𝑤 

𝑓+(𝑤) =
∑ 𝑓+(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
 

• average negative intensity in 𝑤 

𝑓−(𝑤) =
∑ 𝑓−(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
 

• average intensity in 𝑤 

𝑓𝑎𝑣𝑔(𝑤) =
∑ 𝑓𝑎𝑣𝑔(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
. 

Note that the last three functions do not depend on agent 𝑖. Thus, for these functions, each 

member in coalition 𝑤 has an equal value with others. 

Consider the function 𝑓+(𝑖, 𝑤). Assume that there are 3 parties in a legislative body – 

𝐴, 𝐵, 𝐶. Party 𝐴 has 50 votes, 𝐵 has 25 votes, 𝐶 has 25 votes, quota q = 51. The values of intensity 

of connections are as follows: 𝑝𝐴𝐵 = 0.4, 𝑝𝐴𝐶 = 0.6, 𝑝𝐵𝐴 = 0.5, 𝑝𝐵𝐶 = 0.5, 𝑝𝐶𝐴 = 0.7, 𝑝𝐶𝐵 =

0.3. Thus, 𝑓+(𝐴, {𝐴, 𝐵}) =
0.4

1
= 0.4, 𝑓+(𝐴, {𝐴, 𝐶}) =

0.6

1
= 0.6, 𝑓+(𝐴, {𝐴, 𝐵, 𝐶}) =

0.4+0.6

2
= 0.5, 

𝑓+(𝐵, {𝐴, 𝐵}) =
0.5

1
= 0.5, 𝑓+(𝐵, {𝐵, 𝐶}) =

0.5

1
= 0.5, 𝑓+(𝐵, {𝐴, 𝐵, 𝐶}) =

1

2
= 0.5, 

𝑓+(𝐶, {𝐴, 𝐶}) =
0.7

1
= 0.7, 𝑓+(𝐶, {𝐵, 𝐶}) =

0.3

1
= 0.3, 𝑓+(𝐶, {𝐴, 𝐵, 𝐶}) =

1

2
= 0.5. 

For this case, the values 𝜒𝑖 for each agent are the following: 𝜒𝐴 = 0.4 + 0.6 + 0.5 = 1.5, 

𝜒𝐵 = 0.5, 𝜒𝐵 = 0.7. Thus, 𝛼𝐴 =
1.5

1.5+0.5+0.7
=

1.5

2.7
=

5

9
, 𝛼𝐵 =

0.5

1.5+0.5+0.7
=

0.5

2.7
=

5

27
, 𝛼𝐶 =

0.7

1.5+0.5+0.7
=

0.7

2.7
=

7

27
. 
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Despite the numbers of the agents’ 𝐵 and 𝐶 votes are equaling, the value of power index 

𝛼𝐵 is higher than the value 𝛼𝐶. The cause of this is that party 𝐶 has the higher value of the intensity 

of connection with coalition {𝐴, 𝐶} than the value of the intensity of connection 𝐵 with coalition 

{𝐴, 𝐵}. 

Note that  

𝑓+(𝑤) ≡
∑ 𝑓+(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
≡ 𝑓−(𝑤) =

∑ 𝑓−(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
≡ 𝑓(𝑤) =

∑ 𝑓𝑎𝑣𝑔(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
. 

Indeed,  

∑ 𝑓+(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
=

∑
∑ 𝑝𝑖𝑗𝑗∈𝑤

|𝑤| − 1𝑖∈𝑤

|𝑤|
=

∑ 𝑝𝑖𝑗𝑖,𝑗∈𝑤

|𝑤| − 1
|𝑤|

=
∑

∑ 𝑝𝑗𝑖𝑖∈𝑤

|𝑤| − 1𝑗∈𝑤

|𝑤|
=

∑ 𝑓−(𝑖, 𝑤)𝑗∈𝑤

|𝑤|
,  

∑ 𝑓+(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
=

∑
∑ 𝑝𝑖𝑗𝑗∈𝑤

|𝑤| − 1𝑖∈𝑤

|𝑤|
=

∑ 𝑝𝑖𝑗𝑖,𝑗∈𝑤

|𝑤| − 1

|𝑤|
=

∑
1
2 (

∑ 𝑝𝑖𝑗𝑗∈𝑤

|𝑤| − 1
+

∑ 𝑝𝑗𝑖𝑗∈𝑤

|𝑤| − 1
)𝑖∈𝑤

|𝑤|

=
∑

1
2 (𝑓+(𝑖, 𝑤) + 𝑓−(𝑖, 𝑤))𝑖∈𝑤

|𝑤|
=

∑ 𝑓𝑎𝑣𝑔(𝑖, 𝑤)𝑖∈𝑤

|𝑤|
. 

Therefore, instead of all indices 𝑓+(𝑤), 𝑓−(𝑤), 𝑓𝑎𝑣𝑔(𝑤) we consider the only one – 

𝑓𝑎𝑣𝑔(𝑤). 

An axiomatization for function 𝑓+(𝑖, 𝑤) was introduced in (Aleskerov, 2006). 

• Axiom 1. For any m-tuple of values (𝑝𝑖1, … , 𝑝𝑖𝑚) there exist a function 𝑓(𝑖, 𝑤), 0 ≤

𝑓(𝑖, 𝑤) ≤ 1, where 𝑓(𝑖, 𝑤) – continuous differentiable function of each of its arguments. 

• Axiom 2. If 𝑝𝑖𝑗 = 0 for any 𝑗, then 𝑓(𝑖, 𝑤) = 0 

• Axiom 3 (Monotonicity). A value of 𝑓(𝑖, 𝑤) increases (decreases) iff any value 𝑝𝑖𝑗 

increases (decreases). Moreover,  

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑖𝑗
= 𝜇𝑖 for any 𝑗 
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and  

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑙𝑗
= 0 for any 𝑙 ≠ 𝑖. 

Theorem 1 (Aleskerov, 2006). 𝑓(𝑖, 𝑤) satisfies Axioms 1-3 iff 𝑓(𝑖, 𝑤) = 𝑓+(𝑖, 𝑤). 

In this article, it is introduced an axiomatization for functions 𝑓−(𝑖, 𝑤), 𝑓𝑎𝑣𝑔(𝑖, 𝑤), 

𝑓𝑎𝑣𝑔(𝑤). 

2. An axiomatization for linear functions of intensity 

Consider the following axioms: 

• Axiom 1. For any m-tuple of values (𝑝𝑖1, … , 𝑝𝑖𝑚) there exist a function 𝑓(𝑖, 𝑤), 0 ≤

𝑓(𝑖, 𝑤) ≤ 1, where 𝑓(𝑖, 𝑤) – continuous differentiable function of each argument. (The 

intensity of connection with other members of the coalition can be evaluated for each 

member 𝑖 and for any 𝑖’s preferences). 

• Axiom 𝟏𝒂. For any k-tuple of values (𝑝1𝑖, … , 𝑝𝑘𝑖) there exist a function 𝑓(𝑖, 𝑤), 0 ≤

𝑓(𝑖, 𝑤) ≤ 1, where 𝑓(𝑖, 𝑤) – continuous differentiable function of each argument. 

• Axiom 𝟏𝒃.  For any 2s-tuple of values (𝑝𝑖1, 𝑝1𝑖 … , 𝑝𝑖𝑠, 𝑝𝑠𝑖) there exist a function 𝑓(𝑖, 𝑤), 

0 ≤ 𝑓(𝑖, 𝑤) ≤ 1, where 𝑓(𝑖, 𝑤) – continuous differentiable function of each argument. 

• Axiom 𝟏𝒄. For any r(r-1)-tuple of values (𝑝12, … , 𝑝1𝑟 , 𝑝21, … , 𝑝𝑟1,, … , 𝑝𝑟 𝑟−1) there exist a 

function 𝑓(𝑤), 0 ≤ 𝑓(𝑤) ≤ 1, where 𝑓(𝑤) – continuous differentiable function of each 

argument. 

• Axiom 2. If 𝑝𝑖𝑗 = 0 for any 𝑝𝑖𝑗 from (𝑝𝑖1, … , 𝑝𝑖𝑚), then 𝑓(𝑖, 𝑤) = 0 (If member 𝑖 is in 

bad attitude toward other members of the coalition, then the intensity of connection 𝑖 with 

others is 0). 

• Axiom 𝟐𝒂. If 𝑝𝑗𝑖 = 0 for any 𝑝𝑗𝑖 from (𝑝1𝑖, … , 𝑝𝑘𝑖), then 𝑓(𝑖, 𝑤) = 0 (If all members of 

the coalition are in bad attitude toward member 𝑖, then the intensity of connection 𝑖 with 

them is 0). 

• Axiom 𝟐𝒃. If 𝑝𝑖𝑗 = 0, 𝑝𝑗𝑖 = 0 for any 𝑝𝑖𝑗 , 𝑝𝑗𝑖 from (𝑝𝑖1, 𝑝1𝑖 … , 𝑝𝑖𝑠, 𝑝𝑠𝑖), then 𝑓(𝑖, 𝑤) =

0 (If member 𝑖 of the coalition is in bad attitude toward other members and they are in bad 

attitude toward 𝑖, then the intensity of connection 𝑖 with them is 0). 
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• Axiom 𝟐𝒄. If 𝑝𝑙𝑚 = 0 for any 𝑝𝑙𝑚 from (𝑝12, … , 𝑝1𝑟 , 𝑝21, … , 𝑝𝑟1,, … , 𝑝𝑟 𝑟−1),

then 𝑓(𝑤) = 0 (If all members of the coalition are in bad attitude toward each other, then 

for each member the intensity of connection with others is 0). 

• Axiom 3 (Monotonicity 1). A value of 𝑓(𝑖, 𝑤) increases (decreases) iff any value 𝑝𝑖𝑗 

increases (decreases). Moreover,  

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑖𝑗
= 𝜇𝑖 for any 𝑝𝑖𝑗 from (𝑝𝑖1, … , 𝑝𝑖𝑚) 

and  

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑙𝑗
= 0 for other cases. 

Equal changes in values of preferences lead to the same changes in the value of intensity. 

• Axiom 𝟑𝒂 (Monotonicity 2). A value of 𝑓(𝑖, 𝑤) increases (decreases) iff any value 𝑝𝑗𝑖 

increases (decreases). Moreover,  

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑗𝑖
= 𝜇𝑖 for any 𝑝𝑗𝑖 from (𝑝1𝑖, … , 𝑝𝑘𝑖) 

and 

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑗𝑙
= 0 for other cases. 

• Axiom 𝟑𝒃 (Monotonicity 3). A value of 𝑓(𝑖, 𝑤) increases (decreases) iff any value 𝑝𝑖𝑗, 

𝑝𝑗𝑖 increases (decreases). Moreover,  

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑖𝑗
=

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑗𝑖
= 𝜇𝑖 for any 𝑝𝑖𝑗, 𝑝𝑗𝑖  from (𝑝𝑖1, 𝑝1𝑖 … , 𝑝𝑖𝑠, 𝑝𝑠𝑖) 

and  

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑖𝑙
=

𝜕𝑓(𝑖, 𝑤)

𝜕𝑝𝑗𝑙
= 0 for other cases. 
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• Axiom 𝟑𝒄 (Monotonicity 4). A value of 𝑓(𝑤) increases (decreases) iff any value 𝑝𝑙𝑚 

increases (decreases). Moreover,  

𝜕𝑓(𝑤)

𝜕𝑝𝑙𝑚
= 𝜇𝑤 for any 𝑝𝑙𝑚 from (𝑝12, … , 𝑝1𝑟 , 𝑝21, … , 𝑝𝑟1,, … , 𝑝𝑟 𝑟−1) 

and 

𝜕𝑓(𝑤)

𝜕𝑝𝑘𝑧
= 0 for other cases. 

Theorem 2. 1. 𝑓(𝑖, 𝑤) satisfies Axioms 1, 2, 3 iff 𝑓(𝑖, 𝑤) = 𝑓+(𝑖, 𝑤);  

2. 𝑓(𝑖, 𝑤) satisfies Axioms 1𝑎, 2𝑎, 3𝑎 iff 𝑓(𝑖, 𝑤) = 𝑓−(𝑖, 𝑤);  

3. 𝑓(𝑖, 𝑤) satisfies Axioms 1𝑏, 2𝑏, 3𝑏 iff 𝑓(𝑖, 𝑤) = 𝑓𝑎𝑣𝑔(𝑖, 𝑤);  

4. 𝑓(𝑤) satisfies Axioms 1𝑐, 2𝑐, 3𝑐 iff 𝑓(𝑤) = 𝑓𝑎𝑣𝑔(𝑤). 

Proof. The proof of this theorem is based on the idea of proving the average rule for 

probabilistic social choice (Intriligator, 1973). 

1. It can be measured the value 𝑓+(𝑖, 𝑤) =
∑ 𝑝𝑖𝑗𝑗∈𝑤

|𝑤|−1
 for each m-tuple (𝑝𝑖1, … , 𝑝𝑖𝑚). Thus, 

𝑓+(𝑖, 𝑤) satisfies the Axiom 1. If in m-tuple (𝑝𝑖1, … , 𝑝𝑖𝑚) all 𝑝𝑖𝑗 = 0, then 
∑ 𝑝𝑖𝑗𝑗∈𝑤

𝑚−1
=

0

𝑚−1
= 0. 

Thus, 𝑓+(𝑖, 𝑤) satisfies the Axiom 2. Since the function 𝑓+(𝑖, 𝑤) is linear with respect to 

arguments 𝑝𝑖1, … , 𝑝𝑖𝑚, then this function satisfies the Axiom 3.  

Consider an arbitrary coalition 𝑤 = {1, … , 𝑚}, an agent 𝑖 ∈ 𝑤, and m-tuple (𝑝𝑖1, … , 𝑝𝑖𝑚). 

By the Axiom 1, it exists 𝑓(𝑖, 𝑤) for the tuple (𝑝𝑖1, … , 𝑝𝑖𝑚), where 𝑓(𝑖, 𝑤) – continuous 

differentiable function of each argument, 0 ≤ 𝑓(𝑖, 𝑤) ≤ 1. Consider a total differential 𝑑𝑓(𝑖, 𝑤). 

By the Axiom 3, 𝑑𝑓(𝑖, 𝑤) = 𝜇𝑖 ∑ 𝑑𝑝𝑖𝑗𝑗∈𝑤 ⇔ ∫ 𝑑𝑓 = 𝜇𝑖 ∑ ∫ 𝑑𝑝𝑖𝑗𝑗∈𝑤 ⇔ 𝑓(𝑖, 𝑤) = 𝐶𝑖 +

𝜇𝑖 ∑ 𝑝𝑖𝑗𝑗∈𝑤 . If all 𝑝𝑖𝑗 = 0, 𝑗 ∈ 𝑤, then, by the Axiom 2, 𝑓(𝑖, 𝑤) = 0 = 𝐶𝑖. Thus, 𝑓(𝑖, 𝑤) =

𝜇𝑖 ∑ 𝑝𝑖𝑗𝑗∈𝑤 . Expect that condition ∀ 𝑖 ∈ 𝑁 ∑ 𝑝𝑖𝑗 = 1𝑗∈𝑁  is violated. If we prove the uniqueness of 

function 𝑓+(𝑖, 𝑤) for this case, then this function is unique for the case with condition ∀ 𝑖 ∈

𝑁 ∑ 𝑝𝑖𝑗 = 1𝑗∈𝑁 . If all 𝑝𝑖𝑗 = 1, 𝑗 ∈ 𝑤, then, by monotonicity, 𝑓(𝑖, 𝑤) = 1. Thus, 1 =

𝜇𝑖 ∑ 𝑝𝑖𝑗 = 𝜇𝑖(𝑚 − 1) ⇒ 𝑓(𝑖, 𝑤)𝑗∈𝑤 =
∑ 𝑝𝑖𝑗𝑗∈𝑤

|𝑤|−1
= 𝑓+(𝑖, 𝑤). 
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2. It can be measured the value 𝑓−(𝑖, 𝑤) =
∑ 𝑝𝑗𝑖𝑗∈𝑤

|𝑤|−1
 for each k-tuple (𝑝1𝑖, … , 𝑝𝑘𝑖). Thus, 

𝑓−(𝑖, 𝑤) satisfies the Axiom 1𝑎. If in k-tuple (𝑝1𝑖, … , 𝑝𝑘𝑖) all 𝑝𝑗𝑖 = 0, 𝑗 ∈ 𝑤, then 
∑ 𝑝𝑗𝑖𝑗∈𝑤

𝑚−1
=

0

𝑚−1
=

0. Thus, 𝑓−(𝑖, 𝑤) satisfies the Axiom 2𝑎. Since the function 𝑓−(𝑖, 𝑤) is linear with respect to 

arguments 𝑝1𝑖, … , 𝑝𝑘𝑖, then this function satisfies the Axiom 3𝑎. 

Consider an arbitrary coalition 𝑤 = {1, … , 𝑘}, an agent 𝑖 ∈ 𝑤, and k-tuple (𝑝1𝑖, … , 𝑝𝑘𝑖). By 

the Axiom 1𝑎, it exists 𝑓(𝑖, 𝑤) for the tuple (𝑝1𝑖, … , 𝑝𝑘𝑖), where 𝑓(𝑖, 𝑤) – continuous differentiable 

function of each argument, 0 ≤ 𝑓(𝑖, 𝑤) ≤ 1. Consider a total differential 𝑑𝑓(𝑖, 𝑤). By the Axiom 

3𝑎, 𝑑𝑓(𝑖, 𝑤) = 𝜇𝑖 ∑ 𝑑𝑝𝑗𝑖𝑗∈𝑤 ⇔ ∫ 𝑑𝑓 = ∫ 𝜇𝑖 ∑ 𝑑𝑝𝑗𝑖𝑗∈𝑤 = 𝜇𝑖 ∑ ∫ 𝑑𝑝𝑗𝑖𝑗∈𝑤 ⇔ 𝑓(𝑖, 𝑤) = 𝐶𝑖 +

𝜇𝑖 ∑ 𝑝𝑗𝑖𝑗∈𝑤 . If all 𝑝𝑗𝑖 = 0, 𝑗 ∈ 𝑤, then, by the Axiom 2𝑎, 𝑓(𝑖, 𝑤) = 0 = 𝐶𝑖. Thus, 𝑓(𝑖, 𝑤) =

𝜇𝑖 ∑ 𝑝𝑗𝑖𝑗∈𝑤 . If all 𝑝𝑗𝑖 = 1, 𝑗 ∈ 𝑤, then, by monotonicity, 𝑓(𝑖, 𝑤) = 1. Thus, 1 = 𝜇𝑖 ∑ 𝑝𝑗𝑖 =𝑗∈𝑤

𝜇𝑖(𝑘 − 1) ⇒ 𝑓(𝑖, 𝑤) =
∑ 𝑝𝑗𝑖𝑗∈𝑤

|𝑤|−1
= 𝑓−(𝑖, 𝑤). 

 

3. It can be measured the value 
1

2
(𝑓+(𝑖, 𝑤) + 𝑓−(𝑖, 𝑤)) for each 2s-tuple 

(𝑝𝑖1, 𝑝1𝑖 … , 𝑝𝑖𝑠, 𝑝𝑠𝑖). Thus, 𝑓𝑎𝑣𝑔(𝑖, 𝑤) satisfies the Axiom 1𝑏. If in 2s-tuple (𝑝𝑖1, 𝑝1𝑖 … , 𝑝𝑖𝑠, 𝑝𝑠𝑖) all 

𝑝𝑖𝑗 = 𝑝𝑗𝑖 = 0, 𝑗 ∈ 𝑤, then 
1

2
(𝑓+(𝑖, 𝑤) + 𝑓−(𝑖, 𝑤)) =

0

2
= 0. Thus, 𝑓𝑎𝑣𝑔(𝑖, 𝑤) satisfies the Axiom 

2𝑏. Since the function 𝑓𝑎𝑣𝑔(𝑖, 𝑤) is linear with respect to arguments 𝑝𝑖1, 𝑝1𝑖 … , 𝑝𝑖𝑠, 𝑝𝑠𝑖, then this 

function satisfies the Axiom 3𝑏. 

Consider an arbitrary coalition 𝑤 = {1, … , 𝑠}, an agent 𝑖 ∈ 𝑤, and 2s-tuple 

(𝑝𝑖1, 𝑝1𝑖 … , 𝑝𝑖𝑠, 𝑝𝑠𝑖). By the Axiom 1𝑏, it exists 𝑓(𝑖, 𝑤) for the tuple (𝑝𝑖1, 𝑝1𝑖 … , 𝑝𝑖𝑠, 𝑝𝑠𝑖), where 

𝑓(𝑖, 𝑤) – continuous differentiable function of each argument, 0 ≤ 𝑓(𝑖, 𝑤) ≤ 1. Consider a total 

differential 𝑑𝑓(𝑖, 𝑤). By the Axiom 3𝑏, 𝑑𝑓(𝑖, 𝑤) = 𝜇𝑖 ∑ 𝑑(𝑝𝑗𝑖) + 𝜇𝑖 ∑ 𝑑(𝑝𝑖𝑗)𝑗∈𝑤𝑗∈𝑤 ⇔ ∫ 𝑑𝑓 =

∫ 𝜇𝑖(∑ 𝑑𝑝𝑗𝑖 + ∑ 𝑑(𝑝𝑖𝑗))𝑗∈𝑤𝑗∈𝑤 ⇔ 𝑓 = 𝐶𝑖 + 𝜇𝑖(∑ 𝑝𝑗𝑖𝑗∈𝑤 + ∑ 𝑝𝑖𝑗𝑗∈𝑤 ). If all 𝑝𝑖𝑗 = 𝑝𝑗𝑖 = 0, 𝑗 ∈ 𝑤, 

then, by the Axiom 2𝑏, 𝑓(𝑖, 𝑤) = 0 = 𝐶𝑖. Thus, 𝑓(𝑖, 𝑤) = 𝜇𝑖(∑ 𝑝𝑗𝑖 + ∑ 𝑝𝑖𝑗𝑗∈𝑤 )𝑗∈𝑤 . Expect that 

condition ∀ 𝑖 ∈ 𝑁 ∑ 𝑝𝑖𝑗 = 1𝑗∈𝑁  is violated. If we prove the uniqueness of function  𝑓(𝑖, 𝑤) for this 

case, then this function is unique for the case with condition ∀ 𝑖 ∈ 𝑁 ∑ 𝑝𝑖𝑗 = 1𝑗∈𝑁 . If all 

𝑝𝑖𝑗 = 𝑝𝑗𝑖 = 1, 𝑗 ∈ 𝑤, then, by monotonicity, 𝑓(𝑖, 𝑤) = 1. Thus, 1 = 𝜇𝑖(∑ 𝑝𝑗𝑖 + ∑ 𝑝𝑖𝑗𝑗∈𝑤 ) =𝑗∈𝑤

𝜇𝑖2(𝑠 − 1) ⇒ 𝑓(𝑖, 𝑤) =
∑ 𝑝𝑗𝑖+∑ 𝑝𝑖𝑗𝑗∈𝑤𝑗∈𝑤

2(|𝑤|−1)
=

1

2
(𝑓+(𝑖, 𝑤) + 𝑓−(𝑖, 𝑤)). 
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4. It can be measured the value 
∑ 𝑓(𝑖,𝑤)𝑖∈𝑤

|𝑤|
 for each r(r-1)-tuple 

(𝑝12, … , 𝑝1𝑟 , 𝑝21, … , 𝑝𝑟1,, … , 𝑝𝑟 𝑟−1). Thus, 𝑓𝑎𝑣𝑔(𝑤) satisfies the Axiom 1𝑐. If in r(r-1)-tuple 

(𝑝12, … , 𝑝1𝑟 , 𝑝21, … , 𝑝𝑟1,, … , 𝑝𝑟 𝑟−1) all 𝑝𝑖𝑗 = 0, 𝑖, 𝑗 ∈ 𝑤, then 𝑓𝑎𝑣𝑔(𝑤) =
0

𝑟
= 0. Thus, 𝑓𝑎𝑣𝑔(𝑤) 

satisfies the Axiom  2𝑐. Since the function 𝑓𝑎𝑣𝑔(𝑤) is linear with respect to arguments 

𝑝12, … , 𝑝1𝑟, 𝑝21, … , 𝑝𝑟1,, … , 𝑝𝑟 𝑟−1, then this function satisfies the Axiom 3𝑐. 

Consider an arbitrary coalition 𝑤 = {1, … , 𝑟}, an agent 𝑖 ∈ 𝑤, and r(r-1)-tuple 

(𝑝12, … , 𝑝1𝑟 , 𝑝21, … , 𝑝𝑟1,, … , 𝑝𝑟 𝑟−1). By the Axiom 1𝑐, it exists 𝑓(𝑤) for the tuple 

(𝑝12, … , 𝑝1𝑟 , 𝑝21, … , 𝑝𝑟1,, … , 𝑝𝑟 𝑟−1), where 𝑓(𝑤) – continuous differentiable function of each 

argument, 0 ≤ 𝑓(𝑖, 𝑤) ≤ 1. Consider a total differential 𝑑𝑓(𝑤). By the Axiom 3𝑐, 𝑑𝑓(𝑤) =

𝜇𝑤 ∑ 𝑑(𝑝𝑖𝑗)𝑖,𝑗∈𝑤 ⇔ ∫ 𝑑𝑓 = ∫ 𝜇𝑤(∑ 𝑑𝑝𝑖𝑗𝑖,𝑗∈𝑤 ) = 𝜇𝑤 ∑ ∫ 𝑑𝑝𝑖𝑗𝑖,𝑗∈𝑤 ⇔ 𝑓 = 𝐶𝑤 + 𝜇𝑤(∑ 𝑝𝑖𝑗𝑖,𝑗∈𝑤 ). 

If all 𝑝𝑖𝑗 = 0, 𝑖, 𝑗 ∈ 𝑤, then, by the Axiom 2𝑐, 𝑓(𝑤) = 0 = 𝐶𝑤. Thus, 𝑓(𝑤) = 𝜇𝑤 ∑ 𝑝𝑗𝑖𝑖,𝑗∈𝑤 . 

Expect that condition ∀ 𝑖 ∈ 𝑁 ∑ 𝑝𝑖𝑗 = 1𝑗∈𝑁  is violated. If we prove the uniqueness of function 

𝑓(𝑤) for this case, then this function is unique for the case with condition ∀ 𝑖 ∈ 𝑁 ∑ 𝑝𝑖𝑗 = 1𝑗∈𝑁 . 

If all 𝑝𝑖𝑗 = 1, 𝑖, 𝑗 ∈ 𝑤, then, by monotonicity, 𝑓(𝑤) = 1. Thus, 1 = 𝜇𝑤(∑ 𝑝𝑗𝑖𝑖,𝑗∈𝑤 ) =

𝜇𝑤𝑟(𝑟 − 1) ⇒ 𝑓(𝑤) =
∑ 𝑝𝑗𝑖𝑖,𝑗∈𝑤

|𝑤|(|𝑤|−1)
=

∑ 𝑓𝑎𝑣𝑔(𝑖,𝑤)𝑖∈𝑤

|𝑤|
. 

Note that all considered linear functions of intensity can be presented by the axioms with 

slightly changed conditions. The list of conditions is given in Table 1, where “+” means that a 

function satisfies chosen axiom. 

Table 1: List of conditions 

 

 

  

  

   

Function/axiom 𝟏 𝟏𝒂 𝟏𝒃 𝟏𝒄 2 𝟐𝒂 𝟐𝒃 𝟐𝒄 3 𝟑𝒂 𝟑𝒃 𝟑𝒄 

𝑓+(𝑖, 𝑤) +    +    +    

𝑓−(𝑖, 𝑤)  +    +    +   

𝑓𝑎𝑣𝑔(𝑖, 𝑤)   +    +    +  

𝑓𝑎𝑣𝑔(𝑤)    +    +    + 
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3. Example 

Assume that 𝑁 = {𝐴, 𝐵, 𝐶, 𝐷}, 𝑝𝐴𝐵 = 0.4, 𝑝𝐴𝐶 = 0.5, 𝑝𝐴𝐷 = 0.1, 𝑝𝐵𝐴 = 0.2, 𝑝𝐵𝐶 =

0.5, 𝑝𝐵𝐷 = 0.3 𝑝𝐶𝐴 = 0.6, 𝑝𝐶𝐵 = 0.2,  𝑝𝐶𝐷 = 0.2, 𝑝𝐷𝐴 = 0.2, 𝑝𝐷𝐵 = 0.2, 𝑝𝐷𝐶 = 0.6. Consider the 

coalition �̇� = {𝐴, 𝐵, 𝐶} and evaluate the values of linear functions for this coalition and each agent 

in �̇�.  

𝑓+(𝐴, �̇�) =
∑ 𝑝𝑖𝑗𝑗∈�̇�

|�̇�| − 1
=

𝑝𝐴𝐵 + 𝑝𝐴𝐶

2
=

0.9

2
= 0.45 

𝑓−(𝐴, �̇�) =
∑ 𝑝𝑗𝑖𝑗∈�̇�

|�̇�| − 1
=

𝑝𝐵𝐴 + 𝑝𝐶𝐴

2
=

0.8

2
= 0.4 

𝑓+(𝐵, �̇�) =
∑ 𝑝𝑖𝑗𝑗∈�̇�

|�̇�| − 1
=

𝑝𝐵𝐴 + 𝑝𝐵𝐶

2
=

0.7

2
= 0.35 

𝑓−(𝐵, �̇�) =
∑ 𝑝𝑗𝑖𝑗∈�̇�

|�̇�| − 1
=

𝑝𝐴𝐵 + 𝑝𝐶𝐵

2
=

0.6

2
= 0.3 

𝑓+(𝐶, �̇�) =
∑ 𝑝𝑖𝑗𝑗∈�̇�

|�̇�| − 1
=

𝑝𝐶𝐴 + 𝑝𝐶𝐵

2
=

0.8

2
= 0.4 

𝑓−(𝐶, �̇�) =
∑ 𝑝𝑗𝑖𝑗∈�̇�

|�̇�| − 1
=

𝑝𝐴𝐶 + 𝑝𝐵𝐶

2
=

1

2
= 0.5 

𝑓𝑎𝑣𝑔(𝐴, �̇�) =
1

2
(𝑓+(𝐴, �̇�) + 𝑓−(𝐴, �̇�)) =

1

2
(0.45 + 0.4) = 0.425 

𝑓𝑎𝑣𝑔(𝐵, �̇�) =
1

2
(𝑓+(𝐵, �̇�) + 𝑓−(𝐵, �̇�)) =

1

2
(0.35 + 0.3) = 0.325 

𝑓𝑎𝑣𝑔(𝐶, �̇�) =
1

2
(𝑓+(𝐶, �̇�) + 𝑓−(𝐶, �̇�)) =

1

2
(0.4 + 0.5) = 0.45 

𝑓+(�̇�) = 𝑓−(�̇�) = 𝑓𝑎𝑣𝑔(�̇�) =
∑ 𝑓𝑎𝑣𝑔(𝑖, �̇�)𝑖∈�̇�

|�̇�|
=

1.2

3
= 0.4 

4. Conclusion 

In this article, we consider linear functions of intensity for cardinal indices. It is constructed 

the axiomatization for each linear function and proved the theorem. It is shown that the 

axiomatization for all linear functions can be defined by the axioms with slightly changed 

conditions. 
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