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1 Introduction

1.1 Topic of the thesis

Doubly stochastic variational inference [1; 2] is one of the main tools in
modern Bayesian deep learning. This work extends doubly stochastic varia-
tional inference to new classes of models. The first class are the models based
on variational dropout [3]. This work refines the variational lower bound pro-
posed in the original work, removes the imposed limitations on the parameter
space and exposes a number of new counter-intuitive properties of the varia-
tional dropout model. Further, we extend doubly stochastic variational infer-
ence to a broad class of semi-implicit distributions [4]. The proposed doubly
semi-implicit variational inference algorithm defines a proper variational lower
bound that is suitable for semi-implicit posterior approximations and prior dis-
tributions. This work also investigates the properties and potential applications
of the proposed procedure.

Actuality of the work. Machine learning allows to obtain high-quality
solutions to ill-posed or loosely defined problems. The field of machine learn-
ing provides a set of tools that allow to automatically build complex algorithms
based on data and domain knowledge. The versatility and effectiveness of ma-
chine learning models made them ubiquitous in a large variety of academic
and industrial applications such as automated decision making, computer vi-
sion, analyzing, manipulating and generating natural data such as images or
speech, and many others [5]. Before the discussion of the contributions we
first need to set up the context of this work.

This work focuses on parametric machine learning models. Such models
are typically defined by a parametric function or an algorithm that uses the in-
puts and the parameters of the model, and transforms them into the outputs of
the model. For example, in a classification problem, the inputs might contain
feature representations of objects, the parameters might contain the weights
of a neural network, and the outputs might be the estimated probabilities for
each class. To train such a model means to find the value of the parameters
that achieve the best possible value of the chosen objective function given the
training data. The objective function is typically constructed from a data term,
which determines how well the data fits the particular set of parameters, and
regularization terms that promote other desirable properties of the solution,
such as sparsity or smoothness. Direct computation and optimization of these
objective functions is often prohibitively computationally expensive, so differ-
ent techniques such as Monte Carlo sampling and stochastic gradient descent
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are used to estimate and optimize these objective functions approximately. In
this work we study an important family of such objective functions, the vari-
ational evidence lower bounds [1; 6], and propose new ways to estimate them
and their gradients, lifting some of the common restrictions on the variational
lower bounds and the models they are applied to.

This work heavily relies on the Bayesian approach to machine learn-
ing [7]. In the Bayesian formalism the model is defined as a set of proba-
bility distributions over the involved variables, and the structure that ties them
all together. These distributions usually include the likelihood, or the prob-
abilistic distribution of the labels given the input and the model parameters.
This typically corresponds to the data term of the objective function in con-
ventional machine learning models. They also include the prior distribution of
the parameters of the model, incorporating our domain knowledge, prior data
or other biases that we might want to introduce. This typically corresponds to
the regularization term of conventional models. Together the likelihood and
the prior define the joint distribution over the labels and the parameters of the
model given the input data. Instead of training, the Bayesian formalism dic-
tates us to perform Bayesian inference, i.e. to obtain the posterior distribution
of the model parameters given the training data. The posterior distribution in-
corporates all relevant information from the training data and represents our
uncertainty about the model parameters. Then, in order to obtain the predic-
tions for a new test object, one needs to average the predictions of the model
over the posterior distribution. In theory, this approach has a number of benefits
over conventional machine learning models. Conventional machine learning
techniques typically result in a single model, usually corresponding to a maxi-
mum likelihood estimate or a maximum a posteriori estimate of a probabilistic
machine learning model. The Bayesian approach, however, provides us with
an infinitely large weighted ensemble of models, defined by the posterior dis-
tribution, and ensemble models are known for their improved robustness and
better prediction performance. It also provides a way to incorporate domain
knowledge or other biases in a principled way by defining a prior distribution
over the model parameters. The posterior distribution can also serve as a com-
pressed representation of the training data and can be refined when new data
arrives without retraining the model from scratch and without suffering from
catastrophic forgetting like conventional machine learningmethods [8; 9]. This
process is known as Bayesian incremental learning, which simply means us-
ing the obtained posterior distribution as a prior distribution while performing
inference with a new set of data.
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Unfortunately, exact Bayesian inference is only possible with a very lim-
ited set of models. For example, when the model is defined using a deep neural
networks with a billion of parameters, performing Bayesian inference would
involve the computation of an intractable billion-dimensional integral. Thus,
modern Bayesian methods, especially applied to deep neural networks, rely
on various approximate inference techniques. There are two main approaches
to Bayesian deep learning. One approach uses modern gradient-based MCMC
techniques such as the stochastic gradient Langevin dynamics (SGLD) [10] and
its extensions [11; 12] to obtain samples from the posterior distribution, by-
passing the need to construct the distribution itself. Another approach is based
on stochastic variational inference [1; 13], where the posterior distribution is
approximated by a simple parametric family of distributions. This approxi-
mation is carried out by recasting the inference problem as an optimization
problem that has a similar complexity and structure as the training process of
conventional models. Both approaches have their benefits and shortcomings.
Modern gradient-based MCMC techniques suffer from highly correlated sam-
ples and, consequentially, low effective sample size. They are less suited for
some applications, e.g. it is not clear how to reuse the posterior samples for
Bayesian incremental learning. They also have a high memory footprint, es-
sentially requiring to store numerous instances of trainedmodels. However, the
resulting sample-based approximation of the posterior distribution is typically
more accurate than the parametric approximation obtained by variational infer-
ence techniques. On the other hand, variational inference techniques provide
a compressed representation of the posterior distribution and allow to obtain
infinitely many samples on demand without retraining the model. The con-
structed variational distribution can be reused as a prior distribution, allowing
for approximate Bayesian incremental learning. However, the predictive per-
formance heavily depends on the richness of the approximation family, while
variational inference is only practical with simple approximations. For exam-
ple, the fully-factorized Gaussian distribution remains one of the most popular
approximation families. Both MCMC-based and VI-based approaches have
the same structure as conventional training algorithms. They typically require
using specific objective functions and injecting specific random noise either
during the forward pass (in case of VI) or during the backward pass (in case of
MCMC). Existing conventional models can often be easilymodified to undergo
Bayesian treatment, and the approximate inference techniques can benefit from
the rich selection of tricks developed by the deep learning community to aid
with training of deep neural networks.
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Many existing deep learning techniques employ some kind of parameter,
activation or gradient noise during training as a heuristic to reduce overfitting.
For example, dropout [14] and its variants introduce Bernoulli or Gaussianmul-
tiplicative noise on the parameter or activation level. Batch normalization [15]
implicitly introduces noise in the activations by adding a dependency on a ran-
dom selection of objects in the minibatch. Given the form of the noise, it is pos-
sible to reverse engineer these techniques and show that they actually perform
variational inference with a specific kind of noise in a model with a specific
prior distribution. This recasting as Bayesian inference then provides us with
a number of consequences. First of all, instead of obtaining a single model we
now obtain an approximate posterior distribution, so we can perform posterior
averaging during test-time evaluation. This provides a powerful insight: any
stochasticity used during training can be averaged out during testing, typically
resulting in better robustness and predictive performance. Secondly, some of
the hyperparameters, e.g. the dropout rate, now become variational parame-
ters, meaning that we can and should optimize the objective w.r.t. them [3].
Because we can now employ gradient optimization to tune these parameters,
we are not limited by the complexity of cross-validation and can, for exam-
ple, find a separate optimal dropout rate for each layer or even for each single
weight. This way the Bayesian treatment can give us a powerful mechanism of
automatic hyperparameter tuning. Finally, since we now understand the true
nature of the process, we can make changes to it, choosing a different prior
distribution, a different posterior approximation or tweaking the approximate
inference technique.

Among other things, doubly stochastic variational inference relies on the
calculation of the Kullback-Leibler divergence between the approximate poste-
rior and the prior distribution. It makes the available selection of prior and ap-
proximate posterior distributions limited. Variational dropout, one of the most
wide-acclaimed examples of Bayesian neural networks, uses the improper log-
uniform prior. It is the only prior distribution that has the properties, desired by
the authors, and the KL divergence between their approximate posterior (a fully
factorized Gaussian) and this prior is intractable. Therefore the authors use a
polynomial approximation that is only accurate at a limited range of variational
parameters, heavily limiting the already crude posterior approximation. In this
work we lift these limitations by proposing a different approximation that is
accurate on the full range of variational parameters. After these limitations
have been lifted, we have conducted a broad study of the variational dropout
model at the full range of its variational parameters, and have discovered that
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variational dropout sparsifies deep neural networks, allowing for high levels of
model compression. We have also discovered that by limiting the variational
approximation in a different way we can get rid of a class of local optima and
obtain variance networks, a model with zero-mean variance-only latent feature
representations that can provide diverse samples from the approximate poste-
rior, allowing for effective posterior averaging and resulting in a highly robust
ensemble.

Doubly stochastic variational inference is typically limited to explicit dis-
tributions, or distributions with a closed-form expression for probabilistic den-
sity. If the approximate posterior and the prior are explicit, and the approx-
imate posterior is reparameterizable, it is possible to estimate the value and
the gradients of the KL divergence. However, the family of explicit reparam-
eterizable distributions is still fairly limited. It this work, we extend doubly
stochastic variational inference to work with semi-implicit approximate pos-
teriors and priors. Semi-implicit distributions [4] are a broad family of repa-
rameterizable distributions that generally do not have closed-form expressions
for density. Semi-implicit distributions are defined as infinite mixtures of ex-
plicit distributions with an arbitrary mixture distribution and can approximate
any implicit distribution to a given precision. They can rely on universal ap-
proximators such as deep neural networks and in theory can approximate any
given distribution. We present doubly semi-implicit variational inference, a
new family of variational lower bounds for models with semi-implicit approx-
imate posteriors and priors. The proposed bounds are asymptotically exact and
can be used to estimate the variational lower bound up to a given precision.
Among other advanced methods for variational inference, DSIVI has a number
of advantages. Unlike unbiased implicit variational inference (UIVI [16]) and
operator variational inference (OPVI [17]), it supports both semi-implicit ap-
proximate posteriors and semi-implicit priors. Unlike density ratio estimation
techniques (DRE, e.g. adversarial variational Bayes [18]) and kernel implicit
variational inference (KIVI [19]), DSIVI optimizes a proper variational lower
bound, whereas DRE techniques and KIVI optimize a biased surrogate with no
reliable way to estimate the bias. DSIVI has less restrictions on the mixing dis-
tribution, which has to be explicit in UIVI and hierarchical variational inference
(HVI [20; 21]). Since the approximate posterior and the prior distributions in
DSIVI lie in the same general family, the resulting semi-implicit approximate
posterior can be reused as a prior distribution in Bayesian incremental learning.
Finally, even when the KL divergence can be estimated directly, DSIVI bounds
can be useful to reduce the required complexity. For example, it is known that
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the aggregated posterior distribution is the optimal prior for the variational au-
toencoder [1]. However, the complexity of obtaining a single estimate of the
KL divergence between the approximate posterior and the prior is O(N), N
being the size of the training set, which is prohibitive for stochastic gradient de-
scent. By using DSIVI bounds we can reduce this complexity toO(K), where
K is the number of samples used by DSIVI, allowing to get a trade-off be-
tween the computational complexity and the tightness of the obtained bound.
This improves upon VampPrior [22] by having the same computational com-
plexity, less optimizable parameters, less hyperparameters, and better resulting
quality.

The goal of this work is the expansion of the toolset, available for
Bayesian deep learning practitioners. The proposed extensions are expected
to enable new applications of deep Bayesian models as well as improve upon
existing models.

1.2 Key results and conclusions

The novelty of this work can be summarized in the following contribu-
tions:

1. Away to estimate the variational dropout objectivewith no restrictions
on variational parameters, leading to the discovery of two new modes
of operation of the variational dropout model.

2. A way to train and assess models that can robustly encode features
as zero-mean distributions, leading to improved sample diversity and
model robustness.

3. A new algorithm of variational inference that is applicable to semi-
implicit posterior approximations and prior distributions, allows for
implicit mixing distributions and optimizes a proper evidence lower
bound.

Theoretical and practical significance. The obtained results have al-
lowed to discover new properties of the variational dropout model, resulting in
a practical way to compress and accelerate deep neural networks. This was the
first successful application of Bayesian methods to the compression of modern
deep neural networks and has spawned a line of works on Bayesian compres-
sion for deep learning models. This work also expands the variational infer-
ence toolset, lifting some of the common restrictions on the models and the
choice of the posterior approximation. We also provide a principled way to
reduce the complexity of variational inference with the aggregated posterior

8



prior distribution in variational autoencoders, improving upon the previously
used VampPrior technique.

Methodology and research methods.This work uses the toolset of deep
learning and Bayesian deep learning. The numerical experiments and visu-
alizations have been performed using Python frameworks Numpy, Theano,
Lasagne, PyTorch, Pandas and MatPlotLib.

Reliability of the declared results is supported by a clear presentation of
the used algorithms, experiment setups, proofs of theorems. The source code
used to perform the experiments have been made publicly accessible.

Main provisions for the defense:
1. The way to estimate the variational dropout objective at the full range

of variational parameters.
2. The variance network model with zero-mean variance-only embed-

dings and a way to train the variational dropout model to converge to
a variance network.

3. The doubly semi-implicit variational inference algorithm that extends
doubly stochastic variational inference to semi-implicit posterior ap-
proximations and prior distributions.

Personal contribution into the main provisions for the defense. All
stated theoretical results are obtained by the author. The author has formu-
lated and proved all included theorems. The code for the experiments and
visualization, the technical setup and the text of the papers are results of the
collaboration between all coauthors of papers.

Publications and probation of the work

First-tier publications.
1. Dmitry Molchanov, Arsenii Ashukha, Dmitry Vetrov Variational

Dropout Sparsifies Deep Neural Networks // In Proceedings of the
34th International Conference on Machine Learning (ICML), PMLR
70:2498-2507, 2017. CORE rank A* conference.

2. Dmitry Molchanov, Valery Kharitonov, Artem Sobolev, Dmitry Vetrov
Doubly Semi-Implicit Variational Inference // In Proceedings of the
Twenty-Second International Conference on Artificial Intelligence
and Statistics (AISTATS), PMLR 89:2593-2602, 2019. CORE Rank
A conference.

Other publications.
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1. Kirill Neklyudov, Dmitry Molchanov, Arsenii Ashukha, Dmitry Vetrov
Variance Networks: When Expectation Does Not Meet Your Expecta-
tions // International Conference on Learning Representations (ICLR),
2019. Indexed by SCOPUS.

2. Iuliia Molchanova, Dmitry Molchanov, Novi Quadrianto, Dmitry
Vetrov Structured Semi-Implicit Variational Inference // 2nd Sympo-
sium on Advances in Approximate Bayesian Inference, 2019. Best
industrial paper run-up award.

Reports at conferences and seminars.
1. Research Seminar on Bayesian Methods in Machine Learning,

Moscow, 02 September 2016. Topic: “Variational dropout for deep
neural networks and linear models”.

2. Russian Supercomputing Days, Moscow, 26 September 2016. “Vari-
ational dropout for deep neural networks and linear models”.

3. The 34th International Conference on Machine Learning, Sydney,
Australia, 09 August 2017. “Variational dropout sparsifies deep neu-
ral networks”.

4. Research Seminar on Bayesian Methods in Machine Learning,
Moscow, 11 May 2018. Topic: “Variance networks”.

5. Research Seminar on Bayesian Methods in Machine Learning,
Moscow, 14 September 2018. Topic: “Variational inference with
implicit distributions”.

6. The 22nd International Conference on Artificial Intelligence and
Statistics, Okinawa, Japan, 16 April 2019. Topic: “Doubly Semi-
Implicit Variational Inference”

7. International conference on Learning Representations, New Orleans,
USA, 09 May 2019. Topic: “Variance Networks: When Expectation
Does Not Meet Your Expectations”.

8. 2nd Symposium on Advances in Approximate Bayesian Inference,
Vancouver, Canada, 08 December 2019. Topic: “Structured Semi-
Implicit Variational Inference”.

Volume and structure of the work. The thesis contains an introduction,
contents of publications and a conclusion. The full volume of the thesis is 78
pages.
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2 Content of the work

2.1 Variational Dropout Sparisfies Deep Neural Networks

The first chapter describes the variational dropout model and a new way
to estimate the variational dropout objective. Variational dropout [3] is a
Bayesian generalization of Gaussian dropout that allows to automatically tune
dropout rates during training with no need for cross-validation. It also results
in a Gaussian approximation to the posterior distribution of a certain proba-
bilistic model, allowing to perform posterior averaging. The originally pro-
posed variational dropout objective was only computed for a limited range of
Gaussian dropout rates. In this work, we proposed a way to compute the varia-
tional dropout objective in the full range of Gaussian dropout rates, which have
allowed to discover two new modes of operation of the variational dropout
model, namely the sparsity inducing mode and the zero-mean variance-only
mode.

First we will introduce the necessary notation. The probabilistic models
used in this chapter are defined with the likelihood function p(y |x,w) and the
prior distribution p(w), where x denotes the features of an object, y denotes
the target vector and w denotes the parameters of the model, e.g. the weight
matrices. Then, the posterior distribution is defined using the Bayes theorem:

p(w |Xtrain, Ytrain) =
p(Ytrain |Xtrain, w)p(w)∫
p(Ytrain |Xtrain, w)p(w)dw

, (1)

where (Xtrain, Ytrain) is the training dataset. For deep neural networks this
distribution cannot be computed directly, so a parametric approximation qϕ(w)
is used instead. The parameters ϕ of this approximation, called variational pa-
rameters, can be found by minimizing the KL divergence between the approx-
imation and the true posterior distribution:

KL(qϕ(w) ∥ p(w |Xtrain, Ytrain)) → min
ϕ

(2)

This optimization problem uses the intractable posterior distribution in its def-
inition. However, it is equivalent to the following optimization problem, suit-
able for standard stochastic gradient-based optimization techniques.

L(ϕ) = Eqϕ(w) log p(Ytrain |Xtrain, w)− KL(qϕ(w) ∥ p(w)) → max
ϕ

(3)

This objective function is called the evidence lower bound (ELBO) since it is
a lower bound on the evidence log p(Ytrain |Xtrain) of the model.
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In this work we consider reparameterizable [1] distributions qϕ(w). It
means that there exists a non-parametric distribution p(ϵ) and a so-called repa-
rameterizing function g(ϕ, ϵ) such that the random variable w̃ = g(ϕ, ϵ) fol-
lows the distribution qϕ(w). Such distributions allow us to estimate the ELBO
objective and its gradients:

L(ϕ) =
N

M

M∑
i=1

log p(yi |xi, g(ϵ, ϕ))− KL(qϕ(w) ∥ p(w)) ≃ L(ϕ), (4)

∇L(ϕ) ≃ ∇L(ϕ), (5)

where N and M are the training set and mini-batch size, (xi, yi) is a ran-
dom training object, L(ϕ) and∇L(ϕ) are unbiased mini-batch estimates of the
ELBO objective and its gradients respectively, suitable for modern stochastic
gradient optimization techniques.

The process of optimizing the objective (3) is called doubly stochastic
variational inference (DSVI). It results in a parametric approximation qϕ∗(w)
of the posterior distribution. This distribution can then be used to perform
approximate posterior averaging for new objects (xnew, ynew):

p(ynew |xnew, Xtrain, Ytrain) =

=

∫
p(ynew |xnew, w)p(w |Xtrain, Ytrain)dw ≈

≈
∫
p(ynew |xnew, w)qϕ∗(w)dw ≃ 1

K

K∑
k=1

p(ynew |xnew, g(ϵk, ϕ∗)).

(6)

It can also be reused as a new prior distribution for further steps of
Bayesian incremental learning [9].

Dropout [14; 28] is a regularization technique often used for learning
deep neural networks. It consists of multiplying the inputs or outputs of each
layer by multiplicative noise. Different variants of dropout introduce this noise
in different parts of the model (e.g. layer inputs, outputs or layer weights [29]),
and use different noise distributions. One popular choice is Bernoulli distri-
bution with probability 1 − p, where p is called the dropout rate. Gaussian
distribution with mean 1 and corresponding variance α = p/(1− p) is another
popular choice, known as Gaussian dropout.

The variational dropout model [3] is defined by a fully factorized Gaus-
sian posterior approximation qϕ(w) =

∏
iN (wi |µi, αµ2i ) and a log-uniform

prior distribution p(w) ∝
∏
i

1
|wi| . It turns out that the ELBO objective (3)
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Figure 1: Different approxima-
tions of the KL divergence: un-
like the proposed approximation,
the original one [3] is tight only for
α ≤ 1.

Network Method Error % Sparsity per Layer % |W|
|W̸=0|

Original 1.64 1
Pruning 1.59 92.0− 91.0− 74.0 12

LeNet-300-100DNS 1.99 98.2− 98.2− 94.5 56
SWS 1.94 23

(ours) Sparse VD 1.92 98.9− 97.2− 62.0 68
Original 0.80 1
Pruning 0.77 34− 88− 92.0− 81 12

LeNet-5-Caffe DNS 0.91 86− 97− 99.3− 96 111
SWS 0.97 200

(ours) Sparse VD 0.75 67− 98− 99.8− 95 280
Table 1: Comparison of different sparsity-
inducing techniques (Pruning [23; 24], DNS
[25], SWS [26]) on LeNet [27] architectures.
Our method provides the highest level of spar-
sity with a similar accuracy.

exactly corresponds to the Gaussian dropout model and objective. The KL-
divergence term is a function of the dropout rate α and is constant in the neural
networks weight µ, and can be omitted if the dropout rates are kept constant,
recovering the Gaussian dropout procedure. However, in principle, the varia-
tional dropout objective allows to perform stochastic gradient optimization of
the dropout rates as well, and even allows to define a separate dropout rate for
each weight of a neural network.

The computation of the variational dropout objective involves the com-
putation of the intractable KL term:

KL(N (wi |µi, αµ2i ) ∥LogU(wi)) ∝ −1

2
logα+ EN (ϵi | 1,α) log |ϵi| (7)

This expression has been originally approximated by a 3rd degree polynomial
in α [3]. However, this approximation is only accurate for 0 < α ≤ 1 and the
whole training procedure does not work for the noise variances larger than 1.
In this work we propose a different approximation that captures the asymptotic
behavior of the KL divergence and is accurate on the full range of α:

KL(N (wi |µi, αµ2i ) ∥LogU(wi)) ≈
≈ k1σ(k2 + k3 logαi))− 0.5 log(1 + α−1

i ), where
k1 = 0.63576 k2 = 1.87320 k3 = 1.48695

(8)

The comparison between the true values of the KL divergence, the original
approximation and the proposed approximation can be seen in Figure 1.
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(a) Results on the CIFAR-10 dataset (b) Results on the CIFAR-100 dataset
Figure 2: Accuracy and sparsity level for VGG-like architectures of different sizes.
The number of neurons and filters scales as k. Dense networks were trained with Bi-
nary Dropout, and Sparse VD networks were trained with Sparse Variational Dropout
on all layers. The overall sparsity level, achieved by our method, is reported as a
dashed line. The accuracy drop is negligible in most cases, and the sparsity level is
high, especially in larger networks.

We have observed that in many cases the optimal value of dropout rates
α approaches infinity. We have found that such extreme values of dropout
rates do not destabilize training and enable two new properties, or modes of
operation, of variational dropout model. One of such modes are sparse neural
networks. We discuss the other mode, variance networks, in the next chapter.

When we tune a separate value of dropout rate α for each weight of a
neural network, we observe that most dropout rates αi go to infinity, while
the corresponding means µi and variances αiµ2i go to zero. This means that
the corresponding marginal distribution of the approximate posterior has col-
lapsed to a delta-function centered at zero, and the corresponding weight can be
removed from the model, resulting in extremely sparse weight matrices. Using
this technique we have been able to compress convolutional deep neural net-
works up to 68 times on VGG-like CIFAR networks [30] and up to 280 times
on LeNet architectures [27] with a negligible accuracy degradation. The results
are presented in Table 1 and Figure 2.

2.2 Variance Networks: When Expectation Does Not Meet Your Expec-
tation

In the previous chapter, we have introduced the variational dropout
model, proposed a way to compute its objective on the full range of the Gaus-
sian dropout rates, and have shown the sparsity-inducing properties of vari-
ational dropout. In this chapter, we continue to investigate the variational
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Figure 3: CIFAR-10 test set accuracy for
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Figure 4: Results on iterative fast sign ad-
versarial attacks [31] for a VGG-like ar-
chitecture on CIFAR-10 dataset. For each
iteration we report the successful attack
rate. Plain variance networks outperform
deep ensembles [32], and deep ensembles
of variance networks have the lowest rate
of successful attacks.

dropout model and show how the change of parameterization can remove a
class of local optima, revealing variance networks. Variance networks are a
newmode of operation of variational dropout and related models. It results in a
zero-mean posterior approximation that stores the latent feature representations
in zero-mean variance-only embeddings, resulting in a high sample diversity,
and resulting in a highly robust ensemble after posterior averaging.

The variational dropout objective promotes large values of dropout rates,
pushing many of them to infinity in practice [33]. This introduces large
amounts of noise that degrades the predictive performance, so the neural net-
work chooses to remove the noisy weights by pushing their means to zero in
such a way that their variances αiµ2i go to zero as well. This allows the model
to satisfy the itch for large values of dropout rates without compromising the
predictive performance. However, we can prevent this behavior by introducing
parameter sharing and tying some of the dropout rates together. For example,
if all the dropout rates for a particular layer are the same, and pushed to infinity,
the model cannot collapse the posterior to a delta function without severe per-
formance degradation. It turns out that this scenario still leads to infinite values
of alpha, however the neural network experiences a phase transition, as illus-
trated in Figure 3. Before the phase transition the approximate posterior uses
the mean to describe the values of the neural networks weights, as indicated
by the classification accuracy, achieved by the mean of the approximate poste-
rior. After the phase transition, the mean of the posterior no longer represents
the weights and can be zeroed out, and the variances describe the weights in-
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stead. This results in a zero-mean posterior approximation, and, consequently,
zero-mean feature representations. Notice that the sample quality does not de-
grade, and the overall training process is stable. We call this mode of operation
variance networks.

To show how the large values of alpha lead to a zero-mean posterior ap-
proximation, we have derived an upper bound on the maximum mean discrep-
ancy [34] between a non-zero-mean posterior and a zero-mean posterior. This
provides an upper bound on the change in the predictions of a neural network
after zeroing out the mean of the approximate posterior.

Theorem 1. Assume that αt −→ +∞ as t −→ +∞. Then the Gaus-
sian dropout posterior qt(w) =

∏D
i=1 N (wi |µt,i, αtµ

2
t,i) becomes indistinguish-

able from its zero-centered approximation q0t (w) =
∏D

i=1 N (wi | 0, αtµ
2
t,i) in terms

of Maximum Mean Discrepancy:

MMD(q0t (w) ∥ qt(w)) ≤
√

2D

π
· 1
√
αt

(9)

lim
t→+∞

MMD(q0t (w) ∥ qt(w)) = 0 (10)

We have tested the variational dropout model with different parameteri-
zations, representing different levels of dropout rate sharing:

q(wij)

zero-mean
N (0, σ2ij)

layer-wise
N (µij , αµ

2
ij)

neuron-wise
N (µij , αjµ

2
ij)

weight-wise
N (µij , αijµ

2
ij)

additive
N (µij , σ

2
ij)

(11)
Here the additive and weight-wise parameterizations are equivalent, and other
parameterizations are their less flexible special cases. The values of the evi-
dence lower bound and its parts, as well as the resulting accuracy of the models,
can be found in Table 2. Note that by removing local optima, less flexible pa-
rameterizations converge to variance networks, resulting in a better value of
the evidence lower bound.

We have also investigated different prior distributions. We have found
that the Student’s t-distribution prior with a small degree of freedom and the
automatic relevance determination prior result in the same model behavior,
making them suitable both for model sparsification and for training variance
networks.

The variance-only embeddings promote the diversity of the samples, as
indicated by a relatively low single-sample accuracy and a high multi-sample
accuracy in Figure 3. We show that this results in a highly robust ensemble that
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Table 2: Variational lower bound (ELBO), its decomposition into the data term and the
KL term, and test set accuracy for different parameterizations. The test-time averaging
accuracy is roughly the same for all procedures, but a clear phase transition is only
achieved in layer-wise and neuron-wise parameterizations.

Metric Parameterization
zero-mean layer neuron weight additive

Evidence Lower Bound L(ϕ) −4.0 −17.4 −31.4 −602.6 −227.9
Data term Eq log p(T |X,W ) −4.0 −15.8 −17.0 −33.8 −31.2
Regularizer term KL(q ∥ p) 0.0 1.7 14.4 568.8 196.7
Mean propagation acc. (%) ŷ = arg maxt p(t | x,EqW ) 11.3 11.3 11.3 96.6 99.2
Test-time averaging acc. (%) ŷ = arg maxt Eqp(t | x,W ) 99.4 99.2 99.2 99.4 99.2

improves upon the deep ensembles in the defense against adversarial attacks,
as shown in Figure 4.

2.3 Doubly Semi-Implicit Variational Inference

In the previous chapters we have considered doubly stochastic variational
inference with fully factorized Gaussian posterior approximations. Now, we
will present doubly semi-implicit variational inference, DSIVI, extending dou-
bly stochastic variational inference to work with semi-implicit posterior ap-
proximations and prior distributions. This allows to use universal approxima-
tors like deep neural networks to construct the posterior approximation, cap-
turing the complex multimodal nature of the posterior distribution, and allows
to refine them using the Bayesian incremental learning framework.

Semi-implicit distributions [4] are defined as mixtures of explicit condi-
tional distributions:

qϕ(z) =

∫
qϕ(z |ψ)qϕ(ψ)dψ. (12)

The conditional distribution qϕ(z |ψ) is explicit and reparameterizable, and the
mixing variables ψ follow an implicit reparameterizable distribution qϕ(ψ), re-
sulting in an implicit marginal distribution qϕ(z). In order to sample from such
a distribution, one may sample a mixing variable ψ̂ ∼ qϕ(ψ), and then sample
the main variable ẑ ∼ qϕ(z | ψ̂). Any implicit distribution can be represented
in a similar form, qϕ(z) =

∫
δ(z−z′)qϕ(z′) dz′, and then closely approximated

by a semi-implicit distribution using, for example, a Gaussian conditional dis-
tribution qϕ(z) ≈

∫
N (z | z′, σ2)qϕ(z′) dz′ with a sufficiently small variance

σ2.
For the first time, we present doubly semi-implicit variational inference

(DSIVI) bound, a proper variational lower bound that can be estimated for
semi-implicit posterior approximations and semi-implicit prior distributions.
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It defines a lower bound on the following ELBO objective:

L = Eqϕ(z) log p(x | z)− KL(qϕ(z) ∥ pθ(z)), where

qϕ(z) =

∫
qϕ(z |ψ)qϕ(ψ)dψ,

pθ(z) =

∫
pθ(z | ζ)pθ(ζ)dζ.

(13)

The following expression defines the DSIVI lower bound for the DSVI
bound (13):

Lq,p
K1,K2

= Eqϕ(z) log p(x | z)−

−Eψ0..K1∼qϕ(ψ)Eqϕ(z |ψ0) log
1

K1 + 1

K1∑
k=0

qϕ(z |ψk)

+Eζ1..K2∼pθ(ζ)Eqϕ(z) log
1

K2

K2∑
k=1

pθ(z | ζk),

(14)

Theorem 2. The DSIVI bound (14) monotonically increases in K1 and K2,
and converges to the evidence lower bound L (13) from below as K1 and K2

approach infinity:

Lq,p
K1,K2

≤ Lq,p
K1+1,K2

, Lq,p
K1,K2

≤ Lq,p
K1,K2+1

, Lq,p
K1,K2

≤ L, (15)

lim
K1,K2→+∞

Lq,p
K1,K2

= L. (16)

Notice that the complexity of estimation of the data term is the same as
in conventional DSVI. The computation of the KL divergence term requires
K1+1 samples from the mixing distribution qϕ(ψ) of the semi-implicit poste-
rior approximation and K2 samples from the mixing distribution pθ(ζ) of the
prior distribution. In most cases this sampling can utilize batching and can be
efficiently performed using modern deep learning hardware, without a signifi-
cant overhead to the training of corresponding non-semi-implicit models. The
number of samples K1 and K2 can be chosen depending on the complexity
of the involved semi-implicit distributions and on the available computational
budget. More complex mixing distributions typically require higher amounts
of samples. We compare DSIVI to other methods for implicit variational in-
ference [18; 19] on a controlled synthetic task. The results are presented in
Figure 5.
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Figure 5: Comparison of different tech-
niques for implicit VI. “KIVI K” cor-
responds to KIVI with K MC samples;
“DSIVI K” corresponds to DSIVI with
K1 = K2 = K; “AVB MbK” corre-
sponds to AVB with M updates of dis-
criminator per one update of ϕ and K MC
samples to estimate the discriminator’s gra-
dients. “MC KL” corresponds to direct
stochastic minimization of the KL diver-
gence.

Figure 6: Variational inference for a
Bayesian neural networks with a hier-
archical prior (Gaussian prior with a
Gamma hyperprior on the prior preci-
sion). Models are trained using dif-
ferent variational objectives. The es-
timates of the marginal evidence lower
bound are presented in this plot.

One kind of semi-implicit distributions is particularly common. Bayesian
models often involve hierarchical prior distributions and posterior approxima-
tions [2; 19; 35–38]. For example, a discriminative Bayesian model with a
hierarchical prior can be defined as follows:

p(t,w,α |x) = p(t |x,w)p(w |α)p(α). (17)

One common way to perform inference in such a model is to perform joint
inference over the main variables and the mixing variables, recovering a joint
posterior approximation qϕ(w,α) [19; 37; 38]. However since the likelihood
function only depends on the parameters w, we are not necessarily interested
in the mixing variable α, and would like to marginalize it out, resulting in a
model with a semi-implicit prior and a semi-implicit posterior approximation.
This gives us two alternative objectives to optimize, the joint bound and the
marginal bound:

Ljoint(ϕ) = Eqϕ(w,α) log
p(t |x,w)p(w |α)p(α)

qϕ(w,α)
, (18)

Lmarginal(ϕ) = Eqϕ(w) log
p(t |x,w)p(w)

qϕ(w)
. (19)
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Next, we show that the joint objective introduces an additional bias that is dif-
ficult to control, and the point of optimum of the marginal objectives produces
a better fit to the original posterior of the model.

Theorem 3. Let ϕj and ϕm maximize Ljoint and Lmarginal correspondingly.
Then

KL(qϕm(w) ∥ p(w |Xtr, Ttr)) ≤ KL(qϕj (w) ∥ p(w |Xtr, Ttr)). (20)

We stress that when it is feasible to marginalize, it is beneficial to
marginalize, while DSIVI provides the necessary tools to perform such
marginalization and giving the control over the introduced additional inference
gap. This finding is also supported by our experiments (see Figure 6).

DSIVI bounds can also be useful in explicit models defined as large mix-
tures. In this case, DSIVI bounds can be used to reduce the computational
complexity of estimating the densities of such mixtures. One example is the
training of variational autoencoders [1] with the aggregated posterior priors.
The aggregated posterior prior of a variational autoencoder is the optimal prior
distribution in terms of the evidence lower bound, and is defined as the mixture
of approximate posteriors, conditioned on all the training points:

p∗(z) =
1

N

N∑
n=1

qϕ(z |xn). (21)

One popular approximation to this prior is a variational approximation called
VampPrior [22] that involves training of a number of inducing points uk:

pV amp(z) =
1

K

K∑
k=1

qϕ(z |uk). (22)

However, we can now represent the aggregated posterior prior as a semi-
implicit distribution with a discrete uniform mixing distribution over the in-
puts, and apply the DSIVI bound for such prior. This simple modification
allows to outperform the VampPrior models, resulting in higher values of test
log-likelihood on different VAE architectures [1; 20] (see Table 3 for details).

As with most approximate inference techniques, the performance of
DSIVI may quickly degrade as the number of dimensions increases. The na-
ture of DSIVI bound is to approximate the infinite mixture with a finite mixture
and derive the bound from there. However, complex multidimensional distri-
butions may require an exponentially large amount of samples to obtain a good
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Table 3: We compare VampPrior with its semi-implicit modifications, DSIVI. We re-
port the the IWAE objective for VampPrior-data, and the corresponding lower bound
for DSIVI-based methods). Only the prior distribution is semi-implicit.

Method LL
VAE+VampPrior-data −85.05
VAE+VampPrior −82.38
VAE+DSIVI (K=500) ≥ −83.02
VAE+DSIVI (K=5000) ≥ −82.16
HVAE+VampPrior-data −81.71
HVAE+VampPrior −81.24
HVAE+DSIVI (K=5000) ≥ −81.09
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Figure 7: SIVI and SSIVI KL bounds for an autoregressive semi-implicit model and
a synthetic multi-dimensional distribution. As expected, SSIVI always outperforms
SIVI, and the gap increases with the number of dimensions.
approximation. To mitigate this problem, we show that by using the inherent
structure in the model, it is possible to significantly improve upon the original
DSIVI bound.

Consider a structured posterior approximation:

qϕ(z) = qϕ(z1)

d∏
i=2

qϕ(zi | z1..i−1), (23)

qϕ(zi | z1..i−1) =

∫
qϕ(zi | z1..i−1, ϵi)q(ϵi)dϵi. (24)

For such a distribution the DSIVI bound can be applied in two different
ways. One way would be to bound the entropy of the distribution as a whole,
resulting inHSIVI

K [qϕ(z)]. Another way would be to first decompose the entropy
into a sum of entropies of lower-dimensional distributions, and then obtain a
separate bound for each entropy, resulting inHSSIVI

K [qϕ(z)].

H[qϕ(z)] ≥ HSIVI
K [qϕ(z)] = −Eϵ0..KEz | ϵ0 log

1

K + 1

K∑
k=0

qϕ(z | ϵk). (25)
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Figure 8: Visualisation of layers in a two-layer DGP [39]. All columns except “SSIVI”
are taken from [40]. They show the mean and the standard deviation of the variational
posterior under DSVI [41], two MAP solutions under Mode A and Mode B, and the
posterior function samples under SGHMC and SSIVI.
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H[qϕ(z)] ≥ HSSIVI
K [qϕ(z)] =
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d∑
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log
1

K + 1

K∑
k=0

qϕ(zi | z1..i−1,ϵ
k
i ).

(26)

We have shown that a structured bound introduces a much lower inference gap
than the original bound, essentially using an exponentially large mixture of
(K+1)d distributions, placed on a d-dimensional grid, instead of a mixture of
K + 1 distributions.

Theorem 4. For a structured semi-implicit distribution (23), the following in-
equalities hold:

H[qϕ(z)] ≥ HSSIVI
K [qϕ(z)] ≥ HSIVI

K [qϕ(z)]. (27)

In practice, this makes a large difference, as shown in Figure 7.
Finally, to show the generality of DSIVI, we apply it to a complex deep

probabilistic model, a deep Gaussian process [39], and show that, unlike plain
doubly stochastic variational inference [41], it can successfully recover the
multimodal nature of the posterior distribution [40]. See Figure 8 for details.

Conclusion

The main results of the work can be summarized as follows.
1. A new way to estimate the variational objective of variational dropout

is proposed. This has lifted the limitations on the space of variational
22



parameters of the model and allowed to discover the sparsity induc-
ing properties of the model, resulting in a practical method for com-
pressing deep neural networks. This method has been applied to deep
convolutional networks, and extended to other popular architectures
in consecutive works.

2. Several parameterizations of the variational dropout model have been
proposed to remove a specific class of local optima, causing a phase
transition during the training and ultimately leading to a new mode
of operation of neural networks. The resulting model, variance net-
works, uses a zero-mean posterior approximation to represent the ob-
ject features as zero-mean distributions, resulting in high sample di-
versity and robustness to adversarial attacks after performing approx-
imate posterior averaging. The discovered phase transition is not lim-
ited to variational dropout and can be observed in other models with
related prior distributions, such as the automatic relevance determina-
tion prior and the Student’s t-distribution prior. This study highlights
the importance of parameterization of variational inference objectives,
and shows how different parameterizations can lead to different prop-
erties of the resulting model.

3. We propose and study doubly semi-implicit variational inference, a
new variational inference algorithm. It provides a way to estimate
a proper variational lower bound for models with semi-implicit pos-
terior approximations and prior distributions. DSIVI provides an
asymptotically exact lower bound on the standard evidence lower
bound with two hyperparameters that allow to trade-off the computa-
tional complexity and the introduced inference gap. We apply DSIVI
to obtain a practical algorithm for training variational autoencoders
with optimal priors, to recover a multimodal posterior of a deep Gaus-
sian process, and study it on several synthetic tasks. We also high-
light the importance of marginalization in models with hierarchical
priors. DSIVI significantly expands the toolset, available for Bayesian
deep learning practitioners, allows to perform inference with a broader
range of distributions, and, unlike most advanced modern Bayesian
deep learning techniques, supports Bayesian incremental learning.
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