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1 Introduction

Many theoretical and applied problems in mathematics, computer science, en-
gineering are naturally related to the study of high-dimensional random objects,
such as random matrices, graphs, processes, algorithms, etc. At first sight, these
different objects have quite little in common. Each has its own ideas, mathemati-
cal approaches, and methods. Even the probabilistic nature and structure may be
different. But there are some basic probabilistic principles that appear in the study
of the above objects in high-dimensional spaces. These general principles usually
take the form of non-asymptotic probability inequalities. The term non-asymptotic
here means that we are not dealing with limit theorems as in many probabilistic
results, but with explicit estimates that can be either dimension-free or contain a
dependence on a dimension parameter.

In this dissertation we will look at three topics, which the author has dealt with
over the last five years:

e Bootstrap method and Bayesian inference;

e Linear stochastic approximation (LSA) and Temporal difference (TD) algo-
rithms;

e Markov chain Monte-Carlo algorithms and variance minimization.

Theoretical analysis of these algorithms requires to develop new non-asymptotic
inequalities for linear and non-linear statistics of random objects which could be of
independent interest. We will briefly discuss the content of the thesis.

In chapter 1 we study the problem of Gaussian comparison, i.e. one has to
evaluate how the probability of a ball under a Gaussian measure is affected, if the
mean and the covariance operators of this Gaussian measure are slightly changed.
We present particular examples motivating our results when such “large ball prob-
ability” problem naturally arises in probability and statistics, including bootstrap
validation, Bayesian inference, high-dimensional CLT. We derive sharp bounds for
the Kolmogorov distance between the probabilities of two Gaussian elements to
hit a ball in a Hilbert space. The key property of these bounds is that they are
dimension-free and depend on the nuclear (Schatten-one) norm of the difference be-
tween the covariance operators of the elements. We also state a tight dimension free
anti-concentration bound for a squared norm of a Gaussian element in Hilbert space
which refines the well known results on the density of a chi-squared distribution

In chapter 2 we study the exponential stability of random matrix products
driven by independent identically distributed (i.i.d.) noise or a general (possi-
bly unbounded) state space Markov chain. Exponential stability plays a crucial
role in the analysis of linear stochastic approximation (LSA) algorithms. This
family of methods arises in many machine learning tasks and used to obtain ap-
proximate solutions of a linear system Af = b for which A and b can only be
accessed through random estimates {(A(Z,),b(Z,))}nen, where A : Z — RX4,
b : Z — R¢ are measurable functions and (Zy)gen is either an i.i.d. sequence with
distribution 7 satisfying E[A(Z1)] = A and E[b(Z;)] = b, or a Markov chain,
taking values in a general state-space Z with unique invariant distribution 7 and
lim,, s 100 E[A(Z,)] = A,lim, ;o E[b(Z,)] = b. As an application we provide
non-asymptotic bounds for LSA and TD algorithms.

In chapter 3 we propose a novel and practical variance reduction approach for
additive functionals of dependent sequences. This approach combines the use of
control variates with the minimisation of an empirical variance estimate. We anal-
ysed finite sample properties of the proposed method and derive finite-time bounds
of the excess asymptotic variance to zero. We applied this methodology to Stochas-
tic Gradient MCMC (SGMCMC) methods for Bayesian inference on large data sets



and combine it with existing variance reduction methods for SGMCMC. The crucial
role in the theoretical analysis play novel concentration inequalities for quadratic
forms of Markov chain.

Object and goals of the dissertation The goal of the dissertation is twofold.
The first goal is to obtain non-asymptotic inequalities for high-dimensional random
objects which could be of independent interest. In particular, we develop Gaussian
comparison and anti-concentration inequalities, concentration for quadratic forms of
Markov chains, moment bounds for products of random matrices driven by i.i.d. or
Markovian noise. The second goal is to apply obtained result for theoretical analysis
of machine learning algorithms. We study particular problems of Bayesian inference
and bootstrap method, variance reduction methods for MCMC, convergence of LSA
and RL algorithms.

The obtained results

1. We derived tight non-asymptotic bounds for the Kolmogorov distance between
the probabilities of two Gaussian elements to hit a ball in a Hilbert space. We
also established an anti-concentration bound for the squared norm of a non-
centered Gaussian element in a Hilbert space.

2. We offered a bootstrap procedure for building sharp confidence sets for the
true spectral projector of covariance matrix from the given data. We proved
validity of the proposed procedure for Gaussian samples with an explicit error
bound for the error of bootstrap approximation.

3. We study the exponential stability of random matrix products driven by a
general (possibly unbounded) state space Markov chain, provided that (i)
the underlying Markov chain satisfies a super-Lyapunov drift condition, (ii)
the growth of the matrix-valued functions is controlled by an appropriately
defined function Using this result, we give finite-time p-th moment bounds
for constant and decreasing stepsize linear stochastic approximation schemes
with Markovian noise on general state space and for TD algorithms with linear
function approximation.

4. We provided a non-asymptotic analysis of linear stochastic approximation
(LSA) algorithms with fixed stepsize and driven by i.i.d. noise. Our analysis
is based on new results regarding moments and high probability bounds for
products of matrices which are shown to be tight. We derive high probability
bounds on the performance of LSA under weaker conditions than previous
works. However, in contrast, we establish polynomial concentration bounds
with order depending on the stepsize. We show that our conclusions cannot
be improved without additional assumptions on the sequence of random ma-
trices {A(Z,,) : n € N*}, and in particular that no Gaussian or exponential
high probability bounds can hold. Finally, we pay a particular attention to
establishing bounds with sharp order with respect to the number of iterations
and the stepsize.

5. We proposed a novel and practical variance reduction approach for additive
functionals of dependent sequences. We analysed finite sample properties of
the proposed method and derive finite-time bounds of the excess asymptotic
variance to zero. We applied this methodology to Stochastic Gradient MCMC
(SGMCMC) methods.
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2 Notations

This section gathers the general notations that are used throughout the thesis.
Some additional notations may arise in individual chapters.

Let (Z,d) be a complete separable metric space with sigma-algebra Z. Fix a
measurable function V : Z — [1,00). Let P: Z x Z — R be a Markov kernel. Let
m € N*, v a probability on Z and e. A set C € Z is said to be (m, ev)-small for P
if for all z € Cand A € Z, P™(z,A) > ev(A). A set A € Z is said to be accessible
if for all z € Z, there exists m € N* such that P(z,A) > 0.

We denote by P and @ symmetric positive definite matrices.

Table 1: Table of notation use throughout the paper

Notation ‘ Meaning
lglly,9:Z—R Iglly = sup.ez [9(2)|/V (2)
LY, set of all measurable functions g : Z — R satisfying ||g[,, < oo
PV(z),z€Z PV (z) = [, V(2 )P(z,d2)
M, (Z) set of probability measures on (Z, Z)
[ally» € My(2) lully = sup gy py, <1 7 F(2)u(dz)
Sp(Z,d),p>1 Sp(Z,d) :={A e M,(Z) : [,d?(x,y)A(dy) < oo for all z € Z}

H()\,I/)7 >\a Ve Ml(z)
Wg()\71/), p>1 and

coupling set, i.e. £ € TI(A,v) is the measure on Z x Z satisfying
for all A € B(Z), £(A,Z) = M(A) and £(Z, A) = v(A)

Wl‘j'(/\7 v) = infron{ 5., 4P (x,y) £(dz, dy)}/»

A v ESy(Z,d)
Kullback-Leibler divergence of A with respect to v, i.e.,
KLAW), A, v € My (X) KL(Av) = [log(d\/dv)d\ if A < v and KL(\|r) = oo otherwise
[Pllps h: Z =R 12l ip = suP,syez{|A(y) — h(z)[/d(z,y)}
|hloo; h:Z =R |hfoo = sup. ¢z |h(2)]
Lipy(L) class of Lipschitz functions with ||A[|;, < L
Lipy, 4(L, B) class of bounded Lipschitz functions with |[A|;, < L and |h| < B
a<b(azb) there exists some absolute constant C' such that a < Cb (a > Cb resp.)
axb there exist ¢, C such that ca <b< Ca
Iy d-dimensional identity matrix
ol Jallg = {27 Qu}Y* (note that |zl| = |ly,)
KQ the condition number of @, i.e. kq = A (Q)Amax(Q)
[Alle |Allg = maxjz,=1 [|Az]q (again note that [[All = [|Ax,)
[AllP.q [Allp.q = max|q| =1 [|Azlq
Al p>1 the Schatten p-norm, i.e. [[Af|, = {Z‘Z:l ol (A)}/P

X1, = {E[IX]5}/

HX”p’q? p?g 2 ]-
Sdfl

X € SG(c?)

ST ={z e R?: |jz]| = 1}
Sub-Gaussian random variable X with variance factor o2,
i.e. for all A € R, logE[e*X] < A\202/2




3 Large-ball probabilities and applications to boot-
strap and Bayesian inference

3.1 Gaussian comparison and anti-concentration inequalities

The results of this subsection are published in [48], [81], [83] and [82].

In many statistical and probabilistic applications one faces the problem of Gaus-
sian comparison, i.e. one has to evaluate how the probability of a ball under a Gaus-
sian measure is affected, if the mean and the covariance operators of this Gaussian
measure are slightly changed. Below we present particular examples motivating our
results when such “large ball probability” problem naturally arises, including boot-
strap validation, Bayesian inference, high-dimensional CLT. This chapter presents
sharp bounds for the Kolmogorov distance between the probabilities of two Gaus-
sian elements to hit a ball in a Hilbert space. The key property of these bounds is
that they are dimension-free and depend on the nuclear (Schatten-one) norm of the
difference between the covariance operators of the elements. We also state a tight
dimension free anti-concentration bound for a squared norm of a Gaussian element
in Hilbert space which refines the well known results on the density of a chi-squared
distribution; see Theorem 3.7.

Section 3.2 presents some application examples where the “large ball probabil-
ity” issue naturally arises and explains how the new bounds of this paper can be
used to improve the existing results. The key observation behind the improvement
is that in all mentioned examples we only need to know the properties of Gaus-
sian measures on a class of balls. It means, in particular, that we would like to
compare two Gaussian measures on the class of balls instead on the class of all mea-
surable sets. The latter can be upperbounded by general Pinsker’s inequality via
the Kullback—Leibler divergence. In case of Gaussian measures this divergence can
be expressed explicitly in terms of parameters of the underlying measures, see e.g.
[101]. However, the obtained bound involves the inverse of the covariance operators
of the considered Gaussian measures. In particularly, small eigenvalues have the
largest impact which is contra-intuitive if a probability of a ball is considered. Our
bounds only involve the operator and Frobenius norms of the related covariance
operators and apply even in Hilbert space setup.

The proofs of the present optimal results are based in particular on Theorem 3.6
below. This theorem gives sharp upper bounds for a probability density function
pe(z,a) of [|€—a||?, where £ is a Gaussian element with zero mean in a Hilbert space
H with norm | - || and a € H. It is well known that pe(x,a) can be considered as a
density function of a weighted sum of non-central x? distributions. An explicit but
cumbersome representation for p¢(z,a) in finite dimensional space H is available
(see e.g. Section 18 in [60]). However, it involves some special characteristics of the
related Gaussian measure which makes it hard to use in specific situations. Our
result from Theorem 3.6 is much more transparent and provide sharp uniform upper
bound on the underlying density.

One can even get two-sided bounds for pe(x,a) but under additional conditions,
see e.g. [18]. Asymptotic properties of p¢(, a), small balls probabilities P([|¢ —al| <
£), or large deviation bounds P(||¢|| > 1/¢) for small & can be found e.g. in [19],
[71], [72], [73] and [113].

3.1.1 Main results

Let H be a real separable Hilbert space with a scalar product (-,-) and norm
[ - |l If dimension of H is finite and equals p, we shall write R? instead of H.
Let 3¢ be a covariance operator of an arbitrary Gaussian random element in H.
By {Ake}tr>1 we denote the set of its eigenvalues arranged in the non-increasing

10



order, i.e. Aig > Agg > ..., and let \¢ := diag(\j¢)72,. Note that 3772, Aje < oo.
Introduce the following quantities

A%g = Z}\?E, k= 1,27
=k

and
At if 3\ . < A%,
(3.1) () 1= (Mighag) ™2, i 3AT > A, 303, < A,

(Arehae) ™12, i 3AT > A3, 3A3, > A3,
It is easy to see that || Z¢||rr = A1¢. Moreover, it is straightforward to check that

0.9 1.8
<

3.2 < Kk() K —m————.

(32) (Arghage)!/? () (Arghog)'/?

Hence, #(2¢) < (A1gA2¢)~1/2 and therefore equivalent results can be formulated in
terms of any of the quantities introduced. The following theorem is the main result
of this section.

Theorem 3.1. Let £ and n be Gaussian elements in H with zero mean and covari-
ance operators Y¢ and X, respectively. For any a € H

sup [P([|€ — al| < z) = P(||n]| < )]
x>0

(33 < (g0 + x5 } (126 = Mol -+ 17

We see that the obtained bounds are expressed in terms of the specific charac-
teristics of the matrices ¥¢ and ¥,, such as their operator and the Frobenius norms
rather than the dimension p. Another nice feature of the obtained bounds is that
they do not involve the inverse of ¥¢ or X,. In other words, small or vanishing
eigenvalues of 3¢ or %, do not affect the obtained bounds in the contrary to the
Pinsker bound. Similarly, only the squared norm ||a||? of the shift a shows up in

1/Qa|| which can be very large or

the results, while the Pinsker bound involves |2,
infinite if ¥¢ is not well conditioned.

Let us consider x(X¢) in the first factor on the r.h.s of (3.3): k(X¢) + &(X,).
The representation (3.1) mimics well the three typical situations: in the “large-
dimensional case” with three or more significant eigenvalues Aj¢, one can take
K(Se) = |Zellst = /\1_51. In the “two dimensional” case, when the sum Aig is of
the order \f, for k = 1,2, we have that x(3¢) behaves as the product (Aedae) ™12,
In the intermediate case of a spike model with one large eigenvalue Ai¢ and many
small eigenvalues \j¢,j > 2, we have that x(3¢) behaves as (A1¢Age) ™ 1/2.

As it was mentioned earlier (see (3.2)), the result of Theorem 3.1 may be equiv-
alently formulated in a “unified” way in terms of (A15A2§)_1/2 and (AlnAgn)_l/Q.
Moreover, we specify the bound (3.3) in the “high-dimensional” case, 3||Z¢||? <
1Zell3,, 31Z, 1% < ||£,]|Z,, which means at least three significantly positive eigenval-
ues of the matrices ¥ and 3,. In this case A%§ > 2Af§/3,A§,7 > 2A7, /3 and we
get the following corollary.
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Corollary 3.2. Let £ and n be Gaussian elements in H with zero mean and covari-
ance operators Y¢ and X, respectively. Then for any a € H

sup [P([|§ —al| < z) = P(||n[| < z)|
x>0

1 1
S + Ae — Mgll1 + |2 2).
<(A15A2€)1/2 (AlnA2n)1/2><H 3 77”1 || H

Moreover, assume that

BIZell® < IZellf and  3[IZy)* < 12,7 -
Then for any a € H

sup [P([[§ — all < 2) — P([[n]| < 2)|
x>0

1 1
< + )()\—A||1+|a|2>.
(nzgnﬁ DAEYAGGEI

We complement the result of Theorem 3.1 and Corollary 3.2 with several ad-
ditional remarks. The first remark is that by the Weilandt—Hoffman inequality,
Ae — Al < |1Ze — 5], see e.g. [77]. This yields the bound in terms of the
nuclear norm of the difference ¥¢ — ¥,,, which may be more useful in a number of
applications.

Corollary 3.3. Under conditions of Theorem 3.1 we have
sup [P —all < ) ~ B(lnll < )| < {w(Ze) + () (1% = Syl + 2]

Since the right-hand-side of (3.3) does not change if we exchange ¢ and 7, The-
orem 3.1 and its Corollaries hold for the balls with the same shift a. In particular,
the following corollary is true.

Corollary 3.4. Under conditions of Theorem 3.1 we have
sup[(€ —afl < 2) —~B(ln ~al < )| £ {s(Se) +w(E) } (A = Al +[1al]?).
The result of Theorem 3.1 may be also rewritten in terms of the operator norm
1= 2,52 -1,

Indeed, using the inequality [|[AB]|; < ||A[1]|B]|| we immediately obtain the follow-
ing corollary.

Corollary 3.5. Under conditions of Theorem 3.1 we have

sup [P([|€ — af| < z) = P(||n]| < )]
x>0

$ {20+ (e} T0(Ze) 188,502~ 1+ Jal?).

12



We now discuss the origin of the value x(X¢) which appears in the main theorem
and its corollaries. Analysing the proof of Theorem 3.1 one may find out that it is
necessary to get an upper bound for a probability density function (p.d.f.) pe(z)
(resp. py(z)) of |[£]|? (resp. ||n]|?) and the more general p.d.f. pe(z,a) of ||€ — af|?
for all a € H. The same arguments remain true for p,(z). The following theorem
provides uniform bounds.

Theorem 3.6. Let £ be a Gaussian element in H with zero mean and covariance
operator Y¢. Then it holds for any a that

(3.4) st;lgpg(x,a) S K(Ze)

with k(Z¢) from (3.1). In particular, k(X¢) S (Arehog)~Y/2.

Since ¢ < >ro1 v/ AjeZjeje, we obtain that [|€]? < >9o1 NjeZ3. Here and in
what follows {ej¢ }52, is the orthonormal basis formed by the eigenvectors of ¢
corresponding to {Aje}52;. In the case H = RP, a = 0,5 < I one has that the
distribution of ||€||? is close to standard x? with p degrees of freedom and
-1/2.

sup pe(z,0) < p
x>0

Hence, the bound (3.4) gives the right dependence on p because k(X¢) < p~1/2.
However, a lower bound for sup,sqpe(z,a) in the general case is still an open
question. Another possible extension is a non-uniform upper bound for the p.d.f.
of |€ — a||®. In this direction for any A > ¢ we can prove that

—(z1/2 — >
<exp( (x ||3H) H (1= Aje/A) 1/2;

pe(a,a) <

see [48][Lemma B.1]. It is still an open question whether it is possible to replace
the Age’s in the denominator by Age, k =1,2.

A direct corollary of Theorem 3.6 is the following theorem which states for
a rather general situation a dimension-free anti-concentration inequality for the
squared norm of a Gaussian element . In the “high dimensional situation”, this
anti-concentration bound only involves the Frobenius norm of .

Theorem 3.7 (e-band of the squared norm of a Gaussian element). Let £ be a
Gaussian element in H with zero mean and a covariance operator X¢. Then for
arbitrary € > 0, one has

supP(z < ¢ —al> <z +¢) S w(Se)e
x>0

with k(X¢) from (3.1). In particular, k(X¢) can be replaced by (Arg Aog)~1/2.

The lower bounds that justify the structure of estimates in Theorem 3.1 and
Theorem 3.7 may be found in [48].
3.2 Application examples

This section collects some examples where the developed results seem to be very
useful.
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3.2.1 Bootstrap validity for the Maximum Likelihood Estimation (MLE)

Consider an independent sample Y = (Y7,...,Y,,)" with a joint distribution
P = [[,=; ., Pi. The parametric maximum likelihood approach assumes that P
belongs to a given parametric family (Py,6 € © C R?) dominated by a measure
u, that is, P = Py« for §* € ©. The corresponding log-likelihood function can be
written as a sum of marginal log-likelihoods ¢;(Y;, 0):

L(O) = lo 2 (Y) = S 6(Yi6), 6(Y.0) = log
=1

dP; ¢
dp;

(Y3).

The MLE 6 of the true parameter 6* is defined as the point of maximum of L(f):

= L(6 L(6) := L(6).
argmax (0), (6) == max L(6)

If the parametric assumption is misspecified, the target 6* is defined as the best

parametric fit:

0" := argmaxE L(6).
€O

The likelihood based confidence set E(() for the target parameter 6* is given by
E(¢) == {6: L(6) — L(9) < ¢}.

The value ¢ should be selected to ensure the prescribed coverage probability 1 — a:

(3.5) P(6* € E(Q)) < a.

However, it depends on the unknown measure P. The bootstrap approach is a
resampling technique based on the conditional distribution of the reweighted log-
likelihood L°(0)

Lo0) = 3" (Y, O

with i.i.d. random weights w; given the data Y. Below we assume that w; ~ N (1, 1).
The bootstrap confidence set is defined as

E°(¢) = {0: sup L°(¢') — L°(0) < ¢}.

0'cO

The bootstrap distribution is perfectly known and the bootstrap quantile (° is
defined by the condition

P°(6 ¢ E°(C°)) = P° <§28 1°0) - 1°(0) > ) = o

The bootstrap approach suggests to use ¢° in place of ¢ to ensure (3.5) in an
asymptotic sense. Bootstrap consistency means that for n large

P(6* ¢ E(¢°)) =P(L(0) — L(6*) > ¢°) = o

see e.g. [101]. A proof of this result is quite involved. The key steps are the following
two approximations:

1
(3.6) sup L(0) — L(6") ~ 5 ¢ +3],
0ce
sup L°(0) — L°(0) ~ %‘ ?
0coe

é—O
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where £ is a Gaussian vector with the variance ¥ given by
Y= D 'Var[VL(*)|D"',  D?*=-V?EL(¢"),

while £° is conditionally (given Y) Gaussian w.r.t. the bootstrap measure P° with
the covariance X° given by

$° = D! <§n: VY, 09 {V (Y, 9*)}T> D1,

i=1

The vector a in (3.6) is the so called modeling bias and it vanishes if the parametric
assumption P = Py« is precisely fulfilled. The matrix Bernstein inequality ensures
that 3° is close to X in the operator norm for n large; see e.g. [107]. This yields boot-
strap validity under the true parametric assumption in a weak sense. However, for
quantifying the quality of the bootstrap approximation one has to measure the dis-
tance between two high dimensional Gaussian distributions A (a, ) and A(0, 2°).
The recent paper [101] used the approach based on the Pinsker inequality which
gives a bound in the total variation distance || - ||tv via the Kullback-Leibler diver-
gence between these two measures. A related bound involves the Frobenius norm
| - |lrr of the matrix ¥=1/25°%~1/2 — T, and the norm of the vector B := $~1/2a:

);

see e.g. [101]. However, if we limit ourselves to the centered balls then these
bounds can be significantly improved. Namely, by the main result of Theorem 3.1
and Corollary 3.2 below, we get under some technical conditions

1
BT) N GD) - NO.) |y < 3 ([8725°82 L, + ][5

_c

(3.9) P(lle +al* > 2¢7) —af < 5

(112 = 520 + lall?).

The “small modeling bias” condition on a from [101] means that the value ||X~1/2a||
is small and it ensures that a possible model misspecification does not destroy the
validity of the bootstrap. Comparison of (3.8) with (3.7) reveals a number of benefits
of (3.8). First, the “shift” term is proportional to the squared norm of the vector a,
while the bound (3.7) depends on the norm of ¥~!/2a, i.e. on the whole spectrum
of ¥. Normalization by ©~!/2 can significantly inflate the vector a in directions
where the eigenvalues of ¥ are small. In the contrary, the bound (3.8) only involves
the squared norm ||al|? and the Frobenius norm of ¥, and the improvement from
|21/2al| to [[a]|?/||S]|er can be enormous if some eigenvalues of ¥ nearly vanish.
Further, the Frobenius norm ||E’1/2202’1/2 — IPHFr can be much larger than the

ratio ||¥ — E°||1/||E||F, by the same reasons.

3.2.2 Prior impact in linear Gaussian modeling

Consider a linear regression model
Y = U0+

The assumption of homogeneous Gaussian errors e; ~ N(0,0?) yields the log-
likelihood

n

L) = 72%2 (Y, - U0 + R = —%HY —UT|° + R,
=1
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where the term R does not depend on 6. A Gaussian prior 7 = 7¢ = N (0,G?)
results in the posterior

1 2 1 T 2 1 2
Ve |Y o exp (L(G) - §||G9|| ) X exp (_WHY A §||G9|| ) .
We shall represent the quantity L¢(6) := L(6) — 1[|G6||* in the form

La(6) = Lallo) — 5[De(0 — b))
where
O == (VU7 +0°G?) 70y,
D% := o200 + G2

In particular, it implies that the posterior distribution P(d¢ | Y) of ¥g given Y is

N (ég, Dg;z). A contraction property is a kind of concentration of the posterior on
the elliptic set

Ealr) = {0: [W(0—da)| <},
where W is a given linear mapping from RP. The desirable credibility property

manifests the prescribed conditional probability of d¢ € E(rg) given Y with rg
defined for a given « by

(3.9) P(||W (96 — ba)|| = re | Y) = o

Under the posterior measure Yg ~ N (ég, D&Q)7 this bound reads as

(3.10) P(&cll > re) =

with a zero mean normal vector {5 ~ N (0, Xg) for Xg = WD52WT. The question
of a prior impact can be stated as follows: whether the obtained credible set signif-

icantly depends on the prior covariance G. Consider another prior 7 = N(0, GIZ)
with the covariance matrix Gf2. The corresponding posterior ¥, is again normal

but now with parameters g, = (VU7 + 0’2G%)_1\DY and D% = o 2007 + GY.
We aim at checking the posterior probability of the credible set Eg(rg):

P([[W (96, - b6)| = re | Y).
Clearly this probability can be written as
P(chl +al > FG)
with &g, ~ N (0,3¢,) for Sg, = WDZWT and
a = VV(GUG1 —ég).
Therefore,

B(IlW (9, ~06)| 2 v | Y) | < sup [B(|lé6, +2]| = r) ~B(jleal| = v)|
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Again, the Pinsker inequality allows to upperbound the total variation distance
between the Gaussian measures N (0,Xs) and N (a,Xg,), however the answer is
given via the Kullback-Leibler distance between these two measures:

see e.g. [86]. Results of this paper allow to significantly improve this bound. In
particular, only the nuclear norm HZG — EG1| ,» the norm of the vector a and the
Frobenius norm of ¥ are involved. If G? > G2, then Y¢ < g, and

(3.11)  N(0.26) = N(a,3¢,)|1y < C (Hzal/zzglzam — Ll + =6 ]

HEG - ZJGlH1 =Tr¥qg —Trig

and thus, by the main result of Theorem 3.1 and Corollary 3.2 below, it holds under
some technical conditions

C(Tr e, — Trq + [|a]|?)
[prelic:

(W (e, — o) > re| Y) —af <

This new bound significantly outperforms (3.11); see the discussion of the previous
paragraph.
3.2.3 Nonparametric Bayes approach

One of the central question in the nonparametric Bayes approach is whether one
can use the corresponding credible set as a frequentist confidence set for the true
underlying mean EY = f = UT#*. Here we consider the model Y = f+ec = UTh+¢
in R with a homogeneous Gaussian noise ¢ ~ N(0,021,) and a Gaussian prior
N(0,G72) on . The credible set Eg(r) for 9¢ yields the credible set £g(r) for the
corresponding response f = WUT9:

Ea(r) = {f=9T0: |ATT(0—dg)| <},

with some linear mapping A. The radius r = rg is fixed to ensure the prescribed

credibility 1 — « for the corresponding set Ex(r,) due to (3.9) or (3.10) with W =

AT and £¢ = AVTDS?UAT = 02AlIGAT, with Ilg = UT(TUT + 02G2)71\II.

The frequentist coverage probability of the true response f is given by
P(f € Ealr) = P(IA(f — ¥T00)] < ) = P(JA T (0" — o) < v).

The aim is to show that the the latter is close to 1 — a. For the posterior mean
b = (VU7 +02G2) WY, it holds

E[A(f - ¥"05)] = A(I-TIg) f =: a.
Further,
Y= Var{A(f — ‘IITég)} = Var{AHG E} = UQAH%;AT

and hence, the vector A(f — \I/Tég) is under P normal with mean a = A(I —Hg)f
and variance ¥ = 02ATIZAT. Therefore,

P(f €&a(r) =P(la+¢]| <r).
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Here £ ~ N(0,%). So, it suffices to compare two probabilities

P(lla+éll<r) vs P(léall <)

for all r > 0. Existing results cover only very special cases; see e.g. [62, 20, 86,
23, 24, 6] and references therein. Most of the mentioned results are of asymptotic
nature and do not quantify the accuracy of the coverage probability. The results of
this paper enable to study this accuracy in a straightforward way. Note first that
the covariance operators ¥ = 0’2AH%AT and L¢ = 0?AllgAT satisfy & < Y.
This yields that

[2¢ - %], = TrEg - Trx.

Theorem 3.1 and Corollary 3.2 allow to evaluate under some technical conditions
the coverage probability of the credibility set

C(TrEg —TrS + |[a]?)
Xl

|P(f & &alra)) —al <

The right hand-side of this bound can be easily evaluated. The value |ja|| =
A(I —Hg) f is small under usual smoothness assumptions on f. The difference

TrYc —TrS = o Tr{A(Ilg — 1I)AT}

is small under standard condition on the design ¥ and on the spectrum of G2; see
e.g. [100].

3.2.4 Central Limit Theorem in finite- and infinite-dimensional spaces

Another motivation for the current paper comes from the limit theorem in high-
dimensional spaces for convex sets, in particular, for non-centred balls. Applica-
tions of smoothing inequalities require to evaluate the probability of hitting the
vicinity of a convex set, see e.g. [13], [12]. This question is closely related to the
anti-concentration inequalities considered below in Theorem 3.7. Recently, signif-
icant interest was shown in understanding of the anti-concentration phenomenon
for weighted sums of random variables, particularly, in random matrix and number
theory. We refer the interested reader to [96], [50].

Let Y7,...,Y,, beiid. random vectors in RP. Assume that all these vectors have
zero mean and the covariance operator X. Let X be a Gaussian random vector in
RP with zero mean and the same covariance operator X. We are interested to bound

(3.12) 4(C) = 3161%

p(Yit Y,
NG

for some class C of Borel sets. It is worth emphasizing that the probabilities of
hitting the vicinities of a set A € C, play the crucial role in the form of the bound
for §(C). Assume the class C satisfies the following two conditions:

(i) Class C is invariant under affine symmetric transformations, that is, DA+a €
Cif Ac C,aeRP and D : RP — RP is a linear symmetric invertible operator.

(ii) Class C is invariant under taking e-neighborhoods for all ¢ > 0. More
precisely, A, A= € C if A € C, where

eA) —IP’(XeA)’

A*={x €RP:ps(z) <e} and A ={x € A: B.(z) C A},
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with pa(z) = infyea |z — y| as the distance between A C R? and x € RP, and
Bow) = {y € R”: Ja — y| < e},

Let Xy be a Gaussian random vector in RP with zero mean and the identity
covariance operator I. Assume that the class C in (3.12) is such that for all A € C
and € >0

(3.13) P(Xo € A\A) < ape, P(Xp€ A\A™) <aye,

where a, = a,(C) is the so called isoperimetric constant of C, e.g. taking C as the
class of all convex sets in R? we get a, < 4p'/?; see [5].

It is known (see [12][Theorem 1.2]) that if C satisfies conditions (i), (ii) and (3.13)
then for some absolute constant C' one has

(3.14) 5(C) < C(1+ap) E|Y12/v/n.

Therefore, the inequalities (3.13), i.e. knowledge of a,, play the crucial role in the
form of the bound (3.14).

We have a similar situation in infinite-dimensional spaces. Though contrary to
the finite dimensional case even if C is a rather small class of "good" subsets, e.g.

the class of all balls, the convergence of ]P’((Yl +---+Y,)/Vne A) to P(X € A)

for each A € C, implied by the central limit theorem, can not be uniform in A € C;
see e.g. [98][pp. 69-70]. However, the convergence becomes uniform for a class of
all balls with center at some fixed point, say a. Such classes naturally appear in
various statistical problems; see e.g. [90] or our previous application examples. Thus,
similar to the inequalities (3.13) we need to get sharp bounds for the probability
P(x < || X —a||? < x +¢) for the Gaussian element X in a Hilbert space H. Due to
our Theorem 3.7 below, it holds under some technical conditions that

Ce
”EHFr

Plz<||[X—al?<z+¢) <
for an absolute constant C.

3.2.5 Bootstrap confidence sets for spectral projectors of sample covari-
ance

Let X, X1, ..., X, be independent identically distributed (i.i.d.) random vectors
taking values in RP with mean zero and E|X||> < co. Denote by X its p x p
symmetric covariance matrix defined as 3 := E(X X T). We also consider the sample

covariance matrix 3 of the observations X 1,..., Xy, defined as the average of X ijT:
with X := [X1,..., X,] € RPX™,

1 1
= - X;X] =-XXT".
n < n

In statistical applications, the true covariance matrix ¥ is typically unknown and
one often uses the sample covariance matrix S as its estimator. The accuracy
HE 3| of estimation of ¥ by 3, in particular, for p much larger than n, has
been actively studied in the hterature. We refer to [107] for an overview of the
recent results based on the matrix Bernstein inequality; see also [110]. A bound
in term of the effective rank r(X) := Tr(X)/||Z|| can be found in [65] and [55].
This or similar bounds on the spectral norm || — X|| can be effectively applied to
relate the eigenvalues of 3 and of S under the spectral gap condition. This paper
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focuses on a slightly different problem of recovering the spectral projectors on the
eigen-subspaces of 3 for few significantly positive eigenvalues. Such tasks naturally
arise in many dimensionality reduction techniques for large p. In particular, the
famous principal component analysis (PCA) projects the vector X onto the subspace
spanned by the eigenvectors for the first principal eigenvalues. Surprisingly, the
problem of recovering the spectral projectors (eigenvectors or eigen-subspaces) of
3 from the sample Xi,...,X, for significantly positive spectral values is much
less studied than the problem of recovering the covariance matrix 3. Recently [66]
established sharp non-asymptotic bounds on the Frobenius distance ||P, — P,/
between the spectral projectors P, and its empirical counterparts lADT for the rth
eigenvalue, as well as its asymptotic behaviour for large samples. This enables to
build some asymptotic confidence sets for the target projector P,. as a proper elliptic
vicinity of P,.. However, it is well known that such asymptotic results apply only
for really large samples due to a slow convergence of the normalized U-statistics to
the limiting normal law.

To formulate the main result we need to introduce additional notations. Let o1 >
o9 > ... > o, be the eigenvalues of ¥ and u;,j = 1,...,p, be the corresponding
orthonormal eigenvectors. Matrix 3 has the following spectral decomposition

p
(315) Y = ZajujuJT».
7j=1

Let p1 > po > ... > pg > 0 with some 1 < g < p, be strictly distinct eigenvalues
of ¥ and P,,7 = 1,...,q, be the corresponding spectral projectors (orthogonal
projectors in RP). Denote m, := Rank(P,). We may rewrite (3.15) in terms of
distinct eigenvalues and corresponding spectral projectors, namely

Denote by A, :={j: 0; = p,}. Then |A,| = m,. Define g, := p, — pr41 > 0 for
r > 1. Let g, := min(g,—1,g,) for r > 2 and g, := ¢g1. The quantity g, is the r-th
spectral gap of the eigenvalue p,.. R

Consider now the sample covariance matrix ¥. Similarly to (3.15), it can be
represented as

P

S ~ ~ T

Y = E ojuju;,
j=1

where 61 > g5 > ... > Gp,Uy,..., U, are the eigenvalues and the corresponding
eigenvectors of 3. Following [66] we may define clusters of eigenvalues 7,7 € A,..
Let E := 3 — 3. One can show that

.inf |aj —pr| > g, — ||E[l, sup |aj - er < ||E||
JEA, JEA,

Assume that ||E|| <7,/2. Then all 5;,j € A, may be covered by an interval
(r = B, pr + EN) © (1r —G1/2, ptr +9,-/2) -
The rest of the eigenvalues of $ are outside of the interval

(5 = @ = NBI, e + @ = IBI)) S or = 5,/2 400 + 5,/
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Let |E| < 1 mini <5<, g, =t 6,. The set {G;,j € U'_; A} consists of r clusters, the
diameter of each cluster being strictly smaller than 2@ and the distance between
any two clusters being larger than 25,. We denote by P, the projector on subspace
spanned by the direct sum of u;,j € A,.

It follows from [66][Lemma 5| that |[P, — P,||2 has nearly weighted x? distri-
bution; see also [83|[Theorem 4]. Therefore, after centering and standardization, it
can be approximated by the standard normal distribution under some conditions
on the spectrum of X:

Var'/2(|P, — P [13)

> ~ N(0,1),

see [66][Theorem 6]. This allows to build an asymptotic elliptic confidence set for
P, in the form

D 2 _ D 2
fp, [P PB_BIP P}
Varl/z(”Pr - PTH%)

where z, is a proper quantile of the standard normal law. However, there are at
least two drawbacks of this approach. First, weak approximation in (3.16) can be
very poor in some cases, especially if the effective rank of 3 is not large. Second,
this construction requires to know or to estimate the values E|P, — P,|3 and
Var(|P, — P,||2) which depend on the unknown covariance operator . A partial
solution of this problem is discussed in [66]. It involves splitting the sample into
three subsamples, and pilot estimation of the mean and the variance of ||13T -P.|3.
The approach only applies in some special cases, in particular, if the covariance
matrix has a nearly spike structure.

In this chapter we propose a bootstrap procedure which 1) does not rely on
the asymptotic distribution of the error ||13r — P,||3; does not require to know the
moments of HIST — P, ||3; does not involve any data splitting; provides an explicit
error bound for the bootstrap approximation in the case when sample comes from
the Gaussian distribution. The procedure is based on the resampling idea which
allows to estimate directly the quantiles

(3.17) Yo = inf {’y > 0: ]P’<n||13r —P.|2 > 'y) < a}

without estimating the covariance matrix X.

Bootstrap methods belong nowadays to most popular ways for measuring the
significance of a test or for building a confidence set. The existing theory based
on the high order expansions of the related statistics states the bootstrap validity
for various parametric methods. However, an extension to a non-classical situation
with a limited sample size and /or high parameter dimension meets serious problems.
We refer to series of works [101], [29] which validate a bootstrap procedure for a
test based on the maximum of huge number of statistics. Here we make a further
step in understanding the range of applicability of a weighted bootstrap method
in constructing a finite sample confidence set for a spectral projector. A proof of
bootstrap validity in this setup is a challenging task. The spectral projector is
a non-linear and non-regular function of the covariance matrix, which itself is a
quadratic function of the underlying multivariate distribution

We introduce the following weighted version of 3:

30 = ii‘;wixixj,
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where wy,...,w, are i.i.d. random variables, independent of X = (X1,...,X,),
with Ew; = 1, Varw; = 1. A typical example used in this section is to apply
iid. Gaussian weights w; ~ N(1,1). Denote by P°(-) := P(-|X) and E° the
corresponding conditional probability and expectation. It is obvious that

(3.18) E°3° = 3.

In what follows we will often refer to “X-world” and “bootstrap world". In the X—
world the sample X is random opposite to the bootstrap world, where X is fixed,
but wy,...,w, are random. Then, equation (3.18) implies that in the bootstrap
world we know precisely the expectation of 3° opposite to the X—world, where X
is unknown. Similarly to (3.15) we may write

p
o __ o,.0..0T
3° = E ojusuj .
=1

Let us denote by P; a projector on the subspace spanned by the direct sum of
uj,j € A,. For a given o we define the quantile 17, as

(3.19) ~Yo := min {'y >0: P° (n||P$ -P,|%> ’y) < a}.

Note that this value ~7 is defined w.r.t. the bootstrap measure, therefore, it depends
on the data X. This bootstrap critical value ¢, is applied in the X-world to build
the confidence set

E() = {P:n|P P} <2}

The main result given below justifies this construction and evaluate the coverage
probability of the true projector P, by this set. It states that

B(P, ¢ £(a) = P(n|[P, — P,|3 > 12) ~a.

To formulate the main result of this section we introduce additional notation. Define
the following block-matrix

ry O .. O
(3.20) r.-|0 T o. of
O ... O T,

where T4, s # r are diagonal matrices of order m,.msxm,ms with values 2, s/ (pr
on the main diagonal. Let A\ (') > A2(T';) > ... be the eigenvalues of I',. The
available bounds on the distance between the covariance matrix and its empiri-
cal counterpart claim that the eigenvalues of X can be recovered with accuracy
O(1/+/n); see e.g. [107], [110], [65], [65]. Therefore, the part of the spectrum of X
below a threshold of order O(1/y/n) cannot be estimated. The same applies to the
matrix [',.. Introduce the corresponding value m:

1 I
(3.21) A (D) > Trl“,«<\/ Oi” +4/ Osp) > Ams1 (T)).

Denote by I, a projector on the subspace spanned by the eigenvectors of I',. corre-
sponding to its largest m eigenvalues. Now we state our main result of this section.
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Theorem 3.8. Let observations X, Xq,...,X, be i.i.d. Gaussian random vectors
inRP withEX =0 and EXXT = 3X. Let 72 be defined by (5.19) for any o : 0 <
a < 1, with i.i.d. Gaussian random weights w; ~ N(1,1) for i = 1,... ,n. Then
the following bound is fulfilled

o P(nnf% P> 72)‘ <o,

o= m TrT, ( /logn llogp) Tr(I — II,)T,
VAR VAT A2(Ty)
N m, Tr3 (\/log3n+\/log3p>
g V )\1(]-—‘7“))\2(1—‘1”) n n

and m is defined by (3.21).

where

The proof of Theorem 3.8 may be found in [83]. We outline its main steps. We
may show (see [83][Section 4.2])

X-world: L(n|P, —P.|3) =~ L£(€]?), &~N(O,T,),

where T, defined in (3.20). Further, in [83][Section 4.3] we demonstrate that the
similar relation holds in the bootstrap world, namely

Bootstrap world: £ (n||Py — f’rH%) ~ L(]€°]%), € ~N(0,I}),

where T'? is defined in [83|[Eq. 24]. To compare { and £° we apply Gaussian
comparison inequality, Theorem 3.1.

Although an analytic expression for the value 75 is not available, one can eval-
uate it from numerical simulations by generating a large number M of independent
samples {wy, ..., w,} and computing from them the empirical distribution function
of n||P2 —P,||2. In fact, standard arguments, see e.g. [99][Section 5.1], in combina-
tion with [83][Theorem 5] suggest that the accuracy of Monte-Carlo approximation
is of order M~1/2. Theorem 3.8 justifies the use of this value 4 in place of v,
defined in (3.17) provided that the error < is sufficiently small

In the conclusion of this section we illustrate the performance of the bootstrap
procedure on an artificial example.

Example 1. First we describe our setup. Let n be a sample size. We consider the dif-
ferent values of n, namely n = 100, 300, 500, 1000, 2000, 3000. Let X1,..., X, have
the normal distribution in R?, with zero mean and covariance matrix 3. The value
of p and the choice of 3 will be described below. The distribution of n[|P; — P13
is evaluated by using M = 3000 Monte-Carlo samples from the normal distribution
with zero mean and covariance ¥. The bootstrap distribution for a given real-
ization X is evaluated by M = 3000 Monte-Carlo samples of bootstrap weights
{wi,...,w,}. Since this distribution is random and depends on X, we finally use
the median from 50 realizations of X for each quantile. We consider the following
parameters: p = 500, 1 = 36, u2 = 30, u3 = 25, uq4 = 19 and all other eigenval-
ues g, 8 = 5,...,500 are uniformly distributed in [1,5]. Here we get g, = 6 and
r(3) = 51.79. Figure 1 shows the corresponding PP-plots for the empirical distribu-
tion of n\|131 — P1||% against its bootstrap counterpart. Table 2 shows the coverage
probabilities of the quantiles estimated using the bootstrap.
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Figure 1: PP-plot of the bootstrap procedure for Example 1.

Table 2: Coverage probabilities for Example 1. For each n the first line corresponds
to the median value of the coverage probability and the second line corresponds to
the interquartile range.

Confidence levels
n 099 095 090 0.85 080 0.75
100 0.997 0.986 0.954 0.924 0.889 0.850
0.004 0.026 0.052 0.074 0.091 0.104
300 0.992 0.937 0.873 0.812 0.754 0.692
0.026 0.093 0.165 0.207 0.236 0.271
500 0,988 0.962 0.902 0.846 0.788 0.623
0.054 0.139 0.227 0.264 0.323 0.174
1000 0.992 0.974 0.943 0.890 0.841 0.783
0.021 0.062 0.114 0.066 0.153 0.170
2000 0.988 0.954 0.891 0.843 0.795 0.741
0.021 0.059 0.081 0.098 0.126 0.142
3000 0.994 0.961 0.908 0.864 0.815 0.763
0.016 0.0563 0.073 0.081 0.092 0.101
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4 On the Stability of Random Matrix Product: Ap-
plication to Linear Stochastic Approximation and
TD Learning

This chapter is concerned with the linear stochastic approximation (LSA) algo-
rithm for solving the linear system A = b with the unique solution #*. In partic-
ular, we consider the LSA scheme based on the observations {(A(Z,),b(Z,)) }nen,
where A : Z — R4 b :Z — R are measurable functions and (Zy)ren is

1. either an i.i.d. sequence with distribution 7 satisfying
E[A(Z))] = A and E[b(Z,)]=b. (4.1)

2. or a Markov chain, taking values in a general state-space Z with unique in-
variant distribution 7 and lim,,, . E[A(Z,)] = A, lim,, 1 E[b(Z,)] = b.

With a sequence of stepsizes {ap bnen, an > 0 the LSA algorithm consists in the
sequences of estimates {0, }nen, defined by:

O = On—1 — an{A(Zn)0p_1 — b(Zy)}, (4.2)

with the deterministic initialization y. The LSA recursion (4.2) encompasses a wide
range of algorithms. LSA is central to the analysis of identification algorithms and
control of linear systems. Early results have focused on these two applications and
studied both the asymptotic behaviour of the sequence (6, )nen and the tracking
error; see [43, 51, 53, 74] and the references therein.

LSA is also a cornerstone in the analysis of linear value-function estimation
(LVE) that are popular in reinforcement learning [103, 15]. Seminal works on this
topic [15, 108, 14] established conditions for asymptotic convergence. Finite-time
bound for LVE (and more generally LSA) has attracted a renewed interest. In the
case when (Z;);en+ is an ii.d. sequence, [69, 30] have investigated mean-squared
error bounds for LSA. Recent developments [16, 102, 27| have considered the setting
that (Z;)ien+ is a Markov chain, and provided finite-time analysis. On a related
subject, [54, 112, 37, 63] considered linear two-timescale stochastic approximation
that involves coupled LSA recursions.

4.1 LSA driven by general state space Markov chain

The results of this subsection are published in [42].

Most of the existing results on LSA are limited by strong conditions such as
(i) uniform geometric ergodicity (UGE) on the Markov chain and/or (ii) uniformly
bounded A, b, i.e. sup, 7 {||A(2)|+]/b(z)||} < +o00. These conditions are restrictive
since the UGE condition typically requires the state space to be finite or compact
and do not extend to general (unbounded) state space. This is of course a limitation
because many applications involve general unbounded state space; see e.g. [74] and
[15, p. 305].

In this chapter, we aim to provide high-order moment bounds on the LSA
with Markovian noise. Our results are applicable under the relaxed conditions: (i)
(Zi)ien+ is a Markov chain on a general (possibly unbounded) state-space satisfying
a super-Lyapunov drift condition, and (ii) for some constant C > 0, for any z € Z,
[A ()| < CW1(2), ||Ib(2)]| £ CW3(z), with W1, W3 : R} — [1,400) deduced from
the drift condition in (i). They are strictly weaker than the conditions required in
previously reported works. In particular, A, b can be potentially unbounded.

For m,n € Nym <n and zpmi1.0 = (Zmt1,- -+, 2n) € Z" ™, we define

1_‘m—&-l:n(Zm-‘rl:n) - H;l:m+1{1d _aiA(zi)} .
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A key property used for deriving our bounds is an exponential stability result on
the matrix product above, 'y, 11.n(Zm+1:n), for m,n € N, m < n. To motivate why
this is relevant to LSA, suppose that the Markov chain (Z,,),en+ is ergodic so that,
for all z € Z, the following limits A = lim,, o E.[A(Z,)], b = lim,, o E.[b(Z,,)]
exist. Assume in addition that the limiting matrix —A is Hurwitz, i.e. the real parts
of its eigenvalues are strictly negative, and denote by 6* the unique solution of the

linear system A6* = b. The n-th error vector §,, = 8,, — 8* may be expressed, for
all n € N, by

én = Z?:l aijJrl:n(ZjJrl:n)é(Zj) + Fl:n(Zl:n)éo ) (4-3)

where £(Z;) = b(Z;) —b—{A(Z;) — A}6*. Obtaining a bound on p-th moments for
{110 || }nen naturally requires that the sequence of random matrices {A (Z;)}ien- to
be (V, q)-exponentially stable. Recall that for ¢ > 1 and a function V : Z — [1, 00),
{A(Z;)}ien~ is said to be (V, ¢)-exponentially stable if there exists a4, C; > 0 and
Qoo q < 00 such that, for any sequence of positive step sizes (o;)ien- satisfying
SUP;en+ O < Ooo,qs 2 € Z, my,n € N, m < n,

E.[ITms1:n(Zms1:n)]|9] < Cqexp (_aq Z?:erl O‘i) V(z). (4.4)

Intuitively, (V, ¢)-exponential stability means that the g-th moment of the product
of random matrices I'y4+1.0(Zm+1.n) behaves similarly to that of the product of
deterministic matrices Gpq1., = H?:mH(Id —aiA), under the assumption that
—A is Hurwitz.

Fix p,q,r € N* such that p~! = ¢~ '+r~!. Assume that the sequence {A (Z;)};en=
is (V, g)-exponentially stable for some ¢ > 1, the r-th moments of the noise term
|&(Z,)| and initialization error 6y are bounded. Using (4.3), we can readily de-
rive bounds for the p-th moment, EL/” [16,.]/”] by applying the Holder’s inequality.
Note that the r-th moment bound for the "noise" terms may follow from classical
Lyapunov drift conditions, which is implied by super-Lyapunov drift conditions.

In this section:

e We establish (V, ¢)-exponential stability of the sequence of matrices { A (Zx) }ren+,
and provide explicit expression for constants appearing in (4.4); see Theo-
rem 4.2. Compared to the prior works, our result can be applied to the
settings where the function A (-) is unbounded, not symmetric and (Zx)ken+
is a Markov chain on a general (unbounded) state-space not constrained to
be uniformly geometrically ergodic. A discussion of how our results relax the
restrictive conditions in previously reported works is given after the statement
of Theorem 4.2.

e We provide finite-time bound and first-order expansion for the p-th moment
of the error (,)nen- for LSA recursion (4.3). More precisely, we show that
]Ei/p[||0~n||p] = O(a,l/Q) Vp(2) both for constant a,, = a (where « is sufficiently
small) or nonincreasing stepsizes under weak additional conditions including
an = C/(n+np)t, for any t € (0,1]; see Theorem 4.3. From our analysis on
the LSA error 6,,, we identify a leading term, denoted J7(,,0), which is a weighted
additive linear functional of the error process (£(Z,,))nen=. Furthermore, the
leading term J,(lo) and its remainder H,(lo) = én — JT(LO) admit a separation
of scales. For example, when «,, = C/(n + ng), the leading term has a p-

th moment bound of O(n~'/2)V,(z), and the remainder has a p-th moment
bound of O(n~'log(n)) V,(z); see Theorem 4.4.

e Finally, we apply our results to TD-learning for LVE. We give sufficient condi-
tions for a Markov Reward Process on general (unbounded) state space (with
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unbounded reward and feature functions) to satisfy the assumptions of Theo-
rem 4.3 and Theorem 4.4. Therefore, the convergence bounds we derive hold
for these algorithms.

4.1.1 Main Results

Consider a Markov chain (Z) ey with Markov kernel P. We assume without loss
of generality that (Zj)xen is the canonical process corresponding to P on (ZN, Z&N).
We denote by P, and E,, the corresponding probability distribution and expectation
with initial distribution . By construction, for any A € Z, P, (Zr € A| Zk—1) =
P(Zy-1,A), Py-a.s. In the case p = 9., z € Z, P, and E, are denoted by P, and
E.. In addition, throughout this paper, we assume

UE 1. The Markov kernel P : Z x Z — Ry is irreducible and aperiodic. There
exist ¢ > 0,b > 0,5 € (1/2,1], Rp > 0, and V : Z — [e,00) such that by setting
W =logV, Co={z:W(z) < Ro}, C§ = {z: W(z) > Ry}, we have

PV(z) < exp[—cW‘s(z)]V(z)l{Cg}(z) +blicy(2). (4.5)

In addition, for any R > 1, the level sets {z : W(z) < R} are (mp,erv)-small for
P, with mgr € N*, eg € (0,1] and v being a probability measure on (Z, Z).

Since (Z, Z) is a general state-space, irreducibility here means that the Markov
kernel P admits an accessible small set; see [38, Chapter 9]. The drift condition
(4.5) in UE 1 is referred to as a multiplicative or super-Lyapunov drift condition and
plays a key role in studying the large deviations of additive functionals of Markov
chains; see [109]. Eq. (4.5) implies the classical Foster-Lyapunov drift condition,
PV (z) < AV(z) + bblc,(z) with

A= exp(—cinfcg W?) <exp(—c) < 1. (4.6)

It follows from [38, Theorem 15.2.4] that under UE 1 the Markov kernel P is V-
uniformly geometrically ergodic and admits a unique stationary distribution 7, i.e.
there exists p € (0,1) and By < oo such that for each z € Z and n € N,

[P (2,-) = 7llv <Bvp"V(2). (4.7)

UE 1 is a special case of condition (DV3) in [68, 67] which plays a key role in
multiplicative regularity of Markov chains. A key consequence of UE 1 is a bound
for products (see [42][Lemma 10] and [67, Theorem 1.2]): for any z € Z, n € N, and
non-increasing sequence (o );en+ C [0, 1], we get

E.fexp{e e ox W (Z1)}] < exp {b S50 oy exp {aaW(2))

where b = logb + sup,~.{cr® — r} and ¢ is defined in (4.5). UE 1 is satisfied with
§ = 1 for Gaussian linear vector auto-regressive process and also non-linear auto-
regressive process under exponential moment condition for innovation process, see
e.g. [89].

We also impose some constraints on A. For € € (0,1) consider the following
assumptions

A1 (). Given e € (0,1) there exists C4 > 0 such that for any 1 < i,j < d, the
(i,7)-th element of A satisfies ||[A]i ;|| ,ys < Ca, where f < min(26 —1,0/(1 +¢))
and 0 is given in UE 1.

A 2. The square matriz —A = —E.[A(Zy)] is Hurwitz.
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A1(e), A2 are standard conditions on the parameter matrices in LSA. Mean-
while, A 2 guarantees the existence of a unique solution 6* to Af = b. It is a
sufficient and necessary condition for the solution of the ordinary differential equa-
tion ; = —A#, to converge exponentially to 6* [59, Lemma 4.1.2]. The same kind

of result holds for the discrete system 64, — 69 = —aAf3.

Proposition 4.1 (See [88][Lemma 9.1, p. 140). | Assume that —A is a Hur-
witz matriz. Then there exists a unique positive definite matriz Q satisfying the
Lyapunov equation ATQ + QA = 1. In addition, setting

a=QI7"/2, and ax=(1/2)|AlIQI", (4.8)

then for any o € [0, aso], we get HI—aAHg? <1—aa. If in addition o < ||Q||? then
1—aa>1/2.

The above proposition implies that the discrete system converges exponentially
as 63, < v/Fa(l — aa)™/2(|63]| for a € (0, an).

Our aim is to establish (V, ¢)-exponential stability of the sequence { A (Zx)}ren--
The following example illustrates that, even if the function A(z) is bounded, for
the matrix product to be exponentially stable, it is necessary for the Markov chain
(Zk)ken to be geometrically ergodic.

The following theorem establishes the (V, p)-exponential stability of the sequence
{A(Zk)}ken+. For ease of notation, we simply denote I'y11.n = Tint1:0(Zmt1m)-

Theorem 4.2. Assume UE 1, A 1(c) and A 2. Then for any p > 1, there erists
Qoo p > 0, given in [42][Eq. 87], such that for any non-increasing sequence (ag)gen
satisfying oq € (0,000 ), 20 € Z and m,n € N, m < n, it holds

B2 V[T 1inl[P) < Csepe™ (/) 2eimmin V120 (55) (4.9)

where a, Cqp, and h are defined in (4.8), [42][Eq. 89], and [42][Eq. 86], respec-
tively.

The theorem shows that provided (o )ren- satisfies ), . ar = +o0,
EY/?[|TrsrinIP] — 0

as (n —m) — oo for any p > 1. Specifically, it has a similar convergence rate as the
deterministic matrix product |Gt 1inll = ITTi2,q (Ta —a:A)|| S e I Ntemt1 O,
Theorem 4.2 generalizes previously reported works. [51, 52] used a slightly differ-
ent definitions allowing to consider non-Markovian processes satisfying more general
mixing conditions (like ¢- or S-mixing). As we will see later, when specialized to
Markov chains, the results we obtain significantly improve those reported in these
works. [89] established (V, ¢)-exponential stability for general state-space Markov
chain under a super-Lyapunov drift condition (similar to UE 1). However, the re-
sults in [89] assume constant stepsize and A(z) being symmetric and non-negative
definite for any z € Z. Non-negative definiteness plays a key role in the arguments:
in such case, for any z € Z, the spectral norm ||I; —aA(z)|] < 1 provided that
[A(2)|| < a~! for a > 0 which is no longer true for general matrix-valued function
A(z). Similar results, also under the condition that A(z) is symmetric for any
z € Z, were obtained by [35] based on perturbation theory for linear operators in
Banach space and spectral theory. However, the bounds provided in [35] are only
qualitative and it is difficult to make these results quantitative because they are
based on perturbation arguments of linear operators in Banach spaces. The restric-
tions imposed on these prior works have limited their applications to more general
algorithms, in particular to most RL algorithms. As we will see below, the appli-
cation to linear value-function estimation in temporal difference learning involve
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non-symmetric matrix function A. In contrast, our result (cf. Theorem 4.2) can be
applied to the setting where for some z € Z, A(z) is not necessary non-negative
symmetric but only Hurwitz.

Notice that the case of uniformly geometric ergodic Markov chain is covered by
UE 1. In this case the set Z is small and drift function V' can be chosen to be
constant. Together with the assumption of bounded A (-), the exponential stability
of product of random matrices has been implicitly established in [102, 37, 63, 27].
In particular, their results on LSA can be applied on the recursion yg = vy, yp11 =
{1g —ant1A(Zpi1)}yn, n € N. Through studying the decomposition:

Yn+1 = {Id *O‘n+1A}yn - an+1(A(Zn+1) - A)yn, VneN, (4'10)

they derived bounds on E, [||yn+1]|”] = E.,[IT1:n+1y]|?]. However, generalizing
this approach for other classes of Markov chains (e.g., UE 1) or unbounded function
appears to be impossible.

4.1.2 Application to Linear Stochastic Approximation

This section illustrates how to apply Theorem 4.2 to analyze LSA schemes with
Markovian noise. First, we state the assumptions on b(-) and step sizes which can
be either constant or diminishing. For K € N*, consider the following assumption:

A 3 (K). There exists Cyx > 0 such that maxi<¢<q ||be|1x < Cypx, where by is
the £-th component of b.

A 4. There exists a constant 0 < co < a/16 such that for k € N, ap/ak+1 <
1+ apy1ca-

It is easy to check that A4 is satisfied by diminishing step sizes a,, = C,(n +
no)~ % t € (0,1] and constant step sizes.

Theorem 4.3. Let K > 8. Assume UE 1, A 1(e), A2 and A 3(K). For any

2 < p < K/4, there exists aég%p defined in [42][Eq. 25] such that for any non-
increasing sequence (o )ken+ Satisfying oy € (o,aéﬂl{p) and A4, z € Z, and n € N,

it holds

]Ei/p[Héan] < Mo Cypgp e~ (/1) 2ty a1/ () () (CSE’; + Cl(JIO,L) [, V2K (@4P) ()

(4.11)
where Mo = EY/)[|100]|2%] and Cg?;, CS{L are defined in [42][Eq. 32], [42]|Eq. 34],
respectively.

Most often, the distribution of the initial value 6y does not depend on the initial
value of the Markov chain z. In this case Ei/(zp)[HéOH%] is a constant. With
a sufficiently small step size, Theorem 4.3 shows that the L, norm of error vector
converges under UE 1 for the Markov chain. Compared to [102], we consider relaxed
conditions on the Markov chain and allow for diminishing step sizes in the LSA.

We show that the finite-time L, error bound can be derived through applying
the stability of random matrix product (see Theorem 4.2). We recall that the error
vector én+1 = 0,41 — 0 may be expressed as

én+1 = Fl;n+1éo + Z;lill Oéij+1:n+1§(Zj) = éﬁf—?l + égli)-l . (412)

Using the Holder’s inequality and Theorem 4.2, the transient term éflt_j_)l

bounded as follows

can be

n+1

O (tr P N —(a a
B0 || ] < B P s TE P[0 ] < Mo Capzp 0™ (/0 2zt 201/ B0 z),
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As for the fluctuation term 6 4)-1’ it can be verified that 5521 = J1(10) Hr(le, where
the latter terms are defined by the following pair of recursions:
Jfﬂ)l = (Ig—ant14) T 4 A1 18(Zn11), J(go) =0, (4.13)
H) = (=1 AZow) By = i AZuin) 1, Hy” =0,

and A(z) = A(z) — A. Furthermore, we observe that
I = S 0Ginmne(Z). HY = = Y ol AZ) 70 (414)
Rosenthal’s inequality for Markov chains implies that

B[ 1] < ¢ vamv ), (4.15)

To analyze Hfl +)1, from (4.14) we apply the Holder’s inequality twice to get
B[P < 520 B O IT v 2] B P AZ) 1) B O 12, 7).
Finally, applying (4.15) we get

EYPIIHCLIP) < CF) fanir VK0 (2), (4.16)

Refining the error bound El/p[”@(ﬂ)Hp] It is possible to obtain a bound on

i/p[HH(O) ||P] tighter than O(,/ax,) obtained in (4.16). This establishes in particular
that J” is the leading term in the decomposition of the fluctuation term anﬁl =
J(Jrl + H7(1+)1 To this end, we rely on an extra decomposition step similar to (4.13).

We may further decompose the error term H(O) as H(O) J(l) + H(l) such that

J(1+)1 = (I —« +1A)J(1) — Oén+1;*(Zn+1)Jv(zo)a J(l)

n

(4.17)
HY, = (i —ani1 A(Zpi)HYY — a1 A(Zpir) I, H“Lo

where J,(LO) is defined in (4.13). For diminishing step sizes, here we should strengthen
the previous assumption A4 as:

A 5. We have Ay < oo, where A, = E;‘;n aZ. There exists a constant 0 < ¢, <
a/32 such that for k € N, ag/aps1 <1+ agg1cq and ap/Axr1 < (2/3) cq.

It is easy to check that A5 is satisfied by diminishing step sizes a,, = C,(n
no)_t, t e (%,1].

Theorem 4.4. Let K > 32 and assume UE 1, A 1(s), A2, and A 3(K). For any
2 < p < K/16 and any non-increasing sequence (ay)ren satisfying ag € (0,0z((;))’p)
such that ay = « or A5 holds. For any z € Z, n € N, it holds

Cz(f) ay/log(1l/a), if a, = a,

4.18
C](Dd) an Ay log(l/ay), if under A5, (4.18)

E;/P[”Hr(LO)”p] < VB/K+9/(16p)(Z) {

where o’y C(f C(d) are given in [42][Eq. 92], [42][Eq. 94], respectively.

The theorem shows that the previous bound of E;/p[HHnO)Hp] = O(\/a,) can
be improved to O(y/a, A, log(1/ay,)). Take for example a diminishing step size
as ap, = Cq(n + ng)~!, our result shows that the fluctuation term admits a clear
separation of scales as

60 = SO+ HD with BY?[|J|P] = O(n~Y/?), B[ HP|P] = O(n~"/logn).
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4.1.3 Temporal Difference Learning Algorithms

Following the notation from [104, Chapter 12|, we consider a discounted Markov
Reward Process (MRP) denoted by the tuple (X,Q,R,~), where Q is the state
transition kernel defined on a general state space (X, X’). We do not assume that X
is finite and countable, the only requirement being that A" is countably generated:
we may assume for example that X = R?. For any given state x € X, the scalar
R(z) represents the reward of being at the state . The reward function is possibly
unbounded. Finally, v € (0,1) is the discount factor. The value function V* : X -+ R
is defined as the expected discounted reward V*(z) = E,[> "7, Y*R(Xk)]-

Let d € N*, we associate with every state x € X a feature vector (z) € R?
and approximate V*(x) by a linear combination Vg(x) = ()76 (see [108, 104]).
Temporal difference learning algorithms may be expressed as

Op1 = Ok + 190k {R(XE) + v0(Xpt1) "0k — 0(X1) "0k}, (4.19)

where {pr ren is a sequence of eligibility vectors. For the TD(0) algorithm, ¢} =
(Xg). For the TD(X) algorithm, ¢ = (My)pr—1 + 1 (X%). Note that for TD(A),
(4.19) corresponds to (4.2) with the extended Markov chain Zy = (Xk, Xp41, ¢k)
and A(Zk) = 7(pk(1/)(Xk)T — ’}/QZJ(Xk+1)T), b(Zk) = (ka(Xk). [102] were able to
study TD(\) while that (Zj)gen- is not necessary uniformly ergodic. Indeed, a core
argument in their application is the use of [15, Lemma 6.7] which implies that if Z is
a finite state space and (X} ) ke is uniformly ergodic, then HIEZ [A(Zy)] — AH < CpF
and HIEZ[b(Zk)] - f)H < OpF, for any z € Z, k € N* and for some C > 0, p € (0,1).
This is precisely the condition considered by [102] to derive their bounds. Obviously
[15, Lemma 6.7] does not extend to general (unbounded) state space.

As a replacement, to verify our assumption UE 1, we consider here a 7-truncated
version of the eligibility trace

Pr = ¢T(Xk—7+1:k) where ¢T(IO:T—1) = Zz;ol (A7)5¢(IT—1—S) . (420)

TD(0) algorithm is a special case of (4.20) with 7 = 1 and we recover the TD())
algorithm by letting 7 — co. The recursion (4.19) with eligibility vector defined in
(4.20) is a special case of (4.2). To see this, we define Z = [Xj_,,..., Xx] and
observe that (4.19) can be obtained by using in (4.2) the following matrix/vector,
for z = [zo,...,2,] | = z0.r € XTHL,

A(z) = ¢r(zorr—1 ) {¥(@r-1) — fyq/)(xT)}T, b(z) = ¢-(zo.r—1)R(z7-1) . (4.21)

Note that compared to [102], we do not consider TD(A) but (4.20). Consider the
following assumptions.

M 1. The Markov kernel Q : X x X — Ry s irreducible and strongly aperiodic.
There exist ¢ > 0,b > 0,6 € (1/2,1], Ry > 0, and V : X — [e,00) such that by

setting W =logV, Co = {2 : W(z) < Ro}, C§ = {x: W(x) > Ro}, we have
QV(z) < exp[fcﬁ/é(x)}f/(o:)blcg (z) + bblc,(z), (4.22)

in addition, for any R > 1, the level sets {x : W(z) < R} are (1,egv)-small for Q,
with eg € (0,1] and v being a probability measure on (X, X).

It follows from [38, Theorem 15.2.4] that the Markov kernel Q admits a unique
stationary distribution mg.

M 2. mo(vp ") is positive definite.
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In the following, we show that under M 1, M 2, the TD()) algorithm with
truncated eligibility trace (4.19) satisfies the assumptions in Section 4.1.2. In this
case, the state-space is set to be Z = X"t! and the Markov kernel P is given, for
any z = xo.r € X"t1 by

P(zo.r;dzg.,) = [1y=y 0a, (day_ ;) Q(zr, da?) (4.23)
where ¢, denotes the Dirac measure at x € X.

1. It follows from [42][Lemma 35] that P is irreducible, aperiodic and has a unique
invariant distribution 7(dzo.;) = mo(dzo) [[j—; Q(ze—1,das). By [42][Lemma
36], the super-Lyapunov drift condition (4.5) is satisfied with

V(@oir) = exp (0 72 i+ W (@) + W(ar))

where ¢ is defined in [42]|[Eq. 121]. Hence, UE 1 is verified.

2. Let ||¢(x)|| < Cyp WHA/2(z) and for K > 1, [R(z)| < Crx V'/?X(x), where
Cy, Crk > 0 are some constants. Then A1(e) and A 3(K) are satisfied with

Ca=(1+7)C/(1-N\), Cox=CrrCy(BK/e)*?/(1-Ny). (4.24)
3. Eq. (4.21) implies

A= 020 By [ (X 1) {9 (X 1) = 19 (X)),
Assumption A 2 follows from [42|[Lemma 33].

Collecting the above results shows that the assumptions required by Theorem 4.3
are satisfied, thereby proving that the L, error of TD(\) algorithm (4.19) (with
truncated eligibility trace) converges according to the rate specified in (4.11).

4.2 Tight High Probability Bounds for Linear Stochastic Ap-
proximation with Fixed Stepsize

The results of this subsection are published in [41].

In this section we consider the case i.i.d. noise (Z)ken and fixed stepsize a,, = a.
To simplify notations we write A,, = A(Z,),b, = b(Z,). We obtain new results
regarding moments and high probability bounds for products of matrices which
are shown to be tight. These results clarify the stability result (4.4). We derive
high probability bounds on the performance of LSA under weaker conditions on
the sequence {(A,,by,) : n € N*} than previous works. However, in contrast, we
establish polynomial concentration bounds with order depending on the stepsize.
We show that our conclusions cannot be improved without additional assumptions
on the sequence of random matrices {A,, : n € N*}, and in particular that no Gaus-
sian or exponential high probability bounds can hold. Finally, we pay a particular
attention to establishing bounds with sharp order with respect to the number of
iterations and the stepsize and whose leading terms contain the covariance matrices
appearing in the central limit theorems.

We require the following main assumption in this section:

A6. {(A,,b,)}nen is an i.i.d. sequence satisfying the following conditions.
1. E[by] = b and there exists Cy > 0 such that, for any u € S*™1, u"(b; —b) €
22
SG(Cy).

2. There exists C4 > 0 such that |A1|| < Ca almost surely.
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3. The matriz —A = —E[A4] is Hurwitz, i.e. for any eigenvalue \ of A, Re()\) >
0.

Both conditions A 6-1, 2 are standard in analysis of LSA, e.g., in [30, 102, 76].
For example, the assumption on the sub-Gaussianity of by is used in [30] and is
relaxed from [102], the almost sure boundedness of A; is also used in [30, 102].

The aim of this section is to derive high probability bounds on u'{#,, — 6*} for
any n € N, u € S41,

Below, we present a counterexample to show that under only A6, if a > 0 is
fixed, then there exists p > 0 such that lim,, 1o E[||0, — 0*]|F] = 400 for p > p.
As a corollary, it is impossible to obtain any exponential high probability bounds
for {||6,, — 6*|| : n € N}.

Ezample 2. Consider (4.2) with d = 1 taking b,, = 0 for any n € N* and for

{A, : n € N*} an iid. sequence of biased Rademacher r.v.s with parameter
qa € (1/2,1):
A, = 1 W?th probab?l?ty qa , (4.25)
—1  with probability 1 — g4 .
This choice is associated with 6* = 0 and corresponds to the recursion: 6, =

[Th—, (1 — aAg)by, for some 6y # 0. For any p > 1 and o € (0,1), we have by
definition,
E[10n]°] = {ga(l = a)” + (1 = ga) (1 + )"} [6o]" -

Using the lower bounds (1 —a)? > 1 —ap and (1 +«a)? > 1+ ap+ p(p — 1)a?/2,
we get for any p > 1 and « € (0,1),

E(16n]"] = {1 = pa[(2q4 — 1) = (p = (1 = ga)/2]}" [6o]" -

If @ € (0,1) is fixed, then for any p > fgo = 1+ 2(2¢4 — 1)/[e(1 — ga)], we
have lim,, 1 o E[|0,]"] = +00. On the other hand, if o € (0,2(2g4 — 1)/(1 — qa)),
then lim,_, ;o E[6?] = 0. Therefore {6,, n € N} converges in distribution to the
Dirac measure at 0 which corresponds to the unique stationary distribution of this
sequence as a Markov chain. In such a case, this distribution admit p moments for
any p > 0.

However, this result is specific to this particular case and does not hold if only
A6 holds. Consider {6,,, n € N} defined by (4.2) with {A,,, n € N*} given in (4.25)
and {b,, n € N*} be an i.i.d. sequence of zero-mean Gaussian random variables
with unit variance independent of {A,, n € N*}. We show in [41|[Appendix B.2]
that there exists ag o such that for any a € (0, ag 0], the Markov chain {6,, n €
N} admits a unique invariant distribution 7, for any « > 0. Further, for any
o € (0, arz,00] there exists p, > 1 such that [, []” dmo (6) = 400 for any p > pq.

It is, however, possible to obtain any p-th moment uniform bound for {||6,, — ™| :
n € N} by strengthening A 6-3 to:

A7. There exist a € (0,1), Goo > 0 and a positive definite d-dimensional matrix Q
such that almost surely, for any a € (0, docl, [[I—aA41]5 <1 —aa.

Conditions similar to A 7 are considered in [25] for the analysis of SA schemes
with decreasing stepsize. For example, A 7 holds in the case of regularized linear
regression. We take A; = A +aja|, for some A > 0 and under the assumption that
laz|| is bounded almost surely. The LSA recursion (4.2) approximates the solution
to (A\I+E[a;a]])0 = b, which admits a unique solution.

On the other hand, examples where A7 does not hold are common. For instance,
we may consider TD(0) learning with linear function approximation. For a Markov
Reward Process with X as the state space, P : X x X — [0,1] as the transition
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probability, R : X — R as the reward function, and v € (0,1) as a discount factor,
TD(0) learning is described as in (4.2) with

Ay = d(zn){d(zn) — ’7¢(x;)}Tv b, = R(2n)(zn), (4.26)

where ¢ : X — R is a feature map. A typical setting is when z,, is drawn from
the stationary distribution of P and ), ~ P(x,,-). It is easy to verify A6 provided
that ||¢(z)||, R(z) are bounded for all = € X [108]. However, A7 is violated as A,
is only rank-one.

Our next endeavor is to establish moment estimates on the product below:

TS, =TI, (I—aA;), mneN, m<n. (4.27)
Here for Ay, ..., Ay, d-dimensional matrices we denote Z:i Ap=A4;.. Aifi <y

and with the convention Hi:i Ay =1y if i > j. We also define its expected value as
Gin = E[Chin] = (I—aA)»m 1,

4.2.1 Moment and High-probability Bounds for Products of Random
Matrices

Recall from Proposition 4.1 that the norm of the expected value G\*) = E[T{*)]
< JRQ(1 — aa)™?. We expect a similar

decays exponentially with n as HGYQ

phenomenon for the moment bound of Hl"gagﬂ Precisely, in this section, we show

that if p is fixed, then there exists ay o > 0 such that for any o € (0, o o], the
p-th moment of 1“5,‘3?,1 decays exponentially with n — m.

We present the main technical result on the product of general random matrices
as follows, whose proof is based on the framework introduced in [58].

Proposition 4.5. Let {Yy, £ € N} be an independent sequence and P be a positive
definite matriz. Assume that for each € € N there exist my € (0,1) and oy > 0
such that H]E[Yg]”?; < 1—my and |Y,—E[Y/]|p < o¢ almost surely. Define
Z, = H?:o Y,=Y,Z,_1, forn > 1 and starting from Zy. Then, for any2 < q<p
andn > 1,

" 2
12}, <k [T = me+ (0= Dod) [P22ZoP~22|" 0 (a28)
’ =1 Pq

where we recall that kp = AL (P)Amax(P).

min(

In order to bound Fgag using Proposition 4.5, we identify the latter with Y, =

I—aAy,l > 1, Yo = 1. As —A is Hurwitz, applying Proposition 4.1 yields
H]E[Yg]”é = HI—aAHé <1 — aa. Further, A 6-2 ensures that almost surely,

||Yg — E[YE]HQ =« HA@ — AHQ < QCY\/%CA = bQOé.

Therefore, (4.28) holds with m, = aa and o, = bga. As [I]|, = d'/?, we obtain the
following corollary.

Corollary 4.6. Assume A 6-2-3. Then, for any « € [0, a00], 2 < q < p, andn € N,

BV [Imie] < v

< VRQd'/P(1 - aa + (p — 1)bga*)"/?, (4.29)
p,q

where s, was defined in (4.8), and bg = 2,/FqCa.
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Note that Corollary 4.6 shows sup,,cy E[HI‘gang] < 400 for any a € (0, op,o0),
where
Qpoe = Qoo A a/(2b5(p — 1)). (4.30)

This kind of condition relating the choice of o with the required order p is necessary
as illustrated in Example 2. Corollary 4.6 further leads to the high-probability
bound:

Corollary 4.7. Assume AG-2-3. Then, for any « € (0, s ) where as, was defined
n (4.8), § € (0,1) and n € N, with probability at least 1 — ¢,

||I‘§O;ZH < /KQexp [—(ana —a’bgyn)/2 + bQom/inog(d/é)} .

The result in Corollary 4.7 is tight with respect to 4. See example in [41] that
continues Example 2

We conclude the section with a complementary result of Corollary 4.6 that does
not require A 6-2:

—A| € SG(Cy) for some C'y > 0. Then,
for any a € (0, ax) where s was defined in (4.8), 2 < q <p, andn € N,

BV [Iris)e] < i

pqgﬁdl/p(l—aa+q<p 1)(bp)*a®)™?,  (4.31)

where by = 2, /7qCly.

Finite-time High-probability Bounds for LSA Relying on the results estab-
lished in Section 4.2.1 and the decomposition (similar to (4.12))

0, — 0 =05 + 0 =T{8— 0%}, 600 =aX ) T & (4.32)

we derive high probability bounds on u' {6, — 6*} for any n € N and u € S%1,
where {0, n € N} is defined in (4.2). We begin our study with the transient term

97(5 N, Observe that

Proposition 4.9. Assume A 6 and let po > 2. Then, for any n € N*, a €
(0, atpy.00), Where aipy oo is defined in (4.30), u € St and § € (0,1) it holds with
probability at least 1 — § that

[T T (B — 6°)] < /igd!/™ (1~ aa/4)" |6 — 0% 6~/
where a was defined in (4.8).

Proposition 4.9 only provides a polynomial high probability bound with respect
to §. This is due to the fact that only polynomial moments of ||F(O‘ || up to a
maximal order are uniformly bounded in the number of iterations n.

We now turn to the fluctuation term 6 defined in (4.32). Note that under A
6, the sequence {&,, n € N} is i.i.d.. From this observation and following [42], we
consider the decomposition

B = 0 3T, = S 1 HED), 1)
j=1
where {(J,(La’o), HT(La’O)) : n € N} are defined by induction for n > 0 as:

T — (T—aA) I + agpy1, I =0,

_ (4.34)
HYY = (1—aA,) HYY — a(Apsr — A)JSY H™ =0,
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The latter recurrence can be written as

a _ « A a,0
J’r(Lap) = Z G§'+)1:n‘€j ) H7(za70) = -« Z F;+)1n(AJ - A)‘]](fl) .
j=1 j=1

Note that Ji* is a linear statistics of the random variables {&;, 5 €{1,...,n}}
which are centered and i.i.d. under A 6. Next, we show that Jfla’o) is the leading

term as the stepsize « | 0. Denote for any n € N* and a > 0, the covariance matrix
of JT(La’O) as
= = Cov(J{*9). (4.35)

We obtain the following statement:

Proposition 4.10. Assume A 6. Then for any n € N*, a € (0, ao], where aso is
defined in (4.8), u € S~ and 6 € (0, 1), it holds with probability at least 1 —§,

[uT IO < D/ {uTSgu} log(2/8) + ay/1+ log(1/(ac))Da log®>(2/5) . (4.36)
where Dy = 60v/3e*/® and Dy is defined in [{1][Eq. 49].

We analyze further the covariance associated with J,(la’o) and its dependence with
respect to n and «. First, note that for any a € (0, ag ), {2, n € N*} converges

n?

to aX® as n — oo where X% = QZ?;O G1:k2€GIk is the unique solution of the
Ricatti equation

AT + BOAT —aAZAT = 3., with 2. =E[gg]]. (4.37)

Notice that we focus on the cases where 3. is full-rank. Using Proposition 4.1, we
obtain that for any n > 0,

15 — o= <0 Y ||Gual* 3] < aa™ kg || Z] (1 - aa)™. (4.38)

k>n
We now give an expansion of ¥ with respect to a. It is well-known that as
a | 0, 3¢ converges to X, the unique solution of the Lyapunov equation (see [88,

Lemma 9.1]) ) B
A +ZAT =%_. (4.39)

Our next result states the convergence of 3¢ to 3 is of the order of the stepsize a.

Proposition 4.11. Assume that A 6-3 holds. Then, for any a € (0, o], where
Qo 18 defined in (4.8),

1= - 3| [Q] < aa”'|AZAT g,
where 3¢ and X are defined in (4.37) and (4.39) respectively and a is given in (4.8).

The last step in bounding éﬁf') is to consider H,(;”O). We proceed similarly to
(4.34) and consider the decomposition H® — 7(,,(1’1)—1—1177%“’1)7 where {(Jff"’l)7 H,(f"l)) :
n € N} are defined by induction for n > 0 as:

J(OJ:P = (I _O‘A)Jr(ta’l) —a(Apy1 — A)Jv(la’o), Jéa’l) =0,

n

= (4.40)
Hr(l(jri) = (I _C“Anﬂ)Hr(za’l) — (A — A)Jr(La’l), Hé(“) =0.

In our next result we bound each term of this decomposition separately.
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Proposition 4.12. Assume A 6 and let pg > 2. Then, for any n € N, a €
(0, Atpy.00), Where gy oo is defined in (4.30), u € St and § € (0,1/2), with proba-
bility at least 1 — 20, it holds

|uTJ,(L°"1)| < eDszarlog?(1/9), |uTH,(LO"1)| < Dyapdt/ro (4.41)
where D3 and Dy are given in [41][Eq. 57 and 60].

Now we are ready to combine the previous bounds and to state the main result
of this section.

Theorem 4.13. Assume A6 and let pg > 2. Then, for anyn € N, o € (0, apy.00),
where ap,  is defined in (4.30), u € St and § € (0,1/4), with probability at least
1 — 40, it holds

o™ 2puT (6, — 0%)] < Duy/[uT Sout log(2/8) + a2 (@, ) + (1 — aa/4)" AV (a, ),
(4.42)
where B is the unique solution of (4.37), Dy = 60/3e¢*/3, a is defined in (4.8),

«(a,8) = (eDslog”(1/6) + /1 + log(1/ac)D2 10g3/2(2/5)) + Dapgd /0,

(4.43)
AW (a,8) = D1 /a I rql[B: [ 10g(2/3) + y/rgd"/*||fy — 6% [|a” /25717

where kq and 3. are defined in (4.8) and (4.37) respectively.

We now discuss the high probability bound (4.42). First, the term A™M (v, 6),
and in particular the initial condition vanishes exponentially fast in the number of
iterations n. In addition, ¢*)(«,§) and A (a, §) are of order 6~ /P0 as § — 0 and
therefore (4.42) provides polynomial high probability bounds on LSA. However, this
conclusion is expected as illustrated in Example 2. Finally, the discussion of (4.42)
with respect to « is postponed to the next section.

Under A7 we can provide a better bound for Hf,a’l).

Proposition 4.14. Assume A6 and A7. Then, for anyn € N, a € (0, oo A o),
where oo is defined in (4.8), u € S and § € (0,1/2), with probability at least
1—26, it holds

|uTJ,ga’1)‘ < eDzalog?(1/9), |uTH7(f"1)| < eDsalog?(1/9), (4.44)
where D3 and Dy are given in [41][Eq. 57 and 61].

As a result, we can establish exponential high probability bounds with respect
to 4.

Theorem 4.15. Assume A 6 and A7. Then, for any n € N, a € (0, a0 N Goo),
u € S and § € (0,1/4), with probability at least 1 — 46, it holds

a2 uT (0, — 0%)] < Di/{uT Beutlog(2/6) + a?¢P (o, 6) + (1 — aa)/2 AP (a, 6)
where D1 = 60v/3e*/3, B¢ is solution of (4.37),

¢?(a,8) = e(Ds + Ds5)log?(1/8) + /1 + log(1/ac)Ds log®?(2/6) ,

(4.45)
AP (q, ) = Dl\/a—lﬁéuzsn log(2/0) + kJ* |00 — 07| @™/ ,

where X is defined in (4.37).
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Optimality of the derived bounds with respect to a: analysis of (0,)nen
as a Markov chain In this section, we study the sequence {6,,, n € N} defined in
(4.2) as a Markov chain. This perspective will allow us to show that the bounds that
we derived in Theorem 4.13 are near-Berstein high probability bounds with respect
to the stepsize a. Denote by R, the Markov kernel associated with {6,, : n € N}.
First, we show that if « is small enough then R,, is geometrically ergodic with respect
to the Wasserstein distance of order 2 denoted by W5 and give a representation of
its stationary distribution as an infinite sum.

Theorem 4.16. Assume A 6. Then, for any o € (0, a2,00), where g o is defined
in (4.30), Ry admits a unique stationary distribution m, € P2(R?) and for any

n €N,
W2(5) R, 70) < \/rgd(l — ac/2)" /
Rd

Further, if {(Ag,br) : k € N_} is any sequence of i.i.d. random variables with the
same distribution as (A1,by), then the following limit exists almost surely and in
L2 and has distribution m,:

~ 2 ~
g 9H dra(8) . (4.46)

1 0
0 = lim 9>, gl =q Z Irobr—1, Tro= H(Id —aA;). (4.47)

n——00
k=n i=k

Based on Theorem 4.13, we easily get concentration bounds for the family of
distributions {m, : a € (0, a2, )} around 6*.

Theorem 4.17. Assume A6 and let po > 2. Then, for any o € (0, apy,00), where
Qo oo 18 defined in (4.30), u € S4=1 and § € (0,1/4), with probability at least 1 — 45,
it holds

o 2ul (052 — 07)| < Diy/{uT Zutlog(2/0) + a'la /2 |AZA T [ + ¢ (,4)],
(4.48)

where X is the unique solution of (4.39), D1 = 60v/3e*3, a is defined in (4.8), and
¢ (e, ) in (4.43).

Our results is only polynomial in § and we cannot expect improving this depen-
dency as illustrated in Example 2 for fixed . The leading term in (4.48) as « | 0
is v/D1{u"Xu}. In our next result, we establish a central limit theorem for the

family (GS))QE(O’QIW] where 3 plays the role of the asymptotic covariance matrix.

As aresult, (4.48) is a Bernstein-type high probability bound with respect to « and
therefore (4.48) is sharp. Define for any o € (0, a2 o],

00 = =129 —p*} . (4.49)

Theorem 4.18. Assume A 6. Then, the family {ééﬁ" s a € (0,a0,00]} converges in
law as a | 0 to a zero-mean Gaussian random variable with covariance matrixz X

defined by (4.39).

Note that this result was established in [87, Theorem 1] for general stochastic
approximation schemes but under stronger conditions on the sequence {&,, n € N*}.
In particular, it is assumed that the distribution of £; admits a density with respect
to the Lebesgue measure. We relax this condition and provide a new proof for this
result.
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5 Variance reduction in MCMUC algorithms

The results of this subsection are published in [8] and [11].

Variance reduction aims at reducing the stochastic error of a Monte Carlo esti-
mate; see [92], [95], [47], and [46] for a an introduction to this field. Recently one
witnessed a revival of interest in variance reduction techniques for dependent se-
quences with applications to Bayesian inference and reinforcement learning among
others; see, for instance, [79], [61], [33], [26], [2], and references therein.

Suppose that we wish to compute the integral of an arbitrary function f : X — R
with respect to a probability measure 7w on a general state-space (X,X), that is,
m(f) = [y f(z)m(dx). If sampling i.i.d. from 7 is an option, a natural estimator for
m(f) is the sample mean

mn(f) =Ny i), NeN,

where (X;)n " is an i.i.d. sample from 7. Using the central limit theorem, one can
construct an asymptotically valid confidence interval for the value 7(f) of the form
7n(f) £ qN7V2(Varg (f))'/2, where q is a quantile of a normal distribution, and
Varg(f) = [y {f(z)—n(f)}?*r(dz). A general way to reduce the variance Vary(f) is
to select another function g in a set G such that 7(g) = 0 and Var,(f—g) < Var,(f).
Such a function g is called a control variate (CV). A natural approach to learn g € G
is to minimize the empirical variance

Du(f=g)= (-1 (F(X) —9(Xi) —malf —0)’. (5D)

constructed using a new independent learning sample (Xk)Z;é. This leads to the
Empirical Variance Minimisation (EVM) method recently studied in [7] and [10].
In many problems of interest, drawing an i.i.d. sample from 7 is not an option,
yet it is possible to obtain a non-stationary dependent sequence (Xj)72, whose
marginal distribution converges to w. This situation is typical in Bayesian statistics,
where 7 represents a posterior distribution and (X3)32, is sampled using Markov
chain Monte Carlo (MCMC) methods. Under appropriate conditions, the central
limit theorem also holds and therefore, it is possible to construct the asymptotic
confidence interval for 7(f) of the form

le<f>—q\/V°jv(”,wN<f>+q\/“’jv(”], (5.2

where Voo (f) is the asymptotic variance defined as

Vae(f) = lim NE[(m(f) - ()] (5.3)
A sensible approach is to select a control variate ¢ € G by minimizing an estimate
for the asymptotic variance V. (f — g). When the spectral estimate of Voo (f —g) is
used, this leads to the Empirical Spectral Variance Minimization (ESVM); see [9].
In this chapter, a special attention is paid to the case when X = R? and 7 admits
a smooth and everywhere positive density (also denoted by ) w.r.t to the Lebesgue
measure, such that the gradient VU := —Vlog 7 can be evaluated. We study be-
low sampling methods derived from the discretization of the overdamped Langevin
Dynamics (LD). It is defined by the following Stochastic Differential Equation:

dY; = —VU(Y;) dt + v2dW;, (5.4)

where (W;);>0 is the standard Brownian motion. Note that VU does not depend
on the normalizing constant of m which is typically unknown in Bayesian inference.
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Under some technical conditions, the distribution of Y; converges to m as t — oo,
see [93]. The gradient-based MCMC algorithms are based on a time-discretized
version of (5.4). In the Bayesian setting, a computational bottleneck of these algo-
rithms is that the complexity of the gradient VU evaluation scales proportionally
to the number of observations (sample size) K which can be very time consuming
in the “big data" limit. To alleviate this problem, [111] proposed to replace the
"full" gradient VU by a stochastic gradient estimate based on sums over random
minibatches. This algorithm, Stochastic Gradient Langevin Dynamics (SGLD), has
emerged as a key MCMC algorithm in Bayesian inference for large scale datasets.
The analysis of SGLD and its finite sample performance has attracted a wealth of
contributions; see, for example, [75], [106], [80], [32], and the references therein.
These works show that the use of stochastic gradient comes at a price: while the
resulting estimate of the gradient is still unbiased, its variance might annihilate
the computational advantages of SGLD [32]. Several proposals have been made
to reduce the variance of the stochastic gradient estimate of the “full" gradient,
inspired by several methods, proposed for incremental stochastic optimization; see
[94], [61], and [33]. [39] has investigated the properties of the Stochastic Average
Gradient (SAGA) and Stochastic Variance Reduced Gradient (SVRG) estimators
for Langevin dynamics. These results have been later completed and sharpened by
[32], [26], [22]. Other variance reduction approaches include various subsampling
schemes and constructing alternative estimates for the gradient (see, for instance,
[2] and [114]).

This chapter is organized as follows. In Section 5.1, we analyze the ESVM
approach for general dependent sequences. In particular, the ESVM method is
described in Section 5.1.1. In Section 5.1.2, we study the theoretical properties of
the ESVM method for asymptotically stationary dependent sequences. Here we
provide a bound for the excess risk Voo (f — §pn) —infyeg Voo (f — g), where a control
variate g, € G is chosen by minimization of the spectral variance V,, based on
(X k)Z;é, that is, g, € argmin V,,(f — g). The precise definition of V,, will be given
in Section 5.1.1. In Section 5.2, we apply these results to Markov chains which
are uniformly geometrically ergodic in Wasserstein distance. While Section 5.2.1
is devoted to the (undajusted) Langevin Dynamics, in Section 5.2.2 we use the
ESVM approach for variance reduction in SGLD-type algorithms. We show that
in both cases, the excess variance can be bounded, with high probability and up to
logarithmic factors, as

Voo (f = Gn) —infgeg Voo (f — g) = O(n71/2).

This implies asymptotically valid confidence intervals (conditional on the sample
used to learn g,,) of the form

. inf,eq Voo (f — g) + Cn—1/2
77N(f —Gn) iq\/ 9€9 (ng)

for some constant C' > 0. Note that these intervals can be much tighter than ones
in (5.2), provided that n is large and infyecg Voo (f — g) is small. The latter condition
is satisfied if the class G is rich enough. In Section 5.3, we illustrate performance of
the proposed variance reduction method on various benchmark problems.

5.1 Empirical Spectral Variance Minimization
5.1.1 Method

Let (2,3, (x)k>0, P°) be a filtered probability space and (Xx)52, be a random
process adapted to the filtration (§x)r>0 and taking values in X. Let f: X — R be
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a function such that 7(f?) < oo and E[f?(X})] < oo for all k € N. Let also G be a
set of control variates, that is, functions g € G satisfying 7(g?) < oo, m(g) = 0, and
E[g?(Xy)] < oo for all k € N. Particular examples of classes G are given below in
Section 5.2. Denote the class of functions h = f — g for g € G by H,

H={f-g:9€G}.
CS1. For any h € H, there exists a symmetric, summable, and positive semidefinite
sequence (p") (0))ez satisfying
1) p™(0) = Var,(h),
2) for any £ € Ny and constant R > 0 independent of h and £,

ZkeNO‘E[E(Xk)E(Xk+£)] —p® (6)‘ <R,

3) lim E[A(Xx)h(Xpte)] — P(h)(ﬁ)‘ =0.

£— 00 k€Ng

Proposition 5.1. Assume that the condition CS 1 holds. Then, for all h € H, the
asymptotic variance Voo (h) defined in (5.3) exists and can be represented as

Vaelh) = 3, 00 (5:5)

The spectral variance estimator V,,(h) is based on truncation and weighting of
the sample autocovariance functions:

Valh) = 37 wn(0pP(0) (5.6

where w,, is the lag window, b,, is the truncation point, and p;”') (¢) is the sample
autocovariance function given, for ¢ € Ny, by

n—~(—1

P = pM (0 =07y (MXk) = T (h)) (M(Xkye) = ma(B). (5.7)

Here the truncation point b, is an integer depending on n and the lag window w,, is
a kernel of the form w, (¢) = w(¢/b,), where w is a symmetric non-negative function
supported on [—1, 1] such that sup, o 4 [w(y)| < 1and w(y) = 1fory € [-1/2,1/2].
There are several other estimates for the asymptotic variance Vi (h); see [44] and
the references therein. The ESVM estimator is obtained by

Ry, € argming gy Vi (h). (5.8)

The ESVM method is summarized in Algorithm 1.

Algorithm 1: Empirical Spectral Variance Minimization (ESVM) method

Input: Two independent sequences: X,, = (Xz)7Z and Xy = (X}) 0 '
1. Choose a class G of functions with 7(g) = 0 for all functions g € G.

2. Find g, € argmingcg V;,(f — g), where V,, is computed based on X,,.
Output: 7y (f — g,) computed based on X'y .

5.1.2 Theoretical analysis

For our theoretical analysis, instead of looking for a function with the smallest
spectral variance in the whole class ‘H we will perform optimization over a finite
approximation (net) of H. It turns out that both estimators have similar theoretical
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properties. Fix some ¢ > 0. Assuming that the class H is totally bounded, let H. be
a minimal e-net in the L?(7)-norm, that is, the smallest possible (finite) collection
of functions H. C H with the property that for any h € H there exists h. € H.
such that the distance between h an h. in L?(7)-norm is less than or equal to .
The cardinality of H, is called the covering number and is denoted by |H.|. Define

~

hp,e € argmingcq,_ Vi (h).

To obtain a quantitative bound for the asymptotic variance of ﬁmg, we need to
specify the decay rate of the sequence (p™(£))sez from CS1.

CD 1. There exist ¢ >0 and \ € [0,1) such that, for any h € H and £ € Ny,
IERIGIESN

The following theorem provides a general bound on the excess of asymptotic
variance.

Theorem 5.2. Assume that CS1 and CD1 hold. Assume additionally that for any
n € N there exists a decreasing continuous function o, satisfying

subpen P(|Va(h) ~ EVa(W)][> t) < an(t), >0,

Then, for any 6 € (0,1) and € > 0, it holds with probability at least 1 — & that

Voo (hn.e) — infrep Voo (R) < ot (2|7i |> + (VR Y2 4 V/D)b,e + VRD b,n/?

F(R+(1=N)"ban ™ + (1= M) 2+ g(1 = N) A2,

1

where ot is an inverse function for oy, and D = supy,cq Varg(h).

Under some additional assumptions on the covering number of H and the func-
tion a,(t), a suitable choice of the size of e-net and the truncation point b, yields
the following high-probability bound

Voo(ﬁn,a) —infren Voo (h) S n~ /20 for some p >0,

where < stands for inequality up to a constant depending on A, R, D, and . In the
next section we shall apply Theorem 5.2 to the analysis of the ESVM algorithm for
dependent sequences in ULA and SGLD.

5.2 Applications

In general, Theorem 5.2 can be applied to different types of dependent sequences
satisfying conditions CS1 and CD 1. In what follows, we let (X,d) be a complete
separable metric space (equipped with its Borel o-algebra X') and consider P to be
a Markov kernel on (X, X). Let © = XY be the set of X-valued sequences endowed
with the o-field § = AN, (X4)?2, be the coordinate process, and §i, = o(X,, £ < k)
be the canonical filtration. For every probability measure £ on (X, X) there exists
a unique probability P¢ on (XN, X®N) such that the coordinate process (X)32, is
a Markov chain with Markov kernel P and initial distribution {. We denote by E,
the associated expectation. We focus below on the case where P is Wg—uniformly
ergodic for p=1or p = 2.
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W1 (p). There exists xo € X such that [, d(zo,z)P(2,dz) < oo and a constant
A,(P) €]0,1) such that

WEP.00P) ®)
sup —_— = .
(z,2’)EX2, 2z’ d(l‘, xl) i

[38, Theorem 20.3.4] shows that if W1 (p) holds for some p > 1, then P admits
a unique invariant probability measure which is denoted by 7 below. Moreover,
m € Sp(X,d) and for any £ € S,(X,d),

WE(EP",m) < AB(P)WE(E,m), neN. (5.9)

If there is no risk of confusion, we denote for simplicity A, = A,(P). Let us start
with a general result for Markov kernels satisfying W1 (2). We show below that
this assumption implies CS1 and CD 1 when H is a subset of Lipschitz functions,
and establish an exponential concentration inequality for V,,(h), h € H. As it was
emphasized in 78] and [36], powerful tools for exploring concentration properties
of W§-ergodic Markov kernels are the transportation cost-information inequalities.

Definition 5.3. For p > 1, we say that p € M;(X) satisfies LP-transportation
cost-information inequality with constant o > 0 if for any v € M;(X), W;(M, v) <

V2aKL(v|p). We write briefly u € Ty(a) for this relation.

LP-transportation cost-information inequalities are well-studied in the literature,
see, for instance, [4] and references therein. The cases p = 1 and p = 2 are of par-
ticular interest. Relations between T} (o) and concentration inequalities are covered
in [70] and [17]. In particular, T} («) is known to be equivalent to Gaussian concen-
tration for all Lipschitz functions, see [17]. In turn T5(«) is a stronger inequality
than Ty (a). It was first established for the standard Gaussian measure on R? by
Talagrand in [105]. Moreover, the celebrated result by Bakry-Emery [3] implies that
the measure 7(dz) = e~V ®)dz satisfies To(a) if V2U > a1, see [4, Chapter 9.6].
We are especially interested in T5(«), since it is known to be stable under both
independent and Markovian tensorisations, see [85] and [36].

Our results on W¢-ergodic Markov kernels are summarized below.

Proposition 5.4. Let H C Lipy(L) and assume that W1 (2) holds. Then, for any
initial distribution £ € So(X,d), CS1 is satisfied with

pM(0) = Ex[W(Xo)h(X)y)], R =AIL*(1— Ag) ' Wy(€, ), (5.10)

where Ay is a constant given in [11][Eq. A.12], and CD 1 is satisfied with

1/2
¢=ILVD [/{Wg(éx,ﬂ)}Qw(dx)] . A=0D0y, D =sup,cy Varg(h). (5.11)

Moreover, if P(xz,-) € Ty(a) for any x € X and some « > 0, then, for any initial
distribution £ € To(a), n € N, and t > 0,

_ 2n 2
Pe([V(h) = E¢[Vi(h)]| > t) < 2exp (caB;;(DAj)Rntl - t)> . (5.12)

where ¢ > 0 is an absolute constant.

It is also possible to remove a quite restrictive assumption P(z,-) € Tz(a) and
to relax W1 (2) to W1 (1), but in this case CS1 and CD1 can be verified only for
‘H being a subset of bounded Lipschitz functions. As a price for such generalisation,
the exponential concentration bound is replaced by a polynomial one.

43



Proposition 5.5. Let H C Lip, 4(L, B) and assume that W1 (1) holds. Then for
any initial distribution & € S1(X,d), 1 is satisfied with

pM(0) = B [M(X0)h(X))], R=A2B(1— A%~ (5.13)
where Ag is a constant given in [11][Eq. A.18], and CD 1 is satisfied with
¢ = 2LB/W1d(5$, m)m(dx), A=A1, D =sup,cy Varg(h). (5.14)
Moreover, for any p € N,

3p/2
ch  BPbPpp ch, BAb2Pp

Pe([Vi(h) = Ee[Va(W)]| 2 t) < =7 RT.

) (5.15)
where constants Cr1 and Cr o are given in [11/[Eq. A.28].

5.2.1 Langevin dynamics

In this case, X = R% and we assume that 7 has an everywhere positive density
w.r.t the Lebesgue measure, i.e., 7(0) = Z 1 V() where Z = [e V() dy is the
normalization constant. Consider the first-order Euler-Maruyama discretization of
the Langevin Dynamics from (5.4),

0k+1 =0, — ’yVU(@k) + /2y £k+1» (516)

where v > 0 is a step size and (£,)%2, is an i.i.d. sequence of the standard Gaussian
d-dimensional random vectors. The idea of using (5.16) to approximately sam-
ple from 7 has been advocated by [93] which coin the term Unadjusted Langevin
Algorithm (ULA). Consider the following assumption on U.

ULA 1. The function U is continuously differentiable on R* with gradient VU
satisfying the following two conditions.

1) Lipschitz gradient: there exists Ly > 0 such that for all 0,0" € R it holds that
IVU(8) = VU] < Lu |6 — ¢'|;

2) Strong convexity: there exists a constant my > 0, such that for all 0,0' € R it
holds that U(0") > U(0) + (VU (0), 0’ — 0) + (my/2)]|0" — 6]2.

The Unadjusted Langevin Algorithm has been widely studied under the above

assumptions, see, for example, [40] and [31]. As it is known from [40], under ULA

1 the associated Markov kernel, denoted by P(WULA), is W§-uniformly ergodic. For

completeness, we state below [40, Proposition 3].

Proposition 5.6. Assume ULA 1 and set k = 2my Ly /(my + Ly). Then for any
step size v € (0,2/(my + Ly)), P»(YULA) satisfies W1 (2) with d(9,¢') = |0 — ||
and Ay = /1 — k. Moreover, P»(YULA) has a unique invariant measure WEYULA)

It is shown in [40, Corollary 7] that, for any step size v € (0,2/(my + Ly)),
wy (m, WEYULA)) <V2TV2LyA 2 {'+ 7}1/2 {2d + dL?~y/my + dL?~? 6}/ .

We define the asymptotic variance as

VIR() = 37 E [ (h(Xo) = 7l () (h(X ) = 7O ()]

LET
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At each iteration of the algorithm, VU is computed. Hence it is an appealing
option to use this gradient to construct Stein control variates (see, for instance, [1],
[79], and [84]), given by

96(0) = —(6(0), VU(9)) + div(¢(9)), (5.17)

where ¢ : X — R? is a continuously differentiable Lipschitz function, (-, -) is the
standard scalar product in R?, and div(¢) is the divergence of ¢. Under rather
mild conditions on 7 and ¢, it follows from the integration by parts that 7(gs) =0
(see [79, Propositions 1 and 2|). Note that if ¢(6) = b, b € R?, we get g,(0) =
—(b, VU(#)). Then for a parametric class H = {f — g : ||b|| < B}, assuming that
f € Lipy(L1) and that condition 1 holds, we get H C Lipy(max(L;, BLy)). For
other approaches to construct control variates we refer reader to [57], [34], and [21].
The next result follows now from Theorem 5.2 and Proposition 5.4.

Theorem 5.7. Let H C Lipy(L) and assume that ULA 1 holds. Assume addi-
tionally that & € To(B) for some B > 0. Fixz any v € (0,2/(my + Ly)) and set
b, = 2[log(n)/log(1/A2)] with Ay = /1—ky and k = 2myLy/(my + Ly).
Then, for any e >0 and § € (0, 1), with probability at least 1 — ¢,

VI () — infer VI (h)

log® (n)log(|H.|/9) e, log®(n) log (1H.|/9)

)

sclelog(n)HM

where

_VEAVD . LVBVAD+R) VDR L*BVy) RS

Ky K27y ky 08 kA4 Ky

C
1 Ky | K242

with R, < from Proposition 5.4 and D = sup,cq Var_wuw (h).

Corollary 5.8. Under the assumptions of Theorem 5.7, the following holds.

1) if class H is parametric, that is, |H:| < Coe™? for all e € (0,1) and some
constants C,, p > 0, then it holds with probability at least 1 —1/n,

VO(OULA)(ER,E) —infpen VOgULA)(h) < n=1/2 logl/z(n),

2) if class " is non-parametric, that is, |Hc| < Cpexp(e) for all e € (0,1) and
some constants C,, p > 0, then it holds with probability at least 1 —1/n,
VA (h,, ) — infrep VI (B) < nt/CHe),

o0

Here < stands for inequality up to a constant depending on p and other constants
from Theorem 5.7. Moreover, if additionally the constant WEYULA)(f) is in the class

H, then infpey VéOULA)(h) = 0 and these bounds hold for the asymptotic variance
itself.

5.2.2 Extension to the Stochastic Gradient Langevin Dynamics

In this section, we shall consider the situations where the target 7 is given
by the posterior distribution in the Bayesian inference problem, that is, ()
exp (—U(#)), where U(8) = Up(0) + 21K:1 U;(9) with K being a number of obser-
vations. Computing VU (#) requires a computational budget that scales linearly
with K. Hence it is often impossible to apply procedures based on discretisation of
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Langevin Dinamics directly. One possible solution advocated by [111] is to replace
VU (#) by an unbiased estimate. This gives rise to the SGLD algorithm, where the
parameters are updated according to

Or1 = Ok — YG(Ok, Skv1) + V27 Ekt1s

. (5.18)
G(6,5) = VUy(0) + KM ZZ_GS VU;(6),

where each Sk is a random batch taking values in Sy, (here Sy is the set of all
subsets S of {1,..., K} with |S| = M) which is sampled from a uniform distri-
bution over Sy independently of Fj (here (Fi)r>o is the filtration generated by
{(0¢, Se)}e>0). Note that E[G(0k, Sk+1)|Fk] = VU(0) and therefore G(6k, Sk+1)
is an unbiased estimate of VU (0)). The available variance reduction techniques
for SGLD usually replace the stochastic gradient in (5.18) with more sophisticated
estimates which preserve unbiasedness but have lower variance.

The simplest variance reduction technique is the fixed-point method (SGLD-
FP) proposed in [2]. This method is applicable when the posterior distribution is
strongly log-concave. We set 6 € © to be a fixed value of the parameter, typically
chosen to be close to the mode of posterior distribution. We estimate the gradient
VU () by

Gro(0,5) = VU (0) + KM Y (VUi(6) ~ VU,0)) + Y- VUi(6). (5.19)

The SGLD-FP algorithm is obtained by plugging this approximation into (5.18).
More sophisticated variance reduction methods typically use reference values
(9i)E | of the gradient (VU;)K, from previous iterates (and not only the last iter-
ate); as a result, constructed sequence (6x)32, is often not Markovian. One partic-
ular example is SAGA-LD method, adapted from [94, 33]. If i € Sk, the reference
value is updated, that is, qg: 1= VU;(0k). Otherwise, the reference value is simply
propagated, that is, g;,; = g;,. One then considers the following gradient estimator

, K
G§aaa(0,5) = VUo(0) + KM~ Zies (VU(0) — gi) + 9. g = Zizl g, -
(5.20)
The recursion is initialized with g = VU;(6p), i € {1,...,K}, and go = Efil gb.
Finally, the gradient is computed according to (5.20) and plugged into (5.18).
For theoretical analysis of SGLD and SGLD-FP algorithms we need the following
assumptions on U. Without loss of generality, we consider only SGLD; the same
reasoning applies to SGLD-FP.

SGLD1. The function U(6) = U0(9)+Zfi1 Ui (9) satisfies the following conditions.

1) Lipschitz gradient: for any i € {0,..., K}, U; is continuously differentiable on
R® with Ly -Lipschitz gradient;

2) Convezity: for anyi € {0,..., K}, U; is convex;

3) Strong convezity: there exists a constant my > 0, such that for any 0,60' € R it
holds that U(8') > U(0) + (VU(), 0" — 0) + (my/2)]|60" — 0||>.

Note that using Stein control variates with SGLD-based sampling procedure
(5.18) eliminates benefits of using G(0,S) instead of exact gradient VU(6). Fol-
lowing [45], we replace VU by its stochastic counterpart. More precisely, for k-th
iteration of SGLD algorithm, we consider the control variates of the form

96(0,5) = —((0), G(6,5)) + div(¢(9)). (5.21)
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The control variate g, depends now on the pair (6,5). Let H = {f(0) — g4(x) :
¢ € @}, where z = (0,5) € X = O x Sp;. Consider another sequence (Sk)?:o
of independent batches uniformly distributed over Sy, such that for any k, Sy is
independent of Fj. Denote by PsgLp the transition kernel of SGLD and let T, be
a uniform distribution over Sy;. Set P := Psgip ® YTas and Xz = (64, Sk)
Proposition 5.9. Assume SGLD 1. Then for any step size v € (0, ZEI(K—i— 1)_1),
P satisfies W1 (2) with Dy = \/T—ymy and d(z,2") = ||9 — || + blgrs for
any x = (9,5) and 2’ = (¢, S’). Moreover, P has a unique invariant measure
_ (SGLD)

T = Ty QY.

Similarly to Langevin Dynamics, we define
VD) (h) o= ZEGZ ]EF[(h(XO) —7(f)) (h(Xe) - f(f))}

Theorem 5.10. Let H C Lip,4(L, B) and assume that 1 holds. Fir any v €

(0, Lg (K +1)71) and set b, = 2[log(n)/log(1/A1)] with Ay = /T —~ymy. Then,
for any e >0 and 6 € (0,1), with probability at least 1 — ¢,

VEND) () — infren V.ED) ()

log® 1/log(n) 1
< Cyelog(n) +Cs mgn(n)<|7-§5|> +Cg Oin

)

where

_ VR+VD _ B?Ry(L,¢) B?Ry(L,€) VRD _ D(my7) +s
= 0= 2 4+2/logn » Co= — 55—
myy (muy) (mu) myy (mu)
with R, < from Proposition 5.5, D = suppecq, Var_sao) (h), and constants Ri(L,§),
il

Ro(L, &) which can be tracked from [11][Eq. A.27].

Proof. By Proposition 5.9, 1-2 holds with Ay = /1 — ymy, and, by Lyapunov in-
equality, W1 (1) also holds with A; = As. Hence, the second part of Proposition 5.5
can be applied with p = logn. The remaining part follows from Theorem 5.2 with
computation of the inverse function in the right-hand side of (5.15). O

Cy

Corollary 5.11. Under the assumptions of Theorem 5.10, if class H is parametric,
that is, |He| < Che™" for all e € (0,1) and some constants C,, p > 0. Then it holds
with probability at least 1 — 1/n,

V) (1, ) — infhep VSO (h) < n /2 10g%(n),

where < stands for inequality up to a constant depending on p and other constants

from Theorem 5.10. Moreover, if additionally 7(f) € H, then infjecy O(OSGLD)(h) =
0 and these bounds hold for the asymptotic variance itself.

Remark. If the class H is constructed using Stein control variates, we can ensure the
inclusion H C Lip, 4(L, B) by taking smooth and compactly supported functions
¢. This in turn can be achieved by multiplying a given smooth function ¢ with a
mollifier function, that is, an infinitely smooth compactly supported function.

5.3 Experiments

In this section, we numerically compare the following two methods to choose
control variates: Empirical Variance Minimisation (EVM) method, where a control
variate is determined by minimizing the marginal variance, see (5.1), and Empirical
Spectral Variance Minimisation (ESVM) method, where a control variate is deter-
mined by minimizing the spectral variance, see (5.6). Implementation is available
at https://github.com/svsamsonov/vr_sg_mcmc.
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5.3.1 Toy example

We first consider a multimodal distribution in R? from [91]. Namely, let 7 (z1, z2) =
Z~te~U@,22) where Z is the normalization constant and

2
U(Z‘h QJ‘Q) — (||x2||M2/u) _ log (e*(11*#)2/20’2 + e*(m1+#)2/202> )
We choose M = 1 and 4 = o = 3; the respective density profile is presented
in Figure 2. Our aim is to estimate w(f) with f(x1,22) = 1 + z2 using ULA.
The parametric class g, in (5.17) is generated by ¢(z) = Y 7_, Betx(z), where
Yy = e le=nell*/20% with all pr regularly spaced in [—3,3] x [—3,3] and oy = 2.
Boxplots displaing variation of 100 estimates for EVM and ESVM are presented in
the same Figure 2. Furthermore, we compute sample autocovariance functions for a
trajectory with and without adding ESVM and EVM control variates. The results
reflect a spectacular decrease in high-order autocovariance for ESVM, see Figure 2.
Note that EVM aims at minimizing only the lag-zero autocovariance, that is why
the autocovariance function for ESVM-adjusted trajectory decreases much faster.

Experiment Nburn ~ Mtest y batch size
Toy example, Section 5.3.1 103 10* 0.1 -
Gaussian Mixture, Section 5.3.2  10% 105 0.01 10
T - - ’ o parameters
12 06 1 ACF Vanilla
s ACF EVM
Lo od- “ ACF ESVM

Vanilla ULA uLlA
4 2 o0 2 4 ULA with EVM with ESVM

Figure 2: Toy example from Section 5.3.1. From left to right: (1) density profile,
(2) boxplots displaing variation of 100 estimates for vanilla ULA, ULA with EVM,
and ULA with ESVM, (3) sample autocovariance functions a trajectory with and
without ESVM and EVM.

5.3.2 Gaussian mixture model

We consider posterior mean estimation for unknown parameter p in a Bayesian
setup with normal prior y ~ N(0,07), o7, = 100, and sample (X1 K = 100,
drawn from the Gaussian mixture model

0.5N (—p,0?%) +0.5N (1,0?) with p=1, 0% = 1.

The density of the posterior distribution over p is given in Figure 3. It has 2 modes
roughly corresponding to 4 = 1 and g = —1. To generate data from this posterior
distribution and estimate posterior mean, we use SGLD. The parametric class g,
in (5.21) is generated by p(x) = Box? + f1x + B2. Boxplots displaing variation of
100 estimates for EVM and ESVM and respective sample autocovariance functions
are also presented in Figure 3. Note that the increase in lag-zero autocovariance
for ESVM is explained by the additional randomness in (5.21). On contrary, EVM
favors far too small coefficients to overcome this additional randomness, which leads
to poor variance reduction.
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Figure 3: Gaussian mixture model from Section 5.3.2. From left to right: (1) den-
sity of the posterior distribution, (2) boxplots displaing variation of 100 estimates
for vanilla SGLD, SGLD with EVM, and SGLD with ESVM, (3) sample autoco-
variance functions for a trajectory with and without ESVM and EVM.

5.3.3 Bayesian logistic regression

The probability of the i-th output y; € {—1,1}, ¢ = 1,..., K, is given by
p(yilxi,0) = (1 4+ e ¥:(?:%))=1 where x; is a d x 1 vector of predictors and
is the vector of unknown regression coefficients. We complete the Bayesian model
by considering the Zellner g-prior Ny(0,g(XTX)™1) for § where X = [xy,...,Xy]
is an K x d design matrix, see [56, Section 2]. Normalizing the covariates, for
%; = (XTX)~1/2x; and 6 = (X"X)'/2, we get (0, x;) = (f, X;), under the Zellner
g-prior, 6 ~ Ny(0, g1a).

We analyse the performance of EVM and ESVM methods on two datasets from
the UCI repository. The first dataset, EEG, contains K = 14980 observations in
dimension d = 15, the second dataset, SUSY, has K = 500000 observations in
dimension d = 19. The data is first split into a training set 75" = {(y;, x;)} 5,
and a test set 7' = {(y/,x})}£, by randomly picking K = 100 test points
from the data. We use the SGLD-FP and SAGA-LD algorithms to approx1mately
sample from the posterior distribution p(9|7;#*"). Given a sample (6;)},, we can
estimate the predictive distribution for a fixed test point (y',x’), that is, p(y/|x’) =
fRd p(y'|x’,0) p()TE=") df, by computing the ergodic mean n~* ZZ;& f(8y) for
f(0) = p(y/|x',0). To get rid of randomness caused by the random choice of a
test point, we estimate the average predictive distribution for the whole test set
Tt by computing the ergodic mean for the function f(f) = K1 Zfil p(yl|x!, 6).
Boxplots for the estimation of average predictive distribution are shown in Figure 4.
Note that ESVM leads to a significant variance reduction for both SGLD-FP and
SAGA-LD.

EEG dataset SUSY dataset EEG dataset SUSY dataset

iE L%%

aaaaa SGLD-FP SGLD-FP Vanilla SGLD-FP SGLD-FP SAGA- © Vanilla SAGALD  SAGALD
scibFe With VM with ESVM SGLDFP  wWithEVM  with ESVM SRR LD with ESVI SAGALD  WIthEVM  with ESVM

Figure 4: Bayesian logistic regression for EEG and SUSY datasets from Sec-
tion 5.3.3. Boxplots displaing variation of 100 estimates of average predictive dis-
tribution for (1) left panel: vanilla SGLD-FP, SGLD-FP with EVM, and SGLD-FP
with ESVM, (2) right panel: vanilla SAGA-LD, SAGA-LD with EVM, and SAGA-
LD with ESVM.

Further for the EEG dataset we plot in Figure 5 a part of the trajectory
fBn) = K1 Zl L p(W}]%},6,,) for 500 consecutive sample values 6, with and
without addmg the ESVM control variate. These trajectories are accompanied by
the sample autocovariance functions for vanilla and variance-reduced samples for
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both EVM and ESVM. Again, since EVM aims at minimizing only lag-zero autoco-
variance, the decrease in autocovariance function for this method is smaller than for
ESVM. We also report in Figure 6 how autocovariance functions change with batch
sizes. Note that for small batch sizes ESVM still manages to remove correlations,
while EVM almost fails. At the same time, increasing the batch size leads to similar
results for EVM and ESVM.

Experiment Nburn  Mtrain  Mtest Y batch size
Logistic regression, EEG dataset 10* 10* 10° 0.1 15
Logistic regression, SUSY dataset  10° 10° 106 0.1 50

Table 4: Experimental hyperparameters

5 le-6
oo B ACF Vanilla
0.565 4
0.560 . ACF EVM
0.558 0.560 [ ACF ESVM
0.556 0.555
0.554
0.550
0.552
5000 5100 5200 5300 5400 5500 5000 5100 5200 5300 5400 5500 0 5 10 15 20 25 30

Figure 5: Bayesian logistic regression for the EEG dataset from Section 5.3.3.
From left to right: (1) part of a trajectory without ESVM, (2) part of a trajectory
with ESVM, (3) sample autocovariance functions for a trajectory with andwithout
ESVM and EVM.
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Figure 6: Bayesian logistic regression for the EEG dataset from Section 5.3.3.
Comparison of sample autocovariance for different batch sizes. From left to right:
batch size 5, 15, 150 respectively.

5.3.4 Bayesian Probabilistic Matrix Factorization

A typical problem in Recommendation Systems is to predict user’s rating for a
particular item given other user’s ratings of this item and how a given user evaluated
other items. A common approach to this problem is Probabilistic Matrix Factor-
ization via Bayesian inference, see [97]. Namely, we are interested in approximating
matrix R € RM*N where M is a number of users, N is a number of rated items, and
R; ; stands for rating assigned by i-th user to j-th item. Due to natural limitations
(user is unlikely to rate all possible items), we observe only a some small subset
of elements of R and want to predict ratings of the hidden part. In Probabilistic
Matrix Factorization, we aim at representing R as a product R = UV 4 C, where
U e RPXM 1 ¢ RPXN and C € RMXN being a matrix of biases with elements
Cij =a;+bj,ac RM b € RY. In the subsequent experiments we assume that
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rank parameter D = 10 is fixed. The naive solution would be to find

U,V,a,b=argming y ., Z (Ri’j —(U;, Vj) —a; — bj)2,

(7;7j)61train
where i i, is a train subset of ratings. Unfortunately, optimizing this criteria leads
to significantly overfitted model. One possible approach to overcome overfitting is
to consider penalised model

Ua V, a, b= aJrgrninU,V,a,b Z (Ri,j - <UZ ’ ‘/3> —a; — bj)2

(2,9) ELtrain
F AU+ Av V2 4 Aallal® + o[l

but it requires careful tuning of penalisation coefficients Ay, Ay, Ag, Ap. We thus
would benefit a lot from Bayesian approach for tuning weights; this was pointed
out in [97]. We follow a slightly simplified formulation proposed by [28], that is, we
consider

A, AV, Aay X ~ T(1,1), Uy ~N (0,051, Vi ~ N(0,051),
a"LNN(O7)‘;1)a bZNN(Ou)\ljl)v R'L,g|U7VNN(<UrL,‘/J>+a2+bj,7-_1)

In order to sample from the posterior distribution which we denote by p(O|R),
where © = {U,V,a,b, A\y, Av, Aa, Ao}, we use the following two-steps procedure:

1. Sample from p(U,V, a,b|R, Ay, A\v, Aa, Ap) using SGLD or SGLD-FP with a
minibatch size of 5000 observations with a step size v = 10™%. Sample for
1000 steps before updating the weights Ay, Ay, Aa, Ap;

2. Sample new A from p(Ay, A\v, Aa, \p|U, V, a, b) using the Gibbs sampler.

The experiments are performed on the Movielens dataset ml—100k (link to dataset).
We apply our control variates procedure as a postprocessing step following [2].
The functional of interest is the mean squared error over the test subsample,
fWU,V,a,b) =32 er., Bij— Ui, Vi) —a;— bj)?. Since the dimension of param-
eter space is very high, first-order control variates are the only option among Stein’s
control variates. Parts of SGLD- and SGLD-FP-based trajectories before and after
using control variates, and confidence intervals for estimation of f are presented in
Figure 7.

Figure 7: Bayesian Probabilistic Matrix Factorization from Section 5.3.4. Left
Panel: test MSE trajectory for SGLD (left) and SGLD-FP (right) with and without
ESVM. Right Panel: confidence intervals for test MSE trajectory for SGLD (left)
and SGLD-FP (right).

o1


https://grouplens.org/datasets/movielens/100k/

6 Conclusion

This thesis is based on published papers [48, 81, 83, 82, 8, 11, 64, 42, 41, 49].
Let us list the main results that are obtained in this thesis and submitted for
defense.

1. Tight non-asymptotic bounds for the Kolmogorov distance between the prob-
abilities of two Gaussian elements to hit a ball in a Hilbert space.

2. Anti-concentration bound for the squared norm of a non-centered Gaussian
element in a Hilbert space.

3. Bootstrap procedure for building sharp confidence sets for the true spectral
projector of covariance matrix from the given data.

4. Exponential stability of random matrix products driven by i.i.d. sequence or
a general (possibly unbounded) state space Markov chain.

5. Finite-time p-th moment bounds for constant and decreasing stepsize linear
stochastic approximation schemes with i.i.d. or Markovian noise on general
state space.

6. Novel and practical variance reduction approach for additive functionals of
dependent sequences.
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