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Introduction

Analysis of large textual data has become one of the most needed scientific directions in
the modern world due to the development of electronic means of storing and transmitting such
data. Such data, according to its volume, become comparable to physical mesoscopic systems.
Therefore, machine learning models on the basis of mathematical formalism borrowed from
statistical physics may be used to analyze such data. An example of such a model is topic modeling
based on a sampling procedure, where the formalism of the Potts model is used to calculate the
distribution of words by topics [15]. The task of topic modeling is to extract the distributions of
observable variables (i.e., texts or images and their elements) on hidden variables called topics.

Currently, many topic models are developed [1] with different methods of determining
hidden distributions and different measures for quality analysis. However, despite the broad usage
of these models in different areas, a set of unsolved problems remains that, in turn, limits the
application of TM.

One of the main problems is the problem of determining the number of components in a
mixture of distributions since the parameter determining the dimension of the mixture in a model
has to be set explicitly. Let us note that in the framework of topic modeling, an approach of
automatic selection of the number of topics was developed according to the authors of the
approach. However, such models possess a lot of hidden parameters, which significantly impact
the modeling results. Moreover, such a model cannot correctly determine the number of topics in
a dataset.

The second problem is the instability of topic modeling. This means that topic modeling
results are not identical for different model runs on the same dataset and with the same parameter
settings. On the one hand, this problem is related to the ambiguity of matrix decompositions (for
topic models based on the E-M algorithm). On the other hand, this problem is associated with the
presence of many local minima and maxima of the integrand (for topic models based on the Gibbs
sampling procedure).

The third unsolved problem arising from the second one is related to the development of
regularization procedures, which can be used to improve stability and other purposes [1].
Regularization means adding prior information to topic models in the form of different relations
and limitations that reduce the number of possible solutions. Currently, many generative models
with regularizers are proposed in the literature. However, there are no clear criteria for choosing a
combination of regularizers and selecting regularization coefficients.

The above problems naturally impact the quality of topic modeling. Currently, the major
measures of topic modeling quality are Shannon entropy, Kullback-Leibler divergence, log-
likelihood, and perplexity. Moreover, it is known that distributions of words, at least in European
languages, correspond to a power law, which is typical for complex statistical systems. Also, it is
known that the behavior of complex systems can be investigated more efficiently with methods
developed in the framework of mathematical formalism borrowed from the theory of complex
systems.

Goals and objectives of the study

The goal of the dissertation is the development and investigation of a new class of
computational topic models, namely, entropic topic models, aimed at advancing in solving the
problems of determining optimal hyperparameters of topic models, including determining the
presence of flat or hierarchical structures in datasets and developing stable clustering models of
text collections.



Obtained results:

1.

Entropic topic model based on one-parametric entropy (Renyi entropy and Tsallis entropy).
This model is developed for the following generative algorithms: 1) LDA (Gibbs sampling
algorithm), 2) pLSA (E-M algorithm), 3) VLDA (E-M algorithm), and 4) GLDA (Gibbs
sampling algorithm).

Entropic topic model based on two-parametric entropy (Sharma-Mittal entropy). This
model is implemented for the following generative models: 1) pLSA (E-M algorithm), 2)
LDA (Gibbs sampling algorithm), and 3) ARTM with sparsing regularizers of matrices ®
and ® (E-M algorithm).

Hierarchical entropic topic model. This model is implemented for the following generative
hierarchical algorithms: 1) hLDA, 2) hPAM, 3) hARTM, 4) algorithm of cluster analysis
HCA (‘complete method”).

Fractal model of estimation of the performance of generative topic models. This model is
implemented for the following algorithms: 1) pLSA (E-M algorithm), 2) ARTM (E-M
algorithm), and 3) LDA Gibbs sampling algorithm.

An aggregation method of topic models based on the renormalization procedure. The
method is implemented for the following algorithms: 1) VLDA (E-M algorithm). 2) LDA
(Gibbs sampling algorithm). 3) pLSA (E-M algorithm).

The aggregation method is implemented for three variants of merging topics: 1) merging
based on minimum Renyi entropy, 2) merging of random topics, and 3) merging based on
Kullback-Leibler divergence.

Granulated topic model based on Gibbs sampling procedure. This model is implemented
for three variants of the function of local distribution of topics: 1) GLDA, 2) ELDA, and
3) TLDA.

The author 's personal contribution includes:

General mathematical formulation of entropic model based on one-parametric Renyi
entropy, published in two articles with one author.

Organization and participation in large-scale computer experiments on analysis of
entropic models’ applicability for estimating different topic models' performance.
Leading participation in the mathematical formulation of entropic model based on two-
parametric Sharma-Mittal entropy and testing this model in a series of computer
experiments.

Formulation of the fractal model for estimating generative topic models performance and
conducting computer experiments to test this model.

Mathematical formulation of the aggregation method of topic models with
renormalization procedure and conducting computer experiments on testing the
effectiveness of the renormalization procedure.

General mathematical formulation of the granulated sampling method.

On the topic of this dissertation, 8 articles were published in Q1-Q2 journals, according to
WoS, and 11 articles indexed in Scopus.



Scientific novelty:

1. For the first time, the application of one-parametric Renyi entropy and two-parametric
Sharma-Mittal entropy was proposed for optimization of topic models’ performance.

2. For the first time, it was demonstrated that quality measures based on parameterized
entropies outperform traditional quality measures such as log-likelihood or perplexity
since they allow one to tune hyperparameters values of topic models and the number of
distributions in the mixture simultaneously.

3. For the first time, the fractal model for estimating generative topic model performance
was proposed. This model demonstrates the self-similar behavior of topic models that
allows one to apply the renormalization procedure to them.

4. For the first time, the renormalization procedure of topic models was proposed, and its
effectiveness for fast determining the optimal number of distributions in the mixture was
demonstrated.

5. A granulated version of the topic model, which outperforms other topic models in terms
of stability, was proposed.

Publications in high-impact journals (Q1-Q2 according to WOS and Scopus)
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Standard level publications on the research topic (Scopus)
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Hierarchical Cluster Analysis, in: Intelligent Computing: SAI 2020: Volume 3 Vol. 1230.
Book 3. Cham : Springer, 2020. pp. 560-569.

2. Koltsov S., Ignatenko V. Renormalization approach to the task of determining the
number of topics in topic modeling, in: Intelligent Computing: SAI 2020: Volume 1 Vol.
1228. Part 1. Switzerland : Springer, 2020. pp. 234-247.
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11.
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Ignatenko V., Sergei Koltcov, Staab S., Boukhers Z. Fractal approach for determining the
optimal number of topics in the field of topic modeling // Journal of Physics: Conference
Series. 2019. Vol. 1163. No. 1. pp. 1-6.

Koltsov S., Pashakhin S., Dokuka S. A Full-Cycle Methodology for News Topic
Modeling and User Feedback Research, in: Lecture Notes in Computer Science
(including subseries Lecture Notes in Artificial Intelligence and Lecture Notes in
Bioinformatics). 10th International Conference on Social Informatics, SocInfo 2018;
St.Petersburg. Cham: Springer, 2018. pp. 308-321.

Mavrin A., Filchenkov A., Koltsov S. Four Keys to Topic Interpretability in Topic
Modeling, in: Artificial Intelligence and Natural Language, 7th International
Conference, AINL 2018, St. Petersburg, Russia, October 17-19, 2018, Proceedings Issue
930. Switzerland : Springer, 2018. doi pp. 117-129.

Koltsov S., Nikolenko S. 1., Koltsova O., Filippov V., Bodrunova S. Stable Topic
Modeling with Local Density Regularization, in: Internet Science, Proc. of 3d conf INSCI
2016, Lecture Notes in Computer Science series VVol. 9934. Switzerland : Springer,

2016. doi pp. 176-188.

Koltsov S., Nikolenko S. I., Koltsova O., Bodrunova S. Stable topic modeling for web
science: Granulated LDA, in: WebSci 2016 - Proceedings of the 2016 ACM Web Science
Conference. Elsevier, 2016. pp. 342-343.

Koltsov S., Koltsova O., Nikolenko S. I. Latent Dirichlet Allocation: Stability and
Applications to Studies of User-Generated content, in: Proceedings of WebSci '14 ACM
Web Science Conference, Bloomington, IN, USA — June 23 - 26, 2014. NY : ACM,
2014. pp. 161-165.

Nikolenko S. I., Koltsov S., Koltsova O. Measuring Topic Quality in Latent Dirichlet
Allocation, in: Proceedings of the Philosophy, Mathematics, Linguistics: Aspects of
Interaction 2014 Conference. St. Petersburg : The Euler International Mathematical
Institute, 2014. pp. 149-157.

Koltsov S., Ignatenko V., Pashakhin S. Fast Tuning of Topic Models: An Application of
Rényi Entropy and Renormalization Theory, in: Proceedings of the 5th International
Electronic Conference on Entropy and Its Applications Vol. 46. Issue 1. MDPI AG,
2020. Ch. 5. pp. 1-8.

Bodrunova S., Koltsov S., Koltsova O., Nikolenko S. I., Shimorina A. Interval Semi-
supervised LDA: Classifying Needles in a Haystack, in: Proceedings of the 12th Mexican
International Conference on Artificial Intelligence (MICAI 2013) Part I: Advances in
Artificial Intelligence and Its Applications. Berlin : Springer, 2013. pp. 265-274.

Analytical overview of scientific literature

1.1. Approaches to the problem of selecting the number of clusters

The overview considers the most interesting and valuable for this dissertation

investigations. The main problem in searching for the optimal number of clusters in cluster analysis
and topic modeling is the choice of the function based on which such searching is conducted.
Discussion of many clustering quality measures, including functions for selecting the number of
clusters, is presented in works [10, 11]. These and other works demonstrate that minimal
intracluster distance is frequently used for these purposes in cluster analysis. However, the problem
with this and similar measures is that dependence of such measures on the number of clusters is
monotone increasing (or decreasing). Correspondingly, the development of transformation
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procedures for extracting peculiarities from these functions is needed. In work [3], an algorithm
for determining the optimal number of topics based on ‘rate distortion theory’ was formulated.
Modernization of this approach in the framework of non-extensive statistical physics for image
clustering was implemented in the work [4].

Other approaches to solving this problem exist in cluster analysis [5, 6, 7]. In the work by
Tibshirani [6], a method called ‘gap statistic’ was proposed. Its key idea is to measure the
difference between null reference distribution and distribution obtained from clustering from the
above distribution. This difference is calculated for different numbers of clusters. After that, a
corresponding curve is plotted. In the framework of this approach, the authors assume that the
optimal number of clusters corresponds to the situation when the logarithm of average intracluster
distance becomes less than the analogous logarithm calculated for null reference distribution. In
fact, this is an analog of measuring the dependence of entropy on the number of clusters with
respect to initial entropy. In work [8], a clustering procedure is proposed based on searching
maximum entropy (maximum entropy principle). However, the authors also rely on the classical
variant of entropy (Shannon entropy). But already in work [9], a clustering method is implemented
by applying the Tsallis entropy maximization principle through variation of parameter g.

Among all existing approaches in cluster analysis, the most interesting and informative is
an approach based on free energy minimization [12]. Its main idea is as follows: each element of
the statistical system is characterized by probabilities of belonging to different clusters.
Correspondingly, for each element, one can formulate the notion of internal energy (expressed
through the probability of belonging of the element to a cluster) and calculate the free energy of
the entire system. The temperature in such a system turns into a free parameter, which is varied to
minimize free energy. A disadvantage of this work is model testing only on clusters with Gaussian
distributions. Moreover, the authors' calculations demonstrate that the free energy function looks
like a monotone function without an explicit minimum

This dissertation is based on ideas of work [12]. However, in contrast to this work, the
temperature is considered a number of clusters, and parameterized entropies (that possess a clear
minimum) are considered instead of free energy. Theoretical statements of entropic topic models
are described in chapter 2.

1.2. Overview of model types in topic modeling

Currently, more than forty different topic models are proposed in the literature on topic
modeling, and the number of articles applying topic modeling exceeds several hundred. In general,
one can distinguish three main types of models: 1. Flat topic models with different types of
regularization [13, 14, 15, 16]. 2. Hierarchical topic models [17, 18, 19, 20]. 3. Topic models with
elements of neural networks, where either different types of word embeddings or layers of neural
networks are used [21, 22]. The most complete overviews of the various models and quality
measures are presented in [1, 23]. In general, two main algorithms of determining distributions of
words by topics and topics by documents dominate in the literature: 1. Expectation-Maximization
algorithm. In the framework of this algorithm, the matrix of words in documents (F) is represented
as the product of two matrices F=00, where @ is the matrix of words by topics distributions, and
O is the matrix of distribution of topics by documents. 2. Algorithm of determining the probability
of a word belonging to a topic in the form of a multidimensional integral. In this algorithm, the
computation of probabilities is implemented with the Gibbs sampling procedure. Despite the
different mathematical formalisms of the above algorithms, both lead to similar results [24]. Thus,
the problems considered below are valid for different algorithms.
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The problem of searching for the optimal number of topics/clusters in topic modeling is
relevant and even more complicated to solve. This is due to the following reasons. First, this search
is related to the topic's linguistic concept, which in turn causes considerable difficulties since it is
difficult to formulate a linguistic criterion for separating two topics on a set of documents.
Moreover, topic models often generate topics that are difficult to interpret and difficult to treat as
topics. Second, in topic modeling as well as in cluster analysis, it is hard to formulate an
appropriate functional dependence, which on the one hand, would characterize the topic model,
and on the other hand, would be a function of the number of topics and hyperparameters.
Nevertheless, there are several works, authors of which tried to solve the problem of selecting the
number of topics in topic modeling. Based on ideas of cluster analysis, the authors of the work
[25] considered the topic a semantic cluster (set of words), in the framework of which one can
calculate intracluster distance. The authors used cosine measure as the function for minimization.
Thus, according to the authors, the number of topics corresponding to the minimum average cosine
measure calculated for all topics is optimum. Another approach to searching the optimal number
of topics was proposed by Arun et al. in work [26] in the form of searching minimum Kullback-
Leibler divergence under variation of the number of topics. The authors propose to implement
SVD decomposition of matrices @ and ® and then to calculate Kullback-Leibler divergence based
on two vectors containing singular values. In this case, the optimal number of topics corresponds
to the situation when both matrices are described with the same number of singular values. The
disadvantages of these two approaches are as follows. First, it is unclear how the minima of chosen
functions are related to the entropic principle, widely used in information theory. Second, the
addition of another calculation step, namely SVD decomposition and calculation of Kullback-
Leibler divergence, significantly limits the application of Arun's approach to big data processing.
Arun and his colleagues searched minimum Kullback-Leibler divergence on text collections that
do not exceed 2500 texts. Third, the influence of the initial distributions on the results of topic
modeling is not considered in both approaches. However, it is known that there is such an influence
[27]. Fourth, the effect of semantic instability, which takes place in topic modeling [28], is not
considered in the above approaches.

A topic model based on an additive regularization algorithm (ARTM), proposed in work
[16], is worth discussing separately. This model is based on searching the maximum of a linear
combination of log-likelihood and a set of regularizers. The values of coefficients determine the
level of influence of regularizers on a topic model. Despite the broad usage of this model in
Russian-language literature, it has one significant disadvantage: the principle of choosing values
of regularization coefficients is not formulated in the theory of additive regularization. These
values have to be set explicitly before topic modeling. In this work, a solution to this problem is
proposed.

One of the leading quality measures in topic modeling is maximum log-likelihood [1] and
perplexity, which is related to log-likelihood. In general, log-likelihood allows one to tune
hyperparameters of flat topic models. However, it does not allow one to determine the optimal
number of topic clusters. Moreover, log-likelihood is not suitable for tuning hierarchical topic
models [2], where an additional unsolved problem of selecting the number of topics on each level
of hierarchy exists as well as the traditional problem of selecting values of hyperparameters.

Moreover, coherence measure is widely used in topic modeling. This measure allows one
to estimate the coherence of topics in a topic solution [67]. The essence of this measure is to
calculate how often words with high probabilities co-occur in highly probabilistic documents.



Large coherence corresponds to the best solution. This measure does not allow one to determine
the optimal number of components in the mixture distribution due to its monotone behavior.

Thus, the following unsolved problems for topic models of different types arise. 1. How to
determine the optimal number of clusters in the topic solution is unclear. 2. The existing quality
measures are not universal, i.e., unsuitable for all models. 3. no quality measure would allow one
to tune several model parameters simultaneously (including hyperparameters, the number of
clusters, and semantic coherence).

This work proposes a solution to the above problems using the application of parameterized
entropies in topic models. Theoretical and experimental estimation of the applicability of
parameterized entropies in topic models is presented in chapter 2.

1.3. Application of entropic principles in the field of topic modeling

The following part of the overview is devoted to applying the simulated annealing
procedure for determining the hidden distributions in topic modeling. In works [29, 30], a classical
version of the annealing algorithm based on the Markov process is used. In work by Tsallis [74],
a modified annealing algorithm is proposed. However, in the field of machine learning, this
algorithm was not applied.

In work by Zhu [31], the maximum entropy discrimination latent Dirichlet allocation
(MedLDA) model was proposed. The essence of this model is the introduction of Kullback-Leibler
divergence, which is an entropic regularizer, into log-likelihood. Let us also mention work [32],
where a topic model was proposed, where minimum Shannon entropy calculated by words is used
for determining the optimal values of the regularization coefficient. A significant disadvantage of
this work is testing the proposed model on datasets marked-up only with two topics.

1.4. Stability of topic models

Despite a large number of works devoted to topic models, the number of works related to
the estimation of their stability is very limited. The problem of topic model stability is related to
topic model construction features.

The solution of the task of topic modeling is equivalent to stochastic matrix decomposition,
where a large matrix F, containing documents d and words w, is approximated with a product of
matrices ® and ® of lower dimensions. However, stochastic matrix decomposition is not uniquely
determined, but with accuracy up to non-degenerate transformation [16]. If F=®0 is a solution,
then F=(®S)(S*(-1) ®) is also a solution for all non-degenerate S, for which matrices *=0S and
OMN=S7(-1) ® are stochastic. In terms of TM algorithm, ambiguity in the reconstruction of the
multidimensional density of a mixture of distributions is because the algorithm, starting from
various initial points, will converge to different points from a set of solutions. It means that
different runs of an algorithm on the same source data will lead to different matrices ® and ®. The
tasks, solutions of which are not unique or are unstable, are called ill-posed. Regularization by
Tikhonov [38] gives a general approach to solving such tasks. The essence of regularization is
adding prior information that reduces the set of solutions. Regularization is implemented either by
introducing limitations on matrices ® and @ [16] or modifying the sampling procedure [72, 73].

One can distinguish several works in research on the stability of topic solutions. In work
by Griffiths and Steyvers [15], symmetric Kullback-Leibler divergence is proposed for estimation
of similarity between two topics from different topic solutions. However, this work does not
contain a detailed investigation of the applicability of this measure in practical experiments. A
modified version of symmetric KLB divergence was proposed in work by Koltcov et al. [28],
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where a complete suitable algorithm of topic model stability estimation on three runs is presented.
In work by Belford, the ‘Average Descriptor Set Difference (ADSD)’ measure was proposed [39].
This measure characterizes an average value of the number of similar words in two topic solutions.
Moreover, this work also considers the ‘Average Term Stability’ measure based on average
Jaccard distance. The authors of this work propose a new way to extract stable topics using the ‘K-
Fold ensemble approach’. This approach is tested for LDA model with Gibbs sampling and NMF
(Non-negative Matrix Factorization approach), which is closely related to TM. In the work by
Greene et al. [40], ‘Average Jaccard (AJ) measure’ was also used to determine the optimal number
of topics in marked-up datasets in English. In work [41], De Waal demonstrated that perplexity is
not suitable for estimation of topic models stability since, first, it depends on the dataset size, that,
in turn, complicates comparison between different datasets. Second, it has a monotone decreasing
behavior.

The above works aim only at developing and testing a stability measure. However, several
works propose a modification of a topic model itself to increase its stability. In the work of Koltcov
et al. [42], it is demonstrated that the choice of regularization coefficients in LDA model with
Gibbs sampling and ARTM model significantly impact topic model stability. Moreover, a
granulated version of Gibbs sampling procedure (GLDA), which provides a very high level of
topic model stability, is proposed in this work. A detailed description of GLDA is presented in
chapter 5 of this work. It was demonstrated in this work that adding regularizers impacts topic
model stability.

The most detailed overview of articles related to the problem of stability/instability of topic
models is given in the work of Agarwal [44]. In general, the problem of instability of topic models
is not solved completely.

Based on the literature overview, one can conclude the following. In English-language
literature, the following models are most widely used: 1. pLSA (E-M algorithm). 2. LDA with
Gibbs sampling. 3. Variation LDA (E-M algorithm). These models are most often used as a
baseline for comparison with other topic models. In Russian-language literature, ARTM model
with Gibbs sampling) is widely used. This model contains an alternative approach to the variational
principle of topic model inference and inference based on the physical Potts model (an extended
version of the Ising model).

Among quality measures of topic models, the most widely used are the following: 1.
Maximum log-likelihood (tuning of topic models). 2. Kullback-Leibler divergence (determining
the stability of topic models). 3. Coherence (determining coherence of topics in topic models).

In the field of topic modeling, the following problems are found: 1. The problem of
determining the optimal number of topics. In the existing models, this number has to be set
explicitly; however, the selection criteria are unclear. 2. The problem of estimation of
hyperparameter values, including regularization coefficients, which significantly impact the
results of topic modeling. The choice of such parameters can be partially solved using log-
likelihood optimization; however, this approach is suitable only for several flat topic models. 3.
The problem of stable topic model development. This problem is aggravated by the fact that
stability significantly depends on the number of topics and hyperparameters values, the choice of
which is not clear. 4. The problem of simultaneous estimation of a topic model in terms of
hyperparameters tuning and in terms of semantic coherence of topics. The above problems remain
unsolved since the development of topic modeling mainly proceeded in the direction of developing
a large number of new models. Investigations related to the analysis of model tuning or solving
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the problem of stability are incomplete and very limited in their number. Thus, this dissertation
aims to partially solve the above problems.

In the framework of this work, the following topic models are considered: 1. LDA (with
Gibbs sampling), 2. pLSA (E-M algorithm), 3. VLDA (E-M algorithm), 4. GLDA (with Gibbs
sampling). 5. ARTM with sparsing regularizers of matrices @ and ® (E-M algorithm). 6. hLDA.
7. hPAM. 8. hARTM. This choice is according to the following facts. First, these models are the
most frequently used in the literature (especially as baselines when developing new models).
Second, they are based on two different principles (E-M algorithm and Gibbs sampling procedure).
Third, these models are designed to work with datasets having different topical structures. In this
dissertation, datasets in different languages with mark-up and without mark-up and with the topical
structure of different hierarchy depths and without it were used. This allows us to estimate the
effectiveness of the developed models for determining different topical structures.

2. Entropic topic model based on parameterized Renyi entropy and Sharma-Mittal
entropy

This chapter considers the theoretical formulation of an entropic topic model for one- and
two-parametric entropies. Moreover, a series of computer experiments on marked-up datasets and
collections without mark-up is presented. The experiments demonstrate the usefulness of
parameterized entropies for topic model tuning and determining the presence of flat or hierarchical
topical structure in the data.

The proposed entropic topic model is based on the ideas of work by Rose [12], where it
was demonstrated that the clustering procedure might be considered in terms of the probability of
belonging to a cluster. Such probability is expressed through the free energy of the entire statistical
system (i.e., through the partition function of the system). In such a clustering model, the
temperature is a parameter of the cluster model that can be tuned and found by means of an
annealing procedure. In contrast to the model of Rose, the entropic topic model considers
temperature as the number of clusters, and parameterized entropies are used as objective functions.
This difference makes it possible to formulate an entropic model of hyperparameter tuning,
including the number of topics, based on the search for the minimum of parametrized entropy. The
entropic topic model generally is based on the following assertions [45, 46]. 1) A document
collection is a mesoscopic information system containing elements (words and documents).
Therefore, the behavior of such a system can be studied using methods from statistical physics.
Moreover, such information systems are not close since information is exchanged with the
surroundings: for example, a user can change the number of topics/clusters. Correspondingly, it is
possible that such a system does not reach an equilibrium state in the sense of the maximum of
Shannon entropy but may reach an intermediate equilibrium state, which is determined by a local
minimum of the parametrized Renyi entropy or Tsallis entropy. 2) Topic is considered as a state
(analogous to spin direction) that each word and document can take in the collection. Moreover,
each word and document belong to all topics with different probabilities (matrices of these
probabilities are usually denoted by @ and 0, correspondingly). The set of words and documents
with high probabilities on a topic form what can be called a topic cluster. 3) Information system
exchanges only energy with the surroundings by changing temperature. In this approach, the
number of topics is considered as the temperature of the information system, which is set externally
and is a parameter to be determined by means of searching for a minimum of non-symmetric
Kullback-Leibler divergence (free energy is the physical analog of this measure). Since this
measure is equivalent to the difference of free energies [47], where one part of free energy
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corresponds to the initial (equilibrium) state, and the second one characterizes the non-equilibrium
state of the system [47], the following expression can be used as a measure of the degree to which
a given information system is non-equilibrium: Ar=F(T) - Fo, where Fo is free energy of the initial
state (chaos) of the topic model, F(T) is the free energy under given number of topics T, obtained
after topic modeling. 4) Minimum of Ar depends on different parameters of topic model. 5) The
optimal number of topics and set of optimal parameters of topic model corresponds to the situation
when information maximum S = —1 [48] is reached, i.e., minimum of A and minimum Renyi
entropy, which can be expressed in terms of the difference of free energies.
In topic models, the sum of all word probabilities equals the number of topics: T =
T YW pm. Inthe framework of statistical physics, it is common to investigate the distribution
of statistical system by energy levels, where the energy of a level is expressed through probability.
According to this approach, in this work, the range of probabilities is divided into a fixed number
of intervals, energies of these levels and the number of words on each level are determined. Let us
note that the number of words in each interval depends on the number of topics and parameter
values of the topic model. The division into intervals is conditional and convenient from a
computational point of view. When the length of such an interval tends to zero, the distribution of
words by intervals tends to density function p. However, to simplify the presentation, we will
consider a two-level system in which words with a high probability will arise on one level, and
words with a low probability (i.e., with a probability close to zero) will appear on the other level.

2.1. Entropic topic model based on Renyi entropy
Let us introduce a density-of-states function for the level of words with high probabilities
under a fixed number of topics and a fixed set of parameters [46]:

p Z’[:lZnW:thn (1)’

wT
Ny, is the number of words with high probabilities, T is the number of topics, n refers to summation
by a list of unique words, t refers to summation by all topics. Probability is considered high if it
satisfies p;, > 1/W, where W is the number of unique words in the dataset. The choice of this
threshold is due to the fact that the value 1/W is the initial value for the initialization of matrix @.
Value WT determines the total number of all microstates in a topic model (under microstate we
mean probability of one word in one topic), i.e., the size of matrix @ is the normalization of the
density-of-states function. During the process of topic modeling probabilities of words are
redistributed with respect to the given threshold. A small part of words falls into the level with
high probabilities p,,, > 1/W, and the larger part of words falls into another level, where p,,, >
1/W. The level of words with high probabilities in the topic model can be characterized by energy
value, which can be expressed through the sum of probabilities of words residing on this level and
normalized by the total number of topics:
E=-T-InP (2),

where P = YT_, YW p., /T, the summation is for all words with high probabilities residing on
this level, T is the number of topics. Thus, the level is determined by two experimentally measured
values: 1. The sum of words probabilities on the given level P. 2. The number of words residing
on this level (density-of-states function p).

For a two-level system, the main contribution to the entropy and energy of the entire system
is given by words with high probabilities; therefore, the free energy of the entire system is
approximately determined through entropy and energy of one level. The free energy of such a
system is expressed through Gibbs entropy (Shannon entropy) and energy in the following way
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[47]: F=E—-T-S=E—-S/, where g = 1/T. The entropy of the information system (Shannon
entropy) is expressed through the number of words on one level as follows: S = In(p(T)) [45].
The difference between free energy of the system is expressed through P and j as follows:

Ap = F(T) = Fy = (E(T) = Eg) = (S(T) = So) - T = —In(P) =T -In(p) (3),
where E,, S, are energy and entropy of the system under initial distribution, which corresponds to
maximum entropy, i.e., Sy = In(T) and E, = —In(W - T). Thus, the level of non-equilibrium of
topic model is determined as the difference of free energies and is expressed through
experimentally determined values p u P. Normalization of these values, in its essence, is the
entropy of the initial state, that is, chaos. Values 5 u P are calculated for each topic model under
variation of free parameter T and other model parameters; thus, value A is a function of the
number of topics T, size of the vocabulary W, i.e., of the dataset, and it depends on parameters
values of the generative topic model.

2.2. Relation between free energy and Renyi entropy in topic models

Based on the partition function Z, =Y p-P =Y p-e 9F =¥ e 4Ar, q=1/T [49], one can
express free energy of topic model through Renyi entropy and experimentally determined values
Pu p asfollows:
In(Zg) _ Ine %)  -qAr _ A

Sk =
q q-1 q-1 q-1 T-1

(4).

Let us note that the relation between free energy and Renyi entropy can also be found with
escort distribution [50, 51] since specifying the above partition function is equivalent to escort
transformation.

Thus, Renyi entropy in topic models is expressed through free energy, parameter g, where
q = 1/T, and experimentally determined values P u j. In the framework of this approach, first,
Renyi entropy characterizes the measure of the degree to which a given topic model is non-
equilibrium since its calculation is based on the difference of free energies. Second, optimization
of machine learning models can be implemented based on searching minimum Renyi entropy.
Third, Renyi entropy in its formulation, in contrast to Shannon entropy, includes two processes in
different directions; namely, an increasing the number of topics leads to decreasing Shannon
entropy and increasing total energy, and to increasing the total sum of probabilities in the model.
Thus, the difference between these two processes has a region of balance, where these two
processes counterbalance each other. In this region, Renyi entropy is minimal. Moreover, entropy
minimum corresponds to information maximum in a topic model. Therefore, topic model
parameters can be tuned based on searching a minimum of one-parametric Renyi entropy.

2.3. Entropic model based on Sharma-Mittal entropy

Topic model based on Renyi entropy does not include a semantic component, which plays
an important role in the practical application of clustering models on textual data. However, the
entropic topic model may be extended using the application of two-parametric Sharma-Mittal

1-r
entropy [52, 53]. It is expressed as follows: Sg, = ﬁ[(zipf)ﬁ — 1], where r and g are

parameters that determine the type of entropy parameterization. Sharma-Mittal entropy includes
Renyi and Tsallis entropies as special cases for certain r, q. For example, for r = 1 entropy
Ss,m equals Renyi entropy, and for r — q Sg equals Tsallis entropy. Let us note that the limit of
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Sharma-Mittal entropy when r — 0 equals the exponential function of Renyi entropy minus 1, that
can be considered as parameterized perplexity. Namely, in this case, lirr(} Ssm = eSd — 1. Let us
r-

demonstrate that eSd — 1 > Sq if S§ # 0. Letus consider f(x) = e* — 1 —x for x # 0. We obtain
that f'(x) = e* — 1. Correspondingly, f increases for x > 0 and decreases for x < 0. Thus,
min f(x) = f(0) = 0. For example, if S(‘} =6, eSt — 1= 402; for S}} =1, eSt —1 = 1.7; for
Sc‘} = 0.1, €54 — 1 = 1.005, i.e., fluctuation of parameter r leads to very large values of entropy.
Since parameter g=1/T is related to the number of topics in a topic model, one has to define
parameter r to apply Sharma-Mittal entropy for the analysis of topic models. The values of this
parameter may vary in the region [0;1]. Moreover, if r=1, then Sharma-Mittal entropy turns into
Renyi entropy, and, correspondingly, the quality of a topic model is determined only by Renyi
entropy and parameter . Based on this, one can conclude that parameter g for Sharma-Mittal
entropy is the inverse number of topics. If r = 0, Sharma-Mittal entropy is as follows: S, =

eSd — 1, i.e., becomes very large. Since entropy maximum corresponds to information minimum,
one can conclude that minimal values of parameter r, which lead to maximal values of S,
correspond to minimal values of information.

In the literature, the concept of the Jaccard distance is used, which is defined as follows

54.J(X,Y) =1 — X0Y ' jaccard distance measures the similarity of two sets (in our case, between
XUy

two sets of words) and is determined as the size of the intersection of the sets divided by the size
of the union of the sets. If two sets are identical, then this distance equals zero. Jaccard distance
plays an important role especially in the field of computer science for the investigation of regular
languages [55], and is related to entropy distance as follows:

1(X,Y) % v {

H(X,Y)_]( ) )_ ]'

where I(X,Y) is the mutual information of X and Y, H(X,Y) is the joint entropy of X and Y. In
information theory, mutual information corresponds to the intersection of sets X and Y, and joint
entropy corresponds to the union of X and Y, and, correspondingly, entropy distance corresponds
to Jaccard distance. If J(X,Y) =0, then Dy(X,Y) = 0. Thus, we can define parameter r as
follows. Parameter r in Ss 5, entropy will be responsible for semantic component of topic model,
i.e., it will be measured by means of Jaccard distance. This parameter characterizes the value of
variation of semantic composition under variation of the number of topics (and variation of
hyperparameters values of the topic model). This is related to the fact that variation of model
hyperparameters and the number of topics impact the composition of high-probability words in
the topic model.

Thus, tuning the entropic topic model is implemented by selecting the number of topics
(parameter g=1/T) and model hyperparameters under the condition of reaching a minimum of two-
parametric Sharma-Mittal entropy, i.e., among the set of parameter values, one has to choose those
values that correspond to the information maximum of the topic model for the chosen dataset.

Dy(X,Y)=1-—

2.4. Entropic topic model based on Sharma-Mittal entropy
Based on equation (4) and partition function Z, = ¥, 5 - e"?%, Sharma-Mittal entropy of a

topic model can be expressed in terms of experimentally determined values P u j as follows [56]:
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where W is the number of words in vocabulary, T is the number of topics, P(T) is the sum of
probabilities on the second level, N, is the number of words with high probabilities, i.e., the
number of words on the second level, n refers to summation by the list of unique words, t refers
to summation by all topics. Correspondingly, equation (5) allows one to calculate two-parametric
entropy of topic model based on experimentally observable values: normalized sum of
probabilities of words on the given level P and normalized density-of-states function 5. Thus, on
the one hand, Ss, allows one to estimate topic model parameters, for example, such as
regularization parameters in LDA Gibbs sampling model and ARTM model, and the number of
topics based on searching for a minimum of Ss ,,, which, in turn, is characterized by the difference
of entropies between the initial distribution and the distribution obtained in the result of modeling.
On the other hand, it allows us to estimate what contribution to entropy is added by Jaccard
distance between two different topic solutions with different parameter values and the number of
topics. Correspondingly, the best values of topic model parameters correspond to the situation
when entropy reaches its minimum, and the worst values correspond to entropy maximum.

2.5. Hierarchical entropic topic model

Textual collections may contain a flat topic structure or hierarchical structure. Currently,
there are no methods for determining the type of structure except the entropic model proposed in
work [2]. The general idea of determining the structure is as follows. As it was demonstrated earlier
[46], a dataset may possess several local minima of parameterized entropy, which correspond to
different numbers of topics. Correspondingly, these minima may be associated with different
hierarchical levels. Thus, the number of minima may be a marker of a particular topic structure. If
a dataset has only one minimum, it has only one level of topics; if a dataset has two minima, one
can assert that it has two levels of hierarchy. Based on the above, the considered entropic topic
model should be extended for hierarchical models in the following way [2]. Since the hierarchical
structure in TM can be represented as a graph, where each node represents one topic, the procedure
of hierarchical TM leads to the construction of a hierarchical tree with a fixed number of topics on
each level. Each node-topic has a list of words and documents with probabilities of belonging to
this topic. The total number of words on each level is a constant that equals the total number of
elements W in the statistical system. The set of nodes-topics on one level is represented with matrix
® (distribution of words by topics).

The procedure of hierarchical topic modeling consists of the construction of a sequence of
matrices @, in which the number of words is constant, but the number of topics is sequentially
increasing (from one hierarchical level to another). Correspondingly, the portion of words with
probabilities above 1/W is changes during the transition from one level to another in hierarchical
topic modeling. Thus, each hierarchical level is characterized by the following parameters: 1. The

number of topics T; on level i. 2. The number of words with probabilities above the threshold
1/W onlevel i: N; =Y, N;; (q)it > %) ,where W is vocabulary size, t refers to summation for all
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topics. 3. Sum of probabilities of words P = Zfil bir (qbn- > %) Based on the above values, one
can determine internal energy and Shannon entropy (S) of the current level with respect to the
equilibrium state of this level: E; = —In(P/T)), S; = ln(%) , Where i is the level number.

Further, one can define free energy and Renyi entropy of i-th level by means of S; and E;as follows:

Ap, = E; — T; - S;. Renyi entropy of i-th level is expressed through the free energy of i-th level in

:_Fll where g = 1/T; is a parameter characterizing each hierarchical

the following way: S¥ =
level.

Therefore, by measuring the entropy value on each hierarchical level under variation of
model parameters (including the number of levels) for a given dataset, one can estimate the process
of hierarchical model construction in terms of the behavior S® under transition from one level to
another, i.e., to estimate the dependence of entropy on the number of topics and parameter values.
The process of clustering words by topics starts with entropy maximum, when all elements (words)
of the statistical system are related to one or two topics, and also ends with entropy maximum,
where all elements are related to all topics (for a large number of topics) with approximately the
same probabilities. The location of a global minimum and a set of local minima of Renyi entropy
in terms of the number of topics is determined by dataset features. Renyi entropy SXserves as a
measure of the degree to which the given system is non-equilibrium, where entropy minimum
corresponds to information maximum, and the number of Renyi entropy minima serves as a marker
of topical structure.

Let us note that this principle was used for tuning the hierarchical clustering procedure
(based on the ‘complete’ method) [57] when clustering users of the social network VK.

2.6. Experimental testing of application of Renyi and Tsallis entropy in topic models

In this work, four topic models were investigated in terms of behavior of Renyi and Tsallis
entropy as functions of the number of topics: 1. LDA GB. 2. Granulated LDA (GLDA GB). 3.
PLSA (E-M algorithm). 4. Variational LDA (E-M algorithm). The choice of these models is due
to the following reasons. First, these models are used as baselines in many articles in the field of
topic modeling, Second, these models represent the main types of topic model inference

algorithms. In each experiment, the number of microstates with probabilities p;, >% was

computed for each model. Then, the density-of-states function, internal energy, entropy, and free
energy were calculated for each model in dependence on the number of topics. Renyi and Tsallis
entropies were calculated for each topic solution based on free energy.

Datasets: 1. ‘Live Journal” dataset. This is a set of Russian-language posts from the social
network ‘Live Journal’, size: 101481 posts; vocabulary size: 172939 unique words. The number
of topics was varied in the region T = [2; 330] with the increments in two topics. 2. English-
language dataset *20 newsgroups’ [58]. Size: 15404 posts and N=50948 unique words, marked-up
on 20 topics. The number of topics for the second dataset was varied in the region T = [2; 120]
with the increments in two topics. The choice of these datasets is due to the following reasons.
First, these datasets are in different languages, which allows us to demonstrate the cross-language
applicability of entropic topic models and establish common model features for different
languages. Second, different sizes of the collections show that changing size may lead to the
appearance of additional local minima. Moreover, different clustering models were tested on the

16



above English-language collection [59], which allows us to compare the results of topic modeling
with cluster analysis results.

Figures (1) and (2) demonstrate Shannon and Renyi entropies for four models (20
newsgroups’ dataset). Each model was run three times; then, the results were averaged. Entropies
were calculated based on the averaged results. Averaging of modeling results is related to
considering the instability of topic models.
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Fig. 1. Distribution of Shannon entropy. Fig. 2. Distribution of Renyi entropy.

Distributions of Shannon and Renyi entropies as functions of the number of topics for 20
newsgroups’ dataset. LDA (Gibbs sampling): black, GLDA (Gibbs sampling): red, PLSA (E-M
algorithm): blue, LDA (E-M algorithm): green.

Renyi entropy in contrast to Shannon entropy has a global minimum and demonstrates correct
results for boundary values of the number of topics. For T—1 Renyi entropy has a maximum since
topic modeling as any other clustering algorithm does not provide distribution of clusters, i.e.
information is close to zero. At the same time, increasing the number of clusters/topics (i.e., T—o0)
leads to uniform distribution of each word on topics, that corresponds to increasing entropy.
However, different models provide slightly different locations of Renyi entropy minimum and
different values of this minimum. To determine which of the above models provides more accurate
results, one has to compare the results of TM with the cluster analysis results on the same
collection. The authors of work [59] tested several clustering algorithms on 20 newsgroups’
dataset and demonstrated that the optimal number of clusters varies in the region of 15-20 clusters
for different algorithms due to the correlation of some topics.

Models LDA (Gibbs sampling, LDA GB) and LDA (E-M algorithm) demonstrate that the
optimal number of topics is about 15, PLSA (E-M) model gives 20 topics. However, the GLDA
model provides a significantly different number of topics, which is almost two times larger
compared to LDA (Gibbs sampling) and LDA (E-M algorithm) models. This is related to the fact
that in GLDA model, strong averaging is present in the sampling procedure, which leads to high
stability, but shifts the global minimum of Renyi entropy.

The results of calculations of Renyi and Tsallis entropies for four topic models on the
Russian-language dataset are presented in figures (3) and (4).
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Fig. 3. Distribution of Renyi entropy. Fig. 4. Distribution of Tsallis entropy.
Distribution of Renyi and Tsallis entropies as functions of the number of topics for ‘Live
Journal’ dataset: LDA (Gibbs sampling): black, GLDA (Gibbs sampling): red, PLSA (E-M
algorithm): blue, LDA (E-M algorithm): green.

The calculations demonstrate that models based on E-M algorithm demonstrate a
substantial difference from models based on Gibbs sampling for the Russian-language dataset,
especially for a large number of topics (over 100). LDA GB model demonstrates the presence of
large jumps in Renyi entropy, which are related to significant fluctuations of the density-of-states
function. However, LDA (E-M algorithm) model and PLSA (E-M algorithm) model do not see
these jumps. Fluctuations in the density-of-states function in models with Gibbs sampling cannot
be explained by features of the sampling procedure, since in work [45], investigation on the same
dataset was implemented, where LDA (Gibbs sampling) was run three times for each number of
topics, and the number of topics was varied in the range [105 - 120] with the increments in one
topic and the range [120-600] with the increments in ten topics. A jump in the region of [110 —
120] topics was observed for all runs of the model. Thus, models based on Gibbs sampling are
more sensible with respect to other models. Tsallis entropy calculated for LDA(Gibbs sampling)
model also demonstrates a jump in the region of [110-120] topics and in the region of [190-200]
topics, however, the amplitude of the jJump is significantly smaller. This is because Tsallis entropy
is more stable in terms of Leshe [60].

Based on the implemented calculations, one can conclude the following. First,
parameterized Renyi entropy is suitable for determining the number of topics in textual datasets
since its minimum corresponds to the results of human mark-up. The number of topics is the
entropy parameter. Second, different topic models demonstrate different numbers of minima of
parameterized entropy, but the location of a global minimum for different models is almost the
same. Dataset features characterize the locations of minima and their number.

2.7. Numerical experiments on semantic stability of topic models

The indistinguishability of particles is an important factor when describing different
physical statistical systems. It makes it possible to use a combinatorial approach for the calculation
of the number of states and the estimation of the probability density function. In this case, it is not
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important which particles exactly reside in states with high probabilities. However, in the case of
information systems consisting of many documents, a topic is formed from many different words
and the semantic differences between words are important. Therefore, when investigating the
behavior of textual systems, it is necessary to verify how reproducible are distributions of words
in a semantic point of view under variation of the number of topics hyperparameters. In this work,
semantic reproducibility in TM of two clouds of words T; and T, (corresponding to two different
topics) was measured according to Jaccard distance.

Jaccard distance was calculated by pair-wise comparison of each topic solution with all
other topic solutions and was stored in a matrix where each element contains a value of Jaccard
distance J¢; ¢, Where t1,t2 are topic numbers.

Figures (5) and (6) demonstrate curves of diagonal Jaccard distances for LDA (Gibbs
sampling) and LDA (E-M algorithm) for the Russian-language dataset. The values of Jaccard
distances are not provided for the English-language dataset since all the models demonstrated
almost the same values, about 0.99.
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Fig. 5. Behavior of Jaccard distance Fig. 6. Behavior of Jaccard distance
for LDA Gibbs sampling model. for LDA (E-M algorithm) model.

The distribution of Jaccard distances demonstrates that models of both types have areas of
semantic stability. Moreover, there are areas with a high level of the coefficient J;; ;,» = 0.9 and
areas with a lower level J;; ¢, = 0.5. However, if a significantly large number of top words is used
in each topic solution, for example, 1000 words, then such periodical structure almost disappears.

2.8. Experimental testing of Sharma-Mittal entropy and Renyi entropy as meausers of
guality for estimating the number of topics and semantic coherence of topic models.
2.8.1. Experiments on application of Renyi entropy

In this part of the work, the possibility of determining the optimal parameter values in topic
models was investigated. The investigation was implemented for the following models: 1. LDA
Gibbs sampling (LDA GB) [20], 2. pLSA (E-M ) [21], 3. ARTM with regularizers ‘sparse ®’ and
‘sparse ©’ [16]. Parameters of LDA GB are o, 3, which characterize Dirichlet distribution, and T
is the number of topics. Parameters of ARTM model are regularizer coefficients of sparsing
matrices @, ®, and the number of topics. PLSA model has only one parameter, which is the number
of topics. Therefore, this model was compared to two other models.

Datasets: 1. ‘20 newsgroups dataset’ (human mark-up, the range is [15 - 20] topics). 2.
Russian-language dataset (‘lenta_ru’) (custom mark-up for 10 topics). Analysis of the correlation
of topics demonstrates that the ‘real’ number of topics is in the range [7-10]. The dataset size is
82852 documents, vocabulary size is 172939. All datasets were calculated for each model under
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variation of parameters. Then, the density-of-states function, distribution of Jaccard distances,
Renyi entropy, and log-likelihood were calculated for each obtained topic solution. Moreover,
two-parametric Sharma-Mittal (Ss,) entropy was calculated for the estimation of semantic
stability of topic solutions under variation of model hyperparameters, including the number of
topics.

2.8.1.1. pLSA and LDA GB models: Renyi entropy
Renyi entropy curves for pLSA and LDA GB for two datasets are given in figures (7), (8).
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Fig. 7. Renyi entropy (‘Lenta_ru’). pLSA: black, LDA GB (0=0.1, =0.1): red, LDA GB (0=0.5,
=0.1): green, LDA GB (a=1, p=1): blue.
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Fig. 8. Renyi entropy (20 newsgroups’). pLSA: black, LDA GB (a=0.1, p=0.1): red, LDA GB
(0=0.5, p=0.1): green, LDA GB (0=1, p=1): blue.

Figures (7) and (8) demonstrate that Renyi entropy of pLSA model and LDA Gibbs sampling
model with parameters a=0.1, p=0.1 are very close to each other. Increasing regularization
parameters o, B leads to increasing Renyi entropy. Moreover, minimum of parameterized entropy
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is shifted. Figure (9) demonstrates curves of log-likelihood as a function of the number of topics.
One can see that increasing values a,  worsens log-likelihood, which is equivalent to increasing
entropy. Thus, comparing the behavior of log-likelihood and Renyi entropy curves, one can
conclude the following: 1. Renyi entropy is suitable for tuning topic model parameters, and Renyi
entropy minimum corresponds to the optimal parameter values of the considered topic models. 2.
Renyi entropy, based on its local minimum, allows us to determine the optimal number of topics
in contrast to log-likelihood.
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Fig. 8. Log-likelihood (‘lenta_ru’). pLSA: black, LDA GB (a=0.1, f=0.1): red, LDA GB (a=0.5,
=0.1): green, LDA GB (a=1, p=1): blue.

2.8.1.2. ARTM model with sparsing of matrix ®: Renyi entropy

The result of topic modeling based on ARTM model significantly depends on
regularization coefficients [16]. Increasing these values may lead to a significant change in the
stability level of the topic model [43]. Based on the above, in this part of the work, the effect of
the influence of regularization parameter ® (z4) and the number of topics on the behavior of Renyi
entropy under variation of ARTM model hyperparameters is analyzed. The number of topics was
varied in the range [2-50], and the value of 74 was varied in the range [-10, 10] when investigating
this model. The set of Renyi entropy curves as functions of the number of topics is presented in
figure (9). One can see that increasing parameter 74 leads to shifting Renyi entropy minimum in
the region of a small number of topics (about 2), which is significantly smaller than the ‘real’
number of topics (7-10). Thus, strong regularization of sparsing matrix ® leads to an incorrect
number of topics. Let us note that changing the sign of the regularization coefficient does not
influence the modeling results. Renyi entropy curve of this model for the English-language dataset
’20 newsgroups’ is given in figure (10). Increasing regularization parameter leads to significant
shifting Renyi entropy minimum. For 74 = 1, the minimum is shifted to 10 topics, however, the
real number of topics is 14-17. Further increment of 4 leads to model deterioration. Thus, the best
result of the topic model corresponds to the minimal value of the regularization coefficient, and
Renyi entropy curve almost coincides with an analogous curve for pLSA model.
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2.8.1.3. ARTM model with sparsing of matrix ®: Renyi entropy

In this model, parameters are the regularization coefficient of matrix ® (z,) and the number
of topics. In contrast to the previous model, in this case, sparsing is implemented for the matrix of
the distribution of topics in documents. In the experiments, the number of topics was varied in the
range [2-50], and coefficient T, was varied in the range [-10, 10]. The set of Renyi entropy curves
for this regularizer as functions of the number of topics is given in figure (11) (‘lenta’ dataset).
Renyi entropy curves for regularization coefficients t, = [0.01, 0.1, 1] are almost
indistinguishable. However, coefficient 7, =10 does not allow us to calculate free energy and
Renyi entropy since the model deteriorates (analogously to the previous one). Analogous result is
obtained for 20 newsgroups’ dataset. Thus, the best result is obtained with a small value of the
regularization coefficient, since its increment leads to a significant decrease of log-likelihood and
to an increment of Renyi entropy.

2.8.2. Experiments on application of quality measure based on Sharma-Mittal entropy to
topic models.

In the framework of this set of experiments, an investigation of the behavior of two-
parametric Sharma-Mittal entropy under variation of hyperparameters was implemented for pLSA,
ARTM, and LDA Gibbs sampling models. The application of this type of parameterized entropy
makes it possible to estimate changes in the semantic component of topic models to the level of
entropy under variation of hyperparameters. The chosen topic models are most frequently used
models in English-language and Russian-language scientific literature.

2.8.2.1. PLSA model: Sharma-Mittal entropy

For the calculation of two-parametric entropy Sg , first of all, pairwise values of Jaccard
distances were calculated under variation of the number of topics. Examples of these calculations
are visualized in the form of heat maps in figures (12), (13). Behavior of S, entropy curves for
PLSA model (for two datasets) are given in figure (14). Large jumps of Sharma-Mittal entropy are
due to small values of Jaccard distances.
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10 20 30 40 50 60 o 10 20 30 20 s0 60
Topics number Topics number

Fig. 9 (‘Lenta’ dataset). Fig. 10 (20 newsgroups dataset).

Renyi entropy curves ( ‘Lenta’ dataset,’20 newsgroups’ dataset) under variation of
regularizers 74 ‘sparse @’ (ARTM). Black: 74 =0.01, red: 74 =0.1, green: 4 =1, blue: 74 =10
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Fig. 11. Renyi entropy curves (‘Lenta’ dataset) under variation of regularizer t ‘sparse ®’
(ARTM). Black: t, =0.01, red: 7, =0.1, green: 7, =1.
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Fig. 12 (LDA Gibbs sampling). Fig. 13 (VLDA (E-Malgorithm)).
Jaccard distances for LDA Gibbs sampling model and VLDA (E-M algorithm) model.

However, two-parametric entropy also possesses a minimum, which allows us to find the optimal
number of topics. Figures (15), (16) demonstrate entropy curves of Sgfor PLSA model with
truncated peaks (for the purposes of visualization of minima, since S, has large jumps for small
values of Jaccard distance). These figures demonstrate that for the Russian-language dataset the
minimum of two-parametric entropy lies in the region of [7-10] topics, and for the English-
language dataset the minimum is in the region of [18-20] topics, which completely corresponds to
the human mark-up.

2.8.2.2. LDA GB model: Sharma-Mittal entropy

The results of calucations of Sgy entropy for LDA GB model in comparison to PLSA
model are given in figures (17), (18). They demonstrate that two-parametric entropy also allows
us to correctly estimate the ‘real’ number of topics for datasets in two different languages.
Moreover, increasing the value of regularization coefficients o, 3 leads to increasing entropy and
shiftinig minimum, that violates the possibility to correctly determine the number of topics in a
dataset. Thus, one can conclude the following. First, S » entropy allows us to correctly determine
the optimal number of topics for datasets in different languages. Second, Sy entropy allows us
to correctly choose hyperparameters of LDA GB model.
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Fig. 14. Curve of Ss y,entropy for ‘Lenta’ dataset and *20 newsgroups’ dataset (PLSA
model) for diagonal elements of the matrix with Jaccard distances. Russian-language dataset:
black; English-language dataset: red.
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2.8.2.3. ARTM model with sparsing of matrices @ and @: Sharma-Mittal entropy
ARTM model is implemented based on the principle of additive regularization, where the
regularization coefficient, which the user sets, determines the level of contribution of the specified
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regularizer to the result of topic modeling. Currently, there is no suitable method for determining
the optimal coefficient value. Therefore, this work aims to demonstrate experimentally the
possibility of application of parameterized entropy for tuning regularization coefficients in ARTM
model.

In this model, parameters are values of regularization coefficients and the number of topics.
Correspondingly, for the investigation of this model, the number of topics was varied in the range
[2-50] and coefficients 74, T, Were varied in the range [-10, 10]. The set of entropy curves as
functions of the number of topics is given in figures (19), (20). Increasing parameters 4, T IN
Ssu entropy as well as for Renyi entropy leads to increasing the total value of entropy, i.e., to
worsening of topic model performance.
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Fig. 19 Ss 5 entropy (sparse @). Fig. 20 Ss y,entropy (sparse 0).

Curves of Ss,, entropies for ARTM model with regularizers sparse ® and sparse @. Black: 74,
T=0.01, red: 14, To=0.1, green: 7y, To=1.

Thus, based on the analysis of the implemented computer experiments on marked-up
datasets one can say the following: 1. Under variation of parameter g = 1/T, S5, entropy and
Renyi entropy allow us to determine the optimal number of topics and to choose the optimal value
of regularization coefficient; 2. Variation of parameter r (Jaccard distance) in S, entropy leads
to the appearance of areas of semantic stability, which are separated by peaks with large entropy
values. However, the value of the jump depends on the number of words that are used for the
calculation of Jaccard distance. 3. Minimum parameterized entropies for small values of
parameterization coefficients correspond to the human mark-up of text collections.

2.9. Experiments on application of Renyi entropy to the analysis of hierarchical topic models

As it was noted, in the field of topics modeling, in addition to the problem of determining
the optimal number of topics, the problem of determining ‘flat” or hierarchical topical structure
exists. This chapter presents the results of an experimental analysis of the behavior of three
hierarchical models for marked-up datasets in different languages. In the experiments, the
possibility of application of parameterized Renyi entropy as a marker of topical structure and for
determining the optimal number of topics on different hierarchical levels is demonstrated.

To test the theoretical concept described in paragraph 2.5, the following experiments were
conducted. First, the following models were used in computer experiments on the application of
Renyi entropy for analysis of hierarchical topic models: 1. HLDA (model of hierarchical latent

25



Dirichlet allocation) [61]. 2. HPAM (model of hierarchical Pachinko allocation) [62]. 3. hARTM
(hierarchical additive regularization of topic models) [63]. These models were tested by means of
six marked-up datasets, two of which have a flat structure and the other four have a two-level
structure.

Description of datasets: 1. Russian-language dataset (‘Lenta ru’) (custom mark-up on 10
topics). 2. English-language dataset 20 newsgroups’ [58] (custom mark-up on 20 topics). 3.
‘WoS’ has a hierarchical mark-up with two levels. It contains 46.985 annotations of published
articles (Web of Science) and 80.337 unique words. The first level of mark-up contains 7 topics
(computer science, electrical engineering, psychology, mechanical engineering, civil engineering,
medical science, and biochemistry), and the second level contains 134 topics. Let us note that this
dataset is highly unbalanced in terms of the distribution of documents by topics on the second
level; therefore, in this work, we also consider its balanced subset. To balance this dataset, topics
with less than 260 documents were removed. The balanced ‘WoS’ dataset contains 11.967
annotations of articles and 36.488 unique words, 7 topics on the first level and 33 topics on the
second level. 4. ‘Amazon’ dataset (https://data.mendeley.com/datasets/9rw3vkcfy4/1) has a
hierarchical mark-up with three levels, containing 6, 64, and 510 topics correspondingly. It
contains 40.000 reviews on products from online shop Amazon and 31.486 unique words. The third
level contains empty labels; therefore, in this work, only the first two levels of hierarchical mark-
up are considered. Also, its balance version, which contains 6 topics on the first level and 27 topics
on the second level, is considered. The total number of documents is 32.774, and the number of
unique words is 28.422.

2.9.1. HPAM model

Hierarchical model HPAM depends on the following parameters: 1. The number of topics
on the second level. 2. The number of topics on the third level. 3. Parameter ‘eta’ (1 is the
parameter characterizing the Dirichlet function). 4. Parameter ‘alpha’ (o). Let us note that the
number of topics on the first level is always equal to one in HPAM model. Moreover, parameter
a is set in the form of the initial value, which is further tuned by the algorithm. The investigation
demonstrated that variation of the initial value of parameter a does not influence the modeling
results; therefore, parameter a was not used in this work. Parameters of HPAM model for datasets
with the flat topical structure were tuned in two stages. In the first stage, the number of topics on
the third level was fixed; the number of topics on the second level and parameter n were varied.
In the second stage, the number of topics on the second level and the value of ) were chosen and
fixed in such a way that led to minimum Renyi entropy at the first stage, and the number of topics
on the third level was varied. According to the model's authors, the first level has one topic.

2.9.1.1. ‘Lenta’ dataset

For this dataset, the following experiments were conducted. In the first stage, the number
of topics on the first and the third level were set to one, the number of topics on the second level
was varied in the range [2-200]. The value of ) was varied in the range [0.001-1]. Since topic
modeling possesses a certain level of instability, all calculations were carried out 6 times (for a
given combination of parameters), and Renyi entropy was averaged. Then for analysis of topic
model behavior of the third hierarchical level, the best combinations of parameters that correspond
to minimal values of Renyi entropy on the second level were selected. For these parameters, Renyi
entropy on the third hierarchical level was calculated.
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The results of Renyi entropy calculations as a function of the number of topics and
parameter n on the second hierarchical level for HPAM model are given in figure (21).
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Fig. 21. Renyi entropy. Fig. 22 Log-likelihood.

Dependence of Renyi entropy minimum and log-likelihood on parameter n and the number of
topics (Lenta) on the second hierarchical level of HPAM model.

Figure (22) demonstrates curves of log-likelihood for HPAM model. One can see that they
are not suitable for analysis since this measure has very large fluctuations that do not allow us to
determine the number of topics in the dataset nor to find the optimal value of parameter 1.
Moreover, since perplexity is an inverse value of log-likelihood, it is also unsuitable for the actual

tuning of HPAM model.

6,5
eta=0,2 - topics =6
*- eta=0,3 - topics =8

6 eta=0,5 - topic = 7 L
» > i N

N

Renyi entropy
>
wn
N
\

Y

w
wn

-
.

34— T T g T 1
-50 0 50 100 150 200 250
topic number

Fig. 23. Dependence of Renyi entropy on the number of topics on the third level under fixed
number of topics on the second level and specified parameter 1. HPAM model (Lenta).

Calculation of entropy on the third level demonstrates that variation of the number of topics
leads to the presence of one global minimum in the region of 6 topics and sharp fluctuations of the
entropy when increasing the number of topics above 50. Sharp changes in entropy are replaced by
almost straight lines. This is related to the fact that in the region of strong fluctuations the model
deteriorates: the number of words with high probabilities and the sum of probabilities becomes
constant, and entropy increasing is explained only by the fact that the formula of entropy
calculation contains the number of topics. Thus, the number of topics is increasing, but the
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statistical features of the model do not change. Therefore, HPAM model can see one global
minimum for a small number of topics.

2.9.1.2. ’20 Newsgroups’ dataset

HPAM model for ‘20Newsgroups’ was investigated in the same way as for the Russian-
language dataset. Renyi entropy curves as functions of the number of topics on the second
hierarchical level for different values of parameter n are presented in figure (24). In general, their
behavior under variation of the number of topics and parameter r is analogous to Renyi entropy
curves for ‘Lenta’ dataset.
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Fig. 24. Renyi entropy. Fig. 25 Log-likelihood
Dependence of Renyi entropy minimum and log-likelihood on parameter n and the number of
topics (20 Newsgroups’) on the second hierarchical level of HPAM model.

Figure (25) demonstrates that log-likelihood is also unsuitable for tuning HPAM model for the
English-language dataset *20 Newsgroups’.

2.9.1.3. Balanced and unbalanced datasets WoS

For these datasets, at the first stage, calculations of HPAM model were implemented for
the following range of parameters: 1. The number of topics was varied in the region [2-60] with
the increments in two topics, 2. Parameter ) was varied as follows: [0.001, 0.01, 0.1, 0.2, 0.3, 0.4,
0.5, 0.6, 0.7, 0.8, 1]. The number of topics in the first and third hierarchical levels was fixed equal
to one. HPAM model was run 6 times for each combination of parameters. After that, the average
value of Renyi entropy was calculated. Figures (26) and (27) demonstrate averaged curves of
Renyi entropy for different values of parameter ny under variation of the number of topics.

. K
1 13
| sl |
F o F
: o i
:35 4 /”-‘ d ;f:
ﬁ/f .
N I Vo s
"tf’ ‘* L .'= 7, k/./‘
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Renyi entropy on the second hierarchical level (balanced and unbalanced ‘WoS”).
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The last two figures demonstrate that dataset balancing leads to the appearance of brightly
expressed Renyi entropy minimum, i.e, dataset balancing improves topic modeling. Moreover, in
this case, the accuracy of determining the number of topics us significantly higher.

Calculations on the third level were implemented under the fixed number of topics and the
corresponding value of n from the second hierarchical level. Then, on the third level, the number

of topics was varied for several values of . The results of Renyi entropy calculations are given in
figures (28), (29).
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Fig. 28. Renyi entropy curves Fig. 29. Renyi entropy curves
(balanced ‘Wo0S’ dataset). (unbalanced ‘WoS’ dataset)

Renyi entropy curves under variation of the number of topics and parameter 1 on the third
hierarchical level (balanced and unbalanced ‘WoS’ dataset)

2.9.1.4. Balanced and unbalanced ‘Amazon’ datasets
For these two datasets, the calculations were implemented analogously to calculations for
‘WoS’ datasets. The results are presented in figures (30), (31) (variation of the number of topics

and parameter n on the second level). The results of Renyi entropy calculations on the third level
are demonstrated in figures (32), (33).
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Fig. 30. Renyi entropy curves Fig 31. Renyi entropy curves

(balanced ‘Amazon’ dataset). (unbalanced ‘Amazon’ dataset)
Renyi entropy curves on the second hierarchical level (balanced and unbalanced ‘Amazon’
datasets) under variation of the number of topics and parameter 7.
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Fig. 32. Renyi entropy curves  Fig. 33. Renyi entropy curves
(balanced ‘Amazon’ dataset).  (unbalanced ‘Amazon’ dataset).
Renyi entropy on the third level of HPAM model (balanced and unbalanced ‘Amazon’ datasetsc)
under variation of the number of topics and parameter 1.

One can see that HPAM model gives sharp jumps of entropy both for ‘flat’ datasets and
for datasets with hierarchical mark-up for a large number of topics. Therefore, one can conclude
that HPAM model cannot differentiate between flat and hierarchical structures of datasets and can
be used only for determining one level of hierarchy.

2.9.2. HLDA model

The authors of this model claim that their model finds the number of topics for a dataset
automatically based on a hierarchical Chinese restaurant process [61]. However, as investigations
demonstrate, this model significantly depends on the concentration parameter and leads to a large
spread in the number of topics when this parameter is varied [2]. Since there is no possibility of
correctly determining the concentration parameter, this model was not considered in this work. A
complete investigation of this model is given in work [2].

2.9.3. hARTM model
hARTM model, proposed by the authors of work [63], has the following parameters: 1.
The number of topics on each level. 2. Seed is a parameter characterizing the initialization
procedure (setting random numbers generator). This model was investigated for four considered
datasets. The results of Renyi entropy calculations for ‘flat’ datasets are presented in figures (34),
and (35).
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Fig. 34. Renyi entropy curves Fig. 35. Renyi entropy curves
(‘Lenta’ dataset). (’20 Newsgroups’ dataset).
Dependence of Renyi entropy on the number of topics on the first hierarchical level in hARTM
model (‘Lenta’, *20 Newsgroups’).
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The calculations demonstrate that hARTM model determines well the flat structure and
does not possess fluctuations for large numbers of topics. The results of calculations for ‘WoS’
dataset are demonstrated in figures (36), (37). These curves demonstrate that, first, balancing the
dataset leads to entropy decreasing in topic model; second, balancing leads to changing the location
of the second entropy minimum. Moreover, the first minimum is almost not changed. It means that
removing documents, which compose small topics, does not influence the set of words with high
probabilities on the first level. The existence of the second hierarchical level is demonstrated by
the presence of the second local minimum. Moreover, the balancing procedure impacts the
minimum location for the second hierarchical level.
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Fig. 36. Renyi entropy curves Fig. 37. Renyi entropy curves
(‘WoS’ dataset). (‘Amazon’ dataset).

Renyi entropy curves for balanced and unbalanced ‘WoS’ and ‘Amazon’ datasets on the first
hierarchical level. Black: balanced dataset, red: unbalanced dataset.

However, let us note that the second hierarchical level is determined with a smaller
accuracy than the first one. This is related to the fact that words on the second level have smaller
values of probabilities; therefore, determining the difference between words on the second level

and words below the threshold % is complicated due to the instability of topic models.

Thus, one can conclude the following based on the implemented investigations of entropic
topic models. First, models based on Renyi and Sharma-Mittal entropy, namely, LDA (Gibbs
sampling algorithm), pLSA (E-M algorithm), VLDA (E-M algorithm), GLDA (Gibbs sampling
algorithm), and ARTM with sparsing regularizers for matrices ® and ® (E-M algorithm) allow us
to determine optimal hyperparameters of topics models. The optimal number of topics in topic
models is determined by searching the minimum of parameterized entropies. Variation of
regularization parameters leads to shifting the whole entropy curve. Along with that, the best value
of the regularization parameter corresponds to the lowest entropy curve (among all curves obtained
under variation of the parameter). Second, the application of two-parametric entropy allows us to
estimate the semantic stability of topics models under variation of model hyperparameters
including the number of topics. Third, a hierarchical topic model based on hARTM makes it
possible to determine the presence of a hierarchical or ‘flat’ structure in datasets in different
languages and correctly set the optimal number of topics at two levels of the hierarchy.

3. Fractal model for estimating results of topic models
The behavior of an information statistical system can be investigated using a fractal model.
This is because Renyi entropy describes fractal statistical systems well [50]. This mathematical
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formalism is based on the scaling procedure, that is, changing the scale. The fractal model can be
described as follows [64]. Topic solution for a fixed number of topics is represented with matrix
@, where the total number of cells is T = W, where T is the number of topics (columns in the
matrix), W is the number of unique words (number of rows). Each cell of the matrix contains
probability p;; of belonging of word w; to topic T}, and the size of a cell equals € ~ 1/(WT). For
a fixed vocabulary size (W = const), the size of the cell is determined only by the number of

topics, and for T — oo, cell size tends to zero. Density-of-states function is g = % , Where N; is

the number of cells in the topic solution with probabilities (p;;) above % i.e., this function

estimates the cloud of highly probable words and is a function of the number of topics. During the
process of topic modeling, this function changes from 0 up to some value p; (E)<1, which depends
on the number of topics. Correspondingly, density p(E)depends on cell size and degree D (¢) [64]:
P(E) = 7P, The distribution of fractal dimensions D(g) was determined by means of ‘box
counting’ algorithm [65]. Its application for calculations of fractal dimensions in TM consists of
the following steps. 1. The space of words is covered with a grid of fixed size, that is matrix @ =
¢dwe- 2. The number of cells containing probabilities above the threshold p,,; > 1/W is calculated.
3. Value p,,.is calculated for the given number of topics T;. 4. Steps 1, 2, 3 are repeated under
variation of cell size, i.e., under variation of the number of topics. 5. Figure of function p(E) is
plotted in bi-logarithmic coordinates. 6. Function slope is estimated by means of least square
method, and this slope represents fractal dimension taken with the opposite sign: D(E) =

—%. Linear parts of function p(Ein bi-logarithmic coordinates characterize the process of

self-reproduction of the density-of-states function in topic models.

3.1. Experiments on determining the fractal dimension in topic models

In the investigation of fractal properties of topic models, a set of computer experiments
was conducted. In the calculations, the following datasets were used: 1. ‘Lenta’. 2. ’20
newsgroups’ dataset. For both collections, a series of calculations were implemented, where the
number of topics was changed in the range [2-50] with increments in one topic. All models were
run three times, and the modeling results were averaged. For each averaged solution, value p(E)
was calculated. The obtained curves were analyzed in bi-logarithmic coordinates. In experiments,
the following topic models were used: 1. pLSA (E-M algorithm); 2. ARTM (E-M algorithm); 3.
LDA Gibbs sampling. Examples of modeling and calculations of fractal dimensions are given in
figures (38), (39), (40), (41).

Fractal analysis of the behavior of topic models demonstrates that text collections possess
self-similar regions and a transition region between them. Moreover, this transition region between
liner regions corresponds to Renyi entropy minimum [64]. Thus, the problem of analyzing the
evolution of the topic model under variation of the number of topics can be reduced to the problem
of locating the area that separates regions of self-similarity. The last problem is considered in the
next chapter and is solved by means of the application of renormalization theory to topic modeling.
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4. Aggregation method of topic models based on renormalization procedure.

4.1. Introduction into renormalization theory

Renormalization is a mathematical formalism that is widely used in different fields of
physics such as percolation analysis and analysis of phase transitions. Renormalization consists of
constructing a procedure for changing the scale of the system, in which the system's behavior
remains the same. Theoretical foundations of the renormalization procedure were laid in the works
of Kadanoff [33] and Wilson [34]. Renormalization procedures have been widely developed in the
theory of fractals since fractal behavior has the property of self-similarity [35, 36].

The essence of the renormalization procedure is as follows. Let us consider a grid
consisting of a set of nodes. We do not consider the physical features of these nodes and give only
the formulation of the renormalization procedure. Each node is characterized by spin direction. In
turn, a spin can take a particular direction, the number of which depends on the task. For example,
in the Ising model, only two positions of spin are considered. In the Potts model, the number of
positions can be 3-5 [37].

Nodes with the same spin constitute clusters. The scaling procedure or renormalization
takes place according to the principle of block unification, in which several nearest nodes are
replaced by one node. The direction of the new spin is taken as the direction of the majority of
spins in the selected block. The procedure of block unification is carried out over the entire surface.

33



Accordingly, a new configuration of spins appears as a result. The scaling procedure can be
implemented several times. Based on the principle that the new spin configuration must be
equivalent to the old one, the possibility of building a procedure for estimating field parameters
and critical exponent values appears. Let us note that subsequent application of the renormalization
procedure or coarse-graining of the initial system gives approximate results. However, despite this
fact, this method is widely used since it allows one to obtain critical exponent values in phase
transitions, where standard mathematical models are not applicable. The renormalization
procedure is successfully applied there, where scale invariance is observed. Scale invariance is
characterized by power-law distributions. The mathematical expression of self-similarity is
expressed as follows. Let f(x)=cx® where ¢, a. are constant. In the case of scale transformation in
the form of x —Ax we obtain the same type of functional dependence but with another coefficient,
i.e., f(Ax)=px* Thus, power-law distribution possesses scale invariance. The power parameter can
be determined using different algorithms, for example, such as ‘box counting'.

4.2. General statement of the aggregation problem in the form of renormalization procedure
in topic modeling

The general task of aggregation of topic models under variation of mixture distribution size
is to apply renormalization technology. The definition of renormalization is borrowed from
quantum field theory. It is an iterative renormalization method in which the transition from regions
with lower energy to regions with higher energy is related to a change in the scale of the system.
Renormalization is closely related to scale and conformal invariance and symmetries in which the
system appears to be the same on all scales (so-called self-similarity). Renormalization of topic
models is implemented as follows [65]. The result of TM is matrix @ = ¢,,;, which consists of a
set of one-dimensional distributions of words by topics. Matrix size is determined by the number
of words W and the number of topics T. In this work, a fixed vocabulary of unique words is
considered. Therefore, scale change of topic model depends only on parameter g = 1/T.
Renormalization procedure is procedure of merging topic pair into one topic. After merging two
topics, a new topic is normalized since the sum of probabilities of all words in a topic always
equals one. Since calculation of the element of matrix ¢,,; depends on the model type, the
mathematical formulation of the renormalization procedure is specific for each model. Moreover,
the result of merging depends on the choice of topic pairs to be merged. In this work, three
principles of merging topics are considered:

1) Principle of pairwise topic merging based on minimum Kullback-Leibler divergence.
It assumes that topics with similar probability distributions should be merged. The
calculation for topic pairs is as follows:

Di (p| @) = Zi=1p(x:) - ln( ﬁjﬁi)

Zp(x) in(qx) + Zza(xl) n(pG)  ©.

Topics with the smallest Kullback-Leibler dlvergence are merged.

2) Principle of topic merging based on minimum Renyi entropy, calculated for each topic.
The calculation is according to formula (4), but for summation, only probabilities of
words in one topic are used. Further, two topics are merged if they have the smallest
entropy values.
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3) Merging randomly chosen topics.

Below we consider three renormalization procedures of topic mode