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Introduction

Relevance

Dynamical systems describe processes with a deterministic law of evolution. They are used
for modeling a variety of phenomena in many branches of science, such as physics, chemistry
and biology [1].

Depending on the requirements of a specific application and the model’s complexity, the
governing dynamical system can be studied using either analytical or numerical methods. Re-
gardless of the approach, performing bifurcation analysis, i.e. studying qualitative changes in
the system’s behavior with variations of the control parameters, is usually of interest. There-
fore, during numerical simulations generally the Lyapunov exponents are computed along with
evolution of the phase variables, because it allows one to determine the type of dynamics on an
attractor [2; 3]. For instance, the presence of a positive Lyapunov exponent in the spectrum
can be used as the criterion of chaotic dynamics [4]. Therefore, the charts of dependence of
the spectra of the Lyapunov exponents on the control parameters can be used as a tool for
bifurcation analysis.

In this work we study two models of coupled nonlinear oscillators that occur in biophysical
applications. The first one is the model of two interacting encapsulated gas bubbles in a liquid.
It is important, because such bubbles are used in modern medicine as contrast agents during
ultrasound examinations for enhanced visualization of certain organs or areas of the circulatory
system, as well as in applications related to the targeted drug delivery [5-8].

The acoustic response of the contrast agents is formed by radial oscillations of the bubbles
under the influence of the external ultrasound field. Nonlinearity of the oscillations leads to a
variety of possible dynamical regimes, such as subharmonic (with the respect to the external
filed), quasiperiodic or chaotic. At the same time, the properties of the response, as well as
the long-term stability of the contrast agents, depend on the regime of the oscillations. For
instance, subharmonic and chaotic regimes are considered beneficial for ultrasound visualization
problems, because the spectrum of the pressure field radiated by the bubbles drastically differs
from the spectrum of the acoustic waves emitted by the surrounding tissues, oscillations of which
are close to linear [5; 9; 10]. Hyperchaotic regimes of bubbles oscillations are also beneficial
for effective detection of the contrast agents, but they can lead to faster shell rupture and
dissolution of the bubbles. On the other hand, this property can be useful in some targeted
drug delivery problems, when a quick controlled shell disruption is desirable.

Thus, the dynamics of the contrast oscillations are closely related to their acoustic prop-
erties. The models of their behavior are based on the Rayleigh-Plesset equation, which was
derived to describe spherical gas bubbles in an incompressible liquid [11]. To correctly model
the contrast agents, one has to take into account their viscoelastic shell. A number of different
approaches to describe the shell exists. Applicability of each of them to specific types of contrast
agents depends on the material and thickness of the particular shell, as well as the necessity of
taking into account its rupture during large-amplitude oscillations, etc. (see discussion in [9],
and also [5; 10; 12; 13]). In this work we describe the SonoVue contrast agents with a thin lipid
shell using the de-Jong model [12; 14]. In addition we take into account liquid’s compressibility
using the Keller-Miksis approach [15]. Because there is an ensemble of contrast agents injected



into the blood flow, they interact via the acoustic waves radiated by each of them. The influ-
ence of such interaction is described by the Bjerknes force [16], and can significantly impact
the dynamics of bubbles oscillations within the cluster [16-20].

The second model we consider here is the model of coupled neurons. The excitability of
neurons plays crucial role in signal transmission in the nervous system. The electrical mecha-
nisms of excitation of a neuronal cell and generation of the action potential are well described
by the Hodgkin-Huxley model [21]. The Hindmarsh-Rose system, derived within the Hodgkin-
Huxley formalism, was proposed in [22] to reproduce the bursting firing patterns of the neuronal
membrane potential, observed in experiments [22]. It is widely used for describing excitable
cells, in which such patterns play an important biological role [23]. In a human body such
cells form networks of interacting elements, and modeling their behavior has applied interest.
Moreover, according to modern studies, some specific dynamical regimes, such as synchronous
periodic firing in certain groups of neurons is associated with pathological behavior [24], and
finding the areas of stability of such regimes in the parameters space can be important.

Moreover, studying such phenomena as hyperchaotic dynamics and synchronization, ap-
pearing in these models, is relevant from the dynamical systems point of view. Dynamics on
an attractor is called hyperchaotic if hyperbolic instabilities of dimension two or higher are
present. Numerically this is expressed by positiveness of two or more Lyapunov exponents.
Recall that divergence of flux of a smooth dissipative dynamical system must be negative on
any attractor. It corresponds to the sum of Lyapunov exponents associated with the same at-
tractor. Therefore, hyperchaotic dynamics can be observed only in four- or higher-dimensional
systems.

The first example of hyperchaotic attractor was found in the four-dimensional Rossler
system [25]. Later, presence of hyperchaotic regimes was observed in a variety of dynamical
systems (see, e.g. [26-28]). Experimental confirmation of hyperchaotic behavior in physical
systems was obtained in works on dynamics in electrical circuits [29], laser systems with nu-
clear magnetic resonance [30] and p-Ge semiconductors [31]. However, bifurcation scenarios of
emergence of hypoerchaotic strange attractors in multidimensional systems are not sufficiently
studied [32].

Another interesting effect, occurring in the considered models, is synchronization of os-
cillations in systems of coupled nonlinear oscillators. Synchronous regimes have qualitative
differences from the asynchronous ones from perspective of the dynamics and as well as the
applications [33]. The phenomenon of the destruction of synchronization observed in the consid-
ered models, and it is interesting to study from the dynamical systems perspective. Moreover,
in some cases it is related to the emergence of hyperchaotic dynamics.

Current state of the research topic

In the area of modeling the oscillations of the microbubble contrast agents, a number of
studies on dynamics of individual bubbles without interaction exists. Work [34] is dedicated
to the detailed study of bifurcation structure of the model of a non-shelled gas bubble. More
complex models of dynamics of individual contrast agents in a shell were considered in [10;
35; 36]. However, in [36] the authors did not correctly take into account multistability of the
system. There are also several studies dedicated to dynamics of two or more interacting contrast



agents [17; 20; 37]. However, in work [17] bubbles without shells were considered, while in [20;
37] an incorrect shell model was used (see discussion in [9]). The authors of [38] considered a
large cluster of contrast agents, while using a technique for dimensionality reduction, allowing
for efficient finding of synchronous regimes of the bubbles oscillations. However, as we show
here, synchronous dynamical regimes can be transversally unstable or unstable with respect to
symmetry breaking perturbations, while multistability also plays a substantial role in dynamics
of several interacting contrast agents. On the other hand, the case of two bubbles with correct
accounting for both the shell and the interaction has not been considered earlier. It is important,
because studying the dynamics in such system is necessary for understanding the oscillations of
contrast agents in a cluster. It also allows one to examine the influence of the coupling strength
on the dynamical regimes and synchronization of the oscillations. Therefore, we propose a
model of two interacting contrast agents encapsulated in shells and study the dynamics in it.

Now let us consider modeling of the behavior of individual and interacting neurons. The
dynamics in the Hindmarsh-Rose system describing a single neuron has been thoroughly studied
in [39-42]. A number of works is dedicated to studying the behavior in ensembles of two or
more neurons [43-45] and effects related to synchronization in large networks [46; 47]. However,
dynamics in small ensembles of interacting neurons is not well understood, especially stability
of the synchronous attractors, corresponding to the regimes of a single neuron. Besides that,
new asynchronous attractors emerging in small ensembles are also of interest. Thus, we study
the dynamics and synchronization in the minimal ensemble of two coupled neurons. We also
consider mechanisms of its excitability and model its excitation by signals from an external
neuron.

As far as the hyperchaotic attractors are concerned, examples of them were known for
a while [25; 48]. Despite that, the mechanisms of their emergence have not been studied
until recently. The exception is systems of weakly coupled oscillators, in which appearance
of hyperchaotic dynamics was explained by emergence of chaotic attractors in each of the
subsystems [49; 50]. In works [51; 52] the authors mentioned that for the transition from
chaotic dynamics to hyperchaotic, inclusion of saddle orbits with two-dimensional unstable
manifolds into the attractor is necessary. However, bifurcation mechanisms of appearance of
such trajectories were not explained. Besides that, the scenarios of emergence of hyperchaotic
attractors in Hénon-type maps were studied in work [53]. Hyperchaotic nature of the discrete
Shilnikov attractors was also noted in [54; 55]. Therefore, it is important to study the underlying
bifurcation mechanism, leading to the emergence of hyperchaotic dynamics in the physical
models of coupled nonlinear oscillators, considered in this work.

Aim and problems of the work

The aim of this work is to study the dynamics in two applied systems of coupled nonlinear
oscillators and to uncover new bifurcation scenarios of emergence of hyperchaotic oscillations.
To achieve this aim the following problems were solved:

1. Proposition of a mathematical model of two gas bubbles taking into account their shells,
liquid’s viscosity and compressibility, their interaction via the Bjerknes force and the
external pressure field.



2. Development of a modification of the algorithm of computing the Lyapunov exponents
allowing for detailed studying of dynamics when destruction of synchronization occurs.
Implementation a software package for numerical studying of the considered models.

3. Studying dynamics in the model of two interacting microbubble contrast agents taking
multistability into account. Proposing new scenarios explaining onset of hyperchaotic
attractors in the model.

4. Identifying domains in the parameters space of the model of two contrast agents, in which
synchronization of oscillations takes place. Identification the scenarios of emergence of
synchronous and asynchronous dynamical regimes. Explaining the destruction of syn-

chronization occurring in the model.

5. Studying dynamics in the model of two coupled neurons and analyzing transversal sta-

bility of the synchronous invariant sets.

6. Explaining the underlying mechanisms of excitability of the group of two coupled neurons.

Modeling of excitation of such group by external signals generated by a separate neuron.

Research methods

We use a combination of numerical and analytical methods to solve these problems. We
utilize analytical methods to look for stationary points and carry out the linear stability analysis.

We apply adaptive methods suitable for integration of stiff systems for finding of individual
trajectories of the dynamical systems. We use the method of inheriting initial conditions, based
on the concept of continuity by a parameter, to get initial conditions with changing control
parameters. This approach is necessary due to inherent multistability of the considered systems.

In order to establish the types of dynamics we use a combination of methods of constructing
the Poincaré maps and calculating the spectrum of Lyapunov exponents. We construct charts
of the spectra of Lyapunov exponents by the control parameters to analyze bifurcations. To
determine transversal stability of a synchronous regime we calculate the largest transversal
Lyapunov exponent. We also implement a method of separate computing of the spectrum of
Lyapunov exponents for synchronous and asynchronous components of the trajectory to study
the dynamics during the destruction of synchronization and loss of transervsal stability in more
details. In order to speed up the calculations of the charts of Lyapunov exponents we utilize
the methods of parallel computing. For spectral analysis of the numerical solutions we use the

fast Fourier transform.

Scientific novelty

e We have proposed a mathematical model describing dynamics of two gas bubbles in shells
interacting via the Bjerknes force. We have constructed one- and two-dimensional charts
of the regimes of dynamics and studied the bifurcation scenarios of transitions between

various types of dynamical regimes.



e We have proposed a scenario of emergence of hyperchaotic attractors in systems of cou-
pled oscillators with external influence, accompanied by the secondary Neimark-Sacker
bifurcation and occurrence of a homoclinic Shilnikov attractor.

e We have proposed a scenario of emergence of hyperchaotic attractors in systems of coupled
oscillators with external influence, associated with destruction of synchronization via the
bubbling transition.

e We have found new asynchronous regimes in the model describing two interacting neurons
and established areas of stability of synchronous regimes. We have described mechanisms
of excitability of such system and presented the results of modeling of its excitation by a

neuronal signal.

Theoretical significance

Despite the fact that numerous examples of hyperchaotic attractors are known, including
those in applied models, the bifurcation mechanisms of emergence of two-dimensional instabil-
ities are explained only in specific cases. Here we propose two new scenarios of appearance of
hyperchaotic dynamics in wide class of systems of coupled oscillators with external force. The
proposed explanation of the bifurcation mechanisms is fairly universal, and implementations
of these scenarios have been found in other systems. We have also shown the connection be-
tween some phenomena known in the theory of synchronization with emergence of hyperchaotic

dynamics.

Practical significance

There exist quite detailed research regarding the oscillations of individual gas bubbles.
Despite that, the dynamics in a cluster of contrast agents was considered only in specific cases,
and there are practically no detailed studies of dynamics in small clusters with a correct shell
model. Here we propose a model of two interacting contrast agents encapsulated in shells,
which has not been studied before. We study the dynamics in the model in details taking
multistability into account. We have found new regimes of dynamics, not observed before in
models of contrast agents. We have constructed charts of the dynamical regimes, showing the
relation between the amplitude of the external pressure field and the distance between the
bubbles with the regimes of oscillations.

Within the framework of the models of connected neurons, we study the dynamics in a
fully-connected group of two elements. We consider stability of the synchronous regimes, and
emergence of asynchronous dynamics. We study the mechanisms responsible for excitability of
such system and model its excitation by external signals. We use an external neuron as the
generator of excitatory signals natural for neuronal systems.

Provisions for defense

1. We have proposed a mathematical model of two coupled gas bubbles taking into account
their shells. Within its framework, we have built one- and two-dimensional charts of



the dynamical regimes in a physically relevant area of the control parameters, taking
multistability into account. We have established areas in the parameter space, where
synchronous oscillations exist. We have described bifurcation scenarios of emergence of
regular, chaotic and hyperchaotic dynamics.

2. We have proposed the scenario of emergence of hyperchaotic dynamics, key steps of
which are the secondary Neimark-Sacker bifurcation and the appearance of the homo-
clinic Shilnikov attractor with inclusion of saddle-focus orbits with two-dimensional un-
stable manifold into the chaotic attractor. We have confirmed the implementation of this
scenario in the model of interacting microbubble contrast agents numerically.

3. We have proposed the scenario of appearance of a hyperchaotic attractor based on the
destruction of synchronization. We have established that the underlying mechanism of
emergence of the transversally unstable areas within a synchronous attractor is the bifur-
cation cascade known as the bubbling transition. Utilizing the developed modifications
of the algorithm of computing the spectrum of Lyapunov exponents, we have numerically
confirmed the implementations of this scenario in the model of interacting microbubble
contrast agents.

4. Within the framework of the model of two coupled neurons, described by the Hindmarsh-
Rose system, we have constructed one-dimensional charts of the dynamical regimes and
described the firing patterns. We have established the areas of transversal stability of the
synchronous regimes and explained the scenario of emergence of the asynchronous chaotic
attractor. We have found the areas of bistability. We studied the bifurcation mechanisms
responsible for the excitability of this system, and have proposed a mode of its excitation
by a signal, generated by an external neuron. We have constructed charts of excitation
of the system by various signals in the areas of stability of the synchronous equilibrium.

Reliability of the results

Reliability of the results of mathematical modeling is confirmed by careful testing of nu-
merical algorithms implemented withing the software package on the known data, results ob-
tained with the help of other software systems and analytical solutions. The main results of the
research were presented on international scientific conferences and published in peer-reviewed
journals. All the provisions for defense are published in scientific journals indexed in scien-
tific databases Web of Science or Scopus. Three papers were published in journals in the Q1

quartile, and two papers were published in journals in the Q3 quartile.

Approbation of the results

The main results of this work were presented on the following international scientific

conferences:

1. Topological methods in dynamics and related topics, “Nonlinear dynamics and typical
bifurcations in the model of three coupled ultrasound contrast agents”, May 2022.



Shilnikov Workshop, <Asynchronous chaos and bifurcations in a model of two coupled
Hindmarsh-Rose neuronss, December 2021.

SIAM Conference on Applications of Dynamical Systems, “Hyperchaos and Synchroniza-
tion in a Model of Two Interacting Encapsulated Microbubbles”, May 2021.

. International Conference ’'Topological Methods in Dynamics and Related Topics.

Shilnikov Workshop.”. “Synchronization and symmetry breaking in a model of two inter-
acting ultrasound contrast agents”, December 2020.

. International Conference ’Topological Methods in Dynamics and Related Topics.

Shilnikov Workshop.”. “Symmetry breaking in a system of two coupled microbubble
contrast agents”, December 2019.

. International Conference ’Shilnikov Workshop’. “Multistability and Hyperchaos in the

Dynamics of Two Coupled Contrast Agents”, December 2018.

The results obtained during the research were used in the following scientific projects:

e 2020-2022. RFBR Grant 20-31-90122 for PhD students “Hyperchaos and mechanisms of

its emergence, multistability and synchronization in models of interacting neurons”.

e 2019-2022. Grant of Ministry of Science and Higher Education of the Russian Federation

agreement Ne 075-15-2019-1931.

e RSF Grant 19-71-10048 “Theory of hyperchaos and its applications to problems of bio-

medicine”.
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1 Summary of the work: main results

1.1 Main concepts and research methods

Let us consider a smooth dynamical system with the right-hand side depending on the

control parameters:

T = f(x,a), (1)

where = = (z1,...,x,) are the phase variables defined on a certain domain D C R", f(z) =
(fis-- s fn)s fiyoo s fn € CT(D), r > 1, and a € R™ are the m control parameters. Recall that
a closed bounded positive-invariant locally attractive set K C D C R" is called an attractor of
such system [56].

The systems considered here are inherently multistable in physically relevant areas of the
control parameters. Therefore we have to use a special procedure for obtaining initial conditions
if the control parameters change. Assume we have two (or more) attractors Ki, Ks,... at a
certain value of parameters a = a(?). To study the behavior of K; with parameters changing
to a = a¥, consider homotopy F, : a'® — a® u € [0,1] [57]. In numerical implementation
this one-parametric route in the parameter space is represented by a discrete sequence of values
a® a® . a®. Tt is insufficient to simply take some fixed point xéo) and use it as initial
conditions on each parameter step, assuming the trajectory would converge to K after the

0 . .
(() ) can occur in the basin of

transient process, because at a certain value of a along the path, x
attraction of K. Assume xéo) belongs to the basin of K; at a = Y=Y, and to the basin of K,
at @ = a"). Then, after the step from a¥~" to a = a9 will be accompanied by a sharp change
in systems dynamics associated with the multistable leap, despite absence of any bifurcations
of attractor K at this point. Therefore, we implement the algorithm of inheriting the initial
conditions, based on the idea of continuation by a parameter. On each parameter step, we
choose the last value of x(t) on the attractor K, as the initial condition x5 used at the next
value aY . If the step of the parameter a is sufficiently small, such algorithm allows us to
avoid multistable leaps, associated with the initial point crossing the separatrix between basins
of the attractors.

The main tool we use to numerically determine the type of dynamics on an attractor is
the spectrum of Lyapunov exponents. They characterize the growth of small perturbations
in linear approximation [3]. Let xz(t) C R" be a smooth trajectory of dynamical system (1)
starting from the initial point (0) = xy € R™. Then the perturbed orbit can be represented
as Z(t) = x(t) + ox(t), where dx(t) : Vt > 0, ||0z(t)|| < 1 describes the evolution of the small
perturbation. The initial conditions for this perturbed trajectory are (0) = g + dxg, 0z €
R" : ||§z0|| < 1. Then, equation (1) for the perturbed orbit can be written as #(t) = f(z +0z).
Expanding the right hand side of it into the Taylor series, we obtain the following equation for

the evolution of the small perturbation in linear approximation:

dx(t) = Jo, (2)

where J = ag"—z(_m),i =1...n,7=1...nis the Jacobi matrix on the unperturbed trajectory z(t).
J



The Lyapunov exponents are defined as the upper limit

Aoy = o In||dz(T) /dxo||

T—+o0

,TeR, T >0. (3)

Notice that system (2) has n linearly independent solutions. They correspond to n exponents
in the spectrum, defined by the limit (3): (A,..., A,), A1 > Aa > ... > A\,

Usually, an orthonormal basis is chosen to initialize the perturbation vectors {0z9}" ),
|62?|| = €. Their norm ¢ is chosen according to the characteristic scale of processes in a specific
dynamical system. However, when calculating limits (3) increasing time leads to growth of the
vectors norms and violation of their orthogonality. Thus, conditions for applying the linear
approximation are no longer met. Therefore, it is necessary reorthogonalize and normalize the
set of the perturbation vectors. Consider ¢ = 7" and a nonorthogonal set of vectors {dz;(T")}7;.
Writing them column-wise in a matrix A(7"), we can apply decomposition A(T) = Q(T)R(T)
[58], where Q(T') is an orthogonal matrix, and R(7T') is an upper triangular matrix with positive
elements on the main diagonal. Then, the elements on the main diagonal of the matrix equal
to the norms of the perturbation vectors R(7T): Ry(T) = |dz;(T)|, while columns of Q(T)
represent the new ortonormal basis. We use this basis to initialize the new set of the perturba-
tions vectors on the next step dz? = Q.;. Thus, repeating this procedure M times we get the
following expression for the Lyapunov exponents:

M
1 | Rii (KT)||
N = UT ,;1 In —

It is known as the Benettin algorithm [59]. The results of the calculations along a typical
trajectory on an attractor for sufficiently long time converge to the values of the Lyapunov
exponents that can be attributed to the attractor itself with probability approaching one [59;
60].

Note that any attractor of a dynamical system, except a stable equilibrium, contains a zero
Lyapunov exponent within its spectrum. It corresponds to the translations along the attractor.
The sum of Lyapunov exponents equals to the average divergence of the phase flux, and thus
it is negative for any attractor of a dissipative dynamical system. The presence of a positive
Lyapunov exponent in the spectrum indicates existence of instabilities that lead to divergence
of close trajectories on the attractor, i.e. chaotic dynamics. In three-dimensional space an
attractor can have the following signatures of the Lyapunov exponents:

e < — — — > for a stable equilibrium;
e < 0,—,— > for a stable limit cycle;
e < (0,0,— > for a quasiperiodic attractor;

e < +,0,— > for a strange chaotic attractor.

If the dimension is increased to n = 4, the signature < +, 4,0, — > becomes possible. In
the systems of a higher dimension n > 4, up to n — 2 Lyapunov exponents can be positive.
An attractor characterized by two or more positive Lyapunov exponents is called hyperchaotic.



The one-to-one relationship between the signature of the spectrum of Lyapunov exponents and
the type of dynamics on the attractor makes it possible to use the Lyapunov exponents to
construct charts of the dynamical regimes of the considered systems.

In order to determine the transversal stability of a synchronous invariant set we use the

largest transversal Lyapunov exponent [33]. Let us consider a system of coupled oscillators

&= f(z)+ ag(y),
y = f(y) +ag(z), @

where x € R",y € R". It is symmetrical to the permutation of variables x <> y. Note
that solutions of the system & = f(z) + ag(x) describe trajectories lying inside the manifold
S : x =y, called the synchronization manifold. A phase trajectory lying in S corresponds
to fully synchronous oscillations of both subsystems z and y. Using the following change of
variables [33]

U = Y = Y
2 2

and substituting it into (4), we obtain the system describing the evolution of variables u, v:

(g(u_v)+g(u+v))7 (5)

=73 (flu+v)+ flu—v))+
3 (g(u—v) = g(u+v)).

0=5{f(lutv) = flu—v)+

IR |9

The variables in (5) have the following meaning: w characterizes the evolution of the phase
variables in the direction along S, and v — in the transversal one. The corresponding linear

approximation for the perturbation vectors du, dv looks as follows:

du = (J; + aJy)du,

ov = (J; — aJ,)ov. (6)

The growth of the solutions of (6) is described by the largest Lyapunov exponents A, A,. A,
characterizes the evolution of perturbations lying inside the synchronization manifold, while A,
describes the behavior of perturbations along the direction transversal to the synchronization
manifold. Thus ), is called the largest transversal Lyapunov exponent [33]. The value A, > 0
corresponds to transversal instability of a synchronous solution, meaning that small pertur-
bations grow along the direction transversal to S. We use the Benettin algorithm applied to
systems (5), (6) to calculate the largest transversal Lyapunov exponent.

We also propose a modification to the algorithm of computing the spectrum of the Lya-
punov exponents for the systems in the form of (4). If a trajectory on an attractor has both
the synchronous and the asynchronous component, we calculate the spectrum of the Lyapunov
exponents separately for each of them. Let us denote the spectrum, corresponding to the syn-
chronous component as (Af);_;, and to the asynchronous one as (A¢*);" ;. If the orbit of the
system was inside S for the time 7T° and outside of it for 7%, the total time is 7' = T + T*.
Then, the Lyapunov exponents for each component are related to the corresponding exponents
along the whole trajectory in the following way: A\J - T° + \¢* . T = )\, - T'. We use this mod-
ification to study the dynamics if the bifurcation cascade, known as the bubbling transition
[61-63], occurs in the system and leads to destruction of synchronization. This allows us to

confirm the presence of two-dimensional instabilities in the saddle asynchronous set even if the

10



Milnor attractor inside the synchronization manifold is transversally stable, and the dynamics
is chaotic with one positive Lyapunov exponent.

1.2 Model of interacting microbubble contrast agents

1.2.1 Main system of equations

Liquid (P 0)

Thin lipid shell

Figure 1: Schematic image of two bubbles in a liquid, oscillating under the influence of the
external field, and interacting via the acoustic waves.

if we take into account the visco-elastic shell according to the de-Jong model, compressibil-
ity of the liquid according to the Keller-Miksis approach, viscosity at the gas-liquid interface,
surface tension and the external ultrasound field

Consider two gas bubbles encapsulated in viscoelastic shells in a liquid, interacting via
the Bjerknes force. If we take into account the liquids compressibility and viscosity, surface
tension and the influence of the external ultrasound field, the system of equations describing
their radial oscillations takes the following form [15-18; 20; 37; 64]:

R, . 3 R\ ., 1 R Ry d d ( R3R,
1- = S [ — ——l+=+=2— |-
( C>R1Rl+2< 3C>R1 p +c+cdt ! dt( d ’
R, . 3 Ry\ -, 1 Ry, Ryd d [ 3R,
1— 2 | RyRy+- (1 -2 |R=- 1+ =2 +2—|P— — 7
( c) 2 2+2( 3c> 27 c cdt| dt( d ’ (M)

where

3y .
— 20 R; dnL R; 20 1 1
B_<P0+Rio><R?) _77}% _E_PO_4X<Ri0_E)_
—4m5% — Pyesin(wt), i=1,2.

Here ¢ is time, R;(t), Ra(t) denote radii of each bubble, d is the distance between their centers,
Py« denotes the static pressure, P, — the vapor pressure, Py = Py. — P,, and P,. is the
amplitude of the external pressure field with cyclic frequency w. o is the surface tension, p is
the liquids density and 7y, — its viscosity, ¢ corresponds to the speed of sound, 7 is the polytropic
exponent, Y is the elasticity of the shell, while k; is its viscosity and R is the equilibrium radius
of i-th bubble in absence of the external field. Notice that equations (7) can be resolved with
respect to the derivatives of the highest order and rewritten in the form of a five-dimensional

dynamical system.
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For the liquid’s parameters, we use experimental values, corresponding to the blood
plasma: Py, = 100 kPa, o = 0.0725 N/m, p = 1000 kg/m3, n;, = 0.001 N s/m?, ¢ = 1500
m/s. The values of the shell parameters and the gas inside are taken with accordance to the
experimental results for the SonoVue contrast agents: P, = 2.33 kPa, v =4/3, y = 0.22 N/m,
kg = 2.5-107% kg/s, Rjp = 1.72 ym, i = 1,2 [14]. We consider P,., w and d as the control
parameters.

We perform the numerical calculations in nondimensional variables r(7),u(7): R; = Ror;,
t = wy'T, where w? = 3xPy/(pR%,) + 2(3k — 1)o/Rio + 4x/Ryo is the natural frequency of
bubbles oscillations in linear approximation. Thus, the nondimensional speeds of the shells
take the following form: u; = dr;/dr = R; /(Rowp)-

1.2.2 Variety of dynamical regimes

In work [1*] we studied the dynamics in system (7) in the following area of the control
parameters: w = 2.87 s7!, P,. € [1.142,1.89] MPa, d/Ry € [6,35]. We have constructed the
two-dimensional chart of the regimes of dynamics in the system. It is presented in fig. 2a with

the following color scheme:

e Blue for periodic dynamics. Omitting the zero Lyapunov exponent, the largest Lyapunov
exponents have the following signs: A\; < 0, Ay < 0;

e Green for quasiperiodic dynamics with the largest Lyapunov exponents are A\; = 0, Ay < 0;

e Yellow for simply chaotic dynamics (strange attractor with one positive Lyapunov expo-
nent). The signs of the largest Lyapunov exponents are: A; > 0, Ay < 0;

e Red for hyperchaotic dynamics with the largest Lyapunov exponents are: A; > 0, Ay > 0.

We observed both synchronous and asynchronous limit cycles. On the other hand, we
found only asynchronous quasiperiodic regimes in this area of the control parameters. Among
the chaotic regimes with one positive Lyapunov exponent we observed both synchronous and
asynchronous ones. Since the synchronization manfiold in this case is 3-dimensional, the hy-
perchaotic regimes cannot be synchronous. In fig. 2 we give examples of phase portraits (or
Poincaré maps) of the following regimes: (b) hyperchaotic attractor at d/Ry = 32, P,. = 1.68
MPa with largest Lyapunov exponents of A\; = 0.0803, Ay = 0.0357; (c) synchronous chaotic
attractor at d/Ry = 30, P, = 1.4 MPa with A\; = 0.0684, Ay = —0.0268; (d) syncronous
12-periodic limit cycle at d/Ry = 28, P,. = 1.3 MPa with A; = —0.0616, Ay = —0.0733; (e) hy-
perchaotic attractor at d/ Ry = 22, P,. = 1.2 MPa with A\; = 0.0241, A, = 0.0034; (f) quasiperi-
odic oscillations at d/Ry = 14.5, P, = 1.2 MPa with A\; = 0, Ay = —0.0149; (g) asynchronous
4-periodic limit cycle at d/Ry = 10, P,. = 1.2 MPa with A; = —0.2331, Ay = —0.2343; (h)
synchronous chaotic attractor at d/Ry = 10, P,. = 1.6 MPa with A\; = 0.0802, A\, = —0.0826;
(i) synchronous 2-periodic limit cycle at d/Ry = 6.75, P,. = 1.7 MPa with A\; = —0.1437, Xy =
—0.2057.

The inherent multistability of this system is demonstated by the two sheets of dynamical
regimes in the same area of the control parameters in fig. 3.
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Figure 2: (a) Chart of the regimes of dynamics, (b)-(i) the projections of the phase portraits
of the attractor, corresponding to some typical points of this chart. Black dots on the graphs
correspond to the points on the Poincaré map and blue lines to the trajectories of the limit
cycles. The following attractors are shown here: (b) hyperchaotic attractor at d/Ry = 32, P,. =
1.68 MPa; (c) synchronous chaotic attractor at d/Ry = 30, P,. = 1.4 MPa; (d) syncronous
12-periodic limit cycle at d/Ry = 28, P,. = 1.3 MPa; (e) hyperchaotic attractor at d/Ry =
22, P,. = 1.2 MPa; (f) quasiperiodic attractor at d/ Ry = 14.5, P,. = 1.2 MPa, (g) asynchronous
4-periodic limit cycle at d/Ry = 10, P,. = 1.2 MPa,; (h) synchronous chaotic attractor at
d/Ry = 10, P,. = 1.6 MPa; (i) synchronous 2-periodic limit cycle at d/Ry = 6.75, Pye = 1.7
MPa.
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Figure 3: Two sheets of the charts of the regimes of dynamics in the following area: P,. €
[1.142,1.579] MPa and d/R, € [6,35], obtained for continuations of (a) an asynchronous limit
cycle, (b) a synchronous limit cycle

We have shown in [1*] that synchronous chaotic attractors occur via the Feigenbaum
cascade of period-doubling bifurcations, which begins from a stable synchronous limit cycle.
For example, this scenario takes place in the parameter space along the path AB (see fig. 3).

We have established that asynchronous chaotic attractors appear according to the
Afraimovich-Shilnikov scenario. It starts with a stable asynchronous limit cycle, and goes

according to the following bifurcations sequence: the Neimark-Sacker bifurcation and emer-
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Figure 4: (a) Sketch of the bifurcation diagram illustrating bifurcations of a quasiperiodic
regime. P, Q, Pi, and C — regions of the existence of (b) stable periodic orbit, (c) stable
invariant torus, (d) resonant periodic orbits, and (e) chaotic attractors, respectively. MN — some
path along which the chaotic attractor appears in accordance with the Afraimovich—Shilnikov
scenario.
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Figure 5: Implementation of the Afraimovich—Shilnikov scenario of onset of the chaotic attractor
along path CD. (a) the bifurcation tree, (b) the graph of the largest Lyapunov exponents; (c)-
(h) sequence of the projections of the Poincaré maps on the (ry,rs) plane, demonstrating the
main stages of the scenario: (c) the stable periodic orbit of period 4, (d) the quasiperiodic
regime, (e) resonant orbit, (f) the orbit of a doubled period, (g) strange chaotic attractor.

gence of a quasiperiodic regime; loss of stability of the quasiperiodic regime via a resonance
and appearance of a stable asynchronous orbit; chaotic attractor appearing from the resonant

14



cycle, e.g. via the period-doubling cascade. The sketch of the bifurcation diagram, represent-
ing the Afraimovich-Shilnikov scenario is presented in fig. 4. An example of implementation
of the Afraimovich-Shilnikov scenario with the graph of the largest Lyapunov exponents and
a sequence of the phase portraits on the main stages of the scenario is presented in fig. 5. In
fig. 5a we show the bifurcation tree, in fig. 5b the graph of the largest Lyapunov exponents
is presented. The sequence of the Poincaré maps, illustrating the main stages of the scenario
are shown in fig.-s 5c-h: fig. 5c shows stable periodic orbit of the period 4, fig. 5d demon-
strates the invariant curve, corresponding to the quasiperiodic regime, fig. 5e corresponds to
the resonant orbit, fig. 4f shows the stable orbit of doubled period, fig. 5g demonstrates the
strange attractor after the Feigenbaum cascade, and fig. 5h represents the chaotic attractor
with largest Lyapunov exponents A\; = 0.0139, A\, = —0.0538.

1.2.3 Scenario of emergence of hyperchaotic Shilnikov attractor

We have found two scenarios of onset of hyperchaotic attractors in the model of interacting
microbubble contrast agents in the studied area of control parameters. The first one is related

to the appearance of the homoclinic Shilnikov attractor.

RIS

(d)

P ¢ M
(a) (e)

Figure 6: Sketch of the bifurcation diagram illustrating the scenario of onset of a hyperchaotic
attractor in multidimensional maps (N > 3)

Assume there exists a stable asynchronous limit cycle. If it loses stability via the Neimark-
Sacker bifurcation, simultaneously a quasiperiodic attractor appears. Later on, a resonance
can occur, leading to appearance of the resonant orbit, which we denote as SF;, while the
quasiperiodic regimes becomes unstable. The next important step is the secondary Neimark-
Sacker bifurcation of the periodic orbit. Because of it, SF; becomes a saddle-focus with a
two-dimensional unstable manifold. At the same time, a new quasiperiodic attractor appears.

The next step within the framework of this scenario is associated with the destruction
of the stable quasiperiodic oscillations. It does not matter how it happens: through the
Afraimovich—Shilnikov scenario, cascade of doubling bifurcations of the quasiperiodic regime or
even via the tertiary Neimark—Sacker bifurcation. However, we suppose, and it is quite natu-
ral, that after the corresponding bifurcations, a chaotic attractor with one positive Lyapunov
exponent appears (see fig. 6f).

The final and the key step in this scenario is the inclusion of the saddle-focus orbit SF; into
the chaotic attractor. After it, SF; together with its two-dimensional unstable manifold and its
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Figure 7: Possible scenario of the inclusion of saddle-focus periodic orbit SF; into the chaotic
attractor.

homoclinic structure belongs to the attractor, i.e. the discrete homoclinic Shilnikov attractor
based on this saddle-focus orbit emerges (see fig. 6g). Orbits on this attractor can pass arbitrary
close to SF;, where two-dimensional areas are expanded. As a result, two Lyapunov exponents
become positive.

Let us briefly clarify some details regarding the inclusion of SF; into the attractor. Im-
mediately after the Neimark-Sacker bifurcation, stable invariant curve L, is a node (see Fig.
7a). Then, this curve becomes of focal type, and the so-called Shilnikov funnel appears. After
this, almost all orbits in the neighborhood of the saddle-focus are wound on the stable invariant
curve (see fig. 7b). Furthermore, the size of the funnel is increased, and it approaches stable
invariant manifold W (SF;). During this transition, orbits of the attractor approach closer
and closer to the saddle-focus. Finally, the homoclinic intersection between stable and unsta-
ble manifolds of SF; occurs, and the discrete Shilnikov attractor appears (see 7c). After this,
the orbits on this attractor start pass arbitrarily close to the saddle-focus. The inclusion of a
saddle-focus periodic orbit to the chaotic attractor can occur in different ways. It depends on
the transition from the secondary quasiperiodic regime to the chaotic attractor. In the model
of microbubble contrast agents, as well as in other well-known examples exhibiting the appear-
ance of the discrete Shilnikov attractor, the inclusion happens in a soft manner by a smooth
transformation of the chaotic attractor (see [65-67]).

The implementation of the proposed scenario of appearance of a hyperchaotic attractor
in the model of two coupled microbubble contrast agents was shown numerically in work [1*].
The implementation of this scenario along the path EF in the parameter space (P,. = 1.2
MPa, 13 < d/Ry < 25) is illustrated in fig. 8. The bifurcation tree, corresponding to this
route is shown in fig. 8a and the graph of two largest Lyapunov exponents is presented in fig.
8b. Projections of the Poincaré sections for some attractors along the route are shown in fig.-s
8c-h. fig. 8c corresponds to the quasiperiodic oscillations, emerging with the first Neimark—
Sacker bifurcation. With increasing d a resonance occurs (see fig. 8d). Then it undergoes the
secondary Neimark—Sacker bifurcation, becoming a saddle-focus with two-dimensional unstable
manifold, while at the same time a new quasiperiodic regime appears (see fig. 8e). After that,
a stable high-periodic resonant orbit appears (see fig. 8f). It goes through the cascade of
period-doubling bifurcations, which leads to the onset of the chaotic attractor (see fig. 8g).
Finally, the inclusion of the saddle-focus orbit into the chaotic attractor leads to emergence
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Figure 8: Implementation of the scenario of transition to hyperchaos with emergence of the
discrete Shilnikov attractor on the path EF: (a) the bifurcation tree, (b) the graph of the
largest Lyapunov exponents, and the projections of the Poincaré maps on (r1,79) subspace,
demonstrating the main steps of the scenario: (c¢) quasiperiodic regime, (d) resonant orbit,
(e) secondary quasiperiodic regime, (f) resonant limit cycle after destruction of the secondary
quasiperiodic regime, (g) chaotic attractor, (h) hyperchaotic attractor.

of the hyperchaotic dynamics (see fig. 8h). The largest Lyapunov exponents corresponding to
such attractor at d = 18.71 have the following values: A\; = 0.0135, Ay = 0.0019, A3 = —0.5560.

1.2.4 Scenario of appearance of a hyperchaotic attractor based on the destruction
of synchronization

The second scenario of appearance of hyperchaotic attractors in the model of interacting
contrast agents is related to the loss of transversal stability by a synchronous chaotic attractor.
Assume there exists a synchronous stable limit cycle. Suppose the Feigenbaum cascade
happens, and each subsequent limit cycle remains within the synchronization manifold Fix(S),
maintaining transversal stability. Thus, a synchronous chaotic attractor appears. Occurrence

of such regimes according to this scenario in the model of coupled contrast agents was demon-
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strated in [1*], [3%]. Such synchronous attractor contains a countable set of transversally stable
saddle orbits. Their unstable manifolds belong to Fix(S). Since each orbit on the attractor is
transversally stable, we observe strong synchronization at this step.

Figure 9: Scheme of the main steps of the bubbling transition scenario.

If pairs of saddle orbits with two directions of instability exist outside of Fix(S), they
can form heteroclinic manifolds with transversally stable saddle trajectories belonging to the
synchronous attractor. If we further increase the bifurcation parameter, these triplets of two
asynchronous orbits and a synchronous one can merge via the subcritical pitchfork bifurcation.
Thus, orbits with with two-dimensional unstable manifolds appear in the synchronous attractor.
Notice that one of the directions of instability is transversal to Fix(S) (see fig. 9). A cascade
of such bifurcations leads to appearance of a transversally unstable set of a positive measure
inside the synchronization manifold. A trajectory in Fix(s) passing through a neighborhood of
such set can be ejected outside of the synchronization manifold. Subsequently, the trajectory
can return into Fix(S) through a transversally stable domain. At this step, the synchronous
invariant set becomes a Milnor attractor with a riddled basin [33], which is transversally stable
on average. Thus, the orbit can be naturally split into two components: synchronous (inside
Fix(S)) and asynchronous (outside of Fix(S)). In the beginning of the bifurcation cascade, the
fraction of time corresponding to the asynchronous component is very small, and the ejection of
the orbit outside of Fix(S) happens so rarely it can be considered an extreme event [63]. Because
the trajectory outside of Fix(S) passes close to the saddle orbits with two-dimensional unstable
manifolds, the dynamics within the asynchronous component is always hyperchaotic. While the
synchronization manifold is transversally stable on average, the trajectory keeps returning back
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into Fix(S) through the transversally stable domains, and we observe weak synchronization. If
the cascade of the subcritical pitchfork bifurcations continues, the synchronous invariant set
in Fix(S) becomes transversally unstable on average. Thus the influence of the asynchronous
component on the dynamics grows, and the regime becomes hyperchaotic.

We have demonstrated the implementation of the aforementioned scenario of emergence
of hyperchaotic oscillations in the model of coupled contrast agents in [3*] (see fig. 10). We
present the graph of largest Lyapunov exponents in fig. 10a, the graph of the Lyapunov
exponents associated with synchronous and asynchronous components in fig. 10b, the graph of
the fractions of time attributed to the synchronous and asynchronous components of a typical
orbit on the attractor in fig. 10c and the graph of the largest transversal Lyapunov exponent
in fig. 10d.

—T/T
I —TT

Figure 10: (a) The graph of the largest Lyapunov exponents for attractor as a whole , (b) the
graph of the largest Lyapunov exponents for the synchronous and the asynchronous components,
(c) the graph of the fractions of the synchronous and the asynchronous components, (d) the
largest transversal Lyapunov exponent.

Figure 11: The sequence of the projections of the Poincaré maps on (rq, uy, r3) for (a) d = 12.18,
(b) d = 12.27, (c) d = 12.36.

We show the sequence of the projections of the Poincaré maps on the subspace (11, uq,72),

demonstrating the growth of the fraction of points in the Poincaré map, corresponding to
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the asynchronous component and the gradual loss of transversal stability in fig. 11. The
chaotic attractor existing at d/Rjp = 12.18 is shown in fig. 1la. It is characterized by
the largest Lyapunov exponents Ay = 0.0953, Ay = —0.0032, the largest transversal Lya-
punov exponent A\, = —0.0027 and the fraction of time, associated with the asynchronous
component, 7% /T = 0.037. For the regime at d/Ryo = 12.27 this ratio is 7% /T = 0.338
(see fig. 11b). The largest Lyapunov exponents at this point have values A; = 0.0940,
A2 = —0.0006, and the corresponding values for the synchronous and the asycnhronous com-
ponents are A\] = 0.0528,\5 = —0.0410 and A\ = 0.1747, A\$® = 0.0786. One can see that
the dynamics inside Fix(S) is chaotic, while it is hyperchaotic outside of it, which proves that
there are two-dimensional instabilities in the asynchronous saddle set. At this point the largest
transversal Lyapunov exponent has small positive value Ay, = 0.0010. At d/Ryo = 12.36 the
synchronous invariant set is transversally unstable with the largest transversal Lyapunov expo-
nent A, = 0.0112. The ratio of time attributed to the asynchronous becomes T /T = 0.636.
This fact together with the two-dimensional instabilities outside of Fix(S), characterized by

1% =0.1124,\3° = 0.0242, leads to hyperchaotic dynamics with the following largest Lyapunov
exponents A\; = 0.0908, Ay = 0.0037.

1.2.5 Stability with respect to symmetry breaking

In case of fully identical bubbles, system (7) is symmetrical with respect to the change
of variables R; +» R», Rl > RQ. However, perturbation in the equilibrium radius of on of the
bubbles R;y break this symmetry. In work [2*] we considered stability of the main dynamical
regimes with respect to the following perturbations breaking the symmetry:

RQO = ERlo, (’6 — 1| < 1) (8)

We show that multistability is the main factor affecting the stability of synchronous regimes
to a perturbation of the equilibrium radius of one of the bubbles. If the system is monostable,
then the synchronous attractor is stable to such perturbations in the following sense: the
attractor gradually transforms with changes of the control parameter. In case of multistability,
if the synchronous attractor coexists with an asynchronous limit cycle or a quasiperiodc regime,
it will also likely be stable with respect to the symmetry breaking perturbations, but in a more
narrow range of € then in the monostable case.

If a synchronous attractor coexists with an asynchronous chaotic one, there are different
possibilities depending on the particular values of parameters: it can be either stable to the
symmetry breaking in a range of ¢ similar to the case of coexistence with an asynchronous limit
cycle, or unstable to even very small perturbations of . If a synchronous attractor coexists
with a hyperchaotic one, it is always unstable to the symmetry breaking perturbations.

The impact of multistability on the stability of synchronous regimes can be illustrated by
the following example. The system is monostable at P,. = 1.8 MPa, d/R;y = 11.3. Namely,
only the synchronous chaotic attractor shown in fig. 12a exists. In this case, qualitative
properties of this dynamical regime persist in quite a wide range of € (see fig. 12b). Note that
a new chaotic attractor emerges at high values of €. Its consideration goes beyond the study
of stability of the synchronous regimes (see [2*] for details). Continuation of the synchronous
chaotic regime at P,. = 1.8 MPa, d/Rjp = 11.47 is also a synchronous chaotic one. However,
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Figure 12: Projections of the Poincaré maps of (a) synchronous chaotic attractor at P,. =
1.8 - 105, d/Ryy = 11.3, (c) coexisting synchronous and asynchronous chaotic attractors at
P, = 1.8 105 d/Ryy = 11.47. (b), (d) graphs of the largest Lyapunov exponents of the
continuations of the corresponding attractors.

a b ‘
% 0 e

1S -0.1 b

1 +  Hyperchaos 02+ b
- Sync chaos
Fix(S)
05 S0 — 03 —/\f—)\l—)\l---)\z---)\z )
e 1 2 1 2
05 """ |5 2
-1 E
u r
! ! 0.95 1 e 1.05

Figure 13: (a) Projections of the Poincaré maps of the synchronous chaotic attractor and the
hyperchaotic one at P,. = 1.2 MPa, d/Rjy = 21 on the (ry,us,3) subspace, (b) graph of the
largest Lyapunov exponents of their continuation by the € parameter.

at this values of the control parameters an asynchronous chaotic attractor coexists with it. In
this case, the synchronous regime is unstable with respect to the perturbations of €, while the
asynchronous one persists in a wide range of the parameter.

On the other hand, hyperchaotic attractors are stable with respect to symmetry breaking.
An example of a hyperchaotic regime coexisting with a synchronous chaotic one is presented in
fig. 13. Here the hyperchaotic attractor is stable to the symmetry breaking perturbations in a
wide range of €, while the synchronous chaotic one is not.

We have also shown that attractors appearing on the main steps of the scenario of emer-
gence of hyperchaotic dynamics based on the destruction of synchronization via the bubbling

transition are also stable to the symmetry breaking perturbation.
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1.3 The model of interacting neurons
1.3.1 The model of two interacting neurons

Consider a resting neuron. From the dynamical systems perspective this state is described
by a stable equilibrium. The inputs coming through the synapses can change the membrane
potential and produce postsynaptic potentials. Voltage-sensitive ion channels embedded in the
membrane can amplify certain postsynaptic potentials leading to an abrupt increase in the
membrane voltage that propagates to other neurons via an axon — a spike, or action potential.
[68]. Bursting refers to the state of a neuron, in which it fires discrete groups of spikes (bursts),
separated by period of quiescence [69; 70].

Here we use the Hindmarsh-Rose system to model neuronal activity [22]. It reproduces
both spiking and bursting firing patterns fairly well. The model of two neurons coupled via
a direct electrical connection between the membranes is governed by the following system of
equations:

i =y —axd +bx? — z1 + [ + Do(xy — x1),
i = c—dz} -y,
2 =r(s(xy — 2°) — z1),
Ty = yo — axs + bx3 — 2o + [ + Dy(11 — T9),
Yo = ¢ — dx3 — 1,
2o = 1(s(xy — 2°) — 29),
where x; refers to the membrane potential of i-th neuron, y; and z; correspond to the fast and
slow ionic currents respectively, + = 1,2. We consider two identical neurons, thus choosing the
same parameters for both of them a = 1, b =3, c=1,d =5, s = 4, 2° = —8/5 [45; 46].
System (9) is a slow-fast one, because of the small parameter » = 0.0021. The constant current

I, applied to both neurons, is treated as the control parameter.
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Figure 14: The largest Lyapunov exponents corresponding to system (9) in the range 0 < I <
9.5.

In [4*] we studied the intervals of transversal stability of the synchronous invariant sets,

corresponding to the attractors found earlier in the single neuron model in [42]. We establish
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that the asynchronous chaotic attractor emerges according to the Afraimovich-Shilnikov sce-
nario. We also show that the asynchronous chaotic regime is stable in a wide range of control
parameters. The graph of the largest Lyapunov exponents by parameter [ is presented in fig.
14. Besides that, we demonstrate that among all the synchronous regimes, only the stable
equilibria and spiking limit cycles are stable, while the bursting regimes (chaotic, as well as

periodic) are transversally unstable in the entire domain of their existence.
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Figure 15: Bifurcation diagram in the first domain of bistability 5.35 < I < 6.25. Here SH
denotes subcritical Andronov-Hopf bifurcation, H - supercritical Andronov-Hopf bifurcation,
SN — saddle-node bifurcation of the limit cycle.

In the studied range of I, there are two domains of bistability, in which synchronous and
asynchronous regimes coexist. In the first one the equilibrium becomes stable via the subcritical
Andronov-Hopf bifurcation with decreasing I, and it coexists with asynchronous quasiperiodic
oscillations in the interval 5.398 < I < 6.198 (see fig. 15). The synchronous fixed point then
loses stability via the supercritical Andronov-Hopf bifurcation at I = 5.398, thus giving rise to
a stable limit cycle, existing in a narrow range of the control parameter. It coexists with the
quasiperiodic attractor before disappearing via the limit cycle saddle-node bifurcation (see fig.
15).

Right after its appearance, the chaotic attractor corresponds to asynchronous tonic spiking
of both neurons. With decreasing I a soft transition to chaotic asynchronous bursting occurs.
At I = 4.3080 one can see chaotic spiking with occasional anomalous interval of quiescence
(see fig. 16a). As I decreases, such resting periods expand and become more frequent (see fig.
16b). Gradually, one can start to distinguish distinct bursts separated by the resting periods
(see fig. 16¢). At low values of the current, bursts consisting of 2-3 spikes can be observed (see
fig. 16d). Note that the value of current, corresponding to fig. 16¢ fall into windows of stability
of the asynchronous chaotic attractor, thus regular bursting is depicted.

300 350 400 t 500 550 600 250 0 150 300 ¢ 450 : 200 400 600 t 800 1000 1200

Figure 16: (a) Chaotic spiking at I = 4.3080, (b) chaotic regime in-between spiking and bursting
at [ = 3.7880, (c) regular bursting at [ = 2.428, (d) regular bursting at I = 2.960.
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Figure 17: Bifurcation diagram in the second domain of bistability of system (9), 1.27 < I <
1.30.

The second domain of bistability exists in the following range: 1.2760 < I < 1.2895.
The synchronous equilibrium becomes stable via the subcritical Andronov-Hopf bifurcation. It
coexists with the asynchronous chaotic attractor, corresponding to tonic bursting of the neurons
(see fig. 17). We describe the likely mechanism of the crisis of the asynchronous attractor with
decreasing I in [5*]. We also studied changes of the stable equilibrium type depending on the
parameter. We have shown that in the domain of bistability the equilibrium is a focus, and the
system close to the subcritical Andronov-Hopf bifurcation is excitable, having properties of the
resonators according to the classification given in [68].

1.3.2 Excitation of the system of two neurons by a signal from an external neuron

@ O

@ D12 ®/&>®
—> «—
D32
Figure 18: Scheme of excitation of the system of two neurons by the third one via a directional
connection.

Let us consider the following system of three neurons with directional couplings: the first
neuron has only a one-directional connection to the second neuron, and the second and the
third neurons form a fully-connected group (see fig. 18). If the Hindmarsh-Rose system is used
as the model of behavior for each of the neurons, and the electrical couplings are represented

linearly in equations, the governing system of equations looks as follows:
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&y =y —axt +bat — 2 + I,
i1 = c—dat -y,
2 =r(s(xy — 2°) — z1),
To = Yo — ax3 + ba3 — 2o + Iy + +Dso(w3 — ) + Dia(21 — 22),
Yo = ¢ — dri — ys, (10)
2y = r(s(we — 2°) — 29),
T3 = y3 — axs + brd — z3 + I3 + Doz(19 — 3),
QSZC—CM?@—Q&
Z3 = r(s(rz — 2°) — 23),
where the same notation as in system (9) is used. In this configuration the first neuron plays
the role of a signal generator, while the system of the form (9) is considered the slave system
receiving the excitatory signal. It allows us to study the influence of signals, occurring naturally

in biological neuronal networks, on such group of two neuron.
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Figure 19: Signals, generated by the first neuron at (a) I; = 3.20, (b) I; = 2.00, (c) I; = 1.40.

We perform spectral analysis of the signals generated by the first neuron applying the
fast Fourier transform (FFT) to the numerical solutions to estimate their periods and mean
intraburst interspike intervals. We calculate the eigenvalues of the Jacobi matrix in the fixed
point to find the periods of small damped oscillations in the neighborhood of the stable equilib-
rium. We have shown that bursting signals with long periods are suitable for excitation of the
slave system in the domain of small external currents, while spiking signals are ineffective in
this case. We considered three regular bursting regimes as excitatory signals: the one with 12
spikes per burst with period TP = 318.48 generated by the master neuron at I; = 3.2; bursting
with 5 spikes per burst with inter-burst interval T? = 252.53 created by the master neuron at
I} = 3.2; bursting with 3 spikes per burst with inter-burst interval T¢ = 316.46, generated by
the first neuron at I; = 1.4 (see fig. 19). We also considered regular spiking excitatory signal
with inter-spike interval 7} = 8.10 generated by the external neuron at I = 3.5.

The chart of excitation of the slave system by the bursting signal generated by the master
neuron at ;1 = 3.20, and the chart regular and chaotic dynamics under such excitation are
presented in fig. 20. In fig. 20 zone (I) corresponds to tonic bursting of both neurons of the
slave system, while zone (II) — to subthreshold oscillations of both neurons (after the transient
process), and zone (III) — to tonic bursting of the second neuron, while the third one exhibits
subthreshold oscillations. Examples of the resulting regimes of oscillations from all three zones
are presented in fig. 21.
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Figure 20: (a) Boundaries of excitation of the slave system by the signal from master neuron in
the following domain of control parameters: 0.680 < I < 1.285,0 < Dj5 < 1, (b) the domains
of chaotic (filled) and regular (non-filled) dynamics
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Figure 21: Different firing patterns of the slave system excited by regular signal, generated
by the external neuron at I; = 3.20. (a) Chaotic bursting at I = 1.25, Dy = 0.5 (zone I),
(b) chaotic bursting of the second neuron and subthreshold oscillations of the third one at
Dy =0.6,1 = 0.75 (zone I1II), (c) regular subthreshold oscillations of both neurons of the slave
system at I = 1.0, Djp = 0.10 (zone II).
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Figure 22: Boundaries of excitation of the slave system in the domain of bistbility 5.398 < I <
6.198,0 < D2 < 0.12 by (a) bursting signal, generated by the master neuron at I; = 3.2, (b)
spiking signal, generated by the master neuron at I; = 5.7.
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We also studied exctiation of the slave system by various signals in another domain of
bistability of the system of two neurons: 5.398 < I < 6.198. The boundaries of excitation
by different signals are presented in fig. 22. In this interval of currents, upon successful
excitation of the slave system, the resulting firing pattern is tonic spiking, regardless of whether
the incoming signal is a bursting or spiking one. The regime after the transient process is
close to the quasiperiodic spiking oscillations, existing in the system of two neurons at the
corresponding value of I in the absence of the external influence. For example, excitation the
slave system at [ = 5.5, D15 = 0.03 by the bursting signal, generated by the first neuron at
I = 3.20, leads to the mean interspike interval 7" close to the corresponding interval T of the
quasiperiodic oscillations at I = 5.5 in the group of two neurons: 7'/7, = 0.9903. The main
factor, responsible for the excitability of the system in this area of the control parameters is
bistbility. The external signal can force the slave system to transition over the separatrix to the
basin of the quasiperiodic attractor. However, its influence becomes relatively small after the
transient process, and can be considered a small perturbation to the quasiperiodic oscillations

of the slave system.
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Figure 23: Examples of excitation of the slave system at I = 1.284 by a single period of several
different excitatory signals from the master neuron at the following values of parameters of the
current I; and the coupling strength Diy: (a) Dip = 0.1,1; = 3.2, (b) Dys = 0.1,1; = 2.0,
(¢) D12 = 0.1,1; = 1.4, (d) D12 = 0.2,1; = 3.5. (e) the borderlines of excitation of the slave
system in the bistability domain 1.2760 < I < 1.2895,0 < Di5 < 0.18 by the excitatory signals
generated by the first neuron at the following currents: red — I; = 3.20, black — I; = 2.00,
green — Iy = 1.4, blue — I; = 3.5.

Besides that, we studied the possibility of excitation of the slave system by a single period
of a regular excitatory signal in the domain of bistability 1.2760 < I < 1.2895. We demonstrate
examples of excitation of the system of two neuron by different finite signals in fig.-s 23a-d. We
present the chart showing boundaries of the domains of excitation of the slave system for four
different signals in fig. 23e.
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2 Conclusion

In this work we have studied two systems of coupled nonlinear oscillators occurring in
biophysical applications: the model of interacting microbubble contrast agents and the model

of coupled neurons. We have obtained the following results:

1. We have proposed a mathematical model, describing dynamics of two contrast agents
encapsulated in shells interacting via the Bjerknes force.

2. We have developed a software package for numerical studying of dynamics in the con-
sidered models. It allows us to compute individual orbits, construct the Poincaré maps,
to find Fourier transforms of the solutions, to calculate the spectrum of the Lyapunov
exponents, including separate computing of the spectrum for the synchronous and the
asynchronous components of a trajectory, to calculate the largest transversal Lyapunov
exponent, to construct one- and two-dimensional charts of the dynamical regimes while
using the numerical continuation method for obtaining the initial conditions.

3. We have found the domains in the parameter space, where the synchronization of the
contrast agents oscillations takes place. We studied the scenarios of emergence of syn-
chronous and asynchronous dynamical regimes and the phenomenon of destruction of

synchronization.

4. We studied dynamics in the system of two electrically coupled neurons, described by
the Hindmarsh-Rose system. We have found domains of stability of the synchronous
regimes of dynamics and explained the scenario of occurrence of the asynchronous chaotic
attractor.

5. We have explained the underlying mechanisms responsible for excitability of the fully-
connected group of two neurons in the domains of stability of the synchronous equilibrium.
We have performed modeling of excitation of this system by an external signal, generated
by a separate neuron.
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