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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ ðàñïðåäåëåíèÿ ñóììàðíûõ
ñòðàõîâûõ âûïëàò ïðè ïåðåñòðàõîâàíèè èíäèâèäóàëüíûõ ðèñêîâ â ñëó÷àå ðàâ-
íîìåðíîãî ðàñïðåäåëåíèÿ óùåðáà ïî êàæäîìó ñòðàõîâîìó ñëó÷àþ. Îñíîâíûì
ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ àíàëèòè÷åñêîå âûðàæåíèå ôóíêöèè ðàñïðåäåëå-
íèÿ ñóììàðíûõ âûïëàò. Ïîëó÷åííûé ðåçóëüòàò ìîæåò áûòü èñïîëüçîâàí äëÿ
îöåíêè òî÷íîñòè îïðåäåëåíèÿ îïòèìàëüíîãî óðîâíÿ ñîáñòâåííîãî óäåðæàíèÿ
íà îñíîâå íîðìàëüíîé àïïðîêñèìàöèè.

We consider a problem of �nding of probability distribution for total insurance
payments when excess-of-loss reinsurance is used. The problem is considered in the
case when losses in each insured accident have uniform distribution. The main result
is analytical expression of probability distribution function for total payments. This
result can be used to estimate a precision of optimal retention limit calculation
based on normal approximation.

1 Ââåäåíèå
Ïåðåñòðàõîâàíèå � ýòî ñïåöèàëüíûé ìåõàíèçì ïåðåðàñïðåäåëåíèÿ ðèñêîâ ìåæ-
äó ñòðàõîâùèêîì è ïåðåñòðàõîâî÷íîé êîìïàíèåé, èñïîëüçóåìûé äëÿ ïîâûøå-
íèÿ íàäåæíîñòè ñòðàõîâùèêà [1], [3]. Äëÿ ðàñïðåäåëåíèÿ ðèñêîâ óñòàíàâëè-
âàåòñÿ òàê íàçûâàåìûé óðîâåíü ñîáñòâåííîãî óäåðæàíèÿ r: óùåðá, íå ïðåâû-
øàþùèé ýòîò óðîâåíü, áåðåò íà ñåáÿ ñàì ñòðàõîâùèê, à âñå îñòàëüíîå îïëà-
÷èâàåò ïåðåñòðàõîâî÷íàÿ êîìïàíèÿ. Ïåðåñòðàõîâàíèå èíäèâèäóàëüíûõ ðèñ-
êîâ (excess-of-loss reinsurance) � ýòî îñîáûé òèï ïåðåñòðàõîâàíèÿ, ïðè êîòîðîì
óùåðá ïî êàæäîìó ñòðàõîâîìó ñëó÷àþ äåëèòñÿ ìåæäó ñòðàõîâùèêîì è ïåðå-
ñòðàõîâî÷íîé êîìïàíèåé ñîãëàñíî óñòàíîâëåííîãî óðîâíÿ ñîáñòâåííîãî óäåð-
æàíèÿ r. Â äðóãîì âàðèàíòå ïåðåñòðàõîâàíèÿ (stop-loss reinsurance) óðîâåíü
ñîáñòâåííîãî óäåðæàíèÿ óñòàíàâëèâàåòñÿ äëÿ ñóììàðíîãî óùåðáà ïî âñåì ñòðà-
õîâûì êîíòðàêòàì. Ïðåäñòàâëÿåò èíòåðåñ çàäà÷à îïðåäåëåíèÿ îïòèìàëüíîãî
óðîâíÿ ñîáñòâåííîãî óäåðæàíèÿ [1], ò.å. òàêîãî óðîâíÿ, ïðè êîòîðîì íàäåæ-
íîñòü êîìïàíèè ñòðàõîâùèêà ìàêñèìàëüíà. Ðåøåíèå ýòîé çàäà÷è çàâèñèò îò
ðàñïðåäåëåíèÿ ñóììàðíûõ âûïëàò ñòðàõîâùèêà ïî êîíòðàêòàì ïåðåñòðàõîâà-
íèÿ. Â [4] ðàññìîòðåí ìåòîä îïðåäåëåíèÿ îïòèìàëüíîãî óðîâíÿ ñîáñòâåííîãî
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óäåðæàíèÿ íà îñíîâå íîðìàëüíîé àïïðîêñèìàöèè ðàñïðåäåëåíèÿ ñóììàðíûõ
âûïëàò. Ñ äðóãîé ñòîðîíû èíòåðåñíû ñëó÷àè, â êîòîðûõ âîçìîæíî òî÷íîå
îïðåäåëåíèå îïòèìàëüíîãî óðîâíÿ ñîáñòâåííîãî óäåðæàíèÿ. Ýòî ñîîòâåòñòâóåò
ñèòóàöèè, â êîòîðîé óäàåòñÿ íàéòè òî÷íîå ðàñïðåäåëåíèå ñóììàðíûõ âûïëàò
ñòðàõîâùèêà ïî êîíòðàêòàì ïåðåñòðàõîâàíèÿ. Â íàñòîÿùåé ðàáîòå ðàññìàòðè-
âàåòñÿ çàäà÷à îïðåäåëåíèÿ ðàñïðåäåëåíèÿ ñóììàðíûõ âûïëàò ïðè ïåðåñòðà-
õîâàíèè èíäèâèäóàëüíûõ ðèñêîâ â ñëó÷àå ðàâíîìåðíîãî ðàñïðåäåëåíèÿ óùåð-
áà ïî êàæäîìó ñòðàõîâîìó ñëó÷àþ. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ
àíàëèòè÷åñêîå âûðàæåíèå ôóíêöèè ðàñïðåäåëåíèÿ ñóììàðíûõ âûïëàò. Ïîëó-
÷åííûé ðåçóëüòàò ìîæåò áûòü èñïîëüçîâàí äëÿ îöåíêè òî÷íîñòè îïðåäåëåíèÿ
îïòèìàëüíîãî óðîâíÿ ñîáñòâåííîãî óäåðæàíèÿ íà îñíîâå íîðìàëüíîé àïïðîê-
ñèìàöèè.

Ïóñòü óùåðá â i-ì ñòðàõîâîì ñëó÷àå îïèñûâàåòñÿ ñëó÷àéíîé âåëè÷èíîé Xi

ñ ôóíêöèåé ðàñïðåäåëåíèÿ F (x), òîãäà ïðè âûáðàííîì óðîâíå ñîáñòâåííîãî
óäåðæàíèÿ r ñëó÷àéíàÿ âåëè÷èíà âûïëàò ñòðàõîâùèêà Yi èìååò ñëåäóþùåå
âûðàæåíèå:

Yi =

{
Xi, åñëè Xi ≤ r
r, åñëè Xi > r

Ðàñïðåäåëåíèå Yi ÿâëÿåòñÿ ñìåøàííûì ðàñïðåäåëåíèåì, ó êîòîðîãî ôóíêöèÿ
ðàñïðåäåëåíèÿ èìååò ðàçðûâ â òî÷êå r:

Íàëè÷èå ðàçðûâà çíà÷èòåëüíî óñëîæíÿåò âû÷èñëåíèå ðàñïðåäåëåíèÿ ñóì-
ìû íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí Yi. Ñòàíäàðòíûå âû÷èñëèòåëüíûå àëãî-
ðèòìû òèïà ïðåîáðàçîâàíèÿ Ôóðüå èìåþò çíà÷èòåëüíóþ ïîãðåøíîñòü, ñâÿ-
çàííóþ ñ ïîÿâëåíèåì äåëüòà-ôóíêöèé. Â àêòóàðíîé ëèòåðàòóðå èçâåñòåí îäèí
ñïîñîá âû÷èñëåíèÿ ôóíêöèè ðàñïðåäåëåíèÿ ñóììû ñòðàõîâûõ âûïëàò ïðè íà-
ëè÷èè ïåðåñòðàõîâàíèÿ. Ýòî ðåêóððåíòíàÿ ôîðìóëà Ïåéíäæåðà [6]. Ôîðìóëà
Ïåéäæåðà èìååò ñóùåñòâåííîå îãðàíè÷åíèå � ðàñïðåäåëåíèå óùåðáà äîëæíî
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áûòü äèñêðåòíûì. Â íàøåì ñëó÷àå ìû ðàññìàòðèâàåì íåïðåðûâíîå ðàñïðåäå-
ëåíèå.

2 Ðàâíîìåðíîå ðàñïðåäåëåíèå ñ ðàçðûâîì

Ðàññìîòðèì ðàñïðåäåëåíèå, àíàëîãè÷íîå ðàâíîìåðíîìó íà îòðåçêå [0, 1],
íî èìåþùåå ðàçðûâ â íåêîòîðîé òî÷êå r:

F (x) =





0, åñëè x < 0
x, åñëè 0 ≤ x ≤ r
1, åñëè x > r

Îáîçíà÷èì ôóíêöèþ ðàñïðåäåëåíèÿ ñóììû èç n òàêèõ ñëó÷àéíûõ âåëè÷èí çà
Fn(x):

Sn = X1 + X2 + ... + Xn

Xi ∼ F (x)

Sn ∼ Fn(x)

Áóäåì èñêàòü îáùóþ ôîðìóëó äëÿ Fn(x).
Îòìåòèì, ÷òî äëÿ ñëó÷àÿ r = 1, ôîðìóëà èçâåñòíà [9]:

Fn(x) =
1
n!

k−1∑

i=0

(−1)i Ci
n (x− i)n, x ∈ [k − 1, k] , k = 1, 2, ..., n
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2.1 Ðåêóððåíòíàÿ ôîðìóëà
Âåðîÿòíîñòü êàêîãî-ëèáî ñîáûòèÿ E áóäåì îáîçíà÷àòü êàê P(E). Òîãäà ïî îïðå-
äåëåíèþ ôóíêöèè ðàñïðåäåëåíèÿ: F (x) = P(X < x). Ñóììà n+1 è nñëàãàåìûõ
Xi è èõ ôóíêöèè ðàñïðåäåëåíèÿ ñâÿçàíû ñëåäóþùèì îáðàçîì:

Sn+1 = Sn + Xn+1

Fn+1(x) = P(Sn+1 < x) = P(Sn + Xn+1 < x) = P(Sn < x−Xn+1)

Sn ∼ Fn(s) = P(Sn < s)

Xn+1 ∼ F (t) = P(Xn+1 < t)

Èç ýòèõ ñîîòíîøåíèé ìîæíî ïîëó÷èòü ðåêóððåíòíóþ ôîðìóëó Fn+1(x) ÷åðåç
Fn(x). Ôóíêöèÿ ðàñïðåäåëåíèÿ F (x) èìååò ðàçðûâ â òî÷êå r, ïîýòîìó ñíà÷àëà
îïðåäåëèìñÿ, êàê ýòî îòðàæàåòñÿ íà ïîâåäåíèè Fn(x).

2.1.1 Òî÷êà ðàçðûâà
Òàê êàê ïëîòíîñòü ðàñïðåäåëåíèÿ � ýòî ïðîèçâîäíàÿ îò ôóíêöèè ðàñïðåäåëå-
íèÿ, òî:

f(t) =

{
0, åñëè t ≤ 0, t > r
1, åñëè 0 < t < r

,

è f(t) íå îïðåäåëåíà ïðè t = r, òàê êàê â ýòîé òî÷êå ôóíêöèÿ ðàñïðåäåëåíèÿ
èìååò ðàçðûâ. Òàêèì îáðàçîì, Xi ìîãóò ïðèíèìàòü çíà÷åíèÿ òîëüêî èç îòðåçêà
[0, r], òàê êàê P(Xi < 0) = P(Xi > r) = 0. Ïîýòîìó Sn = X1 + ... + Xn ∈ [0, n · r]
è P(Sn < 0) = P(Sn > n · r) = 0. À çíà÷èò, ïëîòíîñòü ðàñïðåäåëåíèÿ ñóììû
fn(s) = 0 ïðè s < 0, s > n · r.

Âåðîÿòíîñòü òîãî, ÷òî Xi ðàâíî r áóäåò ðàâíà âåëè÷èíå ðàçðûâà ôóíêöèè
ðàñïðåäåëåíèÿ â òî÷êå r:

P(Xi = r) = 1− F (r) = 1− r

Òàê êàê r � ýòî ìàêñèìàëüíî âîçìîæíîå çíà÷åíèå Xi, òî:

P(Sn = n · r) = P(X1 + ... + Xn = n · r) = P(X1 = r, X2 = r, ... , Xn = r)

P(Sn = n · r) = P(X1 = r) · ... · P(Xn = r) = (1− r)n

Òî åñòü ôóíêöèÿ ðàñïðåäåëåíèÿ ñóììû Fn(x) èìååò ðàçðûâ â òî÷êå n · r âåëè-
÷èíîé (1− r)n. Òàêèì îáðàçîì, èìååì:

P(Sn < x) =





0, åñëè x ≤ 0, x > n · r
Fn(x), åñëè 0 < x < n · r
1− (1− r)n , åñëè x = n · r
1, åñëè x > n · r
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Ïîëó÷åííûå çíà÷åíèÿ áóäóò èñïîëüçîâàíû íèæå ïðè ïîëó÷åíèè ðàñïðåäåëåíèÿ
Sn+1 = Sn + Xn+1 êàê ðàñïðåäåëåíèÿ ñóììû äâóõ ñëó÷àéíûõ âåëè÷èí.

2.1.2 Ðàñïðåäåëåíèå ñóììû
Êàê óæå áûëî ñêàçàíî âûøå, ðàñïðåäåëåíèå Fn+1(x) ïðåäñòàâëÿåò ñîáîé ñëå-
äóþùóþ âåðîÿòíîñòü:

Fn+1(x) = P(Sn < x−Xn+1)

×òîáû åå íàéòè, íåîáõîäèìî çíàòü ñîâìåñòíóþ ïëîòíîñòü âåðîÿòíîñòè äëÿ âå-
ëè÷èí Sn è Xn+1, à çàòåì âçÿòü îò íåå èíòåãðàë ïî îáëàñòè D : Sn < x−Xn+1.
Ñëó÷àéíûå âåëè÷èíû âåëè÷èí Sn è Xn+1 ÿâëÿþòñÿ íåçàâèñèìûìè. Ïîýòîìó
èõ ñîâìåñòíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ ðàâíà ïðîèçâåäåíèþ ïëîòíîñòåé fn(s)
è f(t). Îäíàêî, ôóíêöèè ðàñïðåäåëåíèÿ èìåþò ðàçðûâû â òî÷êàõ n · r è r ñî-
îòâåòñòâåííî, ïîýòîìó çíà÷åíèÿ s = n · r è t = r íåîáõîäèìî ðàññìàòðèâàòü
îòäåëüíî. Ðàññìîòðèì îáëàñòü çíà÷åíèé ïåðåìåííûõ s è t íà ïëîñêîñòè:

Íà ðèñóíêå ãðàíèöû îáëàñòè äîïóñòèìûõ çíà÷åíèé s è t âûäåëåíû æèð-
íûìè ëèíèÿìè. Èñêîìàÿ âåðîÿòíîñòü Fn+1(x) = P(Sn < x − Xn+1) ðàâíà èí-
òåãðàëó îò ñîâìåñòíîé ïëîòíîñòè ðàñïðåäåëåíèÿ ïî îáëàñòè, íàõîäÿùåéñÿ ïîä
ïðÿìîé s = x− t. Ïîýòîìó èç ðèñóíêà âèäíî, ÷òî:

Fn+1(x) = 0, åñëè x < 0

Fn+1(x) = 1, åñëè x > (n + 1)r
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Ðàñïèøåì Fn+1(x) â îáùåì ñëó÷àå, ó÷èòûâàÿ îñîáûå çíà÷åíèÿ s = n ·r è t = r:

P(Sn < x−Xn+1) = P(Sn < x−Xn+1 è Sn 6= n · r è Xn+1 6= r)+
+P(Xn+1 = r è Sn < x− r è Sn 6= n · r)+
+P(Sn = n · r è Xn+1 < x− n · r è Xn+1 6= r)+
+P(Sn = n · r è Xn+1 = r, åñëè nr < x− r)

P(Sn < x−Xn+1) =
∫ ∫

D:





Sn < x−Xn+1

Sn 6= n · r
Xn+1 6= r

fn(s) · f(t) dsdt+

+P(Xn+1 = r) · P(Sn < x− r, Sn 6= n · r)+
+P(Sn = n · r) · P(Xn+1 < x− n · r, Xn+1 6= r)+
+P(Sn = n · r) · P(Xn+1 = r) · P(x > (n + 1)r)

Â ïîñëåäíåì âûðàæåíèè:

P(x > (n + 1)r) =

{
1, åñëè x > (n + 1)r
0, èíà÷å

Òåïåðü âñå âåðîÿòíîñòè ðàñïèñàíû òàê, ÷òî âìåñòî íèõ ìîæíî ïîäñòàâëÿòü
çíà÷åíèÿ ôóíêöèé ðàñïðåäåëåíèÿ:

Fn+1(x) =
∫∫
D

fn(s) · f(t) dsdt + (1− r) · Fn(x− r) + (1− r)n · F (x− n · r)+
+ (1− r)n · (1− r) · P(x > (n + 1)r)

Çàìåòèì, ÷òî Fn+1(x) = 1, åñëè x > (n + 1)r. Êðîìå òîãî, åñëè x < n · r, òî
F (x− n · r) = 0. Ïîýòîìó ïðè nr ≤ x ≤ (n + 1)r:

F (x− n · r) = (x− nr)

P(x > (n + 1)r) = 0

Fn+1(x) =
∫∫

D

fn(s) · f(t) dsdt + (1− r) · Fn(x− r) + (1− r)n · (x− nr)

À ïðè 0 ≤ x ≤ nr:
F (x− n · r) = 0

P(x > (n + 1)r) = 0

Fn+1(x) =
∫∫

D

fn(s) · f(t) dsdt + (1− r) · Fn(x− r)
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Îñòàåòñÿ íàéòè èíòåãðàë ïî îáëàñòè D. Ðàññìîòðèì ñíà÷àëà ñëó÷àé 0 ≤ x ≤
nr, êîòîðûé äåëèòñÿ íà äâà ñëó÷àÿ: ïåðâûé � r ≤ x ≤ nr (ñì. ðèñóíîê âûøå):

∫∫

D

fn(s) · f(t) dsdt =
r∫

0

dt

x−t∫

0

fn(s) · 1 ds =
r∫

0

dt

x−t∫

0

fn(s)ds =

=
r∫

0

dt · Fn(s)|x−t
0 =

r∫

0

Fn(x− t)dt =
x∫

x−r

Fn(t)dt

è âòîðîé � 0 ≤ x ≤ r:
∫∫

D

fn(s) · f(t) dsdt =
x∫

0

dt

x−t∫

0

fn(s) · 1 ds =
x∫

0

dt

x−t∫

0

fn(s)ds =

=
x∫

0

dt · Fn(s)|x−t
0 =

x∫

0

Fn(x− t)dt =
x∫

0

Fn(t)dt

Çàìåòèì òàêæå, ÷òî â ýòîì ñëó÷àå x− r < 0, è ïîýòîìó Fn(x− r) = 0, òàê ÷òî
âûðàæåíèå äëÿ Fn+1(x) åùå ñèëüíåå óïðîùàåòñÿ.

Â ñëó÷àå nr ≤ x ≤ (n + 1)r èíòåãðàë áóäåò ïðåäñòàâëÿòü ñîáîé ñóììó 2
èíòåãðàëîâ, ò.ê. îáëàñòü D ðàçáèâàåòñÿ íà 2 (ñì. ïóíêòèðíóþ ëèíèþ):

∫∫

D

fn(s) · f(t) dsdt =
x−nr∫

0

dt

nr∫

0

fn(s) · 1 ds +
r∫

x−nr

dt

x−t∫

0

fn(s) · 1 ds =
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=
x−nr∫

0

dt · Fn(s)|nr
0 +

r∫

x−nr

dt · Fn(s)|x−t
0 =

x−nr∫

0

Fn(nr) dt +
r∫

x−nr

Fn(x− t) dt =

= Fn(nr) · t|x−nr
0 −

x−r∫

nr

Fn(t) dt = (1− (1− r)n) · (x− nr) +
nr∫

x−r

Fn(t) dt

Â ðåçóëüòàòå ïîëó÷àåì ðåêóððåíòíóþ ôîðìóëó äëÿ ôóíêöèè ðàñïðåäåëåíèÿ
ñóììû:

Fn+1(x) =





0, åñëè x < 0
x∫
0

Fn(t)dt, åñëè 0 ≤ x ≤ r

x∫
x−r

Fn(t)dt + (1− r) · Fn(x− r), åñëè r ≤ x ≤ nr

nr∫
x−r

Fn(t)dt + (x− nr) + (1− r) · Fn(x− r), åñëè nr ≤ x ≤ (n + 1)r

1, åñëè x > (n + 1)r

Èç ýòîé ôîðìóëû âèäíî, ÷òî ôóíêöèÿ ñîñòîèò èç íåñêîëüêèõ êóñêîâ, òàê êàê
íà ðàçíûõ îòðåçêàõ èìååò ðàçíûå âûðàæåíèÿ.

2.1.3 Ðàñïðåäåëåíèå ñóììû � êóñî÷íàÿ ôóíêöèÿ
Äîêàæåì, ÷òî ôóíêöèÿ Fn(x) íà îòðåçêå [0, nr] ñîñòîèò èç n ÷àñòåé:

Fn(x) =





F 1
n(x), åñëè 0 ≤ x ≤ r

F 2
n(x), åñëè r ≤ x ≤ 2r

...
Fn

n (x), åñëè (n− 1)r ≤ x ≤ nr

Èñïîëüçóåì ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè. Äëÿ n = 1 íàøå óòâåðæäåíèå
ñïðàâåäëèâî, ò.å. F1(x) = F 1

1 (x) = x ïðè 0 ≤ x ≤ r. Ïóñòü îíî ñïðàâåäëèâî
äëÿ Fn(x), òîãäà äîêàæåì ÷òî âûðàæåíèå âåðíî è äëÿ Fn+1(x). Âîñïîëüçóåìñÿ
íàéäåííîé ðàíåå ðåêóððåíòíîé ôîðìóëîé äëÿ r ≤ x ≤ nr:

Fn+1(x) =
x∫

x−r

Fn(t)dt + (1− r) · Fn(x− r)

Ïî ïðåäïîëîæåíèþ èíäóêöèè Fn(x) ñîñòîèò èç n ÷àñòåé F 1
n , ..., Fn

n . Ïîýòîìó
íà êàæäîì îòðåçêå [(k− 1)r, kr] (ãäå k = 2, n) Fn+1(x) áóäåò èìåòü ðàçëè÷íûå
âûðàæåíèÿ. Åñëè x ∈ [(k − 1)r, kr], òî:

x− r ∈ [(k − 2)r, (k − 1)r]
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Fn(x− r) = F k−1
n (x− r)

x∫

x−r

Fn(t)dt =

(k−1)r∫

x−r

F k−1
n (t)dt +

x∫

(k−1)r

F k
n (t)dt

Òàêèì îáðàçîì, ïðè x ∈ [(k − 1)r, kr]:

Fn+1(x) = F k
n+1(x) =

(k−1)r∫

x−r

F k−1
n (t)dt +

x∫

(k−1)r

F k
n (t)dt + (1− r) · F k−1

n (x− r)

Íà îòðåçêå [0, r] ðåêóððåíòíîå ñîîòíîøåíèå èìååò âèä:

Fn+1(x) =
x∫

0

Fn(t)dt

Ñëåäîâàòåëüíî, ïðè x ∈ [0, r]:

Fn+1(x) = F 1
n+1(x) =

x∫

0

F 1
n(t)dt

Ðàññìîòðèì òåïåðü îòðåçîê [nr, (n + 1)r] è ðåêóððåíòíîå âûðàæåíèå íà íåì:

Fn+1(x) =
nr∫

x−r

Fn(t)dt + (x− nr) + (1− r) · Fn(x− r)

Òàê êàê x ∈ [nr, (n + 1)r], òî:

x− r ∈ [(n− 1)r, nr]

Fn(x− r) = Fn
n (x− r)

nr∫

x−r

Fn(t)dt =
nr∫

x−r

Fn
n (t)dt

Ñëåäîâàòåëüíî, èìååì íà îòðåçêå x ∈ [nr, (n + 1)r]:

Fn+1(x) = Fn+1
n+1 (x) =

nr∫

x−r

Fn
n (t) dt + (x− nr) + (1− r) · Fn

n (x− r)
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Â ðåçóëüòàòå ìû äîêàçàëè, ÷òî ôóíêöèÿ ðàñïðåäåëåíèÿ ñóììû ñîñòîèò èç
íåñêîëüêèõ ÷àñòåé è íàøëè ðåêóððåíòíóþ ôîðìóëó íà ýòè ÷àñòè:

Fn+1(x) =





F 1
n+1(x) =

x∫
0

F 1
n(t)dt, åñëè 0 ≤ x ≤ r

F 2
n+1(x) =

r∫
x−r

F 1
n(t)dt +

x∫
r

F 2
n(t)dt + (1− r) · F 1

n(x− r),

åñëè r ≤ x ≤ 2r
...

F k
n+1(x) =

(k−1)r∫
x−r

F k−1
n (t)dt +

x∫
(k−1)r

F k
n (t)dt + (1− r)·

·F k−1
n (x− r), åñëè (k − 1)r ≤ x ≤ kr

...

Fn
n+1(x) =

(n−1)r∫
x−r

Fn−1
n (t)dt +

x∫
(n−1)r

Fn
n (t)dt + (1− r)·

·Fn−1
n (x− r), åñëè (n− 1)r ≤ x ≤ nr

Fn+1
n+1 (x) =

nr∫
x−r

Fn
n (t)dt + (x− nr) + (1− r)·

·Fn
n (x− r), åñëè nr ≤ x ≤ (n + 1)r

Äàííàÿ ôîðìóëà áóäåò èñïîëüçîâàíà äàëåå äëÿ ïîëó÷åíèÿ îáùåé ôîðìóëû
Fn(x), íî ñíà÷àëà âûâåäåì âñïîìîãàòåëüíóþ ôîðìóëó äëÿ Fn

n (x).

2.2 Âñïîìîãàòåëüíàÿ ôîðìóëà
Ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà íà îòðåçêå [(n − 1)r, nr] äëÿ ôóíêöèè ðàñ-
ïðåäåëåíèÿ ñóììû n âåëè÷èí, ðàñïðåäåëåííûõ ðàâíîìåðíî ñî ñðåçêîé:

Fn
n (x) = 1− (−1)n ·

n∑

i=0

Ci
n (r − 1)i (x− nr)n−i

(n− i)!

Äîêàæåì ýòó ôîðìóëó ïî ìåòîäó ìàòåìàòè÷åñêîé èíäóêöèè. Ïðîâåðèì ñïðà-
âåäëèâîñòü ïðè n = 1:

F 1
1 (x) = 1− (−1)1 ·

(
1 · (r − 1)0 · (x− r)1

1!
+ 1 · (r − 1)1 · (x− r)0

0!

)
=

= 1 + (x− r + r − 1) = x

Òàêèì îáðàçîì, äëÿ n = 1 ñîîòíîøåíèå âûïîëíÿåòñÿ, è îñòàåòñÿ äîêàçàòü,
÷òî èç ñïðàâåäëèâîñòè ôîðìóëû äëÿ Fn

n ñëåäóåò åå ñïðàâåäëèâîñòü äëÿ Fn+1
n+1 .
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Âîñïîëüçóåìñÿ ðåêóððåíòíîé çàâèñèìîñòüþ, íàéäåííîé ðàíåå:

Fn+1
n+1 (x) = (x− nr) +

nr∫

x−r

Fn
n (t) dt + (1− r) · Fn

n (x− r)

Ñ÷èòàÿ ñïðàâåäëèâîé äîêàçûâàåìóþ ôîðìóëó äëÿ Fn
n , èìååì:

Fn
n (x) = 1− (−1)n ·

n∑

i=0

Ci
n (r − 1)i (x− nr)n−i

(n− i)!

Òîãäà íàéäåì ñëàãàåìûå âõîäÿùèå â ðåêóððåíòíîå âûðàæåíèå äëÿ Fn+1
n+1 :

nr∫

x−r

Fn
n (t) =

nr∫

x−r

[
1− (−1)n ·

n∑

i=0

Ci
n (r − 1)i (t− nr)n−i

(n− i)!

]
dt =

=

[
t− (−1)n ·

n∑

i=0

Ci
n (r − 1)i (t− nr)n+1−i

(n + 1− i)!

]∣∣∣∣∣
nr

x−r

=

= nr − (x− r)− (−1)n+1 ·
n∑

i=0

Ci
n (r − 1)i+1 (x− (n + 1)r)n+1−i

(n + 1− i)!

(1− r) · Fn
n (x− r) = (1− r)− (−1)n+1 ·

n∑

i=0

Ci
n (r − 1)i+1 (x− (n + 1)r)n−i

(n− i)!

Äëÿ ñîêðàùåíèÿ îáúåìà âûðàæåíèé ââåäåì ñëåäóþùåå îáîçíà÷åíèå:

Vi = (r − 1)i (x− (n + 1)r)n+1−i

(n + 1− i)!

Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ â ðåêóððåíòíóþ ôîðìóëó, ïîëó÷àåì:

Fn+1
n+1 (x) = (x− nr) + nr − (x− r) + (1− r)− (−1)n+1 ·

n∑

i=0

Ci
nVi − (−1)n+1 ·

·
n+1∑

i=1

Ci−1
n Vi = 1− (−1)n+1 ·

n∑

i=1

Ci
nVi − (−1)n+1 · V0 − (−1)n+1 ·

n∑

i=1

Ci−1
n Vi −

− (−1)n+1 ·Vn+1 = 1−(−1)n+1 ·
n∑

i=1

(
Ci

n + Ci−1
n

)
· Vi−(−1)n+1 ·V0−(−1)n+1 ·Vn+1

Ó÷èòûâàÿ ðàâåíñòâî Ci
n + Ci−1

n = Ci
n+1, ïîëó÷àåì:

Fn+1
n+1 (x) = 1− (−1)n+1 ·

[
n∑

i=1

Ci
n+1 · Vi + C0

n+1 · V0 + Cn+1
n+1 · Vn+1

]
=
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= 1− (−1)n+1 ·
n+1∑

i=0

Ci
n+1 · Vi

Fn+1
n+1 (x) = 1− (−1)n+1 ·

n+1∑

i=0

Ci
n+1 (r − 1)i (x− (n + 1)r)n+1−i

(n + 1− i)!

Òàêèì îáðàçîì, ìû äîêàçàëè èíäóêöèîííûé ïåðåõîä, à çíà÷èò, ñôîðìóëèðî-
âàííàÿ âñïîìîãàòåëüíàÿ ôîðìóëà ñïðàâåäëèâà. Òåïåðü âñå ãîòîâî äëÿ äîêàçà-
òåëüñòâà îáùåé ôîðìóëû.

2.3 Îáùàÿ ôîðìóëà
Òåîðåìà. Äëÿ k-é ÷àñòè (äëÿ x ∈ [(k − 1)r, kr]) ôóíêöèè ðàñïðåäåëåíèÿ ñóì-
ìû n ñëó÷àéíûõ âåëè÷èí, èìåþùèõ ðàâíîìåðíîå ðàñïðåäåëåíèå íà [0, 1] ñî
ñðåçêîé â òî÷êå r, ñïðàâåäëèâà ñëåäóþùàÿ îáùàÿ ôîðìóëà:

F k
n (x) =

k−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (x− ir)n−j

(n− j)!




Äîêàçàòåëüñòâî. Ñíîâà äëÿ ñîêðàùåíèÿ ôîðìóë ââåäåì ñëåäóþùèå îáîçíà-
÷åíèÿ:

Vi, j(x) = (r − 1)j (x− ir)n−j+1

(n− j + 1)!

Ui(x) = (−1)i
i∑

j=0

Cj
i (r − 1)j (x− ir)n−j+1

(n− j + 1)!

Äîêàçàòåëüñòâî ðàçîáüåì íà íåñêîëüêî ýòàïîâ.

2.3.1 Äîêàçàòåëüñòâî äëÿ n-é ÷àñòè ôóíêöèè ðàñïðåäåëåíèÿ
Ñíà÷àëà äîêàæåì ôîðìóëó äëÿ k = n, ò.å. äëÿ Fn

n (x) (ýòî íàèáîëåå ñëîæíûé
ñëó÷àé), ñíîâà èñïîëüçóÿ ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè. Ïðîâåðèì ñïðàâåä-
ëèâîñòü äëÿ n = 1:

F 1
1 (x) = (−1)0 · 1 · 1 · (r − 1)0 · x1

1!
= x

Ñ÷èòàÿ ôîðìóëó âåðíîé äëÿ Fn
n , äîêàæåì åå ñïðàâåäëèâîñòü äëÿ Fn+1

n+1 . Èòàê,
èçâåñòíî:

Fn
n (x) =

n−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (x− ir)n−j

(n− j)!



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Êðîìå òîãî, èçâåñòíà âñïîìîãàòåëüíàÿ ôîðìóëà:

Fn
n (x) = 1− (−1)n ·

n∑

i=0

Ci
n (r − 1)i (x− nr)n−i

(n− i)!

Ïðèðàâíèâàÿ ïðàâûå ÷àñòè ýòèõ âûðàæåíèé, ïðèõîäèì ê ðàâåíñòâó (*):

n−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (x− ir)n−j

(n− j)!


 +

+(−1)n Cn
n

n∑

j=0

Cj
n (r − 1)j (x− nr)n−j

(n− j)!
= 1

(∗) 1 =
n∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (x− ir)n−j

(n− j)!




Îïÿòü äëÿ äîêàçàòåëüñòâà èíäóêöèîííîãî ïåðåõîäà èñïîëüçóåì ðåêóððåíò-
íîå ñîîòíîøåíèå:

Fn+1
n+1 (x) = (x− nr) +

nr∫

x−r

Fn
n (t) dt + (1− r) · Fn

n (x− r)

Ïðåäñòàâèì (x− nr) â âèäå
x∫

nr
1 dt è çàìåíèì åäèíèöó íà âûðàæåíèå (*):

(x− nr) =
x∫

nr




n∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (t− ir)n−j

(n− j)!





 dt

(x− nr) =
n∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (t− ir)n−j+1

(n− j + 1)!




∣∣∣∣∣∣

x

nr

(x− nr) =
n∑

i=0

Ci
nUi(x)−

n∑

i=0

Ci
nUi(nr)

Ïîëüçóÿñü ïðåäïîëîæåíèåì èíäóêöèè äëÿ Fn
n , çàïèøåì âòîðîå ñëàãàåìîå ðå-

êóððåíòíîé ôîðìóëû:
nr∫

x−r

Fn
n (t) dt =

n−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (t− ir)n−j+1

(n− j + 1)!




∣∣∣∣∣∣

nr

x−r

=

13



=
n−1∑

i=0

Ci
nUi(nr)−

n−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i Vi+1, j(x)




È, íàêîíåö, ïîñëåäíåå ñëàãàåìîå:

(1− r) · Fn
n (x− r) = −

n−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j+1 (x− (i + 1)r)n−j

(n− j)!


 =

= −
n−1∑

i=0


(−1)i Ci

n

i+1∑

j=1

Cj−1
i (r − 1)j (x− (i + 1)r)n−j+1

(n− j + 1)!


 =

(1− r) · Fn
n (x− r) = −

n−1∑

i=0


(−1)i Ci

n

i+1∑

j=1

Cj−1
i Vi+1, j(x)




Â ðåçóëüòàòå:

Fn+1
n+1 (x) =

n∑

i=0

Ci
nUi(x)−

n∑

i=0

Ci
nUi(nr) +

n−1∑

i=0

Ci
nUi(nr)−

−
n−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i Vi+1, j(x)


−

n−1∑

i=0


(−1)i Ci

n

i+1∑

j=1

Cj−1
i Vi+1, j(x)




Çàìåòèì, ÷òî Un(nr) = 0 è, ñëåäîâàòåëüíî,
n∑

i=0
Ci

nUi(nr) =
n−1∑
i=0

Ci
nUi(nr):

Fn+1
n+1 (x) =

n∑

i=0

Ci
nUi(x)−

n−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i Vi+1, j(x)


−

−
n−1∑

i=0


(−1)i Ci

n

i+1∑

j=1

Cj−1
i Vi+1, j(x)


 =

=
n∑

i=0

Ci
nUi(x)−

n−1∑

i=0


(−1)i Ci

n ·



i∑

j=0

Cj
i Vi+1, j(x) +

i+1∑

j=1

Cj−1
i Vi+1, j(x)





 =

=
n∑

i=0

Ci
nUi(x)−

n−1∑

i=0


(−1)i Ci

n ·



i∑

j=1

Cj
i Vi+1, j(x) +

i∑

j=1

Cj−1
i Vi+1, j(x) + Vi+1, 0(x) + Vi+1, i+1(x)





 =
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=
n∑

i=0

Ci
nUi(x)−

n−1∑

i=0


(−1)i Ci

n ·



i∑

j=1

(
Cj

i + Cj−1
i

)
Vi+1, j(x) + Vi+1, 0(x) + Vi+1, i+1(x)







Òàê êàê Cj
i + Cj−1

i = Cj
i+1, òî:

Fn+1
n+1 (x) =

n∑

i=0

Ci
nUi(x)−

n−1∑

i=0


(−1)i Ci

n ·



i∑

j=1

Cj
i+1Vi+1, j(x) + C0

i+1Vi+1, 0(x) + Ci+1
i+1Vi+1, i+1(x)





 =

=
n∑

i=0

Ci
nUi(x)−

n−1∑

i=0


(−1)i Ci

n ·
i+1∑

j=0

Cj
i+1Vi+1, j(x)


 =

n∑

i=0

Ci
nUi(x)−

−
n∑

i=1


(−1)i−1 Ci−1

n

i∑

j=0

Cj
i Vi, j(x)


 =

=
n∑

i=0

Ci
nUi(x) +

n∑

i=1


Ci−1

n · (−1)i
i∑

j=0

Cj
i Vi, j(x)


 =

n∑

i=0

Ci
nUi(x) +

n∑

i=1

Ci−1
n Ui(x) =

= U0(x) +
n∑

i=1

Ci
nUi(x) +

n∑

i=1

Ci−1
n Ui(x) = U0(x) +

n∑

i=1

(
Ci

n + Ci−1
n

)
Ui(x) =

= C0
n+1U0(x) +

n∑

i=1

Ci
n+1 Ui(x) =

n∑

i=0

Ci
n+1 Ui(x) =

=
n∑

i=0

(−1)i Ci
n+1

i∑

j=0

Cj
i (r − 1)j (x− ir)n−j+1

(n− j + 1)!

Ïîëó÷èëè òðåáóåìîå âûðàæåíèå äëÿ Fn+1
n+1 , à çíà÷èò, ïî èíäóêöèè ôîðìóëà

ñïðàâåäëèâà äëÿ ëþáîãî n. Èòàê, îáùàÿ ôîðìóëà äîêàçàíà äëÿ ÷àñòíîãî ñëó-
÷àÿ k = n. Ðàññìîòðèì åùå îäèí ÷àñòíûé ñëó÷àé � k = 1, òàê êàê ðåêóðñèâíîå
ñîîòíîøåíèå èìååò îñîáûé âèä íå òîëüêî äëÿ Fn+1

n+1 (x), íî è äëÿ F 1
n+1(x).
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2.3.2 Äîêàçàòåëüñòâî äëÿ ïåðâîé ÷àñòè ôóíêöèè ðàñïðåäåëå-
íèÿ

Ñëó÷àé k = 1 � ñàìûé ïðîñòîé, è ôîðìóëà, êîòîðóþ íåîáõîäèìî äîêàçàòü,
äîñòàòî÷íî ïðîñòà:

F 1
n =

xn

n!
Äëÿ n = 1 ýòà ôîðìóëà âûïîëíÿåòñÿ:

F 1
1 =

x1

1!
= x

Ñ÷èòàÿ ôîðìóëó âåðíîé äëÿ F 1
n , ïîêàæåì, ÷òî îíà ñïðàâåäëèâà è äëÿ F 1

n+1,
èñïîëüçóÿ ðåêóððåíòíîå ñîîòíîøåíèå:

F 1
n+1 =

x∫

0

F 1
n(t)dt =

x∫

0

tn

n!
dt =

tn+1

(n + 1)!

∣∣∣∣∣
x

0

=
xn+1

(n + 1)!

Òàêèì îáðàçîì, áàçà èíäóêöèè è èíäóêòèâíûé ïåðåõîä âûïîëíÿþòñÿ, à çíà÷èò,
ôîðìóëà äîêàçàíà. Îñòàåòñÿ òîëüêî äîêàçàòü îáùèé ñëó÷àé k = 2, 3, ..., n− 1.

2.3.3 Îáùèé ñëó÷àé
Äëÿ k = 2, 3, ..., n − 1 áóäåì äîêàçûâàòü îáùóþ ôîðìóëó èíäóêöèåé ïî n. Çà-
ìåòèì, ÷òî Fn(x) èìååò ðîâíî n ÷àñòåé íà îòðåçêå [0, nr], è çíà÷èò, â îáùåé
ôîðìóëå n ≥ k. Òîãäà áàçà èíäóêöèè � n = 2, à çíà÷èò, k = 1, 2. Ôîðìóëà
äëÿ F 1

2 ïîäïàäàåò ïîä äîêàçàòåëüñòâî â ïàðàãðàôå 2.3.2. Äîêàçàòåëüñòâî äëÿ
ïåðâîé ÷àñòè ôóíêöèè ðàñïðåäåëåíèÿ, à ôîðìóëà äëÿ F 2

2 � ïîä äîêàçàòåëüñòâî
â ïàðàãðàôå 2.3.1. Äîêàçàòåëüñòâî äëÿ n-é ÷àñòè ôóíêöèè ðàñïðåäåëåíèÿ. Òå-
ïåðü, ñ÷èòàÿ, ÷òî ôîðìóëà âåðíà äëÿ âñåõ F k

n (n ≥ 2) ïðè k = 1, 2, 3, ..., n,
äîêàæåì åå äëÿ âñåõ F k

n+1 ïðè k = 2, 3, ..., n− 1 (ñëó÷àè k = 1 è k = n + 1 óæå
áûëè äîêàçàíû âûøå). Èòàê, èìååì:

F k
n (x) =

k−1∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (x− ir)n−j

(n− j)!




F k−1
n (x) =

k−2∑

i=0


(−1)i Ci

n

i∑

j=0

Cj
i (r − 1)j (x− ir)n−j

(n− j)!




Äëÿ äîêàçàòåëüñòâà ôîðìóëû F k
n+1 èñïîëüçóåì ðåêóððåíòíîå ñîîòíîøåíèå:

F k
n+1(x) =

(k−1)r∫

x−r

F k−1
n (t)dt +

x∫

(k−1)r

F k
n (t)dt + (1− r) · F k−1

n (x− r)
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Âûïèøåì êàæäîå èç ñëàãàåìûõ, èñïîëüçóÿ ôîðìóëû äëÿ F k
n è F k−1

n , âåðíûå
ïî ïðåäïîëîæåíèþ èíäóêöèè. Ñíîâà â öåëÿõ ñîêðàùåíèÿ âûðàæåíèé áóäåì
ïðèìåíÿòü ââåäåííûå ðàíåå îáîçíà÷åíèÿ Vi, j(x) è Ui(x).

(k−1)r∫

x−r

F k−1
n (t)dt =

k−2∑

i=0

Ci
nUi(t)

∣∣∣
(k−1)r

x−r
=

=
k−2∑

i=0

Ci
nUi ((k − 1)r)−

k−2∑

i=0

(−1)i Ci
n

i∑

j=0

Cj
i Vi+1, j(x)

x∫

(k−1)r

F k
n (t)dt =

k−1∑

i=0

Ci
nUi(t)

∣∣∣
x

(k−1)r
=

k−1∑

i=0

Ci
nUi(x)−

k−1∑

i=0

Ci
nUi ((k − 1)r)

(1− r) F k−1
n (x− r) = −

k−2∑

i=0

(−1)i Ci
n

i∑

j=0

Cj
i (r − 1)j+1 (x− (i + 1)r)n−j

(n− j)!
=

= −
k−2∑

i=0

(−1)i Ci
n

i+1∑

j=1

Cj−1
i Vi+1, j(x)

Çàìå÷àÿ, ÷òî Uk−1 ((k − 1)r) = 0, à ñëåäîâàòåëüíî,
k−1∑

i=0

Ci
nUi ((k − 1)r) =

k−2∑

i=0

Ci
nUi ((k − 1)r),

ïîëó÷àåì ïîñëå ñëîæåíèÿ:

F k
n+1(x) = −

k−2∑

i=0

(−1)i Ci
n

i∑

j=0

Cj
i Vi+1, j(x) +

k−1∑

i=0

Ci
nUi(x)−

−
k−2∑

i=0

(−1)i Ci
n

i+1∑

j=1

Cj−1
i Vi+1, j(x) ==

k−1∑

i=0

Ci
nUi(x)−

−
k−2∑

i=0

(−1)i Ci
n




i∑

j=1

Cj
i Vi+1, j(x) +

i∑

j=1

Cj−1
i Vi+1, j(x) + Vi+1, 0(x) + Vi+1, i+1(x)


 =

=
k−1∑

i=0

Ci
nUi(x)−

k−2∑

i=0

(−1)i Ci
n




i∑

j=1

(
Cj

i + Cj−1
i

)
Vi+1, j(x) + Vi+1, 0(x) + Vi+1, i+1(x)


 =

=
k−1∑

i=0

Ci
nUi(x)−

k−2∑

i=0

(−1)i Ci
n




i∑

j=1

Cj
i+1Vi+1, j(x) + C0

i+1Vi+1, 0(x) + Ci+1
i+1Vi+1, i+1(x)


 =
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=
k−1∑

i=0

Ci
nUi(x)−

k−2∑

i=0

(−1)i Ci
n

i+1∑

j=0

Cj
i+1Vi+1, j(x) =

=
k−1∑

i=0

Ci
nUi(x) +

k−1∑

i=1

(−1)i Ci−1
n

i∑

j=0

Cj
i Vi, j(x) =

=
k−1∑

i=1

Ci
nUi(x) +

k−1∑

i=1

Ci−1
n Ui(x) + U0(x) =

k−1∑

i=1

(
Ci

n + Ci−1
n

)
Ui(x) + U0(x) =

=
k−1∑

i=1

Ci
n+1Ui(x) + C0

n+1U0(x) =
k−1∑

i=0

Ci
n+1Ui(x)

F k
n+1(x) =

k−1∑

i=0


(−1)i Ci

n+1

i∑

j=0

Cj
i (r − 1)j (x− ir)n+1−j

(n + 1− j)!




Ïîëó÷èâ òðåáóåìóþ ôîðìóëó, ìû äîêàçàëè èíäóêöèîííûé ïåðåõîä, à çíà÷èò,
è âñþ ôîðìóëó äëÿ âñåõ n è k.

3 Òî÷íàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ â ìîäåëè
èíäèâèäóàëüíûõ ðèñêîâ

Â ìîäåëè èíäèâèäóàëüíûõ ðèñêîâ ÷èñëî ñòðàõîâûõ êîíòðàêòîâ ôèêñèðîâàíî
� N , à êîëè÷åñòâî âûïëàò çàâèñèò îò ÷èñëà ïðîèçîøåäøèõ ñòðàõîâûõ ñëó÷àåâ.
Â êàæäîì êîíòðàêòå äîïóñêàåòñÿ òîëüêî îäèí ñòðàõîâîé ñëó÷àé, ïîýòîìó èõ
îáùåå ÷èñëî ìîæåò ïðèíèìàòü çíà÷åíèÿ îò 0 äî N . Òîãäà ôóíêöèÿ ðàñïðåäå-
ëåíèÿ äëÿ ñóììû âñåõ âûïëàò ñòðàõîâùèêà áóäåò:

G(x) = P (Y < x) =
N∑

n=1

[
P (Q = n) · P

(
n∑

i=1

Yi < x

)]
+ P (Q = 0) =

=
N∑

n=1

[
Cn

Npn (1− p)N−n · Fn(x)
]

+ (1− p)N

Çàìåòèì, ÷òî Fn(x) = 1 äëÿ x > n · r, èëè n < x
r , ò.å. n ≤ [

x
r

]
. Òîãäà ôîðìóëó

ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå:

G(x) =
[x/r]∑

n=0

Cn
Npn (1− p)N−n +

N∑

n=[x/r]+1

[
Cn

Npn (1− p)N−n · F [x/r] + 1
n (x)

]
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Òåïåðü ïîñìîòðèì, êàêîå ÷èñëî ñëàãàåìûõ äîñòàòî÷íî, äëÿ âû÷èñëåíèÿ ôóíê-
öèè ðàñïðåäåëåíèÿ ñ çàäàííîé òî÷íîñòüþ ε. Îáîðâåì ñóììó íà íåêîòîðîì ñëà-
ãàåìîì m è îöåíèì îñòàòîê ñóììû Rm. Äëÿ ïåðâîé ñóììû èìååì:

Rm =
[x/r]∑

n=m+1

Cn
Npn (1− p)N−n <

∞∑

n=m+1

Cn
Npn (1− p)N−n

Äëÿ âòîðîé ñóììû:

Rm =
N∑

n=m+1

Cn
Npn (1− p)N−n · F [x/r] + 1

n (x) <
∞∑

n=m+1

Cn
Npn (1− p)N−n

Òàêèì îáðàçîì, îöåíêà ñâåðõó íà îñòàòîê îäèíàêîâà äëÿ îáåèõ ñóìì; ðàññìîò-
ðèì åå:

∞∑

n=m+1

Cn
Npn (1− p)N−n =

= (1− p)N ·
∞∑

n=m+1

[(
p

1− p

)n

· N · (N − 1) · ... · (N − n + 1)
n!

]
<

< (1− p)N ·
∞∑

n=m+1

[(
p

1− p

)n

· N ·N · ... ·N
n!

]
= (1− p)N ·

∞∑

n=m+1

[(
Np

1− p

)n

· 1
n!

]

Ââåäåì ñëåäóþùåå îáîçíà÷åíèå:

ν =
Np

1− p

Òîãäà:

Rm < (1− p)N ·
[

νm+1

(m + 1)!
+

νm+2

(m + 2)!
+ ...

]
=

= (1− p)N · νm+1

(m + 1)!
·
[
1 +

ν

m + 2
+

ν2

(m + 2) (m + 3)
+ ...

]

Rm < (1− p)N · νm+1

(m + 1)!
·
[
1 +

ν

m
+

(
ν

m

)2

+ ...

]

Â êâàäðàòíûõ ñêîáêàõ íàõîäèòñÿ áåñêîíå÷íûé ãåîìåòðè÷åñêèé ðÿä, è îí ñõî-
äèòñÿ, åñëè çíàìåíàòåëü ìåíüøå åäèíèöû, ò.å. ν

m < 1 ⇒ m > ν. Ïðè òàêîì
óñëîâèè, ïîëüçóÿñü ôîðìóëîé ñóììû áåñêîíå÷íîé ãåîìåòðè÷åñêîé ïðîãðåññèè,
èìååì:

Rm < (1− p)N · νm+1

(m + 1)!
· 1
1− ν

m

= (1− p)N · m

m− ν
· νm+1

(m + 1)!
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Òàêèì îáðàçîì, äëÿ îáåñïå÷åíèÿ òî÷íîñòè ε îáå ñóììû äîñòàòî÷íî ñ÷èòàòü äî
n = m, ãäå m óäîâëåòâîðÿåò ñëåäóþùèì íåðàâåíñòâàì:

{
m > ν = Np

1−p

(1− p)N · m
m−ν · νm+1

(m+1)! < ε

Ñëåäóþùèå ïðèìåðû äåìîíñòðèðóþò ýòî íàãëÿäíî:

1) N = 1000, p = 0.01
m = 20 ⇒ ε = 0.002
m = 30 ⇒ ε = 10−7

Òî åñòü ñóììû äîñòàòî÷íî ñ÷èòàòü äî 30-ãî ñëàãàåìîãî âìåñòî 1000-ãî. Ýòî
îáåñïå÷èò òî÷íîñòü 10−7.

2) N = 2000, p = 0.01
m = 40 ⇒ ε = 0.00003
m = 50 ⇒ ε = 10−8

Òàêèì îáðàçîì, çäåñü äîñòàòî÷íî âû÷èñëèòü ñóììó 50 ñëàãàåìûõ âìåñòî 2000.
Òî÷íîñòü ñîñòàâèò 10−8.

4 Òî÷íàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ â ìîäåëè
êîëëåêòèâíûõ ðèñêîâ

Ñîãëàñíî ìîäåëè êîëëåêòèâíûõ ðèñêîâ íà êîðîòêîì èíòåðâàëå âðåìåíè ÷èñ-
ëî ñòðàõîâûõ ñëó÷àåâ Q èìååò ïóàññîíîâñêîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ
(ñðåäíåå ÷èñëî ñòðàõîâûõ ñëó÷àåâ çà ãîä), è âåðîÿòíîñòü Q = n áóäåò:

P (Q = n) =
λn

n!
e−λ

Òàê æå êàê è â ìîäåëè èíäèâèäóàëüíûõ ðèñêîâ ôóíêöèÿ ðàñïðåäåëåíèÿ ñóì-
ìàðíûõ âûïëàò ïî âñåì ñòðàõîâûì ñëó÷àÿì, èëè âåðîÿòíîñòü òîãî, ÷òî âû-
ïëàòû íå ïðåâçîéäóò çíà÷åíèå x, ñêëàäûâàåòñÿ èç ôóíêöèé ðàñïðåäåëåíèÿ
äëÿ êàæäîãî çíà÷åíèÿ ÷èñëà ñòðàõîâûõ ñëó÷àåâ Q îò íóëÿ äî áåñêîíå÷íîñòè,
óìíîæåííûõ ãà ñîîòâåòñòâóþùèå âåðîÿòíîñòè P (Q = n):

G(x) = P (Y < x) =
∞∑

n=0

P (Q = n) · Fn(x) =
∞∑

n=0

λn

n!
e−λ · Fn(x)
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Ýòà ñóììà ðàçáèâàåòñÿ íà äâå, òàê êàê Fn(x) = 1 ïðè x > n · r, ò.å. n ≤ [x/r]:

G(x) =
[x/r]∑

n=0

λn

n!
e−λ +

∞∑

n=[x/r]+1

λn

n!
e−λ · Fn(x)

Ñíîâà, åñëè îáîðâàòü ýòè ñóììû íà m-ì ñëàãàåìîì, òî îñòàòêè Rm ìîæíî
îöåíèòü ñëåäóþùèì çíà÷åíèåì:

Rm ≤
∞∑

n=m+1

λn

n!
e−λ = e−λ ·

[
λm+1

(m + 1)!
+

λm+2

(m + 2)!
+ ...

]
=

= e−λ · λm+1

(m + 1)!
·
[
1 +

λ

m + 2
+

λ2

(m + 2) (m + 3)
+ ...

]

Rm < e−λ · λm+1

(m + 1)!
·
[
1 +

λ

m
+

(
λ

m

)2

+ ...

]

Íàëîæèì óñëîâèå ñõîäèìîñòè íà çíàìåíàòåëü ýòîé ãåîìåòðè÷åñêîé ïðîãðåññèè:
λ

m
< 1 ⇒ m > λ

Òîãäà, ïîëüçóÿñü ôîðìóëîé ñóììû áåñêîíå÷íîãî ãåîìåòðè÷åñêîãî ðÿäà, ïîëó-
÷èì:

Rm < e−λ · λm+1

(m + 1)!
· 1
1− λ

m

= e−λ · λm+1

(m + 1)!
· m

m− λ

Ïîòðåáîâàâ âûïîëíåíèå ñëåäóþùèõ íåðàâåíñòâ íà m:
{

m > λ

e−λ · λm+1

(m+1)! · m
m−λ < ε

,

ìû íàéäåì êîëè÷åñòâî ñëàãàåìûõ m, êîòîðîå äîñòàòî÷íî, ÷òîáû ïîëó÷èòü çíà-
÷åíèå ñóììû ñ òî÷íîñòüþ ε. Íàïðèìåð:

1) λ = 1
m = 10 ⇒ ε = 10−8

2) λ = 10
m = 20 ⇒ ε = 0.001
m = 40 ⇒ ε = 10−13

3) λ = 20
m = 30 ⇒ ε = 0.01
m = 50 ⇒ ε = 10−9

Òàêèì îáðàçîì, äëÿ âû÷èñëåíèÿ äàííîé áåñêîíå÷íîé ñóììû äîñòàòî÷íî ïî-
ñ÷èòàòü ëèøü íåáîëüøîå ÷èñëî ñëàãàåìûõ.
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