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B pabore paccmarpuBaercs 3ajiada OMpeIe/eHNsT PACIPEIETIEHUs CYMMapPHBIX
CTPaXOBBIX BBIILIAT TPUA EPECTPAXOBAHNN WHINBUIYAJBHBIX PHCKOB B CJIyYae PaB-
HOMEDPHOI0 pacIipejiesieHus yiepda 1Mo KaxKJ0My cTpaxoBoMy ciydaro. OCHOBHBIM
pe3yabTaTOM PAbOTHI ABJISETCH AHATUTHYECKOE BhIpaXKenne (DyHKIMHU pacipeesie-
HUsl CyMMapHbBIX BbIILIAT. [lojiyuennbrit pesyaprar Mox)eT OBITh UCIOJIB30BAH JIJIsd
OIIEHKN TOYHOCTU OMPEIEICHUsI ONTUMAJIbHOIO YPOBHS COOCTBEHHOIO YIEPKAHUS
Ha OCHOBE HOPMAaJILHON alllPOKCUMAIIUHU.

We consider a problem of finding of probability distribution for total insurance
payments when excess-of-loss reinsurance is used. The problem is considered in the
case when losses in each insured accident have uniform distribution. The main result
is analytical expression of probability distribution function for total payments. This
result can be used to estimate a precision of optimal retention limit calculation
based on normal approximation.

1 Bsenenne

ITepecTpaxoBaHne — 3TO CIIEMAATBLHBIN MEXAHU3M TTEPEPACTIPETIETEHNST PUCKOB MEK-
Ay CTPaxOBIIUKOM U II€PECTPAXOBOYHON KOMIIAHUEH, UCIOIb3yeMbINA JJId IIOBBIIIIE-
HUsT HaJIeXKHOCTH crpaxoBmmka [1], [3]. s pacmpeesennst pucKOB yCTaHABIIH-
BAETCH TAaK HA3BIBAEMBII YPOBEHL COOCTBEHHOTO YAEPXKAHULA T: yIep0d, HE MPEBbI-
MIATOIIHI 3TOT YPOBEHB, Oeper Ha cebs caM CTPaXOBINHK, a BCE OCTATHHOE OTLIa-
9UBAeT TEPeCcTPaxOoBOYHAsa KoMmmanwgd. [lepecTpaxoBaHne WHOAWBUIYAJIHHBIX PHC-
KOB (excess-of-loss reinsurance) — 510 0cOOBIH THII TIEPECTPAXOBAHUS, TPU KOTOPOM
yImepb 1o KaxkJA0My CTPAXOBOMY CJIYYA0 JIEJTUTCS MEXKIY CTPAXOBIIUKOM U TIepe-
CTPAXOBOYHON KOMIAHMWEH COrTACHO YCTAHOBJICHHOTO YPOBHSI COOCTBEHHOTO Vep-
x)anug 7. B apyrom BapuanTe nepecrpaxoBanus (stop-loss reinsurance) yposeHb
COOCTBEHHOTO yIepZKAHUs YCTAHABINBACTCS [T CYyMMAaPHOTO yIepOa 1Mo BCeM CTpa-
XOBBIM KOHTpakTaM. lIpefcTaBiaser uHTepec 3a7a4ua ONPEAeIeHUs ONTUMAIbHOTO
YPOBHs COBCTBEHHOTO yzep:Kanusi [1|, T.e. Takoro ypoBHsi, IpU KOTOPOM HaJIekK-
HOCTH KOMITAHWH CTPAXOBIINKA MaKCHMaJbHA. Pernenne 9Toi 3a7a9u 3aBUCAT OT
pacopenesennsa CyMMapPHBIX BBITIJIAT CTPAXOBIINKA ITO KOHTPaKTaM HEPECTPaXOoBa-
ausi. B [4] paccmoTpen MeTon ompejiesieHrsi ONTHMAJIBHOTO YPOBHST COOCTBEHHOTO



yIepXKaHus HA OCHOBE HOPMAJILHON ANMPOKCUMAINN PACIPEICICHNT CYMMAaPHBIX
peiiaT. C Jpyroit CTOPOHBI MHTEPECHBI CJIyYau, B KOTOPHIX BO3MOXKHO TOUYHOE
OTIpeIeJIEHIE OMITUMAJBHOTO YPOBHS COOCTBEHHOIO YAEP KAHUA. JTO COOTBETCTBYET
CUTYyallUK, B KOTOPOU y/JaeTcsd HAWTH TOYHOE paCIpe/iesieHie CYMMapPHBIX BBIILJIAT
CTPAXOBIIMKA 110 KOHTPAKTaM IIepecTpaxoBanus. B Hacrosieilt pabore paccMarpu-
BAETCs 3424 OMPEIEIeHNS PACIPEIETEHNS CyMMAPHBIX BBILIAT MPHU TepecTpa-
XOBAHUU WHIUBUIYAIBHBIX PUCKOB B CIyYae PABHOMEPHOTO PACIIPEIEICHUS YIep-
6a Mo KaxkJIOMy cTpaxoBoMmy ciaydain. OCHOBHBIM Pe3YIbTATOM PAbOTHI SIBJISIETCS
AHAJTUTUYECKOE BhIpakeHue (byHKIIUK pacrpeieieHus CyMMapHbiX BuILatT. [lojry-
YEHHBIN PE3YIbTAT MOXKET ObITh MCIOIB30BAH IS OMEHKW TOYHOCTH OMNPEIE/ICHUST
OTNITUMAJIBLHOTO YPOBHSI COOCTBEHHOTO YIEP2KAHUS Ha OCHOBE HOPMAJIBHOM AIIPOK-
CAMAITNHN.

[IycTe yiiepb B -M CTPaxOBOM CJIyvae OMUCHIBACTCH CIydaiiHol Beaudnnoi X
¢ dyukumeii pacnpenenennst F'(x), Torga npu BRIOPAHHOM yPOBHE COOCTBEHHOTO
yJIEepXKAHUS T ClAydaliHas BeJWYUHA BBIILJIAT CTPAXOBINUKA Y; WMEET CJIEIYIOIIEE
BbIPAXKEHUE:

X, ecm X; <r

Y; =
! r, ecmm X; >

Pacnpenenenne Y; SBAsIeTCS CMEITaHHBIM PACIIPEIEIEHUEM, ¥ KOTOPOTO (DYHKITHS
pacrpejeeHus MMeeT Pa3pbiB B TOUKE 7'
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Hanuuue paspblBa 3HAYNTEILHO YCI0XKHSIET BbIUMCIEHUE PACIPEIe/eHUs CyM-
MBI HE3ABUCHMBIX CAydaiiHbiX BenmauH Y;. CTaHZapTHBIE BBIYUCIUTENBLHBIE AJIr0-
pUTMbI THIIA Hpeodpasosanud Pypbe UMEOT 3HAYUTENbLHYIO IIOIPEIIHOCTh, CBs-
3aHHYIO C OABIEHUEM JenbTa-pyHKuii. B akTyapHOil uTepaType n3BeCTeH OJUH
CTI0CO0 BBHIYMCICHUS (PYHKIMU PACTIPEIETCHIS CYMMBI CTPAXOBBIX BBIILIAT IIPH Ha-
JIMYMK TIepecTpaxoBanusi. 1o pekyppentHas dbopmyaa Ileitnxepa [6]. Popmyna
Ileitzkepa EMeeT CyIIeCTBEHHOE OrpaHHYeHHe — paclpeieseHne yiepba JOIKHO



OBITH TUCKPETHBIM. B HAIeM C/Iy9ae Mbl PACCMATPUBAEM HEIIPEPBIBHOE PACIpee-
JICHHE.

2 PaBaomMmepHoe pacmpejejieHnie ¢ pa3pbIBOM

0.5

PaccmoTpum pacipesiesienne, aHajOTMIHOE paBHOMEepHOMY Ha orpeske [0, 1],
HO HMEIOIIee pa3phlB B HEKOTOPOI TOUKe 7'

0, ecim x <0
Fz)=¢ z, eciu 0<z<r
1, ecom = >r

Ob6o3HauuM DYHKIIUIO PACIIPEIETEHU CYMMBI U3 N TAKUX CJAYyJallHBIX BEJUIHH 34
F,(x):
Spn=X1+Xo+ ...+ X,

Sp ~ Fy(x)

Byznem uckars obryio dopmymny ast Fy,(x).
Ormvernwm, uro juist caydas r = 1, ¢popmyna ussecrHa [9):

Foz) ==Y (-1)'Ci(z—4)", ze€lk—1,k, k=12.,n



2.1 Pexyppeuntnaa ¢popmyia

BepositHocTh Kakoro-aubo cobwbirus E Gygem o6o3nauars kak P(F). Torga o onpe-
nenernio dyuxim pacnpegenenns: F(x) = P(X < z). Cymva n+1 n nearaembix
X; n ux QYHKIMYN PACTIPEIE/IEHUsT CBSI3aHbI CJEIYIONUM 06pa3oM:

Snt1 = Sn + Xnt1
Fri1(x) =P(Spt1 <) =P(Sp+ Xpt1 <z) =P(S, <z — Xp41)
Sp ~ Fu(s) =P(S, < s)
X1~ F(t) =P(Xpq1 <)

3 5TUX COOTHOIIEHMIT MOYKHO MOJIYIUTh PEKYPPeHTHYIO0 (hopmyay Fyy1(x) wepes
F,.(z). @yuxuus pacupeenenus F(x) umeer paspbis B TOUKE T, M0TOMY CHAYA/LA
OTIPEJIESTMMCS, KaK 9TO OTpaykaercs Ha nosenennun F, (x).

2.1.1 Touka pa3pbiBa

Tax Kak [JIOTHOCTH PACHpE/IeJIeHUs — 3TO IIPOU3BO/IHAA OT (DYHKITMU pacipeieie-
HHUS, TO:

I

0, ecm t<0,t>r
f(t>_{ 1, eemm 0<t<r

u f(t) ve onpemesnena npu t = r, Tak Kak B 9T0# ToUYKe DyHKIMs pacIpe/ie/eHust
nMeeT pa3pbiB. Takum 06pasom, X; MOTYT MPUHUMATH 3HAYEHUS TOJTBKO 3 OTPE3Ka,
[0, 7], Tak xak P(X; < 0) = P(X; > r) = 0. losromy S,, = X1+ ... + X, € [0,n- 7]
u P(S, < 0) =P(S, >n-r)=0. A 3HAYNUT, IJIOTHOCTH PACIPEIEJCHHS CYMMBI
fu(s)=0npu s <0,s>n-r.

BepostaHocTs Toro, urto X; paBHO r OymeT paBHA BeJIHYHHE pa3spbiBa, (DyHKIINH
pacrmpeseeHns B TOUKeE 7

PX;=r)=1-F(r)=1-—r
Tak Kak 7 — 9T0 MAKCUMAJIBHO BO3MOXKHOE 3HAUYEHNE X;, TO:
P(S,=n-1)=PX1+..+Xp=n-r=PX1=r, Xo=r, ..., X, =71)
PS,=n-r)=PXy1=r)-...-P(X,=7)=(1-1r)"

To ecrb dbyHnkiua pacupejgenenusi cymmbl Fy, () umeer paspbiB B TOUKE N - T BEJIN-
gunoit (1 —r)". Takum obpazom, nmeem:

0, et x <0, x>n-r
F,(z) ecm 0 <z <n-r
P(S, <z)= e
(Sn <) 1-1-=r)", ecm z=n-r
1, ecait x >n-r



Tlony4aennnie 3uagerua OyayT UCMOIB30BAHBI HUXKE TIPH TIOTYI€HIN PACIIPEIEICHIST
Sn+1 = Sp + Xn41 Kaxk pacupeneneHnss CYMMBI JIBYX CIyJIafiHBIX BEJWUHH.

2.1.2 Pacupenenenne CyMMBI

Kak yxe 6b1710 ckazano Beimie, pactnpenenenue Fy, 1 (x) npeacrasasier coboit ce-
JYIOIIYIO BEPOATHOCTE:

Fn-}—l(x) = P(Sn <T-— Xn-l—l)

Yrobor ee naiitu, HeOOXOAUMO 3HATH COBMECTHYIO IIOTHOCTH BEPOATHOCTHU JIJIsi BE-
Jmani Sy, 1 Xp41, 2 33aTeM B34Th OT Hee uHTerpaJ o objaacru D : Sy, < x— Xp41.
Crnyuadinble BEJTUYUHBI BeTUIUH Sy, U X, 41 SBIASTIOTCS He3aBUCHMBIMU. [ToaTomy
UX COBMECTHAs TIOTHOCTEH PACTIPEIEIEHNsT PABHA TPOU3BEIEHUIO I0THOCTEH [ (S)
u f(t). OmHako, GyHKINM PACIIPEICTIEHNsT UMEIOT PA3PBIBBL B TOUKAX M - 1" ¥ T° CO-
OTBETCTBEHHO, MO3TOMY 3HAYEHUA S = N - T U t = 7 HEOOXOAMMO PaCcCMaTPUBATH
otaenbHo. PaceMorpum obsiacTh 3HAUEHU TEPEMEHHBIX S U { HA [JIOCKOCTH:

L 3

s=x-t xz{r+r

I

-t mrE=xsin+r

t

F=x—¢ re=xzar
F=x-¢ N=x=2rF
s=x-1t x <0

Ha pucynke rpanmnpsl 06J1aCTH JTOIYCTAMBIX 3HAYCHWI S M ¢ BBIIEICHLI YKHAD-
HeiMu JnausMH. Vckomag BepostHocts Fii1(2) = P(S, < © — X,,41) pasna un-
Terpajy OT COBMECTHOMN INIOTHOCTH PACIPEIENICHAS 110 061aCTH, HAXOAMIIEHCT IO
npamoit s = x — t. Tlo3ToMy U3 PUCYHKa BHJIHO, 9TO:

Froti1(z) =0, ecimz <0

Foti(z) =1, ectuz > (n+ 1)r



Pacriumenm F,11(z) B 06miem corydae, yauTbiBast 0coOObIe 3HAYEHUS S = N-T Wt = T

P(Sp,<z—Xpt1)=PSn<zx—Xpp1 u Sp#n-r u Xy #r)+
+P(Xpy1=r m Sp<x—r m S, #n-r)+
+P(Sp,=n-r u Xy <z—n-r u Xpp1 #7)

+P(Sp=n-r uw Xpy1 =7, ecmnr <zx—r)

P(Sp <z —Xp11) =/ J
Sn < z—Xp41
D: Sn # n-r
Xnt1 #r
+P(Xpqp1=7)-P(Sp <z —71, Sp#n-r)+
+P(Sp=n-r) - P(Xpp1 <z—n-r, Xpq1 #1r)+
+P(Sp, =n-r) - P(Xpy1=7) Pz > (n+1)r)
B nociiennem Boipakerun:

fn(s) - f(t) dsdt+

1, ectuz > (n+1)r
P(m>(n+1)r)—{ 0, wmHaue ( )

Tenephb Bce BEPOATHOCTH PACHOMCAHBI TaK, YTO BMECTO HUX MOYKHO TOJICTABISITD
sHadeHns QYHKINI pacupene/ieHus:

Fo(z fffn f)dsdt + (1 —7r) - Fplx —7)+ (1 —1)"

“F(zx—n-r)+
+(1—7“) (177“) P( > (n+1)r)

Bamerum, uro F,y1(x) = 1, ecim © > (n + 1)r. Kpome toro, ecim © < n -7, 10
F(x—n-r)=0. [lostomy mpu nr < x < (n+ 1)r:

Flx—n-r)=(x—nr)
Plx>(n+1)r)=0

Foir(a /fn F(8)dsdt+ (1 —1) - Fo(x — 1) + (1 — )"

Aapu 0 <z < nr:

(z —nr)

F(a:—n~7‘)=0

> (n+1)r) =0

Foii(x / fu(s)- f(t)dsdt+ (1 —71) - Fy(x — 1)



Ocraercs maiitu waTerpan mo obmactu D. Pacemorpum cragasta cayuaii 0 < o <
nr, KOTOPBIN JIEJINTCS HA J1Ba CJydasi: nepBblii — r < & < nr (cM. pUCYHOK BBIIIIE):

//fn(s)-f(t)dsdt:]dt 7tfn(s)-1ds:]dt 7tfn(s)d5:
D 0 0 0 0

_ / dt- Fo(s)|2~" = [ Fu(e — t)d / F(t)dt
0 0 r—r

/th /F (2 — t)dt = /F

BameTnm Takke, 9To B 3T0M caydae & — r < 0, u nosromy Fy(x —r) = 0, tak urto
BhIpakenue s F,1(x) eme cuibHee yrpormaercs.

B cayaae nr < x < (n + 1)r unrerpan Gyger nmpeactaBaarh coboit cymmy 2
HHTErpaJioB, T.K. ob1actb D pas3buBaercs Ha 2 (CM. TYHKTUPHYO JIUHUIO):

L 3

s=x-t x={r+r

nr

/fn  f(t) dsdt = O/dto/fn( 1ds+/dt/fn ds =

r—nr



r—nr

/dt Fo( /dt Fu( /Fn(m‘)dt+ / Fo(z — t)dt =

r—nr 0 r—nr

= Fy(nr) -t /F S (=) (=) + 7 Fo(t) dt

B pesyabrare monydaem pekyppeHTHYIO HOpMYyIy s (PYHKITUH PACIPEIeIeHus
CYMMBI:

0, ectm x <0

an(t)dt, ecm 0 <z <r
Froii(x) = f F,(t)dt+ (1 —r) - Fp(x —r), ecim 7 <x < nr

f F.()dt+(x—nr)+ (1 —7) - Fy(x—7), ectu nr <z < (n+1)r

1, ecn x > (n+ 1)r

13 s70it hopmysibl BUAHO, 9TO (DYHKIMS COCTOUT M3 HECKOJIbKWX KYCKOB, TAK KaK
Ha PA3HLIX OTPE3KAX MMEET Pa3HbIE BLIPArKEHUSI.

2.1.3 Pacnpegenenue cymMmMbl — KycOUHasd (PYyHKIIUSA
Hokaxkem, uro dyuxus F,(z) na orpeske [0, nr| cocrout u3 n yacreii:

FX(z), ecmm 0<z<r
2 <z<
Fo(z) = Fi(z), ecm r<z<2r

F'(x), ecm (n—1)r <z <nr

n

Hcmonp3yem MeTon mMaTemMaTndeckKol wHAYKNUU. s n = 1 Hae yTBepxXKIeHUE
cupaseyaso, te. Fi(z) = Fl(z) = z npu 0 < x < r. Ilycrs oHO cupaseyiuso
s Fy(x), Torna qokazkem 9To BhIpaskeHue BepHo u ayig Fi, 1 (x). Boconbsyemcs
HaliZleHHO! paHee pekyppeHTHO# dhopmymoit aasg r < x < nr:

Fo(e /F Yt + (1= 1) - Fo(z —r)

o mpemmonoxenwio wayknnn F,(x) cocronr w3 n wacreit F1, ..., F". Tlosronmy
ma KaxjgoMm orpeske [(k — 1)r, kr] (tne k = 2,n) Fy41(z) Gymer umeTs pasznndubie
Beipazkenns. Ecan x € [(k — 1)r, kr], To

x—r € [(k—=2)r, (k—1)r]



Fo(x—r)= Fff*l(az —r)
(k—=1)r

/I F(t)dt = / FF1(0)dt + 7 Fr(t)dt

x—r r—r (k:—l)r

Taxum obpazom, ipu = € [(k — 1)r, kr]:

(k—1)r

(@) = Fra() = [ B0+ [ Fiwde+ (1= F '@ -)
T—r (k—1)r

Ha orpeske [0, 7] pekyppenTHOE COOTHOIIEHUE UMEET BU/I:
T
Fo(z) = / Fo(t)dt
0

Crenosaressro, npu x € [0, r]:

Paccmorpum reneps orpe3ok [nr, (n + 1)r] u peKyppeHTHOe BBIPasKeHUE Ha HEM:

Fhii(x) = / F,(t)dt+ (x—nr)+ (1 —7r) - F,(x —7)

Tak kak x € [nr, (n+ 1)r|, To:
x—r € [(n—1)r nr]

Fo(x—r)=F'(x—r)
/ Fu(t)dt = / F(t)dt

CnenoBarensHo, nMeeM Ha oTpeske T € [nr, (n + 1)r|:

Fppi(z) = (@) = / F(t) dt + (z —nr) + (1= 7) - 'z — 1)

r—T



B pesyabrare mMbr mokaszasm, 9TO (PYHKIMS PACIPENeeHus CyMMbI COCTOWUT M3
HECKOJIbKHUX YacTell U HAIIN PEKYDPPEHTHYI0 POpPMYJy HA 3TU YaCTHU:

T

Fl  (z) = OfFé(t)dt, ectm 0 <z<r

Fia(e) = [ Fy(t)dt+ [ FR(t)dt+ (1 —7) - Fy(z —7),
ecn v <z <2r

(k=1)r T
Fia(z)= [ Fy'(dt+ [ Fit)dt+ (1 -r)-
o ( )_ T—r (k=1)r
) = Flz—7), ecmn (k—1)r <z <kr
(n—1)r

Fia(e)= [ Fpiwdt+ [ Fit)dt+(1—r7)
T—r (n—1)r
Fr iz —7r), ecrm (n—1)r <z <nr
Fifi(e) = [ Fpt)dt + (z—nr)+ (1 -1)

FP(x—r), ecim nr <z < (n+1)r

Jamnag dopmyna Oymer mMCmosb30BaHa, gajee JJid Moay<genud o0teii hopMysib
F,(z), no cuagasia BbIBeJeM BCoMoraTeabuyo dbopmyiry s F'(z).

2.2 BcnomoraresabHast popmysia

CupasemiBa caenyiomast popMyria Ha orpeske [(n — 1)r, nr] nas dyukuuun pac-
peieJIeHnsT CYMMBI 1 BETUYNH, PACIPEIEIEHHBIX PABHOMEDPHO CO CPE3KOIL:

n—i

i ;i (& —nr)

Fi(z)=1-(-1)"-> Ch(r—1)

= (n—1i)!

HokaxkeMm 3Ty dopMyJy 0 METOIY MaTeMaTuydeckoil uHIyKimu. [IpoBepum cupa-
BE/IMBOCTH 1ipu N = 1:

_ ! z—1)°
Ff(u’ﬂ):l—(—l)l-(1-(7«—1)0-(‘%1!)+1.(7~_1)1.(0!)>:

=l4+(x—r+r—-1)==x

Taxum obpaszom, Jijis 7 = 1 COOTHOIIEHUE BLIOJIHAETCH, U OCTAETCH JI0KA3aTh,

YTO U3 cIupaBeTUBoCTH (hopMyIIbl mis F)' cielyeT ee cripaBelIuBOCTD I F,;‘ill

10



Bocnopayemcst pekyppenTHOM 3aBUCUMOCTBIO, HAWASHHON paHee:

Fifi@) = @=nn)+ [ Fr®dt+(1-r)- Fia - 1)
Cunrag crpaBeTnBOi J0Ka3bIBaeMyto qopmyry maig F' nnveem:

n

Fl(z)=1-(-1)"- Y C(r—1)

= (n—1i)!

(x—nr)" "

o 1
Torma Haiijgem ciaaraeMbie BXOIAAIIME B PEKYPPEHTHOE BBIPAXKEHUE JIJIsi ngfl

_7 Fr(t) = _7[ ZCZ (r—1) (t(;ﬁrz; ] dt =

n (t— n+1—1
= [t— (-1)"->_ G (r =1y (t(n—i—1>—z)‘]

r—r

n i it (&= (n+1)r)"
BARR D DA b e s par

—r)-F'x—r —r) 1)t i l+1(x_(”+1)7’)nl
(1=r) Fa—-r=( ZC (=7

JLs cokparennst 06beMa BRIPAXKEHUH BBeIeM CAeAyIolee 0003HaTeHNne:

z — (n+1)r)"

vi= - (n+1—4)!

Tlogcrasias naiiennbie BRIPAXKEHUA B PEKYPPEHTHYIO (DOPMYJTY, IOy IAEM:

Fr?if() (93—nr)+nr—(:n—r)+(1_r n+1 Zcz n+1
n+1 ) |
. Z Cfl—l‘/; =1— n+1 z Cz n+1 TV — ( 1)n+1 ‘ Z C:Z_IV; B

=1 =1

3

— (D Vo = 1= ()Y (G O Vi (D Vo (1) Vo
=1

Yunrwsast pasencrso C + CL71 = CF

" i1, TOTy9aem:

Ffi(z)=1- ()"

l—|
3

i=1

11



) n+1 ]
=1- (_1)n+ ) Z Cryr Vi
i=0

n+1

(x— (n r n+1—12
Fifi) =1~ (-t Y Chaa(r—1) (= (n+ 1))
i=0

(n+1—1)!

Takum 06pa3oM, MBI JOKA3aJM WHIAYKIMOHHBIN MEPEXO, a 3HAYUT, CHOPMYIUPO-
BaHHAas BCIIOMOTaTe bHAA POpPMY/Ia CIpaBeLInBa. lenephb BCe TOTOBO s JT0Ka3a-
TeJABCTBA, 00111elt POPMyJIbI.

2.3 O6maga dpopmya

Teopema. s k-it wactu (nya © € [(k — 1)r, kr]) dysxiumu pacnpenesenust cym-
MBI 1 CAy9aliHBIX BEJMYMH, UMEIOIUX paBHOMepHOoe pacupezesenue ua [0, 1] co
CPE3KOH B TOYKE T, CIIPABEJJIMBA, CJEYIOIast 001ast (popmysias

koo = CaNi i : J (1)) M
Fy(w)=>_ |(-1)'Cr Y _Cl(r—1) =
i=0 =0 (n=3)!

JokazaresnbcrBo. CHOBa /Jisi cOKpainenusi (hpopMy/1 BBeJIeM ceayoime 0bo3Ha-
YEeHUAd:

j (z —ir)" It

Vij(x)=(r—1) m
R - (w — i)
i\r) = |— ¢ j r— J= 7
i) = (0 3 O =1 ey

JokazarenbcTBO pa3obbeM Ha HECKOJIBKO 3TAIloB.

2.3.1 JokazaTeiabCTBO AJid N-ii 4acTu (pyHKIUU pacipeaeieHns

Cuauana jnokaxem dopmyry jis k = n, re. gaus F)'(x) (3o nanbosee cioxHbIi
crydaii), CHOBA UCIIOIB3Ysl METO/] MATEMaTHIeCKo HHAyKIun. IIpoBepnM cripase/-
JUBOCTH jjisi n = 1:

Fll(x):(—1)0~1-1~(r—1)0~x—l:x

1!
Cunrag dopmyny Beproit maa F)', mokaxkem ee CIpaBeInBOCTD JIJIsT ng_‘ll Nraxk,
MU3BECTHO:
n—1 ] ) 7 ) ) (x o Z-r)nfj
Fi@) = % () Gy ¢ =1y
i=0 =0 (n—Jj)!
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Kpowme Toro, nssecrua BcriomoraresbHasi popmysia:

n

Fi(e)=1-(-1)"-> Cy(r—1)

= (n—1)!

i (z— nr)"fi

ITpupaBauBasg MpaBble 9aCTH ITUX BBIPAKEHM, NPUXOUM K paBeHCTBY (*):

n—1 R (z— z’r)"_j
1\ e J r— J
D [( R O e I
+(-n)"Cyy 2 Cl (r—1y (m(; Z))' =1

Onarh A7 T0KA3TETHCTBA UH/IYKITMOHHOT'O IIEPEX0/1a UCIIOJIb3yeM PEKYPPEHT-
HO€ COOTHOITIEHNE:

FH(z) = (x — nr) + / Fr(t)dt + (1 —r) - Fx — 1)

X
Ipepcrasum (x — nr) B Buge | 1 dt u 3amenum ejuHuIly Ha Bhipaxkenue (*):
nr

(x —nr) = / [zn: ((-Ui C’EL ZZ: Cij (r— 1)j 7@ — ir)n_j)} dt
§=0

o i=0 (TL - ])'

T
n

_ i N (¢ =)™
(x —nr) = Z ((—1) anz%Ci (r—1) W)

1=0

(x —nr) = Z C;Ui(x) — Z C;Ui(m“)
i=0 i=0

Ilop3ysacek mpeanosoKkeneM WHAYKIUN g F' 3anuiem BTopoe ciaraeMoe pe-
KYPPEHTHOH (HOpMyJIhI:

n—jtl nr
(t —ir)

nr n—1 o . :
/ GCLEDY [<—1> G2 G Ty

xr—r
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|
—

n—1 n

=Y CuUi(nr) = [(—1)1' Cy > CiVig, j(x)]

i=0 §=0

N
I
o

W, makownerr, rnmocjaeHee cjaaraeMoe:

n—1 . n—j
Lr)"™
1—r)-F(x—r YRy (r ]H( (Z+‘ =
() B =% [ z T
n—1 i+1 . n—j+1
. . - . _ + 1),,a) J
— - e e ARt il Gt -
Y |- Sy
(L—r) - F(z—r)=— (—=1)'C Y CI T Wi (2)
i=0 j=1
B pesynvrare:
n n n—1
= i=0 i=0
n—1 — ) _7j+1 -
=D |-t CZZC Vi1, j(@ Z —1)'C Y O Viga, ()
=0 3=0 =0 J=1

n ) n-1
Bamerum, aro Uy (nr) = 0 u, creposarensto, y. CLUi(nr) = Y. CLU;(nr):
i=0

=0
Fri(a) =Y Ciui(z) = Y |[(-1)'Ci > Cijvi—i-l,j(x)] -
i=0 i=0 §=0
n—1 o i+1 ]
=3 DY Vi () | =
i=0 Jj=1
n ] n—1 ] ] 7 ) i+1 )
=3 CoU(x) = 3 (=1 Cl- [ D ClViga (@) + 3 CT 7 Vi () | | =
=0 =0 3=0 j=1
ZCZU( )—
=0
n—1 )
(-1'C ZC Vig, (@ Z ~ Vi, (@) + Vi o(0) + Vigr i () | | =
1=0 j=1 j=1
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= Z C’;Uz(:):)—
i=0

j=1

[(—1)i C, - (i (€Y +CI71) Vi 5(@) + Vi, o(@) + V2+1,z‘+1(1‘))]

J J=1 _ .
Tax xax Cj + C; = Cj, 4, To:

(@) = Y Ciuie) -

<. 3
Il |
o =

f—|

(Z L Vi1, (@) + Cq Vit 0(x) + O Vig g (2 ))} =

=> ¢, SoEDCL Y Gl Vi) | =D ChUi(x) -
i=0 =0 | j=0 i=0

DN (G Ve Z ClVi, i)

i=1 j=0

=> CilUi(x) +
i=0

=1

it (=)' Ol (=)
=0

:Uo(x)+§n:m +ZC’ i(z) = Uo(x)+z(cg+c;—1) Uj(z) =
=1 =1 =1

n n

= CpUo(2) + ) Chyy U Z 4 Uiz

i=1

S () O Y 1y )

i=0 =0 (n—j+1)!

n—j+1

Ilonyannu Tpebyemoe BBIpaXKeHue JJist Fnj:l, a BHAUUT, 10 UHIYKIUU (HOPMYJIa

cripaBemmBa g jaroboro n. Urak, obmas dhopMyia moKaz3aHa Ijid YaCTHOTO CIIy-
qas k = n. PaccMoTpuM elre onH YacTHLIH ciydaii — k = 1, Tak KaK PeKyPCUBHOE

cooTHOITeRKE MMeeT ocobbIil Bl He TobKo s F (2), no n pyia EL 4 (2).
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2.3.2 JlokazaTeJbCTBO JJis TEePBOil YacTu (PYHKINHU paciipeaeie-

HUS
Cayuait k = 1 — cambiii mpocroit, u ¢opMmy/ia, KOTOPYH HEOOXOIMMO JOKa3aTh,
JTOCTATOYHO TPOCTA:
xn
Fl =
n!

Jlasa n = 1 s1a dhopmysia BHITTOTHIETCS:

Fl =z

T

Cunras dbopmyny BepHOH aymsa F)l, mokarxkeM, 9To OHa cIpaBeiinBa m s F. 1

HACTIOB3Y4d PEKYPPEHTHOE COOTHOITIEHHE:
7571—&-1 n+1

(n+1)!

(n+1)!

0

x x
tn
Fr = /Fg(t)dt = [ dt=
0 0

Takum obpazom, 6a3a HHIYKIINE 1 UHAYKTUBHBIN I€peX0/] BHIIOIHIIOTC, 8 SHAYINT,
dopmysa nokazana. Ocraercs TOJBKO HOKa3aTh o0mwmit caydait k = 2,3, ...,n — 1.

2.3.3 OOwmwmit ciryuait

Hmsa k=2,3,...,n — 1 6ymem m0Ka3bIBaTh 0011yi0 OPMYIYy HHIYKIHEH 1m0 n. 3a-
mernm, aro F)(x) mveer posro n wacreit na orpeske [0, nr], u 3uaunT, B OOmIEH
dopmyre n > k. Torma 6a3a muayknnu — n = 2, a 3Hagut, k = 1, 2. Qopmyna
nis Fy moamanaer mog goxazarenscrso B maparpade 2.3.2. Jlokazareancrso s
TnepBoit YacTH bYHKITHE pacipeeaents, a popMya s Fy — M0 10Ka3aTelbCTBO
B naparpade 2.3.1. JlokazareabcTBo s N-it yactu GyHknuu pacupeaenenns. Te-
neps, cuuras, aro dopMmysa BepHa aa Beex FIFY (n > 2) mpum k = 1,2,3,...,n,
JIOKaXKeM ee /i BCeX FffH npu k=2,3,...,n—1 (cayuan k =1u k=n+1 yxe
OblIM JoKa3aHb! BbIe). rak, nmeem:

k—1

(z —ir)"7

(-1 cid cd(r—1y e

§=0

F}(x)

-
Il
o

PN~ i i L oy - ir)"
Fyit@) =) [(-1)'CLY_Cf (r—1) e
i=0 =0 (n—j)!

s noxazatenbersa (opmystsl FF | Henonb3yeM peKyppeHTHOe COOTHOTIEHHe:
(k—1)r .
P (2) = / FR1(8)dt + / Fr@)dt+ (1 —r) - F (@ — )
P (k= 1)r
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Brinumiem kaxkmoe w3 caaraeMbix, UCIOIb3Ys (DOPMYJIBI JIIsT ij u Fff_l, BepHbIE
[I0 TPEeInoaoKennio nHaAyknnn. CHOBa B IEIIX COKDAINEHHs BBIParKeHNil Oymem
LPUMEHSTH BBejeHuble panee oboszuadenus Vi j(z) u Us(z).

(k=1)r
/ Fk 1
k-2
= Z CLU; ((k—
=0

/F’“ t)dt = ZC’

k—2

-2 (=

=0

1—r)FEFYz—r) =

k72

z:O

-3

ZC’

T
[N}

s
I
o

_Zcz

) Ci, Zcﬂ

i+1

C’ZC

(k— 1)r

~1)'CL N Vg, j(2)

=0
k=1
- _CU; ((k—1)r)
i=0
1)+ (- (@+1)r)"
(n—j)
Vz+1 i

Bameuas, uto Ug_1 ((k — 1)r) = 0, a cregosarenbHo,

k—1 ) k—2 )
> CLU ((k — = CLU; ((k—1)r),
i=0 i=0
HOﬂyqaeM II0CJIE CJIOZKEHUAd:
k=2 i k=1
Fig(@) ==Y (-1)'C, Y ClVig j(x) + > CLU(x)—
i=0 §=0 i=0
k—2 it L
— (DO T Wi (@) == ZC’
i=0 j=1
k=2 R N i
=S (D'CL D ClWVigr, (@) + D CI Vi, (@) 4 Vigr,o(@) 4+ Vign i (z) | =
i=0 j=1 j=1
k—2 o [ A -
= Z Crli()=>_ (=)' Ci | 3 (€7 + CI7Y) Vi 5(@) + Virr,o(@) + Vi i ()
i=0 j=1
k—2 o 7
= Z CUi(z)=)_ (-1)'C;, Z CL 1 Vigr, j(2) + O Visr,o(2) + O Vi, 141 ()
1=0
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k=2 . . i+l .
= ZCZ = (-1)'Cy Y CL Vi j(a) =
i=0 =0
k=1 k-1
=Y CUi( Z C”ZCJVH () =
i=0 =0

k—1 k—1 _
= S CiU) + Y UL () + Ug(a Z( +Ci7Y) Ui(a) + Un() =
i=1 =1

i=1
k=1
= ZC%HUi(x) +1U0 ch+1U

i=1

k—1 n+l—j
i B B (:c —ir)
Fn+1(x)_§ +1ZC (n+1—3)!

Iloxyuus Tpebyemyio dopMymLy, Mbl HOKA3aal WHIYKIIMOHHBIN IIepeXo, a 3HAYUT,
u BCIO GOPMYITy Js Beex N u k.

3 Tounas dyHKIUga pacnpejesieHAs B MOJEJN
VHINBU/LYAJbHBIX PUCKOB

B Mojenu uHIuBUAYAJIBHBIX PUCKOB YUCJIO CTPAXOBLIX KOHTPAKTOB (PUKCHPOBAHO
- N, a KOJIMYIECTBO BBIIJIAT 3aBUCUT OT 9UC/Ia IIPOU30IMICAIINX CTPAXOBbBIX CJIY41aeB.
B kaxx/10M KOHTPaKTe JIOMYyCKAETCs TOJBKO OJIMH CTPAXOBOW Ciydail, o3ToMy Mx
ob1miee TuCI0 MOXKeT mpuHUMaTh 3uadenud ot 0 o N. Torma dbyukius pacupeme-
JIEHWAd JJid CYMMBI BCEX BBITIJIAT CTPAXOBIIIUKA 6yﬂeT:

N n
G(:J:)—P(Y<x)—z[P(Q_n).P<ZY;<x> P(Q=0)=
i=1

n=1

N
=S [CRpm(1=p)N " Fu@)] + (1-p)Y
n=1

Bamernm, uro F(z) =1 g > n-r, wmn < Z, ne. n < [2]. Torna dbopmyiry
MOYKHO TIEPETTUCATH B CIEAYIONEM BU/IE:

/7] N
D=3 Chp"a-pNT Y [CRt (= p)N T B ()]
n=0 n=[z/r]+1
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Teneps TOCMOTPUM, KAKOE YHUCJIO CJAATAEMbBIX JOCTATOYHO, JIJId BLIYUCICHUS (DYHK-
U paclpejiesieHnsi ¢ 3aJ[aHHO TOYHOCTBIO £. O6OpBEM CYMMY Ha HEKOTOPOM CJIa-
raeMoM 1M ¥ OIEHWM OCTATOK CyMMbI [,. Jljaa mepBoit cymMbl nmeem:

[z/7]

0

N* N—

= Y Crp"(1-p)" "< Y CRp"(1-p) "

n=m+1 n=m+1
JList BTOPO#t CyMMBI:
N
Z C}{fpn(l— )N n F[a:/r +1 Z C ) —n
n=m+1 n=m-+1

Taxum 06pazom, OlleHKa CBEPXY HA OCTATOK OJIMHAKOBA JJIs 00EUX CYyMM; PacCMOT-

S CRpt(1-p)V " =

pum ee:

n=m+1
> " N-(N—-1)-...-(N — 1
N [ gE ECERISHLETTE B
n=m-+1 p n:
o0 n o0 n
<(1=-p)™- > (1_ ) : o }—(1—19) - (1_ "
n=m+1 p ’ n=m+1 p '
Bsenem cremytomee obozuadenne:
l/zin
l-p
Torma:
Vm—i—l Vm+2
R 1-p)V. =
m < (1=p) (m+1)!+(m+2)!+]
m+1 v V2
—1-pN — |1+ + +
(L=p)" 5 m+2 ' (m+2)(m+3)
m—+1 v v 2
1 N 1+ = —
B < (1=p) (m+1)! +m+<m> *

B xBagparabix ckobKax HaXOANTCS DECKOHEUHBIM TeOMETPUIECKU PSI, W OH CXO-
JWTCS, €CIN 3HAMEHATEIb MeHBIe eIUHuIb, T.e. — < 1 = m > v. IIpn Takom
YCJIOBUH, MOJIB3YSICH (POPMYIOH CyMMbI OECKOHEUHON reOMeTPUIECKOi TTPOTPECChH,
AMeeM:

ym+l 1

B < U=p) gy oz = 000 0 )




Takum obpazom, st obecrnederHns TOIHOCTH € 00€ CYMMbI JOCTATOYHO CIUTATDH 0
n = m, IJe M yIOBJETBOPSET CACIYIOMNM HEPABEHCTBAM:

_ N
{m>u;1_p »
=27 7% Gy <€

Crenyromire TpUMEPHI IEMOHCTPUPYIOT 9TO HAIJIAJIHO:

1) N =1000, p=0.01
m=20 = &=0.002
m=30 = =10""

To ecTb CyMMBI IOCTATOYHO cuuTaTh 0 30-ro caaraemoro Bmecro 1000-ro. DTo
obecreant TounocTs 1077,

2) N = 2000, p=0.01
m =40 = & =0.00003
m=50 = =108

Taxwnm o6pazom, 371eCh JOCTATOYHO BBIYUCIUTH cyMMy 50 ciaraembix BMecto 2000.
TounocTs cocrasur 1078,

4 Tounasg pyHKOHSA pacupegejeHusds B MO/IeJIn
KOJIJIEKTUBHBIX PUCKOB

CorytacHo MoJie/in KOJIJIEKTUBHBIX PUCKOB Ha KOPOTKOM HHTEpPBAJIe BPEMEHH YUC-
JIO CTPAXOBBIX CJYYaeB () MMEEeT TMYaCCOHOBCKOE PaCIpeJIeeHne ¢ MapaMeTpoM A
(cpeiEee 9MCI0 CTPAXOBBIX CIy9aeB 3a TOJl), U BEPOATHOCTHL () = n Oymer:

Tak ke Kak ¥ B MOJE/IM MHIMBHIYAIbHBIX PUCKOB (DYHKIMs PACIPeeeHusl CyM-
MApHBIX BBIIUIAT II0 BCEM CTPAXOBBIM CJIydasiM, WM BEPOSTHOCTH TOTO, UTO BBI-
[JIAThl HE [PeB30MIyT 3HAUYeHWe T, CKiajblBaercs u3 QYHKIUI pactipe/eeHust
JUTS KazK/JJ0T0 3HAYEHUs UNCJIa CTPAXOBBIX CIydaeB () OT Hy/IdA 10 GECKOHETHOCTH,
YMHOXKEHHBIX I'd COOTBeTCTBYOImMe Bepostaoct P (Q = n):

Gz)=P(Y <2x)= ZP(Q =n)- Fy(z) = Z %6_’\ - F(x)
n=0 n=0 """
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Dra cymma pazbupaercst Ha jgBe, Tak Kak () =1 opu x >n-r, re. n < [z/r]:

[z/7] A" N 0 A7 N
G(HZ’) = Z ﬁe_ + Z We_ . Fn(.’L')
n=0 """ n=[z/r]+1

CHoBa, ecsim 000pBaTh 9TU CyMMBI HA M-M CJAraeMoM, TO OCTaTKu R, MOXKHO

OIIEHUTH CJIEIYIONTNM 3HAYEHUEM:

R < i )\7717)\_ N )\m-‘rl N )\m+2 N
m= Al T ) mr2)

n=m+1
- A 1+ A + X° +
=€
(m+1)! m+2 (m+2)(m+3)
)\m-i—l A A 2
7A - —_— . — JE—
R, <e 1) 1+m+(m> + ...

HasmoxknMm yemoBue cxoanMocTn Ha 3HaMeHATe b 3TOH reoMeTPIIecKol TpOTPecCcu:

A
— <1l = m>A
m

Torya, nmoap3ysacs HoOpMyIoil CyMMbl HECKOHETHOTI'O IEOMETPHIECKOT0 PsiJia, MOJIY-

YUM: 11 11
AT 1 AT m
Rm < e_A . . b\ — e_/\ . .
(m+1)! 1-2 (m+1) m—A
m
ITorpeGoBas BBINOJHEHNE CJIEIYIONIMX HEPABEHCTB Ha 1M
{ m > A
-\, Amtt m )
e (m+1)! " m—X <€

MBI HaﬁﬂeM KOJINY9EeCTBO CJlar'a€MbIX m, KOTOpOe ,Z[OCTaTOLIHO, LITO6I)I HOJIqu/ITb 3Ha-
YeHne CyMMBI ¢ TOUYHOCTBHIO €. Hampumep:
Ha=1
m=10 = =108
2) A=10
m=20 = e=0.001
m=40 = e=10"1
3) A=20
m=30 = £=0.01
m=50 = £=10"?
Taxum obpazoM, JJisi BBIYACJIEHUsT JAHHON OECKOHEYHOUW CYMMBI JOCTATOYHO IIO-
CUUTaTh JINIIIb He6OJ'[bH_[O€ YUCJIO CJIar'a€EMBbIX.
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