
MATH IN MOSCOW COMBINATORICS

HOMEWORK 11

Let a q-factorial mean (q)n def= (1 − qn) : : : (1 − q) where n ∈ N and q ∈ C. Let
also a q-binomial coe�cient mean

(n
k
)
q

def= (q)n
(q)k(q)n−k .

Problem 1. Prove the identities limq→1
(q)n

(1−q)n = n! and limq→1
(n
k
)
q =
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k
)
.

Problem 2. Prove the identitles of a \q-Pascal triangle":
(n
k
)
q =

(n−1
k

)
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)
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and
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Let a Young diagram be a nondecreasing sequence of positive integers: D =
(l1; : : : ; ls), where 0 < l1 ≤ · · · ≤ ls. It is convenient to draw a Young diagram as s
lines containing l1; l2; : : : ; ls boxes, respectively.
Problem 3. Prove the identity

(n
k
)
q = ∑n

m=0 qmYm where Ym is the number of
Young diagram containing m boxes and �tting into a rectangle k × (n− k).

Denote Zkn(q) the sum of all the expressions qa1+···+ak over the set of all the sets
{a1; : : : ; ak} of k integers, each integer satisfying the inequality 1 ≤ ai ≤ n.
Problem 4. Prove the identity Zkn(q) =

(n
k
)
qq
k(k+1)=2.

Denote (1 + z)n|q
def= (1 + z)(1 + zq) : : : (1 + zqn−1) (a \q-power").

Problem 5. Prove the identity (\q-Newton's formula") (1 + z)n|q = ∑n
k=0

(n
k
)
qq
k(k−1)=2zk.

Problem 6. Prove the following identity (Cauchy's formula): 1+∑∞
n=1

(1−a)n|q
(q)n tn =∏∞

m=0
1−atqm
1−tqm .

Hint. Prove that both the left-hand side and the right-hand side of the formula
satisfy the identity F (t)(1− t) = F (tq)(1− at).

Take, by de�nition (1 + z)�|q = (1+z)(1+zq):::
(1+zq�)(1+zq�+1)::: , for any complex number �

(a q-power with a complex exponent).
Problem 7. Derive from Cauchy's formula the following identity for the q-power
with arbitrary complex exponent: (1 + z)�|q = ∑∞

k=0 qk(k−1)=2 (1−q�)(1−q�−1):::(1−q�−k+1)
(q)n zk.
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