
MATH IN MOSCOW COMBINATORICS

HOMEWORK 10

Problem 1. Find the Moebius function for the following partially ordered sets:
(a) A = N, x ≤ y as usual; (b) A = Nk, (x1; : : : ; xk) ≤ (y1; : : : ; yk) means x1 ≤
y1; : : : ; xk ≤ yk. (c) A = N, x ≤ y means that x divides y. (d) A is the set of all
subsets of some �nite set U = {u1; : : : ; un}, x ≤ y means that x ⊆ y.
Problem 2. (a) Find the number dn of permutations � of the set {1; 2; : : : ; n}
such that �(k) 6= k for all k = 1; 2; : : : ; n. (b) Find the generating function∑∞
n=1 dntn=n!.

Problem 3. (a) Let �(s) def= ∑∞
n=1 1=ns and M(s) def= ∑∞

k=1 �k=ks where �k = 0
for any k ∈ N divisible by a square of a prime number, and �k = (−1)m if k =
p1p2 : : : pm is a product of m di�erent prime numbers. Prove that �(s)M(s) = 1.
(b) Prove that M(s) = ∏

p(1− 1=ps) where the product is taken over the set of all
prime numbers.
Hint. Use Moebius inversion formula and Problem 1(c).
Problem 4. Prove that max(a1; : : : ; an) = a1 + · · · + an − min(a1; a2) − · · · −
min(an−1; an)+min(a1; a2; a3)+ · · ·+(−1)n−1 min(a1; : : : ; an) where a1; : : : ; an are
any real numbers.
Hint. Use Moebius induction formula and Problem 1(d)
Problem 5. Prove that ∏∞

n=0(1− xn)−�n=n = ex where �n is de�ned in Problem
3(a).
Hint. Take a logarithm of both sides of the equality,
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