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We study the Jordan normal forms of the local and global monodromies over complete
intersection subvarieties of C" by using the theory of motivic Milnor fibers. The results

will be explicitly described by the mixed volumes of the faces of Newton polyhedrons.

1 Introduction

In this paper, we study the Jordan normal forms of the local and global monodromies
over complete intersection subvarieties of C" with the help of the theory of motivic
Milnor fibers and their Hodge realizations developed by Denef and Loeser [5, 6],
Guibert-Loeser-Merle [15] and Matsui-Takeuchi [29] etc. For 2 <k <nlet

W={fi==fir1=0DV={fi=- = ficr=fi =0} (1)

be complete intersection subvarieties of C" such that 0 € V. Assume that W and V have
isolated singularities at the origin 0 € C™ Then by a fundamental result of Hamm [16],

the Milnor fiber Fy of g:= filw: W — C at the origin 0 has the homotopy type of the
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2 A. Esterov and K. Takeuchi

bouquet of (n— k)-spheres. In particular, we have H/(Fy; C)~0 (j#0, n— k) and the
monodromy operator @, o : H" ¥(Fy; C) ~ H" *(Fy; C) is called the kth principal mon-
odromy of f:=(fi, f2,..., fv). Under some weak additional conditions, a beautiful for-
mula for the eigenvalues of the kth principal monodromy &, o was obtained by Oka
[33, 34] and Kirillov [20] etc. For related results, see also [11, 26, 27] etc. Moreover, the
mixed Hodge structures of the Milnor fiber Fy were precisely studied by Ebeling and
Steenbrink [9] and Tanabe [45] etc. However, to the best of our knowledge, almost noth-
ing is known for the Jordan normal form of &, . For a special but important case,
see Dimca [7]. In this paper, we propose a method to describe the Jordan normal form
of ®@,_ro in terms of the Newton polyhedrons of fi, f3,..., fi. Let Mé be the (localized)
Grothendieck ring of varieties over C with (good) action introduced by Denef-Loeser [6].
Then, just as in Denef-Loeser [5, 6], and Guibert et al. [15], we can introduce an element
Sg.0 of Mé whose mixed Hodge numbers carry the information of @,_o. We call S, o the
motivic Milnor fiber of g: W— C at the origin 0 € C*. We will show that their mixed
Hodge numbers can be easily calculated and hence give an algorithm to compute the
Jordan normal form of &, k. In order to describe our results more explicitly, assume
also that fi, f2,..., fi are convenient and the complete intersection varieties W and V

are nondegenerate at the origin 0 € C" (see Definition 4.6 and [34] etc.). Set

() =T () + () + -+ T (fo) (2)

and let I'y be the union of compact faces of I',(f), where I, (f;) CR" is the Newton
polyhedron of f; at the origin 0 € C" Then for each face ® < I, (f) such that ® C I'y,
we can naturally define faces y;” of I (f}) (1 < j < k) such that

O=y’ +yy ++v. (3)

Fig. 1. The case where k= 2. For Kp and Kl(”), see Section 4.
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By using y]@, we define a nondegenerate complete intersection subvariety Z} C
(C*)dmO+1 51d an element [z}, 1€ M (see Section 4 for the details). Moreover for such
® < I'.(f), let sy be the dimension of the minimal coordinate subspace of R" containing
® and set mg =sp — dim® — 1 > 0. Recall that the element [L] € Mé called the Lefschetz
motive is defined to be the affine line L ~ C with the trivial action. Following the nota-
tions in Denef and Loeser [6, Section 3.1.2 and 3.1.3], we denote by HS™°" the abelian
category of Hodge structures with a quasi-unipotent endomorphism. Its Grothendieck
group, whose elements are formal differences of those of HS™°", is denoted by Ky(HS™")
.Let xp: Mé —> Ko (HS™°") be the Hodge characteristic map in [6] (see also Section 4). For
an element [H] € Ko(HS™°") and A € C*, we denote by [H]; € Ko(HS) the A-eigenspace of the
quasi-unipotent endomorphism on [H].

Theorem 1.1. Assume that A € C*\ {1}. Then

(1) In the Grothendieck group K,(HS), we have

Xn(Sg.0)x = > Xh((l —Lyme . [zz@])k, (4)

OCly,dim®>k-1

(2) Fori=>1, the number of the Jordan blocks for the eigenvalue A with sizes > i
in @, ro: H"K(Fy; C) ~ H" *(Fy; C) is equal to

(_l)n_k {,Bnk1+i(8g,0)x + ,3nk+i(8g,0)x} s (5)

where 8;(Sg0), is the jth virtual Betti number of Sy (with respect to the
eigenvalue 1) defined by the weight j-part of the Hodge structure xx(Sg.o)

(see Section 3). O

By this theorem, for the determination of the Jordan normal form of &, kg
concerning the eigenvalues A # 1, it suffices to calculate the weight multiplicities of
xn([Z},]) € Ko(HS™"). In Section 4, by using the Cayley trick in [4, Section 6], we reduce
these calculations to those for nondegenerate hypersurfaces in algebraic tori with
action. Since we can always calculate the mixed Hodge numbers of such hypersurfaces
by our previous results in [29, Section 2], we thus obtain an algorithm to compute the
Jordan normal form of @, k. Moreover, in Section 5, we give some closed formulas for

the numbers of the Jordan blocks for the eigenvalues A # 1 with large sizes in &, 0.
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The results will be explicitly described by the mixed volumes of the faces y]-@ of I'' (f)
(1 <j<k). See Theorems 5.4 and 5.13 for details. In the course of the proof of these
results, Proposition 3.2, which generalizes a result of Khovanskii [19], will play a central
role. This proposition expresses an alternating sum of the numbers of certain lattice
points defined by a polytope by its volume. We believe that it will be very useful in
the study of lattice points in nonintegral polytopes. Indeed, by Proposition 3.2 we can
rewrite the main results of [29] much more simply in terms of the volumes of poly-
topes. Unfortunately, for some technical reasons, we cannot obtain similar results for
the eigenvalue 1 (see Remark 4.2 below), using our methods. In Section 6, we will show
that our methods are useful also in the study of the monodromies at infinity over com-
plete intersection subvarieties of C". Even in this global case, we obtain results com-
pletely parallel to those in the local case. We thus find a beautiful symmetry between

local and global as in [29].

2 Preliminary Notions and Results

In this section, we introduce basic notions and results, which will be used in this paper.
In this paper, we essentially follow the terminology of [8, 12, 17, 18] etc. For example,
for a topological space X we denote by D?(X) the derived category whose objects are
bounded complexes of sheaves of Cx-modules on X. Moreover if X is an algebraic vari-
ety over C, we denote by D2(X) the full subcategory of D’(X) consisting of constructible
complexes of sheaves. Let f: X — C be a nonconstant regular function on an alge-
braic variety X over C and set Xy ={x € X| f(x) =0} C X. Then we have the nearby cycle

functor

¥ 7:DP(X) — DP(Xp), (6)

which preserves the constructibility (see [8, 18] etc.). As we see in Proposition 2.3,
the nearby cycle functor ¢ generalizes the classical notion of Milnor fibers. First,
let us recall the definition of Milnor fibers over singular varieties (see for example
[44] for a review on this subject). Let X be a subvariety of C™ and f:X — C a non-
constant regular function on X. Namely we assume that there exists a polynomial
function f:C™ — C on C™ such that f|x= f. For simplicity, assume also that the
origin 0 e C™ is contained in Xy ={x€ X| f(x) =0}. Then the following lemma is well

known.
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Lemma 2.1 ([23, Theorem 1.1]). For sufficiently small ¢ >0, there exists ny >0 with

0 < no < ¢ such that for 0 < Vn < ng the restriction of f:
XN B(0;¢) N F1(DO; n) \ {0}) — D(O0; ) \ {0} (7)

is a topological fiber bundle over the punctured disk D(0; n) \ {0}:={ze C|0 < |z <n},

where B(0; ¢) is the open ball in C™ with radius ¢ centered at the origin. O

Definition 2.2. A fiber of the above fibration is called the Milnor fiber of the function
f:X — C at 0e X, and we denote it by Fo. O

Proposition 2.3 ([8, Proposition 4.2.2]). There exists a natural isomorphism
HY(Fo; C) = H' (¥ y(Cx))o (8)
for any j € Z. d

Recall also that in the above situation, as in the case of polynomial functions

over C" (see Milnor [31]), we can define the Milnor monodromy operators
®jo: H (Fp; C) —> H/(Fp; C)  (j=0.1,...). (9)

For the classical case where X =C™ see [1, 3, 21, 22, 29, 31, 34, 45, 47] etc. Similarly, also
for any ye X = {x€ X| f(x) =0} we can define the Milnor fiber F, and its monodromies
@ . The notion of Milnor monodromies can be also generalized as follows. Let F e

DE()Q. Then there exists a monodromy automorphism
D (F) Y p(F) —> Y p(F) (10)

of Yy ¢(F) in DIC’(XO) (see [8, 18] etc.).
Next we recall Bernstein—-Khovanskii-Kushnirenko’s theorem [19].
Definition 2.4. Let g(x) =) ., @X" be a Laurent polynomial on (C*)" (g, € C).

(1) We call the convex hull of supp(g):={veZ"|a, #0}CZ*CR" in R" the
Newton polytope of g and denote it by NP(g).
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(2) For a vector ueR", we set

I'ig,w:= {veNP(g) (W, v) = min (u, w) } (11)
weNP(g)
where for u= (u, ..., w,) and v=(vy,..., v,) we set (u,v) = Z?:l w;v;. We call

I’ (g; w) the supporting face of uin NP(g).
(3) For a vector ue R", we define the u-part of g by

g®= Y  ax' (12)

vel (g;wNZr 0

Definition 2.5. Let gi, g2, ..., gp be Laurent polynomials on (C*)". Then we say that the
subvariety Z* = {x € (C")"| g1 (x) = g2(%) = - - - = gp(x) = 0} of (C*)" is a nondegenerate com-
plete intersection if for any vector u€ R™ the p-form dgj' A dg; A - - - A dgy, does not vanish
on {x e (C)"| g{'(x) =---=g,(x) =0}. O

Theorem 2.6 (Bernstein—-Khovanskii-Kushnirenko's theorem, see [19] etc.). Let

g1,92,...,gp be Laurent polynomials on (C*)". Assume that the subvariety
ZF={xe(CH|q1(X) =g2(X) =---=gp(x) =0} of (C*)" is a nondegenerate complete
intersection. Set A; :=NP(g;) fori =1, ..., p. Then the Euler characteristic x (Z*) of Z* is
given by
X(ZH=(D"P Y MV(Ay,..., Ay .. AL A, (13)
a,....ap>1 : _/_/
@+ tap=n a; -times ap-times
where MV(Ay, ..., Ay, ..., Ap, ..., Ap) € Zis the normalized n-dimensional mixed volume
—.r— _/_4
a; -times ap-times
with respect to the lattice Z" C R". O

Remark 2.7. Let Qp, Qy,...,Q, be polytopes in R" Then their normalized

n-dimensional mixed volume MV(Q;, Qg, ..., Q,) € R, is given by the formula

1 n
MV(Qy, Oz, Q= — ) (D" 1 ) Volz<20i) : (14)
" k=1

Ic{l,...n iel
tI=k

where Voly (%) € Z is the normalized n-dimensional volume (i.e., the n! times the usual
volume). Note that if Q;, ..., Q, are integral polytopes MV(Q;, Qa, ..., Qp) €Z,. O
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Finally we shall introduce our recent results in [29, Section 2]. From now on,
let us fix an element 7 = (1y,...,1,) € T:=(C*)" and let g be a Laurent polynomial on
(C"™ such that Z* = {x e (C*)"| g(x) = 0} is nondegenerate and invariant by the automor-
phism [, : (C*)" — (C*)" induced by the multiplication by 7. Set A = NP(g) and for sim-
plicity assume Elxlat dimA =n. Then there exists g € C such that l!g=gol, =Bg. This
implies that for any vertex v of A =NP(g), we have ¥ =1;" --- z'» = f. Moreover by the
condition dimA = n we see that ty, 15, . . ., 7, are roots of unity. For p,q> 0 and k>0, let
hP9(H¥(Z*; C)) be the mixed Hodge number of H¥(Z*; C) and set

ePU(Z*) =) (—1)*hPI(HS(Z*; C)) (15)
k

as in [4]. The above automorphism of (C*)"” induces a morphism of mixed Hodge struc-
tures [} : HC"(Z*; C) — HCk(Z*; C) and hence C-linear transformations on the (p, g)-parts
HK(Z*; C)P9 of H¥(Z*;C). For a €C, let hPI(HX(Z*; C)), be the dimension of the a-
eigenspace H¥(Z*; C)J'? of this automorphism of H¥(Z*; C)P9 and set

ePUZ )y =Y (—D)RPUHKZ; C)),. (16)
k

Since we have I” =idz- for r > 0, these numbers are zero unless « is a root of unity.

Moreover we have

ePUZY) =) ePUZ )y,  PUZ )y =eTP(Z%)s. (17)

acC

In this situation, along the lines of Danilov and Khovanskii [4], we can give an algorithm
for computing these numbers e”9(Z*), as follows. First of all, as in [4, Section 3],

we obtain the following Lefschetz type theorem.

Proposition 2.8 ([29, Proposition 2.6]). For p, g > 0 such that p+ g >n— 1, we have

(_1)n+p+1 (pz 1) (a:l and p= q)7

ePU(Z")y = (18)

0 (otherwise).
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For a vertex w of A, consider the translated polytope A := A — w such that

0 < A" and 7’ =1 for any vertex v of A". Then for « € C and k> 0 set
I*(kA), =t{v e Int(kA") NZ" | t" =} € Zy := Lo, (19)

For the special case @ =1 see Macdonald [25] etc. We can easily see that these numbers
[*(kA), do not depend on the choice of the vertex w of A. Note that for k=0 we have
I*(kA), = 0. Next, define a formal power series P, (A;1) =) ;. @u.i (AT by

P(A;t) = (1 — )"} :Zl*(kA)atk} ) (20)

k>0

Then obviously we have ¢, ¢(A) = 0. Moreover, we can easily show that P, (A; t) is actually

a polynomial as in [4, Section 4.4].

Theorem 2.9 ([29, Theorem 2.7]). In the situation above, we have

PR )+ D p(4) @=1),

Pz, = (21)
q

(=D™ o np(A) (a #1).

(we used the convention (3) =0 (0 < a < b) for binomial coefficients). O

By Proposition 2.8 and Theorem 2.9, we obtain an algorithm to calculate the
numbers eP4(Z*), of the nondegenerate hypersurface Z* c (C*)" for any ¢« € C as in
[4, Section 5.2]. Indeed for a projective toric compactification X of (C*)" such that the
closure Z* of Z* in X is smooth (see [13, 32] etc.), the variety Z* is smooth projective and

hence there exists a perfect pairing
HPY(Z*: C), x H¥* 1P 1=4( 7%, C),-1 —> C (22)

for any p,q>0 and « € C* (see, e.g., [49, Section 5.3.2]). Therefore, we obtain equal-
ities eP9(Z*), =¥ 1"P"1-9(Z*),1, which are necessary to proceed the algorithm
in [4, Section 5.2]. The following notion is very useful to construct such

compactifications of (C*)™.
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Definition 2.10 ([4]).

(1) Let A be an n-dimensional integral polytope in (R" Z"). For a vertex w of
A, we define a closed convex cone Con(A, w) by Con(A, w)={r-(v—w)|re
Ry, ve A} CR™

(2) Let A and A’ be two n-dimensional integral polytopes in (R”, Z™). We denote
by som(A) (resp. som(A’)) the set of vertices of A (resp. A’). Then we say
that A’ majorizes A if there exists a map ¥ :som(A’) —> som(A) such that
Con(A, ¥ (w)) C Con(A’, w) for any w € som(A"). O

Note that if A’ majorizes A the map ¥ : som(A’) — som(A) is unique (see [4]). For
an n-dimensional integral polytope A in (R" Z"), we denote by X, the (projective) toric
variety associated with the dual fan of A. Recall also that if A’ majorizes A then there
exists a natural morphism X, —> X,. Now we return to the original situation. For « € C
we define the a-Euler characteristic x(Z*), € Z of Z* C (C*)" by

X(Zo =) ePUZ"),. (23)

p.q

Then we have the following result.

Proposition 2.11. For any « € C, we have

o e | rda @@=,
— k
K(Z%)y = = (24)

3 (1) Z (k). (@#1).
k=1

Proof. By Theorem 2.9 we have

—1)y*+1ir1 A (A =1),
£(Z)0 = D™l 4+ ¢11(A) + -+ p1.a(A)} (@=1) o5

(D™ Hpe,1(A) + -+ + g n(A)} (a#1).

1702 ‘2 1890190 uo 1s8nb Aq 610°S[euInolployxo-uiwi woiy papeojumoq


http://imrn.oxfordjournals.org/

10 A. Esterov and K. Takeuchi

Then the result follows from

n n j
> a (D=3 3 (-1 <"f 1) I — ) A (26)

j=1 Jj=1 i=0
=3 1k (”) I* (k). 27)
k=1 k
|

From now on, assume also that for any vertex v of A we have t? =1. Let L, C Z" be
the sublattice of Z" defined by L, = {v € Z"| " = 1}. For an integral polytope [J in R", we
set 5(0) = (—=1)4™O4frel int(0) N L.}, where rel.int(0J) is the relative interior of [J. Note
that if dim(J=0 then we have §(0J) =1 or 0 depending on whether [J is a point in L, or
not. Then for any « € C such that {v € Z"| t¥ = «} # ¢}, by taking a point w(x) € {ve Z"|t" =

a}, Proposition 2.11 can be rewritten as follows.

Proposition 2.12. For any « € C we have

k=0

(D" X (2% =) _(-D)F (:) - 0(kA — w(@)). (28)

More generally, for any subvariety Y* C (C*)" that is invariant by [, : (CH" =
(CH™ p,q>0 and « € C we can define eP4(Y*), € Z satisfying similar properties. For
example, fix integral polytopes A, ..., Ax in R™ whose all vertices lie in L, and set
N= Z’;:1 #(Aj N L;). Let S~ C¥ Dbe the set of k-tuples (g, ..., gr) of Laurent polynomials
on (C*™ such that suppgj C Aj N L,. Here we regard S as the affine space C¥ consist-
ing of the coefficients of (gi,..., gr). Let Sgen be the subset of S consisting of k-tuples
(91, - ... gr) such that NP(g;) =A; and Z(gy, ..., g :={x€ (CH"| g1(x) =--- = gr(x) =0} is
a nondegenerate complete intersection (C.I.). Then Sgen is open dense in S~ C" and for
any (gi, ..., gk) € Sgen the C.I. subvariety Z(gi, ..., gr)* C (C*)"is invariant by /.. Hence the
numbers eP4(Z(gy, ..., gr)*)« € Z are defined.

Lemma 2.13. For any p, ¢ > 0 and « € C the integer e?4(Z (g, ..., gr)*)« does not depend
on (gi, ..., gk) € Sgen- O
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Proof. Set m=dim(A, +---4+ Ay). Then for any (gi,...,gk) €Sgen Wwe have
Z(G1,--r G) = (CH" ™ x Z'(g1,...,9r)* for a nondegenerate complete intersection
Z' (g1, ..., gr)*C(CH™andl,: Z(gy, ..., g0)* AN Z(G1, .-, 0r* is homotopic to idrnm x I/
for some 7’ € (C*)™. So we may assume that dim(A; + - - - + Ax) = n from the first. Let A
be an integral polytope in R” that majorizes A; + - -- + Ag. Then by subdividing the dual
fan ¥; of A in R", we obtain a complete fan X such that the toric variety X5 associated
to it is a smooth compactification of (C*)". By construction, the closure Z(g,, ..., gr)* of
Z(g1,..., 90" in Xy is smooth for any (gi, ..., gi) € Sgen, and hence we obtain a family
w7 — Sgen Of smooth projective varieties over Sgen. By using the relative de Rham
complex 2 of n:2* — Sgen, for each >0 we obtain a holomorphic variation

T 2 Sgen
Hl = Rln’*(gé*/sge

(p=0) is defined by FPH' = Rim, (2,7
gen

) of (pure) Hodge structures on Sge,. Its Hodge filtration FPH! C H'
) (see [49, Section 10.2.1] etc.). For p> 0 let

@ (p): FPH' —> FPH! (29)

be the Os, . -linear endomorphism of the locally free Os,, -module FPH! induced by the

pull-back of .Q;I;S byl: x ids,,. Then by (@ (p))" =id (N >> 0) we obtain a decomposition
gen

FPH = D (FPH, (30)

aeCx

of FPH' into the eigenspaces of ®(p). Hence (FPH!), are also locally free over Os,..- Then
by [49, Theorem 10.10], the functions eP4(Z(g,, ..., gk)*)o ON Sgey are constant. Moreover

we can easily prove a similar statement also for e??(Z (g, ..., gr)*). by induction on n. B

3 Combinatorial Results and their Applications

In this section, we shall describe the «-Euler characteristic x(Z*), € Z of the nonde-
generate hypersurface Z* C (C*)" introduced in Section 2 in terms of the volume of its
Newton polytope A. For this purpose, we first consider the following more general situ-
ation. Let L C Z" be a sublattice of rank n. For a bounded subset A of R” (resp. a polytope
O in R we set fA=4(ANL)eZ, (resp. n(0d) = (—1)%™T4{rel.int(0) N L} € Z) for short.
Let Ay, Ay, ..., Ay be integral polytopes in R™ whose all vertices lie in L. For a subset
JcC{l,2,....n}, we set A;=) . ;A;. In particular, for J=0 we set A;={0}. Then the

following result is well known.

jeJ
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Theorem 3.1 (Khovanskii [19]). In the situation above, we have

3 (DA =MV(Ay, 4g,... Ay, 31)

Jc{l1,2,...n}
where MV(Ay,...,A,) €Z, is the normalized n-dimensional mixed volume of
Ay, Ag, ..., A, with respect to the lattice L. O
From now on, we will generalize this theorem as follows. Let A;,..., A, be as

above and pick another polytope Ag in R” (which is not assumed to be integral). Also for
asubsetI C{0,1,2,...,n}, weset A;= Zjd Aj.

Proposition 3.2. In the situation above, we have

MV(A1, Ay, ..., A= Y (=D¥5(Agu) (32)
Jc{1,2,...n)

= > D"V A (33)
Jc{1.2,..n)

]

Proof. The proof proceeds in three steps.

(A) Assume that there exists 1 < j<n such that dimA; =0. In this case, the
mixed volume MV(A4,..., A,) is zero and the other two terms in (32)
also vanish, because for each JC{1,2,...,n} such that j¢ J we have the

cancelling
(=D A g + (=D 8(A)u0) =0, (34)

etc.

(B) Assume that A;, Ay, ..., A, are linearly independent segments and Ay con-
sists of one point p e R". In this case, for each 1 < j <nby taking a vertex g;
of the segment A;, we set A; = A; \ {q;}. Then we have

Yo EDM A= Y. DM (A (35)
Jc{1,2,...,n} Jc{1,2,...,n}
=t(Ay +---+ An+ ). (36)

Moreover we can easily see that the last term is equal to MV (A, ..., Ay).
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(C) Now we consider the general case. For a polytope O in R" let 15: R" —
{0, 1} (resp. pg:R®™— {0, +1}) be the characteristic function of [J (resp. the
function defined by pn = (—1)¥™5 1, ;). In particular, for any point pe
R"™ we have pip =1{p. If 0 and [J' are polytopes in R" and [0 majorizes [,
then for a face I' < of [0 we denote by I’ the corresponding face of .

The proof of the following lemma is very easy and left to the reader.

Lemma 3.3. In the situation above, we have

YD pr=1g, Y (DT =pp. (37)

r<0 r<0

Actually, we need this lemma in the following special setting.

Lemma 3.4. LetOand[) beasaboveand! CR"aclosedray (i.e., a closed half segment

=~ [0, 00)) in R™ whose extremal point is the origin 0 € R"™. Then we have

DI oy =1gu, Y DT = pp, (38)
r r

where I" ranges through the bounded faces of [0+ (they are also faces of [J) and I’ is
the face of (I’ that corresponds to I' < [J. O

Now we return to the proof of Proposition 3.2. Let fy, fi,..., fu: R"*—> R be poly-
nomials of order <1 such that fj|s; >0. For 0<j<nlet A~j CR*@ R! be the graph of

fjla,;. For a subset I C {0, 1,...,n} set Ar :Zjd A~J- and let [ be the closed ray {0} x {xe

the one A;. For a face I" < A~{O,1,...,n} we denote by I the corresponding face of A; and
by I't ¢ R™ the projection of It + 1 cR*"® R! to R™ Then we have dim([ + 1) = dim/7} + 1.
Note that for 0 < j <n the projection I is a face of A;, and we have I'1=}_,_; I;) for
any I C {0, 1,..., n}. Moreover we have the following lemma. For 0 < j <nletL(A;) be the
linear subspace of R" that is parallel to the affine span of A;. Denote by ij :L(a;)) —R
the restriction of the linear part of fj to L(4;). Let S=®7_jL(4;)" be the set of (n+ 1)-

tuples (go, g1, - - -, gn) of such linear functions.
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Lemma 3.5. There exists an open dense subset Sgn of S such that for any
(9o, 91, - - -+ 9Gn) € Sgen We have: If the polynomials fj, fi,..., fi: R"— R satisfy ij =

gj (0<j<n) then for any bounded face I of A~{0,1 n +1, which is also a face of

.....

Ao.1....n, the corresponding faces I'g), Iy, . . ., [y are transversal: dim(Z'}:o Iy = Z'}:O
dimI7;,. O
Proof. If some faces Gg, G1,..., Gg of Ag, Ay, ..., A, correspond to the same bounded
face I" of A~{o,1,___,n} +1, then there exists a linear function f:R" — R such that flyc, =
ij|L(G].) for any 0 < j < n. For each such (n+ 1)-tuple (Gy, ..., G,) of faces, this last condi-
tion gives a restriction to (fOL, ..., fF) and hence defines a linear subspace S(Go, ..., Gp)
of S. Note that if Gg,..., G, are not transversal, the codimension of S(Gy,..., Gy)

is positive. So it suffices to set Sgen to be the complement of the union of such
S(Go, ..., Gy)'s. n

By this lemma, after changing the linear parts of fy, fi,..., fu slightly, we

44444

0= A{o]uJ (Jc{1,2,...,n}) and the closed ray [l = {0} x {xe R | x <0}, we obtain

Y CDPaAgu) =Y DY (D i) (39)

Jc{1.2,...n) i Jc{l.2,...n)

.....

Loy, Ty - -+ Ty for ' < Ay .. there are only the following two cases:

(a) There exists 1 < j <nsuch that dim/7; =0.

(b) Iy, ..., Iy are linearly independent segments and dim77o =0.
In the case (a), by applying Step (A) to Io}, (1, - - ., In (the vertices of Iy, ..., [y
are those of Ay, ..., A, and hence in L) we have
> =)o) =0. (40)
JC{1,2,....m)

In particular, this is the case whenever dimI" < n. Moreover, in the case (b), by Step (B)
we have

> Do) =MV, - T (41)
Jc{1.,2,...n)
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Hence we get

Y =ndmt N DF o) (42)
r Jc(1,2,...,n)
= Y =D Y (=D¥ o) (43)
I, diml'=n Jc{1,2,...n}
= Y MV(I.....[ ). (44)
I, diml'=n

By reversing the arguments used to obtain (39) and (42) in the absense of the Oth
polytopes Ag, Io) etc., we find that the last term of (42) is equal to

> DPA)=MV(A, ..., Ap). (45)
Jc{1.,2,...n}
Similarly we have
Y DA (46)
Jc{1.2,..n)
=Y =it N () (o) 47)
r Jc{1,2,...n)

> Z (1)tjﬂ(r{0]w) (48)

I, dim/F=nJc{1.2,.

= Y MV(Iy..... ) =MV(4A;..... Ay). (49)
I, dimI'=n

This completes the proof. |

Now let us return to the situation in Proposition 2.12 and use the notations
there. Then by applying Proposition 3.2 to the case A, =---=A,=A, Ag={—w(x)} and
L =L., we obtain the following very simple result. We define a finite subset A C C by
A={t"|veZ".
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Theorem 3.6. In the situation above, we have

1
(=)™ —Volz(4) (a€4),
X(Zg =) ePU(Z)0= A ’ (50)
p.q 0 (¢ A),

where Voly(x) € Z is the normalized n-dimensional volume with respect to the
lattice Z™ U

The following definition will be frequently used throughout this paper.

Definition 3.7. For a subvariety ¥* C (C*)" that is invariant by [, : (C*)"* — (C*)*, p.q >
0 and « € C we define the virtual Betti polynomial g(Y*), = ;’:"8 (V%) -t € ZIt] by
ﬁi(Y*)Dt = Zp+q:i ep'q(Y*)a €. ]

Definition 3.8. Let A be an n-dimensional integral polytope in (R", Z™).

(1) (see [4, Section 2.3]) We say that A is prime if for any vertex w of A the cone
Con(A, w) is generated by a basis of R™.
(2) We say that A is pseudo-prime if for any 1-dimensional face y < A the num-

ber of the two-dimensional faces y’ < A such that y <y’ isn—1. 0

By definition, prime polytopes are pseudo-prime. Moreover, for a pseudo-prime
polytope A, the projective toric variety X, associated to the dual fan of A is an orbifold
outside finitely many points. This implies that the closure of a nondegenerate hypersur-
face Z* C (C*)"in X, is quasi-smooth in the sense of [4] and has the Poincaré duality. By
Matsui et al. [29, Corollary 2.15] and the proof of Theorem 3.6 we obtain the following

proposition.

Proposition 3.9. In the situation of Proposition 2.12, assume moreover that the
n-dimensional polytope A =NP(g) is pseudo-prime. Then for any ¢« € C\ {1} and r >0,

we have

. 1
(2 = (1) —DImY _~ Vol (y), b, 51
Br(Zu=(=D"" " 1Y (-1 a0 Vo) (51)

. I'<A y<I
dim/"=r+1
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where A(y) C A is defined similarly to A by using the intersection of Z" and the affine
span of y, and we define the integer Volz(y), € Z+ by

Vol A ,
Voly(y), = olz(y) (aeA(y)) (52)

0 (a & A(y)).

Remark 3.10. By Proposition 3.9, we can rewrite the main results of [29] much more
simply in terms of the volumes of polytopes (see [29, Theorem 5.9] etc.). In particular,
by rewriting the results in [29, Section 7] for the case k=1, we obtain a combinatorial
description of the numbers of the Jordan blocks in the (classical) Milnor monodromy
®,,_1.0- This result is different from the one previously obtained by Danilov [3] since we

generalized the results in [4] to pseudo-prime polytopes. O

Now let O CR" be an (n— 1)-dimensional integral polytope whose affine span
K ~R™! in R" does not contain the origin 0 € R™ Denote by A the pyramid over [J with
apex 0 € R" and let dg > 0 be the lattice distance of [J from 0 € R". Let Z* C (C*)" be a
nondegenerate hypersurface whose Newton polytope is A. Assume also that the support
of the defining Laurent polynomial of Z* is contained in {0} u[J. Then we can define
an automorphism of Z* of order dj as follows. Let ht(x, K) : R* — R be the linear map
such that ht(v, K) =dg > 0 for any v € K. Then to the group homomorphism 7" — C*
defined by

v—> exp(27r+/—1 - ht(v, K)/dp) (53)

we can naturally associate an element o € (C*)" = Spec(CIZ") such that (rg)® =1. By
construction Z* C (C*)" is invariant by the multiplication by 7. Now fix a complex

number « # 1. Then by Theorem 3.6, the virtual Betti polynomial

B(Da :=B(Z")a € ZIt] (54)

(of degree <dimld0=n-—1) of the hypersurface Z*c (C*)" defined by the (n—1)-
dimensional polytope [J can be calculated as follows. First, for each face I of [J, we
define a polynomial 8(I"), € ZI[t] of degree < dim/" similarly. By induction on dim[], we
may assume that for any proper face I" of [J the polynomial g(I"), is already determined.

Let [ be an (n— 1)-dimensional prime integral polytope that majorizes [J in the affine
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span K of (. For a face I'" of [, we denote by I" the corresponding face of (J. Then we
can (uniquely) determine g(0J), € Zl[t] by the following three conditions:

(i) The degree of (), is < dim[].

(ii) The coefficients ¢; of the polynomial

~+00
Y oatt= " (& — IR, e Zd] (55)
i=0 <o
are symmetric with respect to the degree dim[l: Cgimpirx = CaimO-k for
any ke Z.
(i) B(O)e(1) = (—1)%™Dvol,(0),, where we set

Volz(O) e Z 40 = 1),
Voly (@), = olz() eZy (a ) (56)

0 (otherwise).

Indeed, let A’ be the pyramid over [’ with apex 0 € R” and X, the projective toric vari-
ety associated to its dual fan. Note that A’ is pseudo-prime and majorizes A. Then the
closure of Z* C (C*)"in X, has the Poincaré duality, and (as in [4, Section 5.2]) by using
Theorem 3.6 we obtain the above algorithm for the computation of g(0),. The following

definition will play a crucial role in the proof of our main results.

Definition 3.11. For a complex number « # 1 let 8(0), € ZI[t] be the polynomial of degree

< dim[ as above. Then for m > dim{J, we set

B, m), = (¢* — D™ 4mbg (D), € ZIt]. (57)

4 Motivic Milnor Fibers over C.I. and their Virtual Betti Polynomials

For2<k<nlet

W={fi==fir1=0DV={fi= = fiar=fi=0} (58)

be complete intersection subvarieties of C" such that 0 € V. Assume that W and V
have isolated singularities at the origin 0 € C". Then by a fundamental result of Hamm
[16], the Milnor fiber Fy of g:= filw: W — C at the origin 0 satisfies the condition
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HJ(Fy; C)~0 (j #0, n— k). Recall that the semisimple part of the monodromy operator
@y ro: HV *(Fy; C) ~ H" ¥(Fy; C) was determined by Oka [33, 34] and Kirillov [20] (see
also [27] for some generalizations). Our objective here is to describe the Jordan nor-
mal form of &, yo:H" *(Fy; C)~ H" ¥(Fy; C) in terms of the Newton polyhedrons of
fis fon ..., fx. For this purpose, we shall use the theory of mixed Hodge modules due to
Saito [38, 40]. Let wi =y hl-1]: D?((C”) — DZ(]‘;C_I(O)) be the shifted nearby cycle func-
tor that preserves the perversity. Let F € D2(C") be the minimal extension of the perverse
sheaf Cyp(o)[n— k+ 1] € D2(C™\ {0}) to C™ Then the perverse sheaf Y5 (F) € D2(f,1(0) on
fk_l(O) has the following decomposition with respect to the eigenvalues A € C* of its

monodromy automorphism:
VEA =D Vi, ® (59)
reC*
(see [8] etc.). By Proposition 2.3 for any A # 1, the support of the perverse sheaf I/f};,x(f) is
contained in the origin 0 € C". So we may regard Wﬁ,)\(]:) (A #£ 1) simply as complex vec-
tor spaces endowed with monodromy automorphisms. Now by using the mixed Hodge
module over the perverse sheaf F ¢ D?((C"), to 1//}1(]-")0 € Dlg({O}) and the semisimple part

of its monodromy automorphism, we associate naturally an element

[H,] € Ko(HS™™) (60)

(see Saito [38, 40] for the details). Then by construction, for any A # 1 the A-eigenspace
part [Hyl, € Ko(HS) of [Hy] € Ko (HS™") is identified with the complex vector space 1//}1,/\(}")
endowed with a Hodge decomposition whose weights are defined by its “absolute”
monodromy filtration (see Saito [38, 40]). Here we essentially used the purity of the
mixed Hodge module over the perverse sheaf F e D?((C”). For an element [H] € Ko(HS™"),
H € HS™°" with a quasi-unipotent endomorphism ¥ : H — H, p,q >0 and 1 € C denote
by eP4([H]); the dimension of the i-eigenspace of the morphism HP9 — HP4 induced
by ¥ on the (p, q)-part HP? of H. Then the following results are immediate consequences
of the above construction and Saito’s very deep theory in [38, 40]. Indeed, we can check
the assertion (1) below by explicitly calculating the mixed Hodge numbers of our motivic
Milnor fiber Sy 0.

Proposition 4.1. Assume that » € C*\ {1}. Then

(1) We have eP4([H,);, =0 for (p, q) ¢ [0, n— k| x [0, n— k. Moreover for (p, q) €
[0, n— k] x [0, n— k] we have

ePU([Hyl), = e 2 P([H)),. (61)
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(2) Fori=>1, the number of the Jordan blocks for the eigenvalue A with sizes >i
in @, jo: H" *(Fy; C) — H" *(F,; C) is equal to

> e (| Hy));.. (62)

ptq=n—k—1+in—k+i

Remark 4.2. By Proposition 2.3, for A =1 the dimension of the support of 1”}1,,\(7:) is
not zero in general. Therefore for A =1 we cannot prove the symmetry of weights of
[Hyl,. € Xo(HS) as in Proposition 4.1(1) (indeed we can easily find counterexamples). This
fact explains the reason why the results on the Jordan blocks for the eigenvalue 1 in
®,_ko cannot be obtained by our methods. For related problems, see also for example
Ebeling and Steenbrink [9]. O

By Proposition 4.1, for A # 1 the calculation of the eigenvalue A part of the Jor-
dan normal form of &, i is reduced to that of eP9([Hyl),. Moreover, as in Denef and
Loeser [5, 6] and Guibert-Loeser—Merle [15], by using a resolution of singularities of
W and g: W— C we can construct a motivic Milnor fiber Sy of g at 0 € C"*, which
enables us to calculate e?9([Hgyl), as follows. Let 7 : X — C" be a proper morphism from
a smooth algebraic variety X such that 7|x -1 : X \ 7 }(0) — C"\ {0} is an isomor-
phism and 7 ~'(0) = D, U--- U Dy, is a normal crossing divisor (D, ..., D,, are smooth) in
X. Then via the isomorphism X \ 71(0) ~ C"\ {0}, we regard W \ {0} as a subset of X and
denote by W its closure in X. We call W’ the proper transform of W in X. By Hironaka's
theorem we can take 7 : X — C" such that W’ is smooth and intersects D;:=();.; D;
transversally for any subset I C {1, 2, ..., m}. We may assume also that the hypersurface
S:= fk_l(O) \ {0} C X is smooth in a neighborhood of W and intersects D; N W’ transver-
sally for any I C{1,2,...,m}. For 1 <i <m let d;, > 0 be the order of the zero of fion
along D;. For a nonempty subset I C {1,2,...,m} set D} =Dy \ (Uiﬁ D)),

E;=D;NnW)\S, F;=D;NnwW)ns (63)

and d; = gcd(d;);c; > 0. Then, as in [6, Section 3.3], we can construct an unramified Galois
covering E; — Ej of Ej as follows. First, let U C X\ S be an affine open subset such
that fiom =hy w- (haw)% on U, where hi.wis a unit on U and hy w: U — C is a regular

function. It is easy to see that E} is covered by such open subsets U. Then by gluing
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the varieties

{(t,x) eC* x (E;NU) | hy.w(x) - t% —1=0) (64)

together in an obviously way, we obtain the d;-fold covering f"; of E5. Now for
de€Z-o, let ugq>~7/7d be the multiplicative group consisting of the d roots of unity
{1, 24,22, . ..,;g’l}, where we set ¢;:=exp(27r+/—1/d) € C. Then the unramified Galois
covering f‘}’ of E admits a natural action of ug defined by assigning the automor-
phism (t, x) — (¢g,t, x) of EA'/;’ to the generator ¢g4, € ug,. Moreover, let 1 be the projective

limit l(ill,ud of the projective system {u;};>1 with morphisms u;q — u; given by t+— t,
d
Then the variety E; is endowed with a good [i-action in the sense of [6, Section 2.4].

Following the notations in [6], denote by M{é the ring obtained from the Grothendieck
ring Kg (Varg) of varieties over C with good ji-actions by inverting the Lefschetz motive
L~Ce K(’;‘ (Varc) . Recall that L e Kg (Varc) is endowed with the trivial action of . We
denote by [E}] (resp. [F;)) the class of the variety E; (resp. F;) endowed with the above

A . o 1A . . i
fi-action (resp. the trivial fi-action) in M.

Definition 4.3 ([5, 6, 15]). We define the motivic Milnor fiber Sy € Mé of g: W— C at
the origin 0 € C" by

Spo=3_ |1 =L UED + (1 - L (F]1} € ML (65)
I#(

For the description of the element [H,] € Ko(HS™") in terms of Sgq € Mé, let
Xn: M —> Ko (HS™) (66)

be the Hodge characteristic map defined in [6]. To a variety Z with a good ug4-action,

it associates the Hodge structure

xn(ZD) =) (1) [H](Z; Q)] € Ko (HS™™) (67)
JeZ

with the actions induced by the one z+— ¢4-z (z€ Z) on Z. Then by the proof of Denef

and Loeser [5, Theorem 4.2.1], we obtain the following result.
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Theorem 4.4. In the Grothendieck group Ky(HS™"), we have

[Hgl = (—1)" *x4(Sg.0)- (68)

Thus our problem was reduced to the calculation of xx(Sg,0) € Ko(HS™").

Definition 4.5. Let f(x) € Clx, ..., x,] be a polynomial on C".

(1) We call the convex hull of {J,cgypp fiv + R} in R? the Newton polyhedron of f
at the origin 0 € C" and denote it by I, (f).
(2) We say that f is convenient if I, (f) intersects each coordinate axis of R"

outside the origin. O

From now on, in order to describe our results explicitly, assume also that
fis fo, ..., fi are convenient. Set f:=(f, f2,..., fr) and

Ie(f) =12 + () + -+ T (fo). (69)

We denote the union of compact faces of I, (f) by I'y. Recall that on R we can define
an equivalence relation by u~ v <= the supporting faces of v and v in I, (f) are the
same. Then we obtain a decomposition R} =| |, _r s 06 of R? into locally closed cones
oe. Since for a face ® < I';(f) such that ® C I'y (i.e., a compact face ® of I, (f)) the
supporting face of ue op in I, (f;) does not depend on the choice of ue oo, we denote it

simply by y;’. Then we have
O=y2 +yd +-+y. (70)
For 1 < j <kand a compact face ® of I (f) we set

f;-(')(x)z Z a,x’ €Clxy, X2, ..., X, (71)

vey NZ}
where fj(x) =3, ax’ (a, € C).

Definition 4.6 (see [34] etc.). We say that f=(f, f2,..., fx) is nondegenerate at
the origin 0 € C" if for any compact face ® of I',(f) the two subvarieties { f7(x)=-- =
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=0} and {fP(x)=---= f€,(x) = fZ(x) =0} in (C*)" are nondegenerate complete

intersections. O

From now on, let us assume also that f is nondegenerate at the origin Oe
C™ Then we can construct the morphism 7 : X —> C" explicitly as follows. Let X; =
{oo}o<r,(r be the dual fan of Iy (f). Take a smooth subdivision ¥ of ¥; and denote
by X5 the smooth toric variety associated to the (smooth) fan X¥. We thus obtain a
proper morphism 7 : X5 — C" that induces an isomorphism X5 \ 7 ~1(0) ~C"\ {0}. Let
P1, P2, ..., pm be the one-dimensional cones in ¥ such that p; \ {0} CInt(R%}) and for
each 1 <i <m denote by D; the (smooth) toric divisor in Xy that corresponds to p;.
Then we have 771(0)=D, U---U D,, and it is a normal crossing divisor in Xs. More-
over, by the nondegeneracy of f, the proper transforms W, S= fk‘l(O) \ {0} and D;'s
satisfy the required smoothness and transversality. By using this explicit construction
of 7 : Xy — C", we can express the Hodge realizations x»(Sg0)s € Ko(HS) (A # 1) of our
motivic Milnor fiber S, o very concretely as follows. For a face ® < I, (f) such that ® C I'f
let Lo ~RY™® he the linear subspace of R” that is parallel to the affine span of ©®. We
denote by Ky ~ RY™® the affine linear subspace of R” that is parallel to Ly and contains
vC (see Figure 1). Let Lo ~ RImO+1 he the linear subspace of R” generated by {0} U Ko .
Then L is a hyperplane of Le, and to the lattice My =Z" N Ly we can naturally asso-

ciate the algebraic torus
To = Spec(CIMp]) ~ (C*)dme+1, (72)

Denote the convex hull of {0} Ly in Lo by Ao and for 1 < j<k—1 let KJ(.“) be an inte-
gral translation of y¢ in Le such that «? C K¢ (see Figure 1). For simplicity, we denote
the k-tuple (c7”, ..., ¢, A,e) of integral polytopes in (Lo, M) by Ae. Let dy > 0 be the
lattice distance of the hyperplane Ky C Ly from the origin 0 €Lp. Note that dy can be
an integral multiple of the lattice distance d(y) > 0 of ,° from 0 € Lo if dimy? < dime®.
Then to Ap we can naturally associate a nondegenerate complete intersection subvari-
ety Z},, of To ~ (C*)4™®+1 and an action of the cyclic group uq, =Z/Zde on it as follows.
Let g¢ (j=1,2,...,k—1) and gy be Laurent polynomials on To such that NP(g7 )—KJO
and NP(gy) = A,¢. Assume also that the support suppgy of gy is contained in {0} Uy’
and the subvanety

Zh, =gl = =gg x0=0f (0 =0}CTo (73)

of Ty is a nondegenerate complete intersection. Let ht(x, Kg) : Lo —> R be the linear map

such that ht(v, Kg) = dp > 0 for any v € K. Then to the group homomorphism My —> C*
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defined by
vi— exp(2r+/—1 - ht(v, Kp)/dp), (74)

we can naturally associate an element o € Ty = Spec(C[Mp]) such that (1¢)% = 1. Since
Z;, C Ty is invariant by the multiplication I, : To —> T by 16, the variety Z3,, admits
an action of uq,. We thus obtain an element [Z7 ] € ./\/lé. Finally, for the compact face
O < I' (f), let sg be the dimension of the minimal coordinate subspace of R" containing

® and set mp =S — dim® — 1> 0.

Theorem 4.7. Assume that A € C*\ {1}. Then

(1) In the Grothendieck group K(HS), we have

0Saon= Y w(@-Lme1z)) . (75)

OCly,dimO@>k-1

In particular, the virtual Betti polynomial 8(Sg,0), € Zlt] is given by

B(Sgod= Y. A=t B(Zh ) (76)

Ocry.dim@>k—1

(2) Fori=>1, the number of the Jordan blocks for the eigenvalue A with sizes >1i
in @, ro: H" K(Fy; C) ~ H" *(Fy; C) is equal to

(1" M Bak14i(Sg 0 + Bn-kri(Sgo)n - 77)
O

Proof. By using the above explicit construction of 7 : Xy — C" from I, ( f) the proof of
(1) is obtained completely in the same way as that of [29, Theorems 5.3 and 7.3]. Then the

assertion (2) follows immediately from Proposition 4.1(2). |

By the Cayley trick in [4, Section 6], we can rewrite the formula for g(Sg,), € Zltl
(A #1) in Theorem 4.7(1) as follows. For a face ® < I, (f) such that ©® C I'f, we define an
open subset 2o of Ty x P! by

k—1
Qo=1{ (@ rap)eTo x P Y ;g (x) + g () #0 ¢ . (78)
j=1
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stratification P¥-1 = |, 2y P(Ty) of Pk-1 where we set

P(Ty) = {(a1:- o) €P* 1 a; =0 (j¢ 1), aj#0 (jeI)} = (CH7 L. (79)
For each subset JC{1,2,...,k— 1} (J can be an empty set ), set
R0.5={To x P(Tyux)} N Qo. (80)

Note that £2 ; is the complement of the hypersurface
Zh = (xaj(jed)eTo x (CH| > a;gf (x) + g x)=0 (81)
jeJ

of the algebraic torus Ty x (C*)*/. Since this hypersurface Z%.; is invariant by the mul-
tiplication of (7, 1) € Ty x (C*)*7, we obtain an action of Kd, on Zg ; and an element
[z ;e M.

Lemma 4.8. For A € C*\ {1} and a face ® < I (f) such that ® C I'r we have

1
B(Z 4= 22 > BZE i (82)

Jc{1,2,...k—1}

Proof. By the definition of Z7 the natural projection
m:QRe — To\ Z4, (83)

is an algebraic fiber bundle whose fiber is isomorphic to C¥~!. Therefore by the condition
A # 1 we obtain

~ 1
PIo\Zo)i =5 D, BRenx (84)
Jc{1,2,...,k—1}

Since the multiplication of 7y on To (resp. (1o, 1) on Ty x (C*)*) is homotopic to the

identity, by A # 1 we obtain the desired formula. This completes the proof. |
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First, by replacing the defining equations of Z7 ~with the help of Lemma 2.13,
we may assume that the hypersurfaces Zj, ; C Ty x (C*)*/ are nondegenerate. For a face
® < I (f)suchthat ® CI'rand JC({1,2,...,k— 1} we denote by ®; the convex hull of

o x{oh u{ | ]«f x {ejh (85)

jeJ
in Ly x R*, where e;=(0,...,0,1,0,...,0) is the jth standard unit vector in R*/. This

integral polytope @, is called the join of KJ(T) (jeJ) and . Let O, be the convex hull of
{(0,0)} U@, in Ly x R*. Then by Definition 3.11, we have

B(ZH pr=B(Og, dImO + 4J); = (¢* — 1IPOT/—dmOsg(@ 1), (86)

for any A eC*\ {1}. Recall that if A1 the degree of the polynomial (&), € Zlt]
is <dim@; = dim(y? + Yes KJ@) + tJ. Then for A € C*\ {1} we obtain

(-1

(1- tz)m@,B(ZzH))\ = tzk——z Z (tz — 1)5(-)+tIJflfdim®J’8(@J))\ (87)
Jci1,2,... k—1)
(=p™e
= Tk Z B(Og,s0 +1J —1),. (88)
Jc(1,2,....k—1}

Moreover for a nondegenerate hypersurface S;, ; C (C*)***/ having the thin Newton

polytope ©; C R%*%/ (recall that Ly C R*) and a natural action of 14, on it, we have
B(Og, 50 +8J — 1), =B(Sy (89)
for any A € C* \ {1}. We thus obtain the following theorem.

Theorem 4.9. For A € C*\ {1} we have

(=DM
BSeodi= Y. mm . BOrse+iI-1; (90)
Ocry,dimO>k-1 JC(1.2,...k—1}
(=1D)me y
= Z 12k—2 Z B(So, 1) (91)
OClf,dimO>k-1 Jc{1,2,....k—1}
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Remark 4.10. Although we formulated Theorem 4.9 for complete intersection singu-
larities, it can be readily extended to the case of isolated determinantal singularities
studied in [11] by constructing their toric resolutions. See [11] for the construction of

toric resolutions of determinantal singularities. O

By Theorems 4.7, 4.9 and the results in Sections 2 and 3, we can calculate
the numbers of the Jordan blocks for the eigenvalues A#1 in qﬁn,k,o:H”’k(Fo; C) ~
H"™ *(Fy; C) as follows. First, for a compact face ® < I'.(f) such that dim® >k—1
and a subset JC{1,2,...,k— 1} we define an integer ¢(®, J) € Z, by c(®, J) =dim® —
dim(y + 3., «7). Then we have dim®; = dim® — ¢(®, J) + 4J. Moreover for [ > 1 we
define a finite subset R(®s,1) C [0, dim®;] N Z by

R(®;,)={0<r<dim®;|n+k—3+1l=rmod?2}. (92)

For each r € R(®;,1), we set

e(@,,1), = "+k_§’+l_rez+. (93)

Now in the situation above, let A € C*\ {1} and i > 1. Then by Theorems 4.7 and 4.9, the

number of the Jordan blocks for the eigenvalue A with sizes >1i in @,k is

Z (_1)n—k+c(®,.]) Z Z (—1)6(@Jvl)r (m@ + C(@, J)) ﬂr(@.]))\

ocry, Jc(l...k-1) I=i, i+1 \reR@,.0) e(©s,Dr
dim@>k—1

(94)

Note that we can always calculate the virtual Betti numbers 8,(©;); € Z by our algorithm
at the end of Section 3. We can construct polytopes that majorize the join ®; much easier
than that for arbitrary polytopes of the same dimension. From now on, assume moreover
that for any compact face ® < I (f) such that dim® >k — 1 the corresponding faces
y{ (1 < j <k are simplicial and transversal: dim(Z’;:1 v = Z’;zl dimy. Note that this
condition was used in [10] to describe the difference of the Euler characteristics of two

“real” Milnor fibers over real complete intersections. Under this condition, the join ®; is
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prime and hence @} is pseudo-prime. Therefore, by Proposition 3.9 we have

Br(@); = (=)W X" 3N ()™ Vol (y), (95)
I'<e;, y=<I
dim/I"=r
: A dim®; —1
= (—ptmestry LN (—1)1( ! )VOIZ(V)A : (96)
1=0 | y<0©,, -1
dimy=l

where by using the lattice distance d(y) > 0 of the face y < ®; from the origin (0, 0) €
Lo x R*’ we define the integer Vol (y); € Z, by

Vol 200 = 1),
Volg(y), = olz(y) ( ) ©7)

0 (otherwise).

Finally to end this section, we shall introduce an analogue of the Steenbrink
conjecture proved by Varchenko-Khovanskii [48] and Saito [39].

Definition 4.11 (Ebeling and Steenbrink [9]). As a Puiseux series, we define the

nonintegral part sp,(¢) of the spectrum of g: W —> C at the origin 0 € C" by

n—k

Spg(t): Z Z Zeiﬁq([Hg])eXp(fzn\/flb) ti+b . (98)

be(0,1)NQ | i=0 | g=0

By Proposition 4.1(i) the support of sp,(f) is contained in the open interval

(0,n—k+ 1) and has the symmetry
sp,(t) = t" *1sp ! (99)
g9 g t

with center at ”’Tk“ Moreover by the above arguments (the Cayley trick) and the proof
of [29, Theorem 5.10], we immediately obtain the following explicit description of sp,(?).
Foreach ® < I, (f) suchthat ® C I'rand J C{1,2,...,k— 1} let Cone(®;) =R, 0, C Lo x

R*/ be the cone generated by ©; and hg_;: Cone(®;) — R the linear function such that
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ho.sle, = 1. Then we define the Puiseux series Py ;(t) by

Po ()= >  #{veCone(®,) NZ"™* |ho ;(v) =Db}t". (100)
beQ\Z+

Theorem 4.12. In the situation above, we have

Spg(t) — (_l)n—k Z Z (_l)dim@-f-ﬁ.](l _ t)sw+:JP@!J(t) . t_k+1, (101)
OCrly,dim@>k—1 | JC{l,....k—1}
(]

5 The Numbers of Jordan Blocks in the Monodromies over C.I.

In this section, by using the results in the previous sections, we prove some combina-
torial formulas for the Jordan normal forms of the (local) monodromies over complete
intersection subvarieties of C". We inherit the situation and the notations in Section 4.
Then our primary interest here is to describe the numbers of the maximal (and the
second maximal) Jordan blocks for the eigenvalues A# 1 in the monodromy @, o :
H"™ *(Fy; C) ~ H" *(Fy; C) in terms of the Newton polyhedrons I, (1), I’ (f2), ..., - (f).
We fix 1 € C*\ {1} and a face ® < I',.(f) such that ® C I'y. First, for JC {1,2,...,k—1} let
K. s be the affine linear subspace of Ly ~ R¥m+! which is parallel to the affine span
of the Minkowski sum y” + 3",
to be the lattice distance of Ky ; from the origin 0 € Ly. Note that if 7={1,2,...,k—1}
(resp. J =) dp.; is equal to dp (resp. is the lattice distance d(y;) of ¥ from the origin
0 € Le). Moreover, for any JC{1,2,...,k— 1} we see that dp_; divides dy.

«¢ and contains y;”. Then we define an integer do ; > 0

Definition 5.1. For JC{1,2,...,k— 1} we denote the difference dim(yk@ + ZJEJ KJ@) —
#J by 8(0, J). 0

The following lemma is essentially due to Sturmfels [43].

Lemma 5.2. If §(®,J) >0 for any JC{1,2,...,k— 1}, then the set {J|§(®, J) =0} is
closed by unions U and intersections N. In particular, if moreover {J|8(®, J) =0} # ¢

(including the case where {J|§(®, J) =0} = {#}), it has a (unique) maximal element Jy. [J
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Proof. LetI, JC{1,2,...,k— 1}. Then we can easily prove that

dim |y +ZK]@ +dim | y¢ +ZKJ@ (102)
JjeI jeJ
>dim |y + Z k| +dim [ 7 + Z k| (103)
jeIng jelug

Combining this inequality with the one #I + 8J=£(I N J) + £(I U J), we obtain

(e, 1)+6(0,J)=60,INJ)+48(E@,IUJ) >0, (104)

from which the assertion immediately follows. |

Definition 5.3. We define an integer E(®), to be 0 if min ;2. x-1;8(®,J)#0, and

otherwise by using the maximal element J; of {J|38(®, J) =0} we set

5©), - MV(k§, k5, ... k2) W%n=1), 105

(otherwise),
where Jo=1{ji, J2,..., jm}, fJo=m and MV(K}?,...,KJ‘T?")EZ+ is the normalized
m-dimensional mixed volume of ICJ(I),KJ(:)n Note that by §(@, Jy)=0 we have
dim(/cf —|—~~+KJ-@m)§t[J0=m and the m-dimensional mixed volume MV(Kf,...,Kfn)
makes sense. O

In particular, if minjcp 2. k-1;6(0,J)=0 and {J|§(O,J)=0}={0} we set
E(®); =1 or 0 depending on whether 19%¢) =1 or not.

Theorem 5.4.

(1) The degree of the virtual Betti polynomial B(Sy0); € Z[tl (» # 1) is bounded by
2n — 2k. In particular, the sizes of the Jordan blocks for the eigenvalues A # 1

in @,k o are bounded by n— k+ 1.
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(2) The number of the Jordan blocks for the eigenvalue A # 1 with the maximal

possible size n— k+ 1 in @,k is equal to

> (i EDE@),. (106)

OCIlr,so=n,

dim®>k—1
O
Proof. (A) Assume that there exists JcC{1,2,...,k— 1} such that §(®, J) <O0.

Then we have
80, )=dim [ A0 +> k| — @I+ 1) <0. (107)
jeJ

By the dimensional reason, as a nondegenerate C.I. in Ty we have
{970 =0(jed), g x=0}=0. (108)

Since Z7} C Tp is contained in this set, we obtain Zy, = and hence

(=1)me
= Z B(Os,s0 +8J — 1), =0. (109)
JC{1.2,....k—1}

(B) Next assume that §(®,J)>0 for any JC{1,2,...,k—1}. Then for any
Jc{1,2,...,k— 1} we have

(=Dme
deg t2k——2ﬁ(@‘]’ Se + ﬁJ— 1))L (110)
<2(sg +8J—1—dimB;) + dimE; — 2k + 2 (111)
=250 — 2k+¢J —dim [ 37 + > "«? (112)
jeJ
<2syp — 2k <2n-— 2k. (113)

So the assertion (1) was proved. By the above calculations, if sy <nor §(®, J) >0
forany JC {1, 2,..., k— 1} there is no contribution to the leading coefficient B2, 2x(Sg.0)>.

from the face ® < Iy (f). Therefore, to prove the assertion (2), we have only to consider
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the compact faces ® < Iy (f) such that sy =nand minjc 2. x-1)8(®, J) =0. In this case,
for the maximal element J, of the set {J|§(®, J) =0} we have

—1)me
J¢J0 — deg{( 2k)2 ,B(OJ,S()+ﬁJ—1)A}<2n—2k. (114)
This implies that
1)me 1)™me
> (tzk)z B(Os. 50+ 8T — 1) = (tZk)z B(Og,s0 +8J — 1), (115)
JCi1,2,. k—1) JCJo

modulo polynomials of degree less than 2n— 2k. Set Jo = {Ji, j2, - .-, Jm}, §Jo =m and let
e =g =" =g7 (0 =g{ (0 =0} C(CH*=(CH" (116)

be the nondegenerate complete intersection subvariety of codimension m + 1 in (C*)"

with a natural action of 1q4,. Then by the arguments in Section 4 we have

1
> i PO5,n+ 8T = 1), =B(Z 0 ). (117)

JCJ

Moreover, since by §(®, Jy) =0 we have dim(Ay{) + Zjejo ;cj@) =tJy+1=m-+1, we can

take another 0-dimensional nondegenerate complete intersection subvariety

Ao = {g (x) = —gjm(X) g¢ (x) =0} c (CH™"! (118)
in (C*)™*! such that ZZO ~ (CHm-1 % D7, This implies that the right hand side of
(115) is equal to

(_l)m@ 2 n-m—1 *
W(t -1 B(Dho )i (119)

whose leading coefficient (of degree 2n— 2k) is (—1)™¢ B(D%, ), = (=1)""4mO~1 g, (D%, ), €
7. By Theorem 2.6, the subset

{gjel(x)z"'=g§7,)n(X)=0}C(C*)mﬂ (120)

of (C*)™*! is a disjoint union of MV(KJ?, e K;i) copies of the complex line C and the

=0

restriction of g, to each line vanishes at exactly dy j distinct points. Moreover we can

easily see that the action of the generator of ug4, on these dp ; points corresponds to

1702 ‘2 1890190 uo 1s8nb Aq 610°S[euInolployxo-uiwi woiy papeojumoq


http://imrn.oxfordjournals.org/

Motivic Milnor Fibers Over Complete Intersections 33

that of their automorphism group ug, ,,- Then the assertion (2) follows. This completes
the proof. |

Remark 5.5. The maximal Jordan blocks in monodromies are important also in the
monodromy conjecture. For the case k=1, see the recent result in Melle Hernandez
et al. [30]. |

As we see in the following corollary, our result becomes very simple when the
dual fans of I, (f1), ..., It (fp) in R} are the same. For example, if I"\(f1), ..., I (fi) are
similar, this condition is satisfied.

Corollary 5.6.

(1) If k=2, then the number of the Jordan blocks for the eigenvalue A # 1 with

the maximal possible size n—k+1=n—11in @, i is equal to

n—1
> length, () + Y (D% g {@ cry

OCIlf, so=n, d=2
dim®=1, A% =1

So =n, dim® =d
dimy =0 and 2%02) =1

(121)

where length,(y”) € Z, is the lattice length of the segment y°.
(2) Assume that the dual fans of I'.(fi),..., Iy (fi) in R?} are the same. Then
the number of the Jordan blocks for the eigenvalue A # 1 with the maximal

possible size n— k+ 1 in @, o is equal to

> MV(k®, ... k). (122)

OClf,so=n,
dim@=k—1,1% =1

where MV(k{, ..., kg ;) € Z; is the normalized (k— 1)-dimensional mixed

volume of ¥, ..., k2 |. O

Example 5.7. Assume that n=3 and k=2. Let
W={fi=0D>V={fi=f£=0} (123)

be complete intersection subvarieties of C* having isolated singular points at the origin
0 € C3. Denote by Fy the Milnor fiber of g:= f;|w: W — C at the origin 0. Assume also
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that the vertices of I' (f}) (resp. I'.(f2)) are (3,0, 0), (0, 3,0) and (0, 0, 3) (resp. (2, 2, 2),
(8,0,0), (0,8,0) and (0,0, 8)) and f=(fi. f>) is nondegenerate at the origin 0 € C*. Then
by the theorem of Oka [33, 34] and Kirillov [20], the total multiplicity of the eigenvalue
—1 in the monodromy operator @, o: H!(Fy; C) >~ H!(Fy; C) is 18. By Corollary 5.6(1) the
number of the Jordan blocks for the eigenvalue —1 with the maximal possible size
n—k+1=21in @, is 3 x 3 —1=8. Hence the number of the Jordan blocks for the
eigenvalue —1 with the size 1 in &, is 18 —2 x 8=2. We can check this result also
by Corollary 5.15(1). O

From now on, we shall describe the numbers of the second maximal Jordan
blocks for the eigenvalues A% 1 in the monodromy @, jo:H" ¥(Fy; C) ~ H" *(Fy; C).
We fix A eC*\ {1} and a face ® <I',(f) such that ©® C I'y. Recall that for any JC
{1,2,...,k— 1) the Minkowski sum y’ + 3", «¢ majorizes «¢ (j € J) and y;. For a face
rofy?+3,.,«¢ denote by I'f’ (j € J U {k}) the corresponding faces of ¢ (j € J) and y;’.
Moreover for such J and I" let K/ ; be the affine linear subspace of Lo ~ RI™O+1 which
is parallel to the affine span of I" and contains I}°. Then we define an integer d, ;>0to

be the lattice distance of K/, ; from the origin 0 € Le.

Lemma 5.8.

(1) Assume that min -2, x-1;8(®, J) =1. Then the set {J|§(®, J)=1}#0V has a

unique maximal element.

.....

(2) Assume that minjcq 2. x-1)8(©, J) =0 and let J, be the (unique) maximal ele-
ment of {J|8(®, J)=0}. Assume also that the set {J|§(®,J)=1, JyC J} is
not empty and let I and J be its maximal elements. Then we have I =J or
INJ=Jp. O

Proof. (1) Let I and J be maximal elements of {J|8(®, J) =1} #@. Then by the

proof of Lemma 5.2 we have

2=8(0,1)+8O,)>8O,INJ)+86,IUJ)>2. (124)

Since §(®,IN J),8(O,IUJ)>1 we obtain §(®, I U J)=1. Then by the maxi-
mality of I and J we have I = J.
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(2) Assume that I # J. Then by the proof of Lemma 5.2 we have
2=80,1)+8O,N)>80O,INJ)+8@O,1UJ) >0. (125)

Since §(O®, I U J) > 2 by the maximality of I and J, we obtain §(®, I N J)=0 and
hence I N J = Jy. |

Definition 5.9.

(1) Assume that minjcp 2. xk-1)6(@, J)=1. Then we denote by J; the (unique)
maximal element of {J|8(®, J) =1} #0.

(2) Assume that min - 2. x-1)8(®, J) =0. Then we define ng > 0 to be the num-
ber of the maximal elements of the set {J|8(®,J)=1, JyC J}. If ng >0 we

denote by J;, J, ..., Jy, the maximal elements. O

Lemma 5.10. Assume that min - 2. x-1)8(®, J)=0. Then for any JC{1,2,...,k—1}
such that §(®, J) =1 we have J C J or (ng > 0 and) J C J; for a unique 1 <i < ngp. O

Proof. Assume that §(®, J)=1 and J ¢ Jy. Then by the proof of Lemma 5.2 we have
1=6(0, Jp) +38(0,J) =8O, bNJ)+8(6, JpUJ)=>0. (126)

Since §(®, Jo U J) =1 by the maximality of Jy, we see that ng >0 and J C JyU J C J; for

some 1 <i < ng. The uniqueness of J; such that J C J; follows from Lemma 5.8(2). [ |

Definition 5.11.

(1) ForJc({l1,2,...,k—1}suchthat§(®@, J)=0, we set

MV(k?,...,k2) (A% =1),
J Jm (127)

MV («§(j € )y =
(otherwise),

where J={Ji, j2, ..., jm}, fJ=m and MV(K}?, . ..,Kfn) € Z, is the normalized

m-dimensional mixed volume.
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(2) ForJc({l,2,...,k—1}suchthat§(®@, J)=1 we set

MV(c?, ...k, v + k?) (%=1,
MV(KO(_]GJ) y +ZK0)A_ 2 J K Zl 1 ]
jed 0 (otherwise),
(128)
where J={ji, j2, ..., jm}, BJ=m and MV(?,... .2,y + > k7)€L is

the normalized (m + 1)-dimensional mixed volume.
(3) For Jc{l1,2,...,k—1} such that §(®, J)=1 and a facet I of the (4J + 1)-

dimensional Minkowski sum y + 3", «? we set

] MV(r?,...,r?) %1 =1),
MV(I'7(je ). = T ) : (129)
0 (otherwise),

where J={j1, jo, ..., jm}, 8J=m and MV(FJ?, o Fjg) €7, is the normalized
m-dimensional mixed volume. O

Definition 5.12. For A € C*\ {1} and a face ® < I';(f) such that ® C I'rf we define an
integer F(©); € Z as follows.

(1) Ifminjcp,. k-138(0,J) <0o0r >1weset F(®), =0
(2) If minjcp2. xk-138(@,J)=1, then by using the maximal element J; of
(J18(6, J) =1} we set

F(@), =MV [P (Ge ). v+ Y k¥ | =D MVIF(jen). (130)
jen r

where in the sum ). the face I" ranges through the facets of 7 + 3", «¥

_____ k-118(0,1)=0 and ng =0 (= {J|8O,N)=1,J¢ Jo}=0 by
Lemma 5.10), then we set F(®), =0

(3) If minjcq 2
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(4) Ifminjcpz. x-138(0,J) =0 and ng >0 we set

Ne
F(O©), =) 12MV?(j € T + MV [P e J) v + > «¥
i=1 jed;

=Y MV (j e}
r

Padm

where in the sum }_ . the face I" ranges through the facets of y;” + ;. «§

Theorem 5.13. The number of the Jordan blocks for the eigenvalue A #1 with the

second maximal possible size n— kin &, is equal to

Y. DIFE@),. (131)
Ocly,so=n,
dim®>k
O

Proof. It suffices to calculate the coefficient of 2" 2k-1 of

(—1)me
(=™ B2 =g Y BOse+tT—1) (132)
Jc{1.2,....k—1}

for each face ® < I (f) such that ® C I'y. By the proof of Theorem 5.4, this coefficient
is zero unless sy =n and there exists JC{1,2,...,k— 1} such that §(®, J)=0, 1. Here
we calculate only the contribution to the coefficient of t?*2*~! from ©® such that ® C
s, So=m, mingcn 2, k-1;6(0,J) =0 and ne > 0 (other cases can be treated similarly by

using the proof of Theorem 5.4). In this case, by Lemma 5.10 we have

(=1)me
g Y BOsse+tI—1)
Jc(1.2, k1)

—1)me o
E(ﬂ% Y 1Y BOsnt eI -1~ (o —1) Y O n+] 1),

i=1 | JCJ; JCJo

modulo polynomials of degree less than 2n— 2k — 1. By the proof of Theorem 5.4 the

contribution to the coefficient of t2* 21 from the second term is zero. Moreover for
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each 1 <i < ng the coefficient of t?"2k-1 of

1 me
(tZk)Z Zﬂ(OJ,n+ﬁJ— 1), (133)

JCg;

is calculated as follows. Set J; = {1, J2, ..., Jm}, §J; = m and let
ko ] _ _ e 10 _ *\So __ K\
ZAZ) ={g;, ) =---=g} (%) =g¢ (x) =0} C(CH* =(C) (134)

be the nondegenerate complete intersection subvariety of codimension m + 1 in (C*)"

with a natural action of 114,. Then by the proof of Theorem 5.4 we have

1
B(Zy )= D BOsn+2] = Dy (135)

JCJ;

Since by §(®, J;) =1 we have dim(A},{) + Z]GJ 7 9=tJ+1+1=m+2, we can take a
nondegenerate C.I. curve

Ch =1{gj (0 ="--=g7 (0 =g (=0} C (CH"** (136)

in (C*)™*2 such that Z*,

e ~ (C*)m=2 Czi.)' Hence we obtain

( l)mo (_l)n—dim@—l 2 n-m—2 *
= > BOsn+1T - Vi =—gegms— =1 B(Cl ) (137)

JCJ;

Since the coefficient of t**2k~1 of the last term is (—1)"4™@-18,(C*,),, the assertion
e

follows from the following proposition. |

Proposition 5.14. In the situation above, we have

BL(Cly )n = —2MV (k] (j € Jo)) — MV [« (€ F), v + )i | + D MV (j € T
Jjedg; r
(138)
O
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Proof. By the Cayley trick we have

1
BCL )= 2 BEZ, (139)

JcJ;

where Z% is the nondegenerate hypersurface of (C*)"?**/ defined by

Zy={(xa;(jed) e(C)™?* x (CY | gl x) + 3 (0 =0 ¢ C(CH™* (140)
jeJ

By a simple calculation, for any J C J; we see that degf(Z%), <2m+2 —§(0,J) <2m +
2. Hence the leading coefficient of the polynomial g(C* i € Z[t] is B2(C*; ), and equal
to that of

1 1
a2 BZD = s (B = DT B(DY ), (141)
JCJy

where D%, C (C*)#0+! is the 0-dimensional nondegenerate C.I. in (C*)***! in the proof of
€]

Theorem 5.4. Consequently we obtain
B2(C i )= Bo(D’o )i =MV (j € Jo))s.. (142)
€] e
From now on, let us calculate the A-Euler characteristic
X(CZ?))A:ﬂO(C*Z)A+,31(C*zé))~+,32(022)))\ (143)

of the C.I. curve C*L C (C*)™*+2, First, note that if J satisfies the condition dim(Aykw +
Z]e] j 7Y <m+ 2, Wehave x(Z5)n=x(Z%) =0. So in the sum

X(Chn= ) x(Z (144)

JCJi

only the terms x(Z%), for J such that dlm(y +ZJEJ i ?y=m+ 1 can be nontrivial.
By Theorem 3.6 this implies that we have

——x(Ch) (Fa=1),
x(Chi)n= Ao, (145)

0 (otherwise).
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Since C*,
Ap

C (C*)™*2 is a dy, ;-fold covering of the C.I. curve

g0 ="=g7 ®0=0}\{g7®)=--=g7 (¥ =g (x) =0} (146)

in (C*)™*1, its usual Euler characteristic x(C%) is calculated by Theorem 2.6 as
2]

m
X(Chi)=—do.y xMV(KJ‘."f,...,K;?n,y,?JrZKf). (147)
i=1
Hence we get
X(Ch=—MV [« (e v+« | (148)
jed;

jed K? in R™t2, Then [J is an (m + 2)-

Jj€J) and A,e. Let Xg be the toric variety

Now denote by [J the Minkowski sum A,e +3°

i

associated to the dual fan of 0. Then X is a compactification of the complex torus

dimensional polytope and majorizes «

T = (C*)™*2 and smooth outside the union of T-orbits of codimension > 2. Therefore, by

the nondegeneracy of C*, c (C*)™*? its closure Ci in X is a smooth projective curve.
] e}

By the Poincaré duality of C*; we have
®

Bo(Cly )a = P2(CFy )i = P2(C )y )it = MV (T (j € Jo))s (149)
and hence
Bo(Cly ) =MV (k7 (j € Jo)r = ) MV (j € J). (150)
r

Then we obtain the desired formula for the first virtual Betti number 3, (Czi )». This com-
@

pletes the proof. |
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Corollary 5.15.

(1) If k=2, then the number of the Jordan blocks for the eigenvalue A # 1 with

the second maximal possible size n— kin @, is equal to

n—1
> FO)u+ ) (-1

OCly,sop=n, d=3
dim®=2
x 3 (lengthz(yzg) — t{v < y? |dimv = 0, A% = 1}) . (151)

so=n,dimO=d,
dimy® =1,2%%" =1

(2) Assume that the dual fans of I, (f), ..., I (fo) in R?} are the same. Then the
number of the Jordan blocks for the eigenvalue A # 1 with the second maximal

possible size n— kin &, ¢, is equal to

Z F(O),. (152)
OClyf,so=n,
dim®=k
O

6 Monodromies at Infinity over C.IL.

In this section, we study the monodromies at infinity over complete intersection
subvarieties in C™ For 2<k<nlet

W={fi==fia=0DV={fi= = fir1= fi=0} (153)

be complete intersection subvarieties of C" Then for the polynomial map f=
(fi. for--., fi) :C*— Ck, there exists a complex hypersurface D c C¥ such that the
restriction C*\ f~1(D) — C*\ D of f is a locally trivial fibration. We assume that the

kth coordinate axis

A={yeCrlyi=p = =p1=0}=C (154)

satisfies the condition #(Ax N D) < +o0. Let Cr be a circle in Ay >~ C centered at the ori-
gin 0 € A with a sufficiently large radius R>> 0. Here we take R large enough so that
the open disk whose boundary is Cr contains the finite set A, N D. Let g= flw= filw:
W= f~'(Ay) — C~ A be the restriction of f to W. Then by restricting the locally
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trivial fibration W\ g~'(Ax N D) —> A\ (A4x N D) to Cr C C >~ Ax, we obtain a geometric

monodromy automorphism ®> : g~'(R) — g !(R) and the linear maps
. 7ia-1(R).- ~ mica-l(my. i
> :H/(g" (R);C) > H/(g"(R;C) (j=0.1,...) (155)

associated to it. We call @3° the (cohomological) kth principal monodromies at infinity
of f.For the case k=1 see [2, 14, 28, 29, 36, 41, 42] etc. The semisimple parts of <1>J°.° were
studied in [28, Section 5]. From now on, we shall determine their Jordan normal forms for
the eigenvalues A # 1. Note that if the generic fiber g~!(R) (R > 0) of g satisfies the con-
dition H/(g~'(R); C) ~0 (j #0, n— k) (see, e.g., Tibar [46, Theorem 6.2]) then it suffices to
determine the Jordan normal form of ®2°, : H* ¥(g~!(R); C) — H" *(g~'(R); C) (R>> 0).
Let j: C < P! be the inclusion and h a local coordinate on a neighborhood of co € P! such
that {oo} = h~1(0). Then to the object ¥#(jiRg(Cw)) € ch’({oo}) and the semisimple part of

the monodromy automorphism acting on it, we associate naturally an element
[H,°] € Ko (HS™™). (156)

Proposition 6.1. Assume that W C C" has only isolated singular points, g: W — C is
cohomologically tame in the sense of Sabbah [37] and the generic fiber g~*(R) (R > 0) of
g satisfies the condition H/(g~'(R); C) ~0 (j #0,n— k). Let A € C*\ {1}. Then

(1) We have eP4([H?]), =0 for (p,q) ¢10,n— k]l x [0, n— k]. Moreover for (p, q) €
[0, n— k] x [0, n— k] we have

ePU(H N, = €K R P([H X)), (157)

(2) Fori=>1, the number of the Jordan blocks for the eigenvalue A with sizes >1i
in %, : H" *(g~'(R); C) — H" ¥(g~'(R); C) (R>> 0) is equal to

(—nrF > ePd([H ));. (158)

p+q=n—k—1+in—k+i
U

Proof. Let Fe DZC’(I/ID be the intersection cohomology complex of W. Then by using a
nice compactification of g: W — C, we can prove an analogue of [37, Theorem 8.1(ii)]
for the natural morphism RgF — Rg.F. Hence for A # 1, the A-part ¥, (jiRg(Cw)) €
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D’ ({o0}) is isomorphic to
Vi (i Rg(Fl-n+k — 11) = Yn s (Rj« Rg«(Fl-n+ k — 11)). (159)

Then by the proof of Sabbah [37, Theorem 13.1], its relative monodromy filtration is the

absolute one (up to a shift), and the assertions follow. [ |

In order to rewrite this result explicitly, assume moreover that the polynomials

fi, fo. ..., fi are convenient.

Definition 6.2 ([24, 28] etc.).
(1) For 1< j<kwe call the convex hull of {0} UNP(f;) in R" the Newton polyhe-

dron at infinity of f; and denote it by I',o( fj). Moreover we set

Too () i=Too(fi) + To(f2) + -+ + Do (f). (160)

(2) We say that ® <I(f) (resp. y <I'w(f;) is a face at infinity if 0¢®
(resp. 0 ¢ y). O

As in Section 4, for each face at infinity ® of I',,( f), we define those y]@ of I'o(f7)
so that we have
O=r’+vy +-+v (161)

For 1< j<k and a face at infinity ® of I',(f), we define f]() cClxy, X2, ..., X,] as in
Section 4.

Definition 6.3 ([28]). We say that f=(fi,..., fv) is nondegenerate at infinity if for

any face at infinity ® of I'x(f) the two subvarieties {f?(x)=---= f£,(x) =0} and
(fPx) == f2,(x) = f¢(x) =0} in (C*)" are nondegenerate complete intersections. [J

From now on, let us assume also that f is nondegenerate at infinity. Let X; be
the dual fan of I'o(f) and X, the fan formed by the faces of the first quadrant R’. By
the convenience of fi, ..., fi, o is a subfan of ¥, and hence we can construct a smooth
subdivision ¥ of X¥; without subdividing the cones in X¥y. Then the toric variety Xs
associated to X' is a smooth compactification of C". By the nondegeneracy of f at infin-

ity, it follows from the construction of Xy that W C C™ has only isolated singular points.
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By constructing a blow-up of X5 (to eliminate the points of indeterminacy of the mero-
morphic extension of f; to Xx) as in [29], we can check also that g: W — C is cohomo-
logically tame. Moreover by Tibar [46, Theorem 6.2] the generic fiber g7}(R) (R>>0) of g
satisfies H/(g~!(R); C) ~ 0 (j # 0, n— k). Hence all the assumptions of Proposition 6.1 are
satisfied. Now, as in [29, Section 4; 35] (see also [15]), by using the blow-up of X5 we can
construct an element S € Mé such that xn(Sg°) = [H®]. We call Sy the motivic Milnor
fiber at infinity of g: W — C. For each face at infinity ® of I',,(f) we define an element
[z 1€ Mé and an integer mg € Z, etc. as in Section 4. Then the following result can be

obtained in the same way as Theorem 4.7 (see the proof of [29, Theorems 5.3 and 7.3]).

Theorem 6.4. Assume that » € C*\ {1}. Then

(1) In the Grothendieck group Ky(HS) , we have

i SPu= Y (A =Ly" - 1Z5)]),. (162)
0¢0,dim®>k—1

In particular, we have

BS = Y. (A=) B(Zh (163)

0¢6,dimO>k—1

(2) Fori=>1, the number of the Jordan blocks for the eigenvalue A with sizes > i
in @, : H" *(g~'(R); C) — H" *(g"'(R); C) (R>> 0) is equal to

(=1 Briee 14 (S50 + Brkri (ST ) (164)

Moreover, also for ,B(SSO)A € ZItl (A # 1) we can obtain a formula completely simi-
lar to Theorem 4.9. Therefore, we can always calculate the numbers of the Jordan blocks
for the eigenvalues A # 1 in @ °, by the results in Sections 2 and 3. It is also clear that
the analogues of the results in Sections 4 and 5 hold for @;°,. We thus find a striking

symmetry between local and global.
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