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Abstract. A numerical dataset is usually represented by a table where
each entry denotes the value taken by an object in line for an attribute
in column. A bicluster in a numerical data table is a subtable with close
values diﬀerent from values outside the subtable. Traditionally, largest
biclusters were found by means of methods based on linear algebra. We
propose an alternative approach based on concept lattices and lattices
of interval pattern structures. In other words, this paper shows how formal concept analysis originally tackles the problem of biclustering and
provides interesting perspectives of research.
keywords: biclustering, numerical data, formal concept analysis,
pattern structures, conceptual scaling.

1

Introduction

We consider the problem of biclustering numerical data [7,4,16] using techniques
of Formal Concept Analysis (FCA) [5,6]. A numerical dataset is given by sets
of objects, attributes, and attribute values for objects (many-valued contexts in
terms of FCA). The description of an object is a tuple of values, each component
corresponding to an attribute value. An example of numerical dataset is given
in Table 1 where lines denote objects, while columns denote attributes.
To analyze such a dataset, a major data-mining task is clustering, a data
analysis technique used in several domains, e.g. gene expression data analysis.
It allows one to group objects into clusters according to some similarity criteria
between their description, the similarity being deﬁned according to an adequate
distance, following given characteristics [9]. However, clusters are global patterns
since similarity between objects is computed w.r.t. all attributes simultaneously
(possibly weighted). In many applications, and especially in gene expression data
analysis, local patterns are preferred [3,16] and consist in pairs (A, B) where A
is a subset of objects related to a subset of attributes B. Indeed, it is known that
a set of genes is activated (e.g. translated into proteins for enabling a biological
process) under some conditions only, i.e. only for some attributes. Accordingly,
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a bicluster is generally represented by a rectangle of values in a numerical data
table, see e.g. a bicluster in Table 2. In Table 1, one can see that both biclusters
({g1 , g2 }, {m1 , m2 , m3 , m4 }) and ({g1 , g2 }, {m5 }) give more meaningful information than cluster {g1 , g2 } being described by all attributes, since the values taken
by objects in A for attributes in B are more similar.
There are many deﬁnitions of a bicluster, depending on the relation between
subsets of objects and subsets of attributes, as discussed in [16]. In this paper,
we consider two types of biclusters: ﬁrstly, constant biclusters that can be represented as rectangle of equal values (see Table 3), and secondly, biclusters of
similar values, that can be represented by rectangle of similar values (see Table 4). In general case, extracting all biclusters is an intractable problem [16], so
in practice heuristics are used. Obviously, even best heuristics may result in the
loss of “interesting” biclusters.
The purpose of this paper is to show that an approach based on Formal
Concept Analysis (FCA [5]) can be used for biclustering numerical data, leading
to a complete, correct and non-redundant enumeration of all maximal biclusters
(either of constant or similar values). Such non-heuristic based enumeration has
not been deeply considered in the literature due to the very important number
of possible biclusters. Whereas a ﬁrst study is given in [2], we propose here
two equivalent FCA-based methods, whose underlying closure operator enables
a natural enumeration of maximal biclusters. The ﬁrst one relies on conceptual
scaling (discretization) of numerical data giving rise to several binary tables
from which biclusters can be extracted as formal concepts. A second method
avoids a priori scaling and is based on interval pattern structures [6,12], an
FCA formalism that allows one to build concept lattices directly from numerical
data from which biclusters of interest can be extracted.
The paper is organized as follows. We ﬁrst give a brief introduction to FCA,
before formally stating the problem of extracting biclusters from numerical data.
Then, Section 2 presents the ﬁrst method based on scaling while Section 3 details
the method based on pattern structures. Finally, a discussion compares both
approaches w.r.t. their scalability and usage, and highlights several perspectives
of research.
1.1

Preliminaries on FCA

We use standard notations of [5]. Let G and M be arbitrary sets and I ⊆ G × M
be an arbitrary binary relation between G and M . The triple (G, M, I) is called a
formal context. Each g ∈ G is interpreted as an object, each m ∈ M is interpreted
as an attribute. The fact (g, m) ∈ I is interpreted as “g has attribute m”. The
two following derivation operators (·) are considered:
A = {m ∈ M | ∀g ∈ A : gIm}

f or A ⊆ G,

B  = {g ∈ G | ∀m ∈ B : gIm}

f or B ⊆ M

which deﬁne a Galois connection between the powersets of G and M . For A ⊆ G,
B ⊆ M , a pair (A, B) such that A = B and B  = A, is called a (formal) concept.

Biclustering Numerical Data in Formal Concept Analysis

137

Concepts are partially ordered by (A1 , B1 ) ≤ (A2 , B2 ) ⇔ A1 ⊆ A2 (⇔ B2 ⊆ B1 ).
With respect to this partial order, the set of all formal concepts forms a complete
lattice called the concept lattice of the formal context (G, M, I). For a concept
(A, B) the set A is called the extent and the set B the intent of the concept.
Certain data are not given directly by binary relations, e.g. numerical data.
Such data is usually represented by a many-valued context (G, M, W, I), a 4tuple constituted of a set of objects G, a set of attributes M , a set of attribute
values W and a ternary relation I deﬁned on the Cartesian product G × M × W .
(g, m, w) ∈ I, also written g(m) = w, means that “the value of attribute m taken
by object g is w”. The relation I veriﬁes that g(m) = w and g(m) = v always
implies w = v. For applying the FCA machinery, a many-valued context needs
to be transformed into a formal context with so-called conceptual scaling. The
choice of a scale should be wisely done w.r.t. data and goals since aﬀecting the
size, the interpretation, and the computation of the resulting concept lattice.
1.2

Problem Setting

Here a numerical dataset is realized by a many-valued context (G, M, W, I) where
W is a set of values that objects g ∈ G can take for attributes m ∈ M . Such
many-valued contexts are usually represented by a numerical table where a tableentry gives the value m(g) ∈ W , i.e. the value taken by attribute m in column
for object g in line. The Table 1 gives an example (taken from [2]) that we
consider throughout this paper, with objects G = {g1 , ..., g4 }, attributes M =
{m1 , ..., m5 }, and e.g. m2 (g4 ) = 9.
A bicluster is given by a pair (A, B) with A ⊆ G and B ⊆ M . Intuitively, a
bicluster is represented by a rectangle of values, or sub-table (modulo line and
column permutations), see e.g. the bicluster ({g2 , g3 , g4 }, {m3 , m4 }) highlighted
grey in Table 2.
Definition 1 (Bicluster). Given a numerical dataset (G, M, W, I), a bicluster
is a pair (A, B) with A ⊆ G and B ⊆ M .
In [16], several types of biclusters are introduced. The type of a bicluster (A, B)
depends on the relation between the values taken by attributes in B for objects in
A. In this paper, we consider constant biclusters (equality relation) and biclusters
of similar values (similarity relation) as deﬁned in the next paragraphs.
A constant bicluster can be interpreted as a rectangle of identical values, and
is deﬁned as follows.

Table 1. A numerical dataset

Table 2. ({g2 , g3 , g4 }, {m3 , m4 })

m1 m2 m3 m4 m5
g1
g2
g3
g4

1
2
2
8

2
1
2
9

2
1
1
2

1
0
7
6

6
6
6
7

m1 m2 m3 m4 m5
g1
g2
g3
g4

1
2
2
8

2 2 1
1 1 0
2 1 7
9 2 6

6
6
6
7
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Table 3. A constant bicluster
m1 m2 m3 m4 m5
g1
g2
g3
g4

1
2
2
8

2
1
2
9

2
1
1
2

1 6
0 6
7 6
6 7

Table 4. A bicluster of similar values
m1 m2 m3 m4 m5
g1 1 2 2
g2 2 1 1
g3 2 2 1
g4 8 9 2

1
0
7
6

6
6
6
7

Definition 2 (Constant bicluster). Given a numerical dataset (G, M, W, I),
a constant bicluster is a bicluster (A, B) such that mi (gj ) = mk (gl ), ∀gj , gl ∈
A, ∀mi , mk ∈ B.
Since the number of possible biclusters in a numerical dataset can be very large,
the notion of maximality gives naturally rise to maximal constant biclusters, i.e.
“largest rectangles of identical values”.
Definition 3 (Maximal constant biclusters). Given a numerical dataset
(G, M, W, I), a constant bicluster (A, B) is maximal if it does not exist a constant
bicluster (E, F ) with either A ⊂ E or B ⊂ F .
In other terms, (A, B) is a maximal constant bicluster iﬀ
– (A ∪ {g}, B) is not a constant bicluster ∀g ∈ G\A
– (A, B ∪ {m}) is not a constant bicluster ∀m ∈ M \B
Table 3 shows an example of maximal constant bicluster ({g1 , g2 , g3 }, {m5 }).
One should remark that ({g1 , g2 }, {m5 }) is constant but not maximal. Note that
maximal constant biclusters taking values 1 in a 1/0 table are formal concepts.
The fact that constant biclusters correspond to sets of objects taking equal
values for same attributes is a too strong condition in real-world data. This may
lead to the well-known problem of pattern overwhelming. Instead of considering
equality, one may relax this condition and consider a similarity relation between
values. This idea was introduced in [2] for handling noise in a numerical dataset.
Two values w1 , w2 ∈ W are said to be similar if their diﬀerence does not exceed a
user-deﬁned parameter θ. A similarity relation denoted by θ is formally deﬁned
by: w1 θ w2 ⇐⇒ |w1 − w2 | ≤ θ. According to this formalization of similarity,
a bicluster of similar values can be deﬁned as a “generalization” of constant
biclusters.
Definition 4 (Bicluster of similar values). A bicluster (A, B) is a bicluster
of similar values if mi (gj ) θ mk (gl ), ∀gj , gl ∈ A, ∀mi , mk ∈ B.
Definition 5 (Maximal biclusters of similar values). A bicluster of similar
values (A, B) is maximal if there does not exist a bicluster of similar values
(E, F ) with either A ⊂ E or B ⊂ F .
Table 4 shows an example of maximal bicluster of similar values ({g1 , g2 , g3 },
{m1 , m2 , m3 }) with θ = 1. Note that bicluster ({g1 , g2 }, {m1 , m2 }) fulﬁls the
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conditions of similarity but is not maximal. Obviously, constant biclusters are
biclusters of similar values when θ = 0.
In this paper we consider the problem of mining all maximal (i) constant
biclusters and (ii) biclusters of similar values from a numerical dataset. The
novelty here lies in the use of Formal Concept Analysis for a correct, complete
and non-redundant enumeration (without heuristics). Indeed, we show in the
following sections how to deﬁne a scaling to build formal contexts whose concepts
exactly correspond to the two types of biclusters. However, this leads to the
deﬁnition of several contexts whose preparation and mining may be ineﬃcient.
Then, based on so-called interval pattern structures, we show how binarization
can be avoided, which results in reducing practical computational complexity.

2

Mining Biclusters by Means of Conceptual Scaling

In this section, we present two scaling procedures allowing to build formal contexts from which (i) constant biclusters and (ii) biclusters of similar values, can
be extracted within the existing FCA framework. Intuitively, scaling allows to
express bicluster searchspace under the form of binary tables, while the Galois
connection allows to extract maximal biclusters represented as concepts.
2.1

Constant Biclusters

A maximal constant bicluster can be interpreted as a maximal rectangle of identical values. Recall that formal concepts correspond to maximal rectangles of
1 values in binary tables. Accordingly, a maximal constant bicluster containing
values w ∈ W from a numerical dataset (G, M, W, I) corresponds to a concept
in a context Kw = (G, M, Iw ) where (g, m) ∈ Iw ⇐⇒ m(g) = w. One should
naturally consider one formal context for each value w ∈ W , which results in a
context family KW deﬁned as follows:
KW = {Kw = (G, M, Iw ) | w ∈ W (m, g) ∈ Iw ⇐⇒ m(g) = w}
The procedure building the family KW from (G, M, W, I) involves one conceptual
scaling for each w ∈ W (actually nominal scalings related to each value w [5]).
Figure 1 gives Kw = (G, M, Iw ) for w = 1 and w = 6. The collection of concepts
of each context Kw = (G, M, Iw ) is denoted by B(G, M, Iw ), or simply Bw .
Examples are given in Figure 1.
The two obvious propositions hold.
Proposition 1. Given a set of objects A ⊆ G and a set of attributes B ⊆ M ,
a concept (A, B) of Kw corresponds to a maximal constant bicluster (A, B) of
values w from numerical dataset (G, M, W, I).
Proposition
2. There is a one-to-one correspondence between the set of con
cepts w∈W Bw and the set of all maximal biclusters.
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w∈W

Kw

Bw

Bicluster corresponding to
ﬁrst concept on left list

...

...

...

...

m1
m2
m3
m4
m5
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1

g1 ×
×
××
g2
×
g3
g4

...

({g2 , g3 }, {m3 })
({g2 }, {m2 , m3 })
({g1 }, {m1 , m4 })

g1
g2
g3
g4

6

...

g1
g2
g3
g4

×

...

1
2
2
8

2 2
1 1
2 1
9 2

...

1
0
7
6

6
6
6
7

...

m1
m2
m3
m4
m5

...

m1 m2 m3 m4 m5

m1 m2 m3 m4 m5

× ({g1 , g2 , g3 }, {m5 })
×
({g4 }, {m4 })
×

...

g1
g2
g3
g4

1
2
2
8

2
1
2
9

2
1
1
2

1 6
0 6
7 6
6 7

...

Fig. 1. Extracting constant biclusters from the dataset of Table 1


Hence, an algorithm that constructs the set of concepts w∈W Bw gives a
correct, complete and non redundant enumeration of all maximal constant biclusters.
Figure 1 gives two examples of concepts and their corresponding bicluster
representation in the original numerical table.
2.2

Biclusters of Similar Values

The number of constant biclusters can be very large in real-world data, where
numerical attribute domains contain many diﬀerent values. Moreover, it leads
to a huge number of artifacts, e.g. the maximal constant bicluster (A, B) =
({g4 }, {m4 }) is a rectangle of area 1, i.e. the product |A|× |B|. One should therefore relax the equality constraint on numerical values when performing scaling
with similarity relation θ deﬁned in the introduction. Intuitively, with θ = 1,
the previous example is not maximal anymore, whereas ({g3 , g4 }, {m4 , m5 }) is
maximal with area equal to 4. For that matter, one should extract rectangles
with pairwise similar values w.r.t θ . However, this relation is reﬂexive and
symmetric but not transitive, hence a tolerance relation.
As related in [14], a tolerance relation T over an arbitrary set G, i.e. T ⊆ G×G,
can be represented by a formal context (G, G, T ). A formal concept of (G, G, T )
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Table 5. Formal context of relation θ over W = {0, 1, 2, 5, 6, 7, 8, 9} with θ = 1 (left).
Corresponding tolerance classes (middle). Renaming classes as the convex hull of their
elements (right).
1 0 1 2 6 7 8 9

Classes of tolerance

Renamed classes

0 ××
1 ×××
××
2
××
6
×××
7
×××
8
××
9

{0, 1}
{1, 2}
{6, 7}
{7, 8}
{8, 9}

[0, 1]
[1, 2]
[6, 7]
[7, 8]
[8, 9]

where intent is equal to extent corresponds to a class of tolerance, i.e., a maximal
subset of G such that all pairs of its elements are in relation T .
Going back to the tolerance relation θ on a set of values W , tolerance classes
are maximal sets of pairwise similar values, corresponding to concepts (A, B) of
(W, W, θ ) such that A = B [11]. This is exactly what we need to characterize
maximal biclusters of similar values. More details on this process are given in
[11], while Table 5 shows initial context (W, W, θ ) and corresponding classes of
tolerance from the numerical dataset of Table 1.
Now that classes of tolerance, or maximal sets of pairwise similar values, are
characterized and computed, we can rename them for sake of readability and
use them for scaling the initial dataset from which maximal biclusters of similar
values can be extracted.
We choose to rename a class K ⊆ W as the convex hull of its elements, i.e.
the interval [ki , kj ] s.t. ki and kj are respectively smallest and largest values
of K w.r.t. natural order ≤ on numbers. Indeed, when |K| becomes large for
certain data, this new name is more concise. Moreover, any k ∈ [ki , kj ] respects
k θ ki θ kj .
Biclusters of similar values are a generalization of constant ones, i.e. with all
values included in interval [ki , kj ] for a given class of tolerance. We should now
also consider one formal context for each class of tolerance, hence a family of
contexts. Consider a numerical dataset (G, M, W, I), and a class of tolerance
from W which corresponds to the interval [ki , kj ]. The associated formal context
is given by:
(G, M, I[ki ,kj ] ) s.t. (g, m) ∈ I ⇔ m(g) ∈ [ki , kj ] and
(∃h1 , h2 ∈ m s.t. m(h1 ) = ki and m(h2 ) = kj
or ∃n1 , n2 ∈ g  s.t. n1 (g) = ki and n2 (g) = kj )
First condition m(g) ∈ [ki , kj ] means that m(g) should be similar with all elements of the current class of tolerance. The two other conditions come from
the fact that classes of tolerance are computed from the set W : since a bicluster
is represented by a rectangle in the numerical table, we should consider only
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Class of
tolerance

Formal contexta

m2 m3 m4
[0, 1]

g1
×
g2 × × ×

Concepts

Bicluster corresponding to
ﬁrst concept on left list
m1 m2 m3 m4 m5

({g1 , g2 }, {m4 })
({g2 }, {m2 , m3 , m4 })

g1
g2
g3
g4

m1 m2 m3 m4
[1, 2]

g1 × × × ×
g2 × × ×
g3 × × ×
×
g4

[6, 7]

2
1
2
9

2 1
1 0
1 7
2 6

6
6
6
7

m1 m2 m3 m4 m5
({g1 , g2 , g3 }, {m1 , m2 , m3 })
({g1 }, {m1 , m2 , m3 , m4 })
({g1 , g2 , g3 , g4 }, {m3 })

g1 1 2 2
g2 2 1 1
g3 2 2 1
g4 8 9 2

m4 m5
g1
×
×
g2
g3 × ×
g4 × ×

1
2
2
8

1
0
7
6

6
6
6
7

m1 m2 m3 m4 m5
({g3 , g4 }, {m4 , m5 })
({g1 , g2 , g3 , g4 }, {m5 })

g1
g2
g3
g4

1
2
2
8

2
1
2
9

2 1 6
1 0 6
1 7 6
2 6 7

m1 m2 m3 m4 m5
[7, 8]

m1 m5
g4 × ×

({g4 }, {m1 , m5 })

g1 1
g2 2
g3 2
g4 8

2
1
2
9

2
1
1
2

1 6
0 6
7 6
6 7

m1 m2 m3 m4 m5
[8, 9]

a

m1 m2
g4 × ×

({g4 }, {m1 , m2 })

g1 1 2
g2 2 1
g3 2 2
g4 8 9

2
1
1
2

1
0
7
6

6
6
6
7

Empty lines and columns are omitted.

Fig. 2. Extracting all maximal biclusters of similar values from Table 1

similar values in column (second condition) or dually lines (third condition) to
test whether a value belongs to a class of tolerance.
Consider the formal context K[ki ,kj ] which corresponds to the class of tolerance [ki , kj ] and a concept (A, B) from this context. The following propositions
hold.
Proposition 3. (A, B) is a maximal bicluster of similar values.
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Proposition 4. There is a one-to-one correspondence between the set of concepts from all formal contexts K[ki ,kj ] and the set of all maximal biclusters of
similar values.
Thus, an algorithm computing the set of concepts from all formal contexts
K[ki ,kj ] gives a correct, complete and non redundant enumeration of maximal
biclusters of similar values.
Figure 2 gives the formal context K[ki ,kj ] for each class of tolerance [ki , kj ],
their respective concepts and bicluster representation in the initial numerical
Table 1.

3

Mining Biclusters from Pattern Concept Lattice

Until now, we presented how (constant) biclusters (of similar) values can be
extracted using standard FCA tools such as scaling and concept extraction algorithms. Since resulting binary tables may be numerous and large (i.e. one for
each class of tolerance), we present in this section an approach based on pattern structures. Pattern structures are introduced in [6] and can be thought as a
“generalization” of formal contexts to complex data from which a concept lattice
can be built without a priori scaling. We consider in this section only biclusters
of similar values, since being more general than constant ones and more useful
for real-world applications.
3.1

Pattern Structures

Formally, let G be a set (interpreted as a set of objects), let (D, ) be a meetsemilattice (of potential object descriptions) and let δ : G −→ D be a mapping.
Then (G, D, δ) with D = (D, ) is called a pattern structure, and the set δ(G) :=
{δ(g) | g ∈ G} generates a complete subsemilattice (Dδ , ), of (D, ). Thus each
X ⊆ δ(G) has an inﬁmum X in (D, ) and (Dδ , ) is the set of these inﬁma.
Each (Dδ , ) has both lower and upper bounds, resp. 0 and 1. Elements of D
are called patterns and are ordered by subsumption relation : given c, d ∈ D
one has c  d ⇐⇒ c d = c.
A pattern structure (G, D, δ) gives rise to the following derivation operators (·) :

δ(g)
f or A ⊆ G,
A =
g∈A


d = {g ∈ G|d  δ(g)}

f or d ∈ D.

These operators form a Galois connection between the powerset of G and (D, ).
Pattern concepts of (G, D, δ) are pairs of the form (A, d), A ⊆ G, d ∈ D, such
that A = d and A = d . For a pattern concept (A, d) the component d is called
a pattern intent and is a description of all objects in A, called pattern extent.
Intuitively, (A, d) is a pattern concept if adding any element to A changes d
through (·) operator and equivalently taking e ⊃ d changes A. Like in case of
formal contexts, for a pattern structure (G, D, δ) a pattern d ∈ D is called closed
if d = d and a set of objects A ⊆ G is called closed if A = A. Obviously,
pattern extents and intents are closed.
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Interval Pattern Structures

In [12], a numerical dataset (G, M, W, I) is represented by a so-called interval
pattern structure (G, (D, ), δ) where D is a set of interval vectors, the ith dimension giving an interval of values from W for attribute mi ∈ M . We denote
such vectors as interval patterns. In Table 1, the description of object g1 is the
interval pattern δ(g1 ) = [1, 1], [2, 2], [2, 2], [1, 1], [6, 6]. Interval patterns can be
represented as |M |-hyperrectangles in Euclidean space R|M| , whose sides are
parallel to the coordinate axes.
Now we detail how interval patterns are ordered. Consider ﬁrstly a single
attribute m ∈ M , with value domain Wm ⊆ W . Elements of Wm can be ordered within a meet-semi-lattice making them potential object descriptions.
Recalling that any w ∈ Wm can be written as interval [w, w], the inﬁmum
of two intervals [a1 , b1 ] and [a2 , b2 ], with a1 , b1 , a2 , b2 ∈ R is: [a1 , b1 ] [a2 , b2 ] =
[min(a1 , a2 ), max(b1 , b2 )], i.e. the largest interval containing them. Indeed, when
c and d are intervals, c  d ⇔ c d = c holds:
[a1 , b1 ] [a2 , b2 ] = [a1 , b1 ]
[a1 , b1 ]  [a2 , b2 ] ⇔
⇔ [min(a1 , a2 ), max(b1 , b2 )] = [a1 , b1 ]
⇔
a1 ≤ a2 and b1 ≥ b2
⇔
[a1 , b1 ] ⊇ [a2 , b2 ].
As objects are described by several intervals, each one standing for a given
attribute, interval patterns have been introduced as p-dimensional vector of
intervals, with p = |M |. Given two interval patterns e = [ai , bi ]i∈[1,p] and
f = [ci , di ]i∈[1,p] their inﬁmum and induced ordering relation  are given
by:
e

f = [ai , bi ]i∈[1,p] [ci , di ]i∈[1,p]
= [ai , bi ] [ci , di ]i∈[1,p]

e  f ⇔ [ai , bi ]i∈[1,p]  [ci , di ]i∈[1,p]
⇔ [ai , bi ]  [ci , di ], ∀i ∈ [1, p]

This means that patterns with larger intervals are subsumed by patterns with
smaller ones. Hence, one can deﬁne a pattern structure (G, (D, ), δ) from a
numerical dataset (G, M, W, I), where (D, ) is a meet-semi-lattice of interval
patterns. This is deeply detailed in [12]. We illustrate here the Galois connection.
{g2 , g3 } = δ(g2 ) δ(g3 )
= [2, 2], [1, 2], [1, 1], [0, 7], [6, 6]
[2, 2], [1, 2], [1, 1], [0, 7], [6, 6] = {g ∈ G|[2, 2], [1, 2], [1, 1], [0, 7], [6, 6]  δ(g)}
= {g2 , g3 }
Hence ({g2 , g3 }, [2, 2], [1, 2], [1, 1], [0, 7], [6, 6]) is a pattern concept. The set of all
pattern concepts gives rise to a pattern concept lattice, see Figure 3 for our example. Intuitively, (A1 , d1 ) ≤ (A2 , d2 ) means that corresponding hyperrectangle
of (A1 , d1 ) is included in corresponding hyperrectangle of (A2 , d2 ).
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Fig. 3. Pattern concept lattice of pattern structure from Table 1. 3 concepts are fully
described with respective pattern extent and intent.

3.3

Biclusters of Similar Values in Pattern Concepts

A pattern concept (A, d) of a numerical dataset (G, W, M, I) can be seen as
a bicluster (A, M ) since it gives a range of value for each attribute m ∈ M .
Bicluster representation of ({g2 , g3 }, [2, 2], [1, 2], [1, 1], [0, 7], [6, 6]) is given in
Table 6.
However, a pattern concept (A, d) is not necessarily a bicluster of similar values, for three reasons. First, d may contain intervals larger than θ, i.e. all values
in columns are not necessarily similar. Secondly, d may contain diﬀerent intervals
whose values are not similar, i.e. all values in lines may not be similar. Finally,
if those conditions are respected, it is not sure that maximality of biclusters
holds. We show how to control these statements to extract maximal biclusters
of similar values from the pattern concept lattice.
First statement. Avoiding intervals of size larger than θ in a pattern intent d
means that a pattern concept will correspond to a rectangle for which each column has similar values. For that matter, consider a modiﬁcation (G, (D∗, ), δ)
of the interval pattern structure deﬁned in the previous subsection: the set D∗
consists of tuples, whose components are either intervals or the null element ∗.

Table 6. Interval pattern as bicluster
m1 m2 m3 m4 m5
g1 1 2 2 1 6
g2 2 1 1 0 6
g3 2 2 1 7 6
g4 8 9 2 6 7

Table 7. Introducing θ = 1
m1 m2 m3 m4 m5
g1 1 2 2
g2 2 1 1
g3 2 2 1
g4 8 9 2

1 6
0 6
7 6
6 7
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For two intervals [a1 , b1 ] and [a2 , b2 ], with a1 , b1 , a2 , b2 ∈ R their inﬁmum is
deﬁned as follows: [a1 , b1 ] [a2 , b2 ] = [min(a1 , a2 ), max(b1 , b2 )] if |max(b1 , b2 ) −
min(a1 , a2 )| ≤ θ and ∗ otherwise. Moreover, ∗ [a, b] = ∗ for any a, b ∈ R. Consider that for d ∈ D, dm denotes the interval given for attribute m ∈ M . Now,
given two interval vectors c = ci  and d = di  their inﬁmum is computed componentwise: c d = ci di . Applying operators of the Galois connection on set
{g2 , g3 } derives the concept ({g2 , g3 }, [2, 2], [1, 2], [1, 1], ∗, [6, 6]), while starting
with set {g1 , g4 } allows to derive concept ({g1 , g2 , g3 , g4 }, ∗, ∗, [1, 2], ∗, [6, 6]).
The resulting pattern concept lattice is given in Figure 4 and contains only 11
concepts compared to 16 when the operation is not constrained with θ. Table 7
shows the bicluster representation of ({g2 , g3 }, [2, 2], [1, 2], [1, 1], ∗, [6, 6]), i.e. a
rectangle for which values in each column are similar w.r.t. θ = 1. Note that one
should ignore attributes that take the value ∗ in pattern intent.
Second statement. From a pattern structure (G, (D∗, ), δ), we are able to
build a pattern concept lattice whose concepts corresponds to rectangles having
similar values in columns. We should therefore also consider similar values in
lines. Going back to concept ({g2 , g3 }, [2, 2], [1, 2], [1, 1], ∗, [6, 6]), we remark
that ({g2 , g3 }, {m1 , m2 , m3 }) and ({g2 , g3 }, {m5 }) are biclusters of similar values
that can be built from the initial pattern concept. Indeed, the intervals describing
attributes m1 , m2 , and m3 and pairwise similar ([2, 2] θ [1, 2] θ [2, 2] with
θ = 1), while interval describing attribute m5 is similar with no others. We
should accordingly consider classes of tolerance between attribute descriptions
to extract biclusters of similar values. The similarity relation θ is adapted for
intervals as follows: [a1 , b1 ] θ [a2 , b2 ] ⇐⇒ max(b1 , b2 ) − min(a1 , a2 ) ≤ θ.
Proposition 5. Given a pattern concept (A, d), any pair (A, B) with B ⊆
M is a bicluster of similar values iﬀ {dm }∀m∈B is a class of tolerance w.r.t.
relation θ over the set {dm }∀m∈M .
Proof. Consider that (A, B) is not a bicluster of similar values: ∃g1 , g2 ∈ A, and
∃m1 , m2 ∈ B such that m1 (g1 )  θ m2 (g2 ), a contradiction.
Third statement. By controlling the two ﬁrst statements, we are able to extract
biclusters of similar values from the pattern concept lattice of (G, (D∗, ), δ). By
the properties of classes of tolerance making a class a maximal set of similar values, we know that biclusters are maximal in colums, i.e. no columns can be
added without violating the similarity relation. However, we are not sure that
biclusters are maximal in lines. Going back to previous example, i.e. ({g2 , g3 },
[2, 2], [1, 2], [1, 1], ∗, [6, 6]), the extracted biclusters ({g2 , g3 }, {m1 , m2 , m3 }) and
({g2 , g3 }, {m5 }) are not maximal. Indeed, we have ({g1 , g2 , g3 }, {m1 , m2 , m3 })
and ({g1 , g2 , g3 }, {m5 }) that are also biclusters of similar values. If such biclusters are not maximal, this means that objects can be added in the extent A
while B remains the same set. Due to the generalization/specialization property
of concept lattices, such larger bicluster can be found in the direct upper neighbours of concept ({g2 , g3 }, [2, 2], [1, 2], [1, 1], ∗, [6, 6]), i.e. concept ({g1 , g2 , g3 },
[1, 2], [1, 2], [1, 2], ∗, [6, 6]).
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Example. The Figure 4 gives the pattern concept lattice of (G, (D∗, ), δ) with
θ = 1. For each pattern intent, elements of each class of tolerance are either
underlined, crossed-oﬀ, or in bold. For a pattern concept (A, d), when a class
is underlined, or in bold, it means that (A, B), B being the set of attribute
corresponding to this class, is a maximal bicluster of similar values. If element of
the class are crossed-oﬀ, this means that (A, B) is not maximal, i.e (C, B) with
A ⊂ C can be characterized also in a direct upper concept. For example, take
concept ({g1 , g2 }, [1, 2], [1, 2], [1, 2], [0, 1], [6, 6]). From this concept, according
to classes of tolerance, one can characterize the following biclusters of similar
values ({g1 , g2 }, {m1 , m2 , m3 }), ({g1 , g2 }, {m4 }) and ({g1 , g2 }, {m5 }). However,
({g1 , g2 }, {m4 }) is the one only that is maximal, i.e. that cannot be characterized
from upper pattern concepts with larger extents.
Hence, all biclusters of similar values can be computed from pattern concepts by
standard algorithms. These considerations lead to two dual ways of constructing maximal biclusters of similar values as pattern concepts: bottom-up and
top-down.
({g1 , g2 , g3 , g4 },
∗, ∗, [1, 2], ∗, [6, 7])

({g1 , g2 , g3 },
[1, 2], [1, 2], [1, 2], ∗,6 )

({g1 , g2 },
[1,2],[1,2],[1,2], [0, 1],6)

({g1 }, 1, 2, 2, 1,6)

({g1 , g3 },

({g2 , g3 },

[1,2],2,[1,2], ∗,6)

 2,[1,2],1, ∗,6 

({g2 }, 2,1,1, 0,6)

({g3 },  2,2,1,7,6)

({g3 , g4 },
∗, ∗, [1,2], [6, 7], [6, 7])

({g4 }, 8, 9,2,6,7 )

⊥

Fig. 4. Pattern concept lattice of pattern structure from Table 1 with θ = 1. When an
interval from a pattern intent has same left and right borders, a value is given instead
for sake of readability.
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Discussion and Conclusion

This paper focused on the problem of biclustering numerical data with formal
concept analysis. The goal was not to propose a new kind of bicluster, but rather
to argue that two existing types of biclusters can be extracted using FCA techniques. For that matter, we proposed two methods producing equivalent results.
The ﬁrst is based on conceptual scaling, while the second on interval pattern
structures. It is now expected to experiment these approaches, compare them
with other biclustering algorithms (e.g. from [2]) and investigate how to handle
other types of biclusters deﬁned in [16]. We should also study the impact of the
variation of θ on the concept lattice granularity, or dually on the number of formal contexts/concepts. Finally, we should examine how formal concept analysis
in fuzzy seetings can contribute to biclustering problems. Indeed, similarity and
tolerance relations are widely studied in such settings [1].
We discuss now our both methods.
Consider the method based on scaling. The strength of such approach is to
produce binary tables. Any FCA algorithm (discussed and compared in [15]), or
closed itemset algorithm (e.g. Charm [8]) can be used for extracting biclusters.
Moreover, since each context of the produced family is independent from the
others, a distributed computation is naturally possible: one core can be assigned
for each formal context. It also allows to mine other kinds of binary patterns.
For example, one can mine fault-tolerant patterns that would correspond to
quasi biclusters of similar values, i.e. accepting some exceptions, see e.g. [17].
Meanwhile, searching for frequent biclusters (i.e. involving a number of objects
higher than a user-deﬁned threshold [18]) is straightforward. It rises also interesting questions: what is the meaning of an association rule? of a minimal
generator?
The second method proposes to extract biclusters from a concept lattice,
providing an interesting ordered hierarchy of biclusters. Computing the pattern
concept lattice by adapting standard FCA algorithms such as CloseByOne is
eﬃcient as experimented in [12], while this algorithm can be parallelized [13].
In [10], CloseByOne was adapted to mine frequent closed interval patterns and
their minimal generators. How this algorithm can be adapted for mining frequent
biclusters is an interesting perspective of research. The fact that biclusters can
be extracted from an ordered hierarchy of concepts make the pattern concept
lattice a good structure for user queries. For example, a biologist may be interested in a particular set of genes for a given study. Accordingly, navigating
in the concept lattice helps him discovering the diﬀerent biclusters in which
those genes occurs with other good candidates. We can describe such query
as extensional since it starts by given a set of objects. On another hand, the
approach based on scaling is more useful for so called intentional queries: the
biologist is interested in all biclusters with values in a given interval (or class
of tolerance) and accordingly only selects the formal context associated to this
class.
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