Computing Graph-Based Lattices from Smallest
Projections
Sergei O. Kuznetsov
State University Higher School of Economics (SU HSE),
Pokrovskii bd. 11, Moscow 109028, Russia
skuznetsov@hse.ru

Abstract. From the mathematical perspective, lattices of closed descriptions, which arise often in practical applications can be reduced to
concept lattices by means of the Basic Theorem of Formal Concept Analysis (FCA). From the computational perspective, in many cases it is more
advantageous to process closed descriptions and their lattices directly,
without reducing them to concept lattices. Here a method for computing
lattices with descriptions given by sets of graphs, starting with rough
approximations is considered and compared to previous approaches.

1

Introduction

Recently, the problem of analyzing data given by labeled (hyper)graphs attracted
much attention in various computer science communities due to its importance
in many applications, from chemistry to text analysis [2, 9, 14, 15, 17, 20, 28–30].
Like in Data mining of 1990s the researchers came to the idea of a closed graph
which can be very useful for deﬁning association rules on graphs: As reported
in [30], CloseGraph algorithm computes frequent graphs much faster than its
forerunner gSpan [29], and WARMR [15], an ILP program.
As for FCA, a lattice on (closed) sets of labeled graphs, representing molecules,
was proposed much earlier [18–21]. The lattice on graph sets is induced by an
operation which takes a pair of graphs to the set of its maximal common subgraphs. This operation induces a meet (inﬁmum) operation on sets of labeled
(hyper)graphs: it is idempotent (X  X = X), commutative (X  Y = Y  X),
and associative (X  (Y  Z) = (X  Y )  Z). These properties allow one to
compute similarity of graph sets by means of algorithms for computing closed
sets (see review [16]) well-known in Formal Concept Analysis [12].
In [11] we described a general framework, called pattern structures, which
allows one to deﬁne similar lattices for sets of arbitrary partially-ordered descriptions and relate them to concept lattices using the Basic Theorem of FCA.
The main problem in practical implementation of these lattices is that of computational complexity, e.g., in case of graph sets even testing subgraph isomorphism is an NP-complete problem, the problem of computing common maximal
subgraphs of two graphs being NP-hard.
K.E. Wolﬀ et al. (Eds.): KONT/KPP 2007, LNAI 6581, pp. 35–47, 2011.
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A theoretical means for approximate computation in semilattices, called projections of pattern structures, was proposed in [11] and the ﬁrst computer implementation was described in [7].
The algorithm computing the lattice of graph sets described in [20] constructs
the lattice (seen in the same perspective as a concept lattice) in a bottom-up
way, starting from object “intents” (given by graphs). This algorithm is a simple
modiﬁcation of a standard FCA algorithm, however it does not realize the idea
of constructing a sequence of projections, starting with the roughest one, and
reﬁning it until an appropriate level [11]. In standard FCA, this would be an
algorithm which proceeds from attribute extents, however, one does not have
attributes when working with graph sets.
In this paper we propose an algorithm which constructs the lattice of graph
sets in a top-down way, starting from smallest subgraphs of the graphs in a
dataset. We show the advantages of this algorithm over the previous, bottom-up
algorithm.
The paper is organized as follows. In the second section we describe the general
theoretical framework for computing similarity (meet) of graph sets together
with a means for its approximate computations. In the third section we discuss
a method for analyzing graph datasets based on the framework and discuss
its drawbacks. In the fourth section we propose a new algorithm, discuss its
complexity and advantages over the previous approach.

2

Pattern Structures on Sets of Graphs

In [18–20] a semilattice on sets of graphs with labeled vertices and edges was
proposed and in [11] this semilattice was generalized to arbitrary pattern structures. As in the general case, the lattice on graph sets is based on a natural
“containment” (i.e., in case of graphs, subgraph isomorphism) relation between
graphs with labeled vertices and edges. Consider an ordered set P of connected
graphs1 with vertex and edge labels from the set L with partial order . Each
labeled graph Γ from P is a quadruple of the form ((V, l), (E, b)), where V is
a set of vertices, E is a set of edges, l: V → L is a function assigning labels to
vertices, and b: E → L is a function assigning labels to edges.
For two graphs Γ1 := ((V1 , l1 ), (E1 , b1 )) and Γ2 := ((V2 , l2 ), (E2 , b2 )) from P
we say that Γ1 dominates Γ2 or Γ2 ≤ Γ1 (or Γ2 is a subgraph of Γ1 ) if there
exists an injection ϕ: V2 → V1 such that it
– respects edges: (v, w) ∈ E2 ⇒ (ϕ(v), ϕ(w)) ∈ E1 ,
– ﬁts under labels: l2 (v)  l1 (ϕ(v)), (v, w) ∈ E2 ⇒ b2 (v, w)  b1 (ϕ(v), ϕ(w)).
Obviously, (P, ≤) is a partially ordered set.
Example 1. Let L = {C, NH2 , CH3 , OH, x} then we have the following relations:
1

Omitting the condition of connectedness, one obtains a (computationally harder)
model that accounts for multiple occurrences of subgraphs.
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x  A for any vertex label A ∈ L

vertex labels are unordered

Now a similarity operation  on graph sets can be deﬁned as follows: For two
graphs X and Y from P
{X}  {Y } := {Z | Z ≤ X, Y, ∀Z∗ ≤ X, Y Z∗ ≥ Z},
i.e., {X}  {Y } is the set of all maximal common subgraphs of graphs X and
Y . Similarity of non-singleton sets of graphs {X1 , . . . , Xk } and {Y1 , . . . , Ym } is
deﬁned as
{X1 , . . . , Xk }  {Y1 , . . . , Ym } := MAX≤ (∪i,j ({Xi }  {Yj })),
where MAX≤ (X) returns maximal (w.r.t. ≤) elements of X. Here is an example
of applying :
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The similarity operation  on graph sets is commutative: X  Y = Y  X and
associative: (X  Y )  Z = X  (Y  Z).
A set X of labeled graphs from P for which  is idempotent, i.e., X  X =
X holds, is called a pattern of P . For patterns we have MAX≤ (X) = X. For
example, for each graph g ∈ P the set {g} is a pattern. On the contrary, for
Γ1 , Γ2 ∈ P such that Γ1 ≤ Γ2 the set {Γ1 , Γ2 } is not a pattern. Denote by D
the set of all patterns of P , then (D, ) is a semilattice with inﬁmum (meet)
operator . The natural subsumption order on patterns is given by
c

d : ⇐⇒ c  d = c.

Let E be a set of example names, and let δ : E → D be a mapping, taking
each example name to {g} for some labeled graph g ∈ P (thus, g is the “graph
description” of example e). The triple (E, (D, ), δ) is a particular case of a
pattern structure [11]. Another example of an operation  may be the following
semilattice on closed intervals from [19]: for a, b, c, d ∈ R, [a, b]  [c, d] = [max
{a, c}, min {b, d}] if [a, b] and [c, d] overlap, otherwise [a, b]  [c, d] = ∅. This
semilattice, where numbers are values of the activation energy (computed for
molecules by a standard procedure, e.g. see [32]) was used in predicting toxicity
of alcohols and halogen-substituted hydrocarbons (see Section 4). The resulting
similarity semilattice in this application is that on pairs, where the ﬁrst element
is a graph set and the second element is a numerical interval.
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Derivation operators are deﬁned as
A := e∈A δ(e)

for A ⊆ E

and
d := {e ∈ E | d

δ(e)}

for d ∈ D.

For a, b ∈ D the pattern implication a → b holds if a ⊆ b , and the pattern

∩b |
≥s
association rule a −→c,s b with confidence c and support s holds if |a |G|




|
≥ c. Implications are the exact association rules, i.e., association
and |a|a∩b
|
rules with conﬁdence = 1. Operator (·) is a closure operator on patterns, since
it is

idempotent: d = d ,
extensive: d d ,
monotone: d (d ∪ c) .
For a set X the set X  is called closure of X. A set of labeled graphs X
is called closed if X  = X. This deﬁnition is related to the notion of a closed
graph [30], which is important for computing association rules between graphs.
Closed graphs are deﬁned in [30] in terms of “counting inference” as follows.
Given a labeled graph dataset D, the support of a graph g or support(g) is
the set (or the number) of graphs in D, in which g is a subgraph. A graph g is
called closed if no supergraph f of g (i.e., a graph such that g is isomorphic to
a subgraph of f ) has the same support.
Note that the deﬁnitions distinguish between a closed graph g and the closed
set {g} consisting of one graph g. Closed sets of graphs form a meet semilattice
w.r.t. the inﬁmum or meet operator. A ﬁnite meet semilattice is completed to a
lattice by introducing a unit (maximal) element. Closed graphs do not have this
property, since in general, there can be no supremum and/or no inﬁmum of two
given closed graphs. Let a dataset described by a pattern structure (E, (D, ), δ)
be given.
Proposition. The following two properties hold for a pattern structure
(E, (D, ), δ):
1. For a closed graph g there is a closed set of graphs G such that g ∈ G.
2. For a closed set of graphs G and an arbitrary g ∈ G, graph g is closed.
Proof. 1. Consider the closed set of graphs G = {g}. Since G consists of all
maximal common subgraphs of graphs that have g as a subgraph, G contains as
an element either g or a supergraph f of g. In the ﬁrst case, property 1 holds.
In the second case, we have that each graph in G that has g as a subgraph also
has f as a subgraph, so f has the same support as g, which contradicts the fact
that g is closed. Thus, G = {g} is a closed set of graphs satisfying property 1.
2. Consider a closed set of graphs G and g ∈ G. If g is not a closed graph, then
there is a supergraph f of it with the same support as g has and hence, with the
same support as G has. Since G is the set of all maximal common subgraphs of
the graphs describing examples from the set G (i.e, its support), f ∈ G should
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hold. This contradicts the fact that g ∈ G, since a closed set of graphs cannot
contain as elements a graph and a supergraph of it (otherwise, its closure does
not coincide with itself).

Therefore, one can use algorithms for computing closed sets of graphs, e.g., the
algorithm in [20], to compute closed graphs. With this algorithm one can also
compute all frequent closed sets of graphs, i.e., closed sets of graphs with support
above a ﬁxed minsup threshold (by introducing a minor variation of the condition
that terminates computation branches).
Computing  may require considerable computation resources: even testing
is NP-complete. To approximate graph sets we consider projection (kernel)
operators [11], i.e. mappings of the form ψ: D → D that are
monotone: if x y, then ψ(x)
contractive: ψ(x) x, and
idempotent: ψ(ψ(x)) = ψ(x).

ψ(y),

Any projection of the semilattice (D, ) is -preserving, i.e., for any X, Y ∈ D
ψ(X  Y ) = ψ(X)  ψ(Y ),
which helps us to relate learning results in projections to those with initial
representation (see Section 3).
In our computer experiments in [22] we used several types of projections of
sets of labeled graphs that are natural in chemical applications:
– k-chain projection: a set of graphs X is taken to the set of all chains with k
vertices that are subgraphs of at least one graph of the set X;
– k-vertex projection: a set of graphs X is taken to the set of all subgraphs
with k vertices that are subgraphs of at least one graph of the set X;
– k-cycles projection: a set of graphs X is taken to the set of all subgraphs
consisting of k adjacent cycles of a minimal cyclic basis of at least one graph
of the set X.

3

Analyzing Graph Datasets Using Lattice-Based
Approaches

JSM-hypotheses were deﬁned in [6] by means of a special logical language for
standard object-attribute representation. These hypotheses were redeﬁned as
JSM- or concept-based hypotheses in [10, 11, 19, 20] in terms of Formal Concept
Analysis (FCA). For graph sets hypotheses can be deﬁned as follows. Suppose
we have a set of positive examples E+ and a set of negative examples E− w.r.t.
a target attribute.
A graph set h ∈ D is a positive hypothesis iﬀ
h ∩ E− = ∅ and ∃A ⊆ E+ : A = h.
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Fig. 1.

Informally, a positive hypothesis is a similarity of positive examples, which does
not cover any negative example. A negative hypothesis is deﬁned analogously, by
interchanging + and −.
The meet-preserving property of projections implies that a hypothesis Hp in
data under projection ψ corresponds to a hypothesis H in the initial representation for which the image under projection is equal to Hp , i.e., ψ(H) = Hp .
Hypotheses are used for classiﬁcation of undetermined examples along the
lines of [6] in the following way. If e is an undetermined example (example
with the unknown target value), then a hypothesis h with h
δ(e) is for the
positive classification of g if h is a positive hypothesis and h is for the negative
classification of e if h is a negative hypothesis.
An undetermined example e is classified positively if there is a hypothesis
for its positive classiﬁcation and no hypothesis for its negative classiﬁcation.
Example e is classified negatively in the opposite case. If there are hypotheses for
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both positive and negative classiﬁcation, then some other methods (e.g., based
on standard statistical techniques) may be applied. Obviously, for classiﬁcation
purposes it suﬃces to use only hypotheses minimal w.r.t. subsumption .
Notwithstanding its simplicity, the model of learning and classiﬁcation with
concept-based hypotheses proved to be eﬃcient in numerous computer experiments, including PTC competition [4, 25].
An algorithm for computing hypotheses on closed graph sets was described
in [20]. In [22] the algorithm was realized by simulating  operation with usual
set-theoretic intersection ∩ in the following way. For each example e described
by a labeled graph δ(e) ﬁrst a set of all subgraphs of δ(e) is computed up to the
projection level k = N . Each such subgraph is declared to be a binary attribute
and example e is represented by the set S(e) of binary attributes that correspond
to subgraphs of δ(e). For two examples e1 and e2 the intersection S(e1 ) ∩ S(e2 )
is equivalent to ﬁnding the similarity ψ(δ(e1 ))  ψ(δ(e2 )).
Example 2. In Figure 1 consider JSM-hypotheses for the dataset with positive examples described by graphs Γ1 ,..,Γ4 and negative examples described by
graphs Γ5 and Γ6 . Here Γ1  Γ2  Γ3 and Γ2  Γ3  Γ4 are minimal positive
hypotheses, whereas Γ1  Γ2  Γ3  Γ4 is not a positive hypothesis.
Standard Weka procedures for C4.5, Naive Bayes and JRip were run [22] in
QuDA environment [13, 26]. Computing concept-based hypotheses in QuDA is
realized by means of algorithms for computing lattices of closed sets (or concept
lattices), see review [16].
After that reduction of attributes [12] was performed: each column of the
example/attribute binary table that is equal to the (component-wise) product
(conjunction) of some other columns, was removed. Reduction guarantees [12]
that thus reduced set of columns gives rise to the isomorphic lattice of closed sets
of attributes and thus, to the same set of concept-based hypotheses as deﬁned
above.
The whole PBRL (project-binarize-reduce-learn) procedure proposed in [22]
looks as follows:
1. For each example e and for k compute i-projections of δ(e) for 1 ≤ i ≤ k.
The subgraphs from these projections are declared to be attributes;
2. Compose example/attribute context;
3. For each learning method LM run LM, classify examples from test sets,
compute cross validation;
4. Clarify and reduce the binary (example/attribute) context;
5. For reduced context and for each learning method LM run LM, classify
examples from test sets, compute cross-validation.
Using this approach we analyzed several chemical datasets2 in [22]. For each
dataset we computed graph projections: mostly, k-vertex projections and kcycles projections for the dataset with polycyclic aromatic hydrocarbons. Every
subgraph of each graph in the projection (up to isomorphism) was declared to
2

These datasets can be downloaded from http://ilp05-viniti.narod.ru
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be a binary attribute, so each graph dataset was turned into a binary objectattribute table, which was then reduced. For each dataset we ran several learning
methods realized within QuDA environment (JSM or concept-based hypotheses,
induction of decision trees by C4.5, Naive Bayes, JRip) comparing the results
with those based on same learning methods and a chemical (descriptor) attribute
language, called FCSS [1], with predeﬁned descriptors.
Although the results of comparison were in favor of graph representation, the
major problem of this approach that we encountered in [22] was that of space
complexity: although usually the reduced set of attributes was feasible, the initial
set of attributes before reduction was too large. For databases we studied, we
usually could not produce projections of size larger than 9 for all graphs in the
database. By the deﬁnition of a projection, one cannot do it object-incrementally,
but one can do it attribute-incrementally. For graph projections this means that
one should start from smallest subgraphs of graphs from a dataset and proceed
by increasing the graph size. Another point is that instead of considering kprojections of graphs, one can consider closures of these projections, since they
are subgraphs of the same graphs in the dataset as the initial k-projections. Thus,
we come up to the necessity of designing an algorithm that would construct the
pattern lattice on graph sets in the top-down way: starting with smallest possible
graphs.

4

A Top-Down Algorithm

In this section we propose a top-down algorithm for computing the set of all
pattern concepts together with the covering relation on the set of concepts (i.e.,
graph of the diagram).
Assume that graph edges are unlabeled. This does not result in the loss of
generality, since the case with labeled edges can be reduced to the one with
labeled vertices. Let the set of vertex labels be L = {l1 , . . . , ln }, the vertex
labeling function is denoted by l(·) and G = {Γ1 , . . . , Γm } denotes a set of graphs.
For i ∈ [1, m], let Γi = (Vi , Ei ) and for j ∈ [1, |Vi |] let vij denote the jth vertex
of Γi . Let also k ∈ [1, n], and Λ be a special symbol.
if k < n then next(G, Γi , vij , ak ) = (G, Γi , vij , ak+1 ) else
if j < |Vi | then next(G, Γi , vij , ak ) = (G, Γi , vij+1 , a1 ) else
1
if i < m then next(G, Γi , vij , ak ) = (G, Γi+1 , vi+1
, a1 )
j
else next(G, Γi , vi , ak ) = Λ.
The function “+” below realizes the idea of a “minimal extension” of a graph
set. If we consider only connected subgraphs, the function +(G, Γi , vij , ak ) is
deﬁned as follows: +Λ = Λ,
+(G, Γi , vij , ak ) := (G \ Γi ) ∪ Γi∗ ,
where
Γi∗ = (Vi∗ , Ei∗ ), Vi∗ = Vi ∪ {v}, Ei∗ = Ei ∪ (vij , v), v ∈ Vi , l(v) = ak .
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If one considers not necessarily connected subgraphs, then the deﬁnition of next
and “+” should be made independent of the “connecting” vertex vij , e.g., for “+”
operation as
+(G, Γi , ak ) := (G \ Γi ) ∪ Γi∗ ,
where
Γi∗ = (Vi∗ , Ei ), Vi∗ = Vi ∪ {v}, v ∈ Vi , l(v) = ak .
Further on we consider only the case of connected subgraphs, the case with
general subgraphs is treated similarly.
By deﬁnitions, (+next(G, Γi , vij , ak )) is the set of objects with common description (+next(G, Γi , vij , ak )), i.e., a pattern extent. The pattern
(+next(G, Γi , vij , ak ))
is the closure of the pattern
(+next(G, Γi , vij , ak )).
We set by deﬁnition Λ = Λ = ∅.
If X stays for a pattern concept (G  , G) the function covers(X) computes
concepts which X covers in the lattice order, i.e., taking the set
(+(next(G, Γi , vij , ak )))
i,j,k

it returns concepts that correspond to maximal extents of this set. This function
can be eﬃciently realized (in O(|X|2 ·|G|) time), since extents are given as tuples.
There can be various eﬃcient implementations of storing concepts together
with the covering relation on them. For the sake of simplicity we consider here
the one, consisting of the (lexicographically ordered) extent list, where from each
extent there is a pointer to the corresponding intent and a pointer to the set
of concepts covered by the pattern concept with this extent. So, the function
save(X,covers(X)) takes a concept X, the corresponding set covers(X) and
inserts extent of X in the list of extents, making pointers to intent of X and
elements of covers(X) in the list of extents.
The top-down algorithm for graph lattices (TDAGL) traverses the diagram of
the lattice in a standard depth-ﬁrst way. The right margin shows the worst-case
complexity of the algorithms steps
tdagl(X):
mark X as visited
O(1)
process(X)
O((α + β) · maxi |Vi | · m · n · |G|)
for all Y ∈ covers(X) and Y not visited do
tdagl(Y )
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The procedure process(X) for X = (G  , G  ) is described as follows:
process(X)
for all i, j, k
compute (+next(G, Γi , vij , ak ))
O(α · maxi |Vi | · m · n · |G|)
j

O(β · maxi |Vi | · m · n · |G|)
compute (+next(G, Γi , vi , ak ))
save(X, covers(X))
O(|G|)
for all Y ∈ covers(X) do
if extent(Y ) ∈ extentlist then insert(extent(Y ), extentlist)
O(|G| · |covers(X)|).
4.1

Top-Down and Bottom-Up Algorithms

The total worst-case complexity of TDAGL, which constructs the set of all pattern concepts together with the covering relation on them is
O((α + β) · | ≺ | · maxi |Vi | · m · n · |G|),
where | ≺ | is the size of the covering relation ≺ on pattern concepts (i.e., the
number of edges in the lattice diagram). This complexity is similar to that of
the bottom-up algorithm.
If we compare computing graph-based hypotheses with a bottom-up algorithm
from [20] and TDAGL, we see that the latter one, supplied with an additional
command line, can backtrack generating a graph set G such that G  ⊆ G+ ,
thus outputting minimal hypotheses. With TDAGL one can eﬃciently compute
“weaker” hypotheses, based on a relaxation of the deﬁnition of a positive hypothesis that allows for a restricted amount of counterexamples: |G  ∩ G− | ≤ k,
where k is a parameter.
Another advantage of TDAGL in comparison with the algorithm described
in [20] is that the former can be considered as an algorithm for level-wise construction of projections, starting from smallest ones. To be more precise, TDAGL
constructs closures (in the sense of (·) operator) of projections, which is more
useful. Indeed, consider two graph projections p1 and p2 that are subgraphs of
same graphs from the graph dataset. In PBRL procedure (see Section 2) these
two projections would ﬁrst correspond to diﬀerent attributes (they will be clariﬁed only on step 4), thus resulting in the above mentioned drastic growth of the
number of attributes. However, in TDAGL the two projections p1 and p2 will
occur together in the same pattern intent. Actually, the kth level of TDAGL output gives closures of kth projections, the number of which is much smaller than
that of kth projections. The graphs comprising these closures may be declared
attributes of the representation context, thus making the number of attributes
smaller than the number of initial attributes in PBRL. Thus, TDAGL allows
one to change the ﬁrst step of PBRL to
1*. For each example e and for k compute k-projections of δ(e). The graphs from
closures of these projections are declared to be attributes.
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Conclusions

Lattices arising from descriptions other than sets of attributes are well-known
in FCA. Mathematically they are reduced to concept lattices by means of the
Basic Theorem of FCA. From the computer science perspective these lattices
present problems related to computational complexity.
A method for computing lattices with descriptions given by sets of graphs,
starting with rough approximations (low-level projections) was proposed. The
algorithm starts from minimal subgraphs and proceeds stepwise using lexicographical order on lists of extents. In contrast to the previous algorithm which
constructs the lattice of graph sets bottom-up (starting from object descriptions), this approach allows one to stop at an appropriate level of approximation
(projection), thus saving much time and space.
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