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Пояснительная записка

Авторы программы: Я.Маршалл

Требования к студентам: For this course it is recommended a basic knowledge of differentiable geometry and familiarity with classical mechanics.
Аннотация. 

Дисциплина «Poisson Lie Groups» предназначена для подготовки бакалавров и магистров по направлению 010100.62 «Математика» и 010100.68 «Математика».

A Poisson Lie group is a differentiable manifold with two structures

(1) Lie group

(2) Poisson

These two structures are required to be compatible with one another. Poisson Lie groups arise in a natural way in models of mathematical physics, although they were not studied until relatively recently: if looked at in the right way, the requirement of a Hamiltonian system to possess a group of symmetries leads almost directly to the concept of a PLG.

The definition of a PLG is due to Drinfeld, and arose specifically in the setting of the inverse scattering technique for soliton systems. He noticed that this was the correct notion able to provide a natural geometrical interpretation of the Yang-Baxter equation. The idea was then developed by Semenov-Tian-Shansky (described in one of my favourite articles) to explain the Poisson property of the dressing-transformation, invented by Zakharov and Shabat and applied together with the inverse scattering method.

The theory of PLGs involves lots of interesting concepts, such as

(1) Heisenberg double, which is a ("nonlinear") generalisation of the cotangent bundle of a Lie group

(2) dressing transformation, which is a generalisation of the adjoint and co-adjoint actions for a Lie group

(3) various reduction techniques, generalising those appropriate for standard symmetry actions of Lie groups.

I expect to cover standard notions such as symplectic structure and Poisson structure (i.e. I will not assume that all participants are completely familiar with classical mechanics, but I shall probably go over it rather quickly), symmetries of Hamiltonian systems and the moment map. Then I shall do more or less the same thing for PLGs. What happens from there on will depend largely on the response of the participants. I expect to illustrate the material as we go along with examples, of which I'd expect the participants to work out the details. 

Some knowledge of differentiable geometry and classical mechanics will be useful, but hopefully there will be time if necessary to go over these for anyone who is not confident with these subjects.

Цели и задачи изучения дисциплины, ее место в учебном процессе

Цель изучения дисциплины: 

· understanding of and familiarity with Poisson Lie Groups

· applications to symmetries of Mechanical systems and reduction

Задачи изучения дисциплины:

· Hamiltonian reduction as a general technique

· Particularities for the PLG case

Тематический план учебной дисциплины

	№
	Название темы


	Всего часов по дисциплине 
	В том числе аудиторных
	Самостоятельная работа

	
	
	
	Всего
	Лекции
	Семинары
	

	1
	Lie groups and Lie algebras
	10
	4
	4
	X
	6

	2
	Differential geometry and classical mechanics
	10
	4
	4
	X
	6

	3
	Symmetries of Hamiltonian systems
	12
	6
	6
	x
	6

	4
	Canonical Symmetry reduction
	12
	4
	4
	X
	6

	5
	Classical case, with examples
	10
	4
	4
	X
	6

	6
	Poisson Lie Group: generalisating symmetry property
	12
	6
	6
	X
	6

	7
	Computations for PLGs – reduction etc.
	12
	6
	6
	X
	6

	8
	More computations for PLGs!
	12
	6
	6
	X
	8

	9
	
	
	
	
	
	

	
	Итого:
	90
	40
	40
	
	50


Базовые учебники
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Дополнительная литература

	7
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Формы контроля

Текущий контроль - решение задач на семинарских занятиях.

Промежуточный контроль - контрольная работа по темам 1-5.

Итоговый контроль — письменный зачет в конце 4 модуля.

Формула для вычисления итоговой оценки:

Если выполнено D% домашних заданий, K% заданий предлагавшихся на контрольных работах и E% заданий, предлагавшихся на зачётах и экзаменах (в процентах от общего количества всех предлагавшихся задач), то итоговая оценка (по десятибалльной шкале) равна

10 min( 225, D+K+E) / 225

Таким образом для получения отметки 10 достаточно набрать сумму D+K+E=225 (что примерно соответствует выполнению ¾  заданий каждого из видов).

Содержание программы
1. Dressing Transformation in context of inverse scattering.

Example – Zakharov-Shabat – leading to concrete formula for dressing. Group action property

2. Differential Manifolds, Lie groups and Lie algebras.

Differential manifold. Vector-fields, one-forms, p-forms, exterior derivative, Lie derivative. Local coordinates and invariant formulation. Lie group and algebra, definitions and simple properties. Actions

3. Classical Mechanics and Symplectic structure.

Definitions. Close attention to special case of cotangent bundle. Identification of the cotangent bundle of a Lie group with the direct product of the group and the dual of its Lie algebra using left- or right-trivialisation. Look at all the canonical structures in detail for this case. 

4. Poisson structure.

Definition and examples, with special attention to Lie groups and Lie algebras.

5. Symmetries of Hamiltonian systems.

Recognition of «fundamental condition» that symmetry of a physical system requires that the set of functions closed under the action of a Lie group be closed with respect to the Poisson bracket. Investigation of the «traditional case». Simple examples done concretely.

6. Canonical Symmetry reduction.

Momentum map. Fixing of momentum leads to reduction. Calogero-Moser, Fubini-Study. AKS done by reduction. 

7. Poisson Lie groups

Introduce PLG as more general way to satisfy the fundamental condition. Discover properties of PLG necessary for this to work. R-matrix. Heisenberg double and Drinfeld double. Symplectic structure on the Heisenberg double. Reduction. 

8. Current algebra 

Lie group and Lie algebra cocycles. Central extension of a Lie algebra by a nontrivial cocycle. Loop group, Virasoro. Lattice current algebra for PLGs. 

Авторы программы:___________________________________Я.Маршалл   

