NHrekcobl BANAHNUA,
YUY ThIBAIONINE MPpeJNOoYTEeHNA YIaCTHUKOB:
aKCHMOMaTHUYeCKOe IIOCTPOeHNne

n METOAbI BbI‘II/ICJIeHI/Iﬁ

HIsapix /1. A.
HNY BIIIO

NcenenoBanne OBLIO TOMAEPKAHO JabopaTOpruen aHalm3a W BHIOOpA pelteHnn

HIY BIIS u nmabopaTopuen Teopuu BbiOOpa 1 aHanmsa pemeHnn uMm. M.A.
Ansepmana UITY PAH.



[Ipocras urpa — mapa (N, v), rne N = {1,...,n} — MHOXeCTBO UT'POKOB,
av:2Y — {0,1}, mpu yerosum:

MonoTonnocts: ectn S C T C N, 1o v(S) < (7).

DJeMEHTBI MHOXKecTBa [N — UTpoKu, moaMHoxKecTBa [N — koasuiuu. [Ipo-
crasg urpa (N, v) 0603HAIAETCA TPOCTO .

Koamurs S Bemrpeisatomnias, eciu v(.S) = 1; mpourpsiBatortas, ecin v(.S) =
0.

Wrpok i xmodeBon B Koaauium S, eciu S BuIMTphIBaiomas, a S \ {1} —
IIPOUTPHIBAOIIAS.

rpok HaszeIBacTCa GOIBAHOM, €CIM OH HE KIIOYCBOU HU B OJHOM KOATALWIL.

[IpocTas urpa yIoBIeTBOPACT YCJIOBUIO OTHO3HAYHOCTH T'OJOCOBAHUA, CCIN
1A 10001 BRIUpLIBaomen Koaaunny S koamuius N \ S IponurpoiBaroias.

Ob6neauuenre (mepecedenue) TPOCTHIX Uurp v 1 w — urpa v V w (v A w),
MHOYKECTBOM BBIUTPBIBAIONIAX KOAIMAIMA B KOTOPOU Oy 1eT 00beauHerne (mepe-
CeUeHIE) MHOKECTB BBIUIPLIBAIOIINX KOATUINAN JIJIA U U W,



Brrurpeisatommas xoammimsa S HABBIBACTCA MIHIMAJIBHOW, €CIH BCE UTPOKU B
nen kaodessre. W (v) (M(v)) — MHOXKecTBa (MUHIMATLHBIX ) BEINTPBIBAIOIINX
koamutnw, W;(v) — MHOXKECTBO KOATUINN, B KOTOPBIX ¢ KIHOUEBON.

Omurapxmieckas urpa (u°) — Urpa ¢ eIIHECTBEHHON MUHIMATLHOH BEIUTPHI-
Batomen koanunuen (S). Ilyers v € SG,,, S € M(v). Obosradum qepes v_g
UTPY, TOAYICHHYIO U3 U TIEPEBOIOM S U3 BEINTPHIBAIOIINX KOATUINH B IIPOUTPHI-
Balolie. By1eM HasbIBATH MEPEXOT OT U K U_g 6bIUEPKUBAHUEM KOGAUYUYL S.

[Ipu BLIMEPKUBAHUU KOAIUIUU S UCPOKM, BXOJIUBIINE B Hee, TEPSIIOT OLHY
KOAIUIINIO, B KOTOPOU OHU KJIIOUEBLIE, UI'POKU, HEe BXOAANINE B S, HA0OOPOT,
proGPETAIOT OJHY (MIPOK ¢ CTAHOBUTCA KIIOUeBBIM B Koamuiw S U {i}).



['oocoBanue ¢ KBOTON — YIOPSIOYCHHBIN HAO0D 13 N+ 1 HeOTpUIaTeIbHOro

qucaa (q; wi, - - ., Wy), ¢ — KBOTA, W, . .., Wy, — TUCIOM TOJOCOB (BEC) UTPOKA.
Bec koamumum: w(S) = > w;.
1€S

KO&JII/IHI/IH BBINT'PBIBAIOIIAsA, €CIN €€ BEC HE MEHLIIIC KBOTHLI.

Ilpumep. [Ipasuso npurwamusa pewenus 6 I/ PP — 2oa0cosanue ¢
keomot (226;237,92,64,55) uau (301;237,92,64,55).

IIpumep. CoBer muructpos EBpomneunckoro Corwsa, . B 1958-
1973 ee. ¢ EC 6xoduao 6 cmpan — DPpanyusa, I'epmanus, Umaaus, Beab-
eus, Hudepaandvr u Joxcembype, nepsvie 3 cmpanbl umeau no 4 2040c¢a,
Beaveus v Hudepaandvt — no 2 u Jhoxkcembype — odun 2o.0c.

Mo cHce NPasuLo 3adaemces 2040co8anuem ¢ xeomot (6;2,2,2,1,1,0).
Ho maxasa ¢popmyauposxa nodueprusaem daxm, umo Jhoxcembype ne 8xo-
UL KAWOUEBLIM UDOKOM HU 6 00NY KOAAUYUI, M.e. Obla 60A68AHOM.

C' 1 mas 2004 2. 6 Eepocorws exodam 27 cmpan. B 6 CM npumensemcs
MPETMANCOPUMAPHOE NPABUAO NPUHANMUAL PeUeruti, m.e. mpebyemca o0-
nospemenno 258 2040c06 «3ar u3 345, 14 2oa0co6 3ar u3 27 (no cmpanan)
u noddepacka cmpan, obaadarowus 6 cymme 62% naceaenus EC.

IMO NPABUAO MAKHCE 3ANUCLIBAEMCA KAK 20A40COBAHUE C KB0MOU.



[IpocTyio urpy v MOXKHO 3anucaThb, KakK IOJOCOBaHUE ¢ KBOTOHU, €CIH Cy-
IECTBYIOT TaKie HeOTPUIATEILHEIE TUCI ¢, W1, . . ., Wy
KBOTOU (q; W1, - . ., Wy,) 3a,0aeT UTPY V.

, UTO T'OJOCOBAHUE C

[IpaBmia IpUHATUA PEIICHN, He 3aIlNCBIBAIONINECd, KaK NOJ0COBAHLE C KBO-
TOU, BCTPEUAIOTCA I B PCATBHBIX BEIOOPHBIX OpraHax. TakoBo, HaIpuMmep, Ipa-
BIJIO BHECCHUS M3MEHEHHN B KOHCTUTYLMIO KaHaTbl WIN IPABUIO IPUHATHA
pemieHna B JI00OM IBYXIIAJIATHOM HapTaMeHTe.



[Ipu paccmoTpeHnn TpaBII TOJOCOBAHMA HET CMBICIA NOBOPUTH O BEIAIPLIIIE
VIaCTHUKOB, CKOpPee pedb UJAET O BANAHAU YIAaCTHUKA TOJOCOBAHUA HA MPUHA-
Tue pemenuda. IlosTomy pemeHnus I14 IPOCTBIX UID HA3LIBAIOT WHIEKCAMU
BINAHIA.

B ciaydae mpocTeIX U OOIBIIMHCTBO KIACCUYCCKUX KOHICIIINYU PEIICHUA
UTPBI HE UMEIOT 0COO0T0 CMBICIA (HAIIPUMED, AApa HET HU B KAKUX IIPOCTBIX
Urpax, UCKIoUas oqurapxudeckue). Bee mHIEKCH BAUAHUA CYTh pa3BUTHE (B
OUeHDb MMMPOKOM cMbIcae) perrenns [lemrn.

Nngexc Bmanng, ¢ : SG, — R, comocrasrger KaxIon IPOCTOU UIpe
v BekTOop P(v), i~ KOMIOHEHTa KOTOPOTO WHTEPIPETUPYETCA KaK BIUAHUC
UIPOKa 1.



Nnnaexc Bausauusa Baumnadga (Bz): srmuanne nrpoxa mpomoprinoHaIbHO
YUCIY KOAIUIINY, B KOTOPBIX OH KIIOYEBOMU.
O6mun nuaeke bannadga 1T'Bz; nis urpoxa 1:

Nunexc Bmuanua bannadga Bz; moaydaeTcsa u3 o0Iero nHIeKca HOPMIPOBa-
HIICM.

Wi
BZZ' — n .
Zj:l ‘le
Nupekc Bausaus [leapoysa (P):
1
P(v) = 5 Wiw)]

Nuaexc Memm—Ily6uka (SS) — uwactuem cayaan BexTopa Hlermmm.
YHucno, KoTopoe Koaaunud 106aBIfeT K BIXAHIIO UIPOKA, 3aBUCAT OT €€ pas-
Mepa,

55, — Z (n —s)!(s — 1)!.

n!
SEWZ'(U)



rpbl 1 nHJEKCHI BAUAHNA, 3ABUCAILIME OT IPEANOYTCHNN yIaCT-
HIKOB

B onpenencrne npocTon nrpbl 00aBIACTCA TOIOJIHUTCIBHAS MHMOPMALMA
— KXo Koaiunuu S u urpoky ¢ € S comocrasasgercs qucio f(z,S).

[TpocTas urpa ¢ npeamoureruamu — Tpouka (N, v, f), rae mapa (N, v) obpa-
3yeT MpOCTYIO Urpy, [ — (byHKINA, COMOCTABIAIONECE KaXK O KOaaunun S I
UTPOKY ¢ HeoTpuuaTeabHoe ducio f(i,.5). Urpa HaspiBaeTcsa cCHMMETPUYIHON,
ecin f 3aBucut Toibko or S. SGP, (SSGP,) — MHOXKeCTBO BCex (CuMMe-
TPUIHBIX) TPOCTHIX UTP € MPEATOITEHUAMY.

Urpa (N, v, f) 1acTo 0603HAMAETCA TIPOCTO V.

Q-WHIEKC BIUAHUA (V) OMpeenseTcsa mo (popMy.ie

Z (S (1)

SeW;(v

I CAMMETPUYHBIX UI'D ¢ OPEANOYTECHUAMEI 1

Z 1, (2)

SeW;(v

[T HECUMMCET P IHBIX.



IIpumep. IIpednoumenus uepoxos 3adaromea n X n-mampuyet P.

pij € |0, 1] onpedeasem xceaanue uepora i 8x0dumy 6 KOGAUYUW C ULPO-
KOM J.

P wne cummempuuno, p;; = 0.

F0.8P =3 o 3

FuSPI=3 " @

1.5, P) - /70,5, P)+f (4,5, P); (5)

H(S.P) = ;fw,SP ;f J,SP> 5.(31_1)%%” n

Eecau KROAAUYUA S cocmoum u3 odnozo INEMEHTA, CHUTNAEM 6CCE éyH’KJ-

YUU pasHbvimu 1.
Dynryuu (3)—(5) onpedeasiom necummempuunyio npocmyio u2py ¢ npeo-
NOYMeHUAMY, Pynkyus (6) — cummempuunyio.



Axcmomaruka /[lyou—Illermn
Axcuoma 6oaana / Null Player (NP). /lus mo6ou urpet v € SG,,, ecin ¢ — 6omBan
B UI'PE U, TO

CDZ(U) = 0.

AnouuMHOCTh / Anonimity (An). [l mo6ou urpst v € SG,,, TO60N TEPECTAHOBKA
m MHOXecTBa N 1 m0o6oro ¢ € N

(I)i<7T?)) = CI)W(Z') (1}),

rae (mv)(5) = v(7(5)).
Tpaucdep / Transfer (T) /lus aoo6bix urp v, w € SG),, Takux, ato v V w € SGy,

O(v) + P(w) = P(v V w) + (v Aw).
O6masn cymma Baumnadga / Banzhaf Total Power (BzTP).

> i) S (8) - el i)

=1 SCN

Teopema. Ilycmv ® : SG,, — R". Tozda & ydosaemsopsem axcuomam NP, An, T u
BzTP, ecau u moavko ecau ® — undexc Banyada.



AxcuomarTuka Jlapyemrnrb—BaJjsiencuano

Axcuoma GoaBana / Null Player* (NP*). [laa mobou urpet v € SG,, crenyromme nBa
YCJIOBUA PABHOCUIBHEL (1) ¢ — GosBan B urpe v; (ii) s aobon urpet w € SGy, O;(v) < @;(w).

Axcuoma anoHumHocTH (An) Ta xe.

Tpaucpep® / Transfer* (T*). [dna moberx urp v,w € SG, un mo6on xoammuun S €
M(v) N M(w) u moboro ¢ € N

CI)Z(’U) - CI)Z‘(’U_S) = CI)Z(‘UJ) - CI)Z'(’UJ_S).

YciioBue CUMMETPUYIHOCTH J0X0A0B/moTeph / Symmetric Gain-Loss (SymGL).
1) [Mus mobou urpet v € SG,,, mobon Koamunun S € M (v) u m06bIx 7, j € S:

Bi(0) — Bi(v_5) = B;(0) — Dj(0_s).
2) [las mobon urpst v € SG,,, mobon xkoammuun S € M (v) u 100bIX i, & S:

D,(v) — i(v_5) = D;(v) — Dj(v_s).
YcaoBue coxpaHeHus cpegHero goxona/morepb / Average Gain-Loss Bal-
ance (AGLB). /lna mo6ou urpst v € SG,, mobou xkoammmu S € M (v)

T2 @)~ B-g) = D (@i(0-9) — 0, (0).

ieS Jj¢S




O6osmauum 1 sexkrop (1,...,1) € R™

Teopema. llycmov ® : SG,, — R". Toada ® ydosaemsopsem axcuomam
NP*, An, SymGL uw AGLB, ecau u moavko ecau ® = a - T'Bz + b1, 2de
a € RT, beR.

Teopema. llycmv ® : SG,, — R". Toada ® ydosaemsopaem axcuomam
NP*, An, T* w AGLB, ecau u moavko ecau ® = a-TBz+bl, 2cdea € RT,
b € R.



AKcuombl AJIA MHACKCOB BJAMAHWA, OIIPpECAC/JICHHBbIX Ha HUI'pax C
InpegiroITeHnsiMNn

Axcuoma 6oaBana/Null Player (NP). Bomrpomm 601Bama He 3aBuCHT
OT UHTCHCUBHOCTCU NPCAIOYTCHIN U Beeraa paseH (.

Tpancdep/Transfer (T). /lua awobex urp v,w € SGP, u mxia Jnobon
koanutnu S € M(v) N M(w) un aoboro 4

CI%(’U) — (I)i(?}_s) — (I)Z(’LU) — CIDZ-(w_S).

YcunenHnas akcuoma Tpamcdepa/Strong Transfer (ST). [l sio-
6ot urpel v € SG P, u mna maodon koatunnu S € M(v) u aodoro ¢ € S

P;(v) — Di(v_g) = f(z,S5).



YciioBUEe CMMMETPUYHOCTH A0X0A0B/moTepsb / Symmetric Gain-
Loss (SymGL). 1) /lxs aw6ou urpet v € SGP,, mobon koarunuu S € M (v)
1 JTIOOBIX 2, ] € 5"

Oi(v) — Pi(v-s5) = ®j(v) — D;(v_s).

2) s mobon urpel v € SGP,, mobon koamuuuu S € M(v) u JT00BIX

1,J ¢S
Oi(v) — Di(v-s) = ®j(v) — D;(v_s).

[lepBas u BTOpasa dacTh oymGL obosznagaiorcea SymGLy u SymGLs.

Oo6mas cymma/Total Power (TP).

Z<P S Z £6.5)

1=1 SeW;(v



AkcmoMaTuKM IS o-MHIEKca

Teopewma. Undexc eauanua (v) ydossemsopsem axcuomam NP u ST
moeda u moabko mozada, xkoeda ®(v) = a(v).

Teopewma. Undexc sausnus P(v), ydosaemeopsem axcuomam NP, TP,
T u SymGL, moada u moavro moeda, xoeda P(v) = a(v).

[Ipr mogcTaHOBKe KOHKpETHBIX 3HadeHu# f(S) MOXKHO MOTYyYATH HOBBIE AK-
cumoMaTuKu 411 nHaekcoB barnada u Hlemmn-1lyouxka.



AKcuoMaTHKM IJi MHJEKCOB BJIUSHUA B CJIy'ae I'OJJOCOBAHUA C
KBOTOMU

BobmuHCTBO CYIIECTBYOMIX CXEM TOJTOCOBAHEA ABIAIOTCA (MIX MOTYT OBITh
OTMUCAHBI KAK) TOJ0COBAHMA ¢ KBOTON. OKa3bIBaeTCA, ITO MHOITE (& HA CAMOM
nexe — GOJBIMHCTBO) AKCHOMATHK MOYKHO & allTUPOBATE A TOJOCOBAHUE C
KBOTOM.

AxcunomarTuku gaa nuaekcoB banmnada n Ilemmun—IIlyouka

Axcuomel NP, An, E u BzZTP ne menstorcsa auxkak. Toabko ob1acTh ompe-
TeNEeHNIA MHIEKCA CYXKaeTCs CO BCEX IPOCTBIX UIP Ha I'OJOCOBAHUA C KBOTOM.
Axcuomver T u T, kpome TOT0, HECKOIBLKO OCIAOIIIOTCA:

Tpancodep / Transfer (T) [las mobwx v, w € WG, Takux ato vV w €
WG, uvANwe WG,

P(v) + P(w) = P(v Vw) — P(v Av),



Tpancdep”/Transfer* (T*). [lna mobuix urp v, w € WG, aus aobon
koamuiu S € M(v) N M (w) Taxon, uto v_g, w_g € WG, u moboro urpoka
(!

(I)Z(’U) — (I)i(v_s) — (I)Z(’U}) — (I)Z'(w_s).

Teopema. [Iycmv  : WG, — R". Toeda ¢ ydosaemsopaem axcuo-
mam NP, An, T u BzTP, ecau u moavko ecau ® — undexc Banyada.

Taxxke MOXKHO CPOPMYIIPOBATH I JOKA3aTh aHAJOIMIHYIO TeOpeMy U 1A
nHaexca Hlemmn—IIyouxka.

Teopema. [Iycmv  : WG, — R". Toeda ¢ ydosaemsopaem axcuo-
mam NP, An, T u E, ecau u moavko ecau ® — undexc Hlenauv—Ilyouxa.



AkcuomaTuka s o-MHACKCA B CJIyYae I'OJOCOBAHMMU C KBOTOU

Axcuoma 6osaBana/Null Player (NP). Bomrpeim 6onsana He 3aBucuT
OT UHTEHCUBHOCTCU NPCAIOYTECHIN U Beeraa paseH 0.

YcunenHnas akcuoma Tpamcdepa/Strong Transfer (ST). /s sio-
60T0 TOJOCOBAHUA ¢ KBOTON v U s Jobon koaruuuu S € M (v), Takux, 9TO
U_g — TOXKe ToJ0COBaHUe ¢ KBOTOU U JI0O60ro 1 € S

P;(v) — Di(v_g) = f(z,5).

Teopema. Q-UnOeKc 8AUAHUA 048 2040CO08AHUL C K8OMOT 00HO3HAYUHO
zadaemcsa axcuomamu NP u ST, nepegiop,/vzy,/mpoeannbmu 0As 2040C08G-
nUul ¢ K80MmMo1.



Nuaekchl BANAHUA, KAK 3J€MEHThI TPOEKTUBHOI'O
IIPOCTPAHCTBA

1. Ilpm Berauwcaenun muOrmx wHaekcoB Biumsaaua (Bawmmada, [lxomcToHA,
Nurena—Ilakena, Xonepa—Ilaxena) BHadaIE CINTACTCA TAK HA3BIBACMBIN ~ 06-
Y UHIEKC , 8 caM COOTBETCTBYIONINN WHICKC BAUAHUA MIOIYYACTCA U3 HEro
HOPMUPOBAHUEM, T.e. JeIeHUeM Ha TaKoe UMCIO, ITOOLI CyMMa BIUAHUKM BCEX
NTPOKOB CTaJa, paBHa equHuie. Muade ropops, B UHIEKCAX BIUAHUASI UCIOIL3Y-
IOTCA OTHOCUTEILHBIC 3HAYCHUA.

2. VHTCHCUBHOCTH IPCANOYTCHUN YIACTHUKOB BO MHOIHX CIVYAAX TaKKC
MOT'YT OBITH OIPENEICHBI ¢ TOYHOCTBIO MO NPOIOPHUOHATBHOCTH, ITOCKOJIBKY
OT YMHOXKEHUA BCEX MHTEHCUBHOCTEHN Ha OJHO U TO 2Ke UUCIO OTHOIICHU BIN-
AHUA UTPOKOB HE UBMEHUTCA, TTOATOMY UX MOXKHO OIPENEINTh ¢ TOYHOCTHIO IO
IIPOIIOPINOHAIBHOCTH], T.€. KaK 3JEMEHTHI IPOEKTUBHOTO NPOCTPAHCTBA.



HpOeKTI/IBHbIe NMHOAECKCbI BJIMAHUA: OIIpegc/ICHUA

Bynem wHaspBATL TPOEKTUBHBIM — WHIEKCOM  BINSHUA — OTOOpaKeHUe
®: SGP,(SSGP,) — RP" .

Ecrecrsennoe orobpazxkerue m @ R™\ {0} — RP" ! conocrasiser nemy.e-
BOMY BEKTODY (&1, ..., T,) TOUKY IPOEKTUBHOTO IPOCTPAHCTBA (L1 & ... @ Ty).
DTO 0TOOpasKeHne 3a1aeT COOTBETCTBIE MEXKIY OOBITHBLIMEI U TTPOEKTUBHLIMU
WHTEKCAMU BIVAHIL:

™ (®)(v) = 7(P(v)).

HazoBeMm onepanuio 7" NpoeKTUBA3AINEN NHICKCA BINSHUA.

[Tpoextusnbil a-nugexc: al (v) = (a1 (v) : ... an(v)).
[IpoexTuBHBI MHAEKC bannada:
PBz(v) = 7*(Bz(v)) = (Bz1(v) : ... : Bzy(v)).

HopMupoBaHHBIN 1 HCHOPMUPOBAHHBIN UHICKC baHada oTIndaioTcs TOIbLKO
VMHOXKEHUEM Ha KOHCTAHTY, ITIO3TOMY

' (Bz) =7 (NBz) = PBz



Axcuoma 6osBana / Null Player (NP). /l1a ao6ou urpet v € SGP,
ecan 1 — OOJBaH B UI'Pe U, TO ero BAUAHKE paBHO (), T.e.

AsonumMmHOCTL / Anonimity (An). [ia awobon urpst v € SGPF,,
TI0001 IepecTaHoBKHU ¢ MHOxKecTBa N u awoboro ¢ € N

b(ov) = o (®)(v),

riae (ov)(S) = v(o(S5)), a o(P) — mepecTaHoBKa KOOPAUHAT BeKTOPa P.

Ciaabaa akcuoma anonuMHocTu / Weak Anonimity (WAn). [
MO60I OIrapxIIeckon urpsl u° € SG P, 1 mo0bIX IrpokoB 1, § € S $;(u”) =
ij (’LLS)

FEcrmn wngeke BInSHUA OMpeneneH Ha MPOCTHIX UTPAX, TO U3 AKCHOMBI AHO-
HIMHOCTHY CIeayeT caabas akKCHoMa aHOHUMHOCTH.

Ecau mpennodTenus cuMMeTPUIHBL, TO Q-UHAEKC YIOBICTBOPAET CIab0N aK-
CHOME AHOHUMHOCTH.



Axcuoma T, Taxike, Kak 1 akcuombl 1™ 3 akcuomaTuku Jlapyeris—DBanen-
cuaHo mwi ST 13 aKCHOMATHUKU I -UHIEKCA TePAI0T CMLICI IPU MOILITKE
DACCMOTPETD BCE BXOAMNE B HUX MEPEMEHHbIE, KaK ieMeHTsl RP" L.

YrBepxk penne akcuoMsl ST B BekTopHou dpopme: 11 aodon urpel v € SGPB,
u obon Koadunuu S € M (v)

d(v) — d(v_g) = w®,

rre w — BEKTOP JOXOIOB I MOTEPD:

S — f(2,5), ecmm i € S;
o = f(E, SU{i}), ecmi ¢ S.

Ecau pacemarpusats ®(v) € RP" ! pasHOCTH BEKTOPOB OIpeEIeeHa HEOI-
HO3HAYHO. HO MOXKHO yTBep:XKAaTh, UTO TPU YHIOMAHYTBIX TOUKU JEXKAT HA
OJHOU IPSAMON.

IIpoekTuBHas akcumoma Tpamcdepa / Projective Transfer Ax-
iom (PT). [dna awobou urpet v € SG P, n mobon xoamuuun S € M (v) Toukn

®(v), P(v_g) m w” JeKaT Ha OTHOMN IPAMOIL.



OcHoBHasa TeopemMma

Teopema. llycmb & — npoexmusuwvlii undexc sAuAHUA, ONPEODEACHHBI
NG MHONCECMBE ULD C CUMMEMPUUHBIMU NPEOINOUMEHUAMU, YIOBAEMEOPA-
VWUL YCAO0BUN 00HO3HAUHOCNU 2040c08anuA. Toeda P ydosaemeopsem
axcuomam NP, WAn u PT, ecau u moavko ecau P(v) = a(v).

Cxema gokasaTeabcTBa. CrnpaseqmpocTh akcuoMm NP, WAn u PT cie-
IVIOT U3 QHAJOTUYIHBIX VTBEP:XK IeHUN 111 OOLITHOIO (r-IHEKCA.

O6paTHOe TOKA3LIBACTCA IO MHIYKIINY IO YUCIY BLINIPHIBAIOIINX KOAIUINNI
B .

Cay4anm 1. |[M(v)] = 1. Torga v = u°. /loKa3aTeIsCTBO CTAHAAPTHO 1
MCTIONB3YET AKCHOMY aHOHUMHOCTY (OOBITHYIO WM CIabyIo).

B gacTHOCTH, TOKa3aHO OCHOBAHUE WHIVKIINL.



2) Cayuaum 2. |M(v)| > 1.

P (v

“(v)



AxcumomaTuka A1 HOPMUPOBAHHOT'O (-WHAEKCA

Axcuoma mopMmupoBku / Normalization axiom (N). /laa mobon
urpel v € SGP, >, ®(v) = 1.

Axcmoma NP jgocrosro nosropser akcuomy NP 1iaa 0OBIIHOTO r-IH 1eKCA.

Caabaa akcuoma anoHuMHocTu / Weak Anonimity (WAn). /s
Mo60H oMurapxmieckol urpsl u° € SGP,, 1 Mo0LIX ITpokoB i, j € S §;(u”) =
CIDj(uS).

Axcuoma Tpamcdepa ajia HopMmupoBaHHoro mugekca (T"). [lia
qobon urpel v € SGP, CymecTBYeT Takoe MOJOKUTEIBLHOE TUCI0 ¢(V), UTO
s mobon xkoarunnun S € M (v)

()P () — c(v_g)P(v_g) = w®

Teopema. [lycmv & — undexc sauanug, onpedesewmbiti Ha MHOMCE-
cmee u2p ¢ CUMMEMPUUHLMU NPEINOUMERUAMY, YIOBAEMEOPAIOWUL YCAO-

8UI0 0OHOZHAUHOCTIU 2040C06anus. Toeda O ydosaemeopsem axcuomam
NP, WAn u T" u N, ecau u moavko ecau P(v) = a(v).



CiegcTBHue: aKkCMOMAaTHUKA I HOPMUPOBAHHOIO mHAeKca baH-
mada

Axcuomer NP, N 1 WAn xpome obacTu onpeeneHus He U3MEHATCA HIKAK.
Axcuomy WAN M0KXHO 3aMeHUTH Ha 60Jee CIILHYIO, 3aT0 OOMIECIPUHATYIO aK-
cuoMy An.

Axcuoma Tpaucdepa s HopMmupoBaHHOro mHAekca (T"). [lia
q060% urpsl v € SG,, CymeCTBYeT TaKoe MOJOKATEILHOE TUCIO ¢(V), ITO I
nobon koamunun S € M(v)

c(0)P(v) — c(v_g)P(v_g) = w®,

rae w — BEKTOP AOXOJOB I IIOTEPL, KOOPAMHATBI KOTOPOI'O PaBHBI

g 1, ecint € S;
' —1, ectm i & S

Teopema. [Iycmv ® — undexc sauanus, onpedesecHmvlii Ha MHONCE-
cmee npocmulr u2p, YdosAemEoOPAOUWUL YCAOBUNW 00HOZHAUHOCTU 20.40-
cosanua. Tozda ® ydosaemeopsem axcuomam NP, An u T" u N, ecau u
moavko ecau ®(v) = NBz(v).



Teopema o cpegHeM s UHIEKCOB BINSAHUSA

Brausatue urpoka B rog0CoBaHIY ¢ KBOTOU (HE3ABUCKMO OT TOTO, TI0 KAKOMY
13 UHEKCOB OHO CIUTAIOCH) HE MPOMOPIIMOHATLHO TUCIY DOJOCOB.

Ho ama ag uTUBHLIX MHIEKCOB BAUAHUA MOXKHO JOKA3aTh CACIYIOUIYIO TEO-
peMy.

O6o3HauuM tepes v, rol0CoBaHNe ¢ KBOTOU (q; W1, . .., Wy,), T.€. UNCIO [O-
JOCOB VIACTHUKOB (PUKCUPOBAHO, ¢ — IapaMeTp.

Teopema. 1) [las a—underca:

[ atwdg=w Y fii.s

S31
2) Ilycmv underc sausnus ®(v) ydosaemsopsem arxcuomam NP, T u
SymGL. Tozada fo i(v,) dg nponopyuonaser w;.
3) /asn undexcos Her0y3a u Hlenauv—IIybura:

/ P;(v,) dq :/ S5S5i(v,) dg = w;.
0 0

Ecmm Beca UTPOKOB U KBOTa — IIeble HEOTPUIATEAbHBIE UUCIa, MOXKHO B
(popMyIMPOBKE TEOPEMBI 3aMEHUTHL MHTErPaJl Ha CYMMY.



BoiBo abI

[l1a c-uHgeKca BIUAHLE B CpeIHEM IO KBOTE MIPOIMOPINOHAILHO, BO IEp-
BBIX, YUCIY TOJOCOB, BO BTOPBIX, cymMMe f(7,.5) Mo BceM BO3MOXKHBIM KOAJI-
IUAM, KOTOPYIO MOXKHO HHTCPIPETUPOBATL, KAK MEPY KEJIAHUS OCTAJbHBIX
NTPOKOB BXOIUTH B KOAIUIIHIO C 1.

JIiobon nnaexc Bauauus, yaosieTBopsionmun akcuomMaM NP, T u SymGL y1o-
BIETBOPAET U TEOpeMe O CPEeTHeM, B HacTHOCTHU MHAeKcHhl BaumaHua Hlemmm—
[lybuka, Ileapoysa u obmun uHaeke bannada. a-uHICKC yI0BICTBOPICT TEO-
peme 0 cpefgHeM, ecIn ) o f(4,5) He 3aBucur ot .

Kaxercsa, uTo "B cpegueM’ CIPaBeIINBOCTEL BCe-TaK! €CTh U BAUAHUE IPO-
MOPHUOHAILHO YUCIY rogocoB. Ho...

Ecm xBoTta Mana (Bemuka), (¢ < min; w; wm w(n) > ¢ > w(n) — min; w;),
BBIAT'PBIBAIOIICH Oy 16T TOJBKO [V. BIUAHUSA BCEX UIPOKOB Oy YT PABHBI U~ CJa-
onle” ydacTHUKU OyIyT 00JaJaTh OTHOCUTEILHO OOJLIINM BIUAHUEM. laxue
CUTYalluu Kpanue peaxo, Ho Bcrpedaiorcsa. B Cenme Peun [ocmonruTon 1o 1791
r. mencrToBajto mpaso Liberum veto” (cooTBeTCTBYET TOMOCOBAHUIO ¢ KBOTOU
(n;1,...,1)).

Ecmm ke kBoTa 6muska K w(V)/2 (kak 06bI9HO 1 OBIBACT), TO yiKe ~ CHIbHBIE
VIACTHUKI 00.1a1a10T OTHOCUTEILHO OOJBIINM BIMSIHLIEM.



Breraucaenus NMHACEKCOB BJIIUAHNA, 3aBACAIIINX OT Hpe,Z[HO‘ITeHI/Iﬁ
Y4I1aCTHHUKOB

IIpumep. lHoaumuueckue 2pynnvt 6 Feponetickom napaamenme u Hen-
pucoedunuswuecs denymamosr o6pasyom uepy u3 36 uepoxos: 7 napmud
¢ 2oaocamu 266, 201, 89, 42, 41, 35, 27 u 29 nenpucoedunuswurca deny-

mamos. IIpu noanom nepebope npudemca paccmompems 2°° ~ 3,43 - 101
KOGAUYU.

[Ipumep. Mexcodynapoduviii sastommuviti dond (IMF, 184 yuacmmnura,
CYMMA 2040C06 — 2,2 MAK,).



MeToa nponsBoasamnx QyHKIIUN

[IpousBogsmien pyHKIMEN TOCIE0BATEILHOCTH (a;) HA3BIBACTCA CYMMAa: Go~+
a1x+a2x2+...+aixi+...

[Tpousso gammme QyHKINYT ONpeIeIeHsl 1 11 ITOCIeJ0BATEILHOCTEN ¢ HECKOIb-
KIMUI H IEKCAMIL.

[Tycrs (q; wy, - . ., Wy,) — TOTOCOBAHUE C KBOTOU, bg(1) — IMCIO KOATUAIUNA C
CYMMAPHBIM {HCIOM TOJOCOB K, He BKIIOYAIOIINM UIPOKa 4, a by ,(¢) — wmcio
KOAMULINAN U3 7 UTPOKOB ¢ CyMMAPHBIM 9HUCIOM [OJI0COB K, HE BKIIOYAIOIIIM
urpoka ¢. [IpousBoasamas QyHKINA 118 TOoCTeqoBaTe bHocTn by (1) paBHa

Gi(z) = | (1 + =),
Vkal
a I TOCAEA0BATEILHOCTH by 1, (1) —

Silz,y) = H(l +yz™).
J#1
O6mnn nagexe Bannada pasen cymme kosdduiumentos G;(x) mpu cTeneHsnx
x or q—w; 10 q— 1. Nngexc Hlenm—Illybuka paBen cymme KoappuiineHToB
S(x,y) Ipu s-U CTEMEHN Y U CTENEHAX T OT ¢ — w; 10 q — 1-1.



Broruaucienus

[Ipeanonaraercs, aro dyuximn f(¢,S) 3aBUCAT TOILKO OT MATPHUIILI TPE/I-
nouyrenun P.

H 1ekebl BAIMAHNA, IOCTPOCHHBIC HA, OCHOBE MATPUILI IPCANOYTCHUN P, BhI-
YUCIAIOTCA 0 aHAJOIMIHBIM ¢ mHAeKcaMu bannada u [lemm—Ilyouka dop-
MY.IaM.

(i) = Y fli,S,P),
w(S)=k

Tk,l@) — Z f(’L,S,P)

w(S)=k,|S|=l,
q—1 q—1

r(i) = ri(i) =) rea(d).

k=q—w; k=q—w;



Ananor nagekca baumadga

[ycts f(i,S, P) nveet Bug ) g fij. PacemoTpum MEOrOUIEH

i) = [0+ g = 2 [ L™ =3 " Z 117

JFi SC(N\i) jes =k j€S

Koxddunuent npu r* moxox Ha rr(2) ¢ ogHUM OTATIIeM — KOB(DQUITHEHTHI

fij He ckTanbIBalOTCA, a mepeMHOXKaoTeA. [losToMy mpomsBogaman QyHKINA
1A 7', (1) BRIMUCISIETCA TaK JKe, Kak R;(x), HO omeparsa yMHOKEHUA 3aMEHACTCA
HA OTICPAIINIO CJIOXKCHIA,

CremoBaTeabHO, (V) MOKET OBITH BHIYUCICHO 38 TO YK€ BPEMS, ITO U MHIEKC
Banmada, T.e. 3a O(C(v) - n).

Berauncienne a(v) (mwm Na(v)) tpedyer O(C(v) - n?) onepanmuii.



Ananor nagekca Illemmn—IIly6uka

[Myers f(i, S, P) uveer Bun ) . g fo(|S]) fij. Taxoswr, Bactaoctu, f7(i, S, P),
f~(, 5, P)u f(i,5, P).

Rz’(xay) — H<1+fz'jyx Z Hfmy z"” Zxk : Z Hfzj

J#i SC(N\i) j€S )=k,|S|=l jES

Koaddunuent npn ¥ y TTOXOXK Ha, TkJ(i) C OBYMA OTIAIUAMU —— KOIPDU-
MUEHTHI fj; HE CKIAIBIBAIOTCA, a TEPEMHOKAIOTCA, U KO(D(DUIUEHTE pu 3!
TOKHBEL ObITH yMHOKeHBI Ha fo(l). IlosToMy mpomsBomsmias QpyHKIA s
r11(%) BBIMMCIAETCA Tak Ke, Kak R;(x,y), HO omepalua yMHOXKEHUA 3aMeHA-
eTCA Ha OMEpanuio CIOKEHUs, a yMHOXKeHue Ha fo(l) TpomsBoAUTCA B KOHIIE
BBLITUCICHUN.

a(v) (mm Na(v)) serauncagercs 3a O(C(v) - n®) onepammil.

N1 camoro crokuOro m3 nMmeromuxcsa npumepos (IMF) peus uger o 1.5I'B
namAT 1 20-25 Jacax pabOTHI.



Y710o0bl 3anncaTh HOJYYIECHHBIC PE3YIbTAThl (POPMAIBLHO, BBEIEM ~ IICEBJOIU-
cr1a” @, KOTOPBIE CKIABIBAIOTCA U BEITUTAIOTCS TT0 OOBITHBIM TTPABIIAM (B TOM
IUCIe W ¢ OOBITHBIME UUCTAME), TTPU YMHOXKEHUU Ha 1 He MEeHAITC, HO MpH
IEePEMHOKEHIN MEXK Y COOOM OHM HE YMHOMXKAIOTCSA, a CKIabIBAIOTCA. 10 ecTh

a+b=a+b,a—b=a—b, 1-b=ba+tb=a+b,a—b=a—0b,a-b=a+b

Teopewma. 1) Ilycmo f(i, S, P) umeem 6ud ) s fij, 2de [ij 3a6ucam
moavko om 1, j u P. Toeda npouzsodawasn dynkyus das ri(1) umeem sud

Ri(z) = H(l + fijz").
JF#
2) Ilyemo f(i,S, P) umeem 6ud ) s fo(|S|) fij, 2de fij sasucam moavro
om i, 7 u P. Toeda npouseodswas pyrwkyus das i 4(¢) umeem 6ud

Ri(xv y) — <H(1 + f_’&'jyij)> (17 f0(1)7 f0(2)7 s fo(n))> .

JFi



CIIACUBO 3A BHUMAHMUNE!



