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Abstract—Triclustering is an outgrowth of Formal Concept
Analysis intented to detect groups of objects with similar prop-
erties (clusters) in a context of three sets of entities. In case of
analyzing social networks, for instance, these sets might be users,
their interests and events they took part in. Triclustering here
can help to detect users with similar interests and make them
recommendations on events. This article describes a specific tri-
clustering algorithm and a prototype of visual analytics platform
for working with obtained clusters.

I. INTRODUCTION

Classical Formal Concept Analysis (FCA) deals with data
which describe relationship between a particular set of objects
and a particular set of attributes and provides methods to derive
a concept hierarchy or formal ontology in them.

FCA produces two kinds of output from the input data. [1]
The first is a concept lattice. A concept lattice is a collection
of formal concepts in the data which are hierarchically or-
dered by a subconcept-superconcept relation. Formal concepts
are particular clusters or combinations of objects and their
attributes which represent natural human-like concepts such
as organism living in water, car with all wheel drive system,
number divisible by 3 and 4, etc. The second output of FCA
is a collection of so called attribute implications. An attribute
implication describes a particular dependency which is valid
in the data such as every number divisible by 3 and 4 is
divisible by 6, every respondent with age over 60 is retired,
etc. FCA is a powerful tool for revealing dependencies in data
and is commonly applied in such domains as data mining, text
mining, machine learning, knowledge management, semantic
web, software development and biology.

As a natural development of FCA a Triadic Formal Concept
Analysis (TFCA) manages triadic data in a form of objects,
their attributes and conditions under which these objects have
certain attributes. One of common examples is a social network
analysis with a context including users (objects), events they
take part in (attributes) and interests (which might be regarded
as conditions under which a user participates in a certain
event).

As the task of finding all concepts or triconcepts is compu-
tationally challenging certain relaxations of these terms have
been introduced: biclusters and triclusters. [2] Here we adress
triclusters - combinations of sets of objects, their attributes
and conditions where not every object is due to have each
attribute. We will provide a strict definition of a triclusetr
later. Now it is worth mentioning that triclustering makes it
much easier to operate with huge amounts of triadic data

and provides an output in a form of clusters of objects with
similar attributes under similar conditions. Thus triclustering
finds application in such tasks as mining users with common
interests, applicants with similar competences or books labeled
by close tags. Triclustering is also a basis for a certain type of
recommendation systems. [3]

Visual analytics is one of the rocketing branches of Com-
puter Science which combines both human and computer
qualities to solve a range of problems that might lay beyond
the power of man or a machine separately. Actually, it’s
a subdomain of data analysis focusing on decision-making
virtue to data preprocessing, data mining and visual interactive
user interfaces. For instance, Siemens PLM software allows
developers to collect, process, visualize report data right in
the 3D engineering environment and make real-time decisions
in process of developing the new vehicles. The same method
is used in situational and decision-making centers in nuclear
power energetics and crime investigations.

This paper is organized as follows. In the next section we
introduce visual analytics, its neighbour domains - scientific
and information visualization, provide some examples of its
usage. In section III the main definitions from FCA are given.
Section IV describes Triadic FCA and sheds some light on the
issue of triclustering. Section V introduces the OAC prime-
based triclustering algorithm, its implementation and results.
Then section VI performs a way to apply the methods of
visual analysis to the triclusters outputed by this algorithm.
And finally, section VII concludes the paper.

II. VISUAL ANALYTICS

A. Definition

As this domain of Computer Science is relatively young
there are several defenitions of the term ”visual analytics”.
That’s also due to the fact that each author who contibuted
significantly to the development of visual analytics defined it
in his one way. Here are some of the most common definitions:

• Visual analytics is a combination of information visu-
alization methods and other methods of data analysis.
[4]

• Visual analytics is a cyclic process of gathering data,
data preprocessing, knowledge representation, discov-
ering dependencies and decision-making. [5]

• Visual analytics is a science of analytical reasoning
on the basis of interactive user interfaces [6], fusion
of scientific and information visualization. [7]



Generalizing and selecting the hard core let’s make the
following definition: Visual analytics is a subdomain of data
analysis focusing on analytical reasoning on the basis of
interactive user interfaces in process of data mining, data
preprocessing, knowledge representation, discovering depen-
dencies and decision-making.

B. Specificity

Let’s further consider the core peculiarities of visual ana-
lytics and the tasks it is designed to solve:

1) Visual analytics usually deals with complicated prob-
lems with big amounts of data requiring both human
and machine resources.

2) The final goal of visual analysis is to enable users
to obtain deep insight in problems to be solved
which might include processing of large amounts of
data from various sources. For this purpose visual
analytics combines both human and technological
resources. For one hand, data mining and statistics
are the driving force of any automatic data analysis.
For the other, human brain’s aptitude for informa-
tion perception and discovering dependencies in data
complies to machine techniques and thus turns visual
analytics into a promising sphere for futher develop-
ment.

3) In its development visual analytics fosters in its turn
the development of such techniques as data mining,
data representation and visualization and analytical
reporting. [8]

4) Visual analytics also deals with human cognition, in-
formation perception, Computer Science, interactive
and graphical design.

5) Visual analytics combines methods of information
visualization and graphical data representation where
visualization fosters human perception by the follow-
ing means: [9]
• Enlarging the data resources capacities makes

user memorize less
• Reducing search, such as by representing a

large amount of data in a small space
• Enhancing the recognition of patterns, such as

when information is organized in space by its
time relationships

• Supporting easy relationship inference
• Monitoring large amounts of potential events
• Providing techniques for dynamic data moni-

toring

C. Visual analytics and related areas

As it has already been mentioned visual analytics is a
combination of scientific and information visualization with
interactive user interfaces. Though there is no explicitly defined
border between these three domains it is assumed that:

• Scientific visualization (SciVis) deals with data that
have a natural geometric structure such as wind or
water flows, MRI data, atoms in molecules etc.

• Information visualization (InfoVis) handles abstract
data structures such as trees or graphs. Examples

include connections of computers in the Internet and
citations in scientific articles.

• Visual analytics is firstly concerned with sensemaking,
reasoning and decision-making.

D. Some examples

1) Scientific visualization: One of the most well developed
manifestations of SciVis is Computational Fluid Dynamics
(CFD). The classic task of defining crucial parameters of a
fluid flow around a plane’s wing requires specific computa-
tional methods.

Fig. 1: CFD rendering of air current around Lamborghini
LP670-4 SV [10]

In CFD all solid objects are represented by geometrical
lattices and flow parameters are computed with the help of
Finite Element Method. Although here supercomputers are
used not for making demonstrative pictures but for solving
Navier-Stokes equations, representing results is an example of
scientific visualization.

2) Information visualization: At the core of the We-
FeelFine project is a data collecting engine that automatically
scours the Internet every ten minutes, harvesting human feel-
ings from a large number of blogs. Blog data comes from a
variety of online sources, including LiveJournal, MSN Spaces,
MySpace, Blogger, Flickr, Technorati, Feedster, Ice Rocket,
and Google. [11]

We Feel Fine scans blog posts for occurrences of the
phrases ”I feel” and ”I am feeling”. Once saved, the sentence
is scanned to see if it includes one of about 5,000 pre-
identified ”feelings”. This list of valid feelings was constructed
by hand, but basically consists of adjectives and some adverbs.
It includes nearly 2 millions of records and starts like this:

total 1894610
better 128155 FFA401
bad 93390 07548A
good 76610 FFF700
right 40683 E97802
guilty 31591 004E6F
sick 27706 2E9127



Fig. 2: WeFeelFine - visualizing human emotions [11]

TABLE I: Feelings occurence frequency

Here a ”feeling” is followed by the number of it’s oc-
curences in blogs and a corresponding color for a map.

3) Visual analytics: Siemens uses visual analytics tech-
niques in its PLM software which enables developers to
collect, process, visualize report data right in the 3D engi-
neering environment and make real-time decisions in process
of developing new vehicles. [12]

Fig. 3: One of development stages with Siemens PLM Soft-
ware [12]

The crucial point is that this system allows real-time visual
interaction. This speeds up the processes of testing production
for meeting given criteria and eliminating product quality
problems.

III. FORMAL CONCEPT ANALYSIS AND
OA-BICLUSTERING

A. Main definitions

The formal context in FCA is a triple K = (G,M, I),
where G is a set of objects, M is a set of attributes, and the
binary relation I ⊆ G × M shows which object possesses
which attribute. Predicate gIm designates object g having
attribute m. For subsets of objects and attributes A ⊆ G and
B ⊆M Galois operators are defined like this:

A′ = {m ∈M | gIm for all g ∈ A},

B′ = {g ∈ G | gIm for all m ∈ B}.

The operator ′′ (applying the operator ′ twice) is a closure
operator : it is idempotent (A′′′′ = A′′), monotonous (A ⊆
B → A′′ ⊆ B′′) and extensive (A ⊆ A′′ ). The set of objects
A ⊆ G such that A′′ = A is called closed. The same properties
hold for closed attribute sets, i.e. subsets of the set M .

A couple (A,B) such that A ⊂ G,B ⊂ M,A′ = B and
B′ = A, is called a formal concept of a context K. The sets
A and B are closed and called extent and intent of a formal
concept (A,B) respectively. For the set of objects A the set of
their common attributes A′ describes the similarity of objects
of the set A and the closed set A′′ is a cluster of similar objects
(with the set of common attributes A).

The number of formal concepts of a context K =
(G,M, I) is quite significant: 2min{|G|,|M |} in the worst case.
There exist some ways to reduce the number of formal
concepts, for instance, choosing concepts by stability, index
or extent size. [13]

An alternative way is to make a relaxation of the definition
of a formal concept. One of them is an OA-bicluster. [14]
If (g,m) ∈ I , then (m′, g′) is called object-attribute bicluster
with the density

ρ(m′, g′) =
|I

⋂
(m′ × g′)|

(|m′||g′|)
.

Here are the main properties of OA-biclusters:

1) For any bicluster (A,B) ⊆ 2G × 2M it is true that
0 ≤ ρ(A,B) ≤ 1

2) OA-bicluster (m′, g′) is a formal concept if ρ = 1
3) If (m′, g′) is a bicluster, then (g′′, g′) ≤ (m′,m′′).

If there exists ρmin ∈ (0, 1) such that for a bicluster
(A,B) ⊆ 2G×2M it is true that ρ(A,B) ≥ ρmin. then (A,B)
is called dense. The above mentioned properties show that
OA-biclusters differ from formal concepts since unit density
is not required. Further there will be an illustartive example
for triconcepts and triclusters.

IV. TRIADIC FCA AND OAC-TRICLUSTERING

As a solution for three-way in FCA Lehmann and Wille
introduced Triadic Formal Concept Analysis. [15]

A triadic context K = (G,M,B, I) consists of sets G
(objects), M (attributes), B (conditions) and ternary relation



I ⊆ G ×M × B. An incidence (g,m, b) ∈ I shows that the
object g has the attribute m under condition b.

We’ll denote a triadic context by (X1, X2, X3, I). A triadic
context K = (X1, X2, X3, I) gives rise to the following diadic
contexts:
K(1) = (X1, X2 ×X3, I

(1)),
K(2) = (X2, X3 ×X1, I

(2)),
K(3) = (X3, X1 ×X2, I

(3)),

where gI(1)(m, b) ⇔ mI(1)(g, b) ⇔ bI(1)(g,m) ⇔
(g,m, b) ∈ I .

The derivation operators (or prime operators) induced by
K(i) are denoted by (.)(i). For each induced dyadic context we
have two kinds of derivation operators. That is, for {i, j, k} =
{1, 2, 3} with j < k and for Z ⊆ Xi and W ⊆ Xj ×Xk , the
(i)-derivation operators are defined by:

Z → Z(i) = {(xj , xk) ∈ Xj ×Xk | xi, xj , xk are related
by I for all xi ∈ Z},

W → W (i) = {xiıXi | xi, xj , xk are related by I for all
(xj , xk) ∈W}

A triadic concept of a triadic context K = (G,M,B, I)
is a triple (A1, A2, A3 of A1 ⊆ X1, A2 ⊆ X2, A3 ⊆ X3

such that for every {i, j, k} = {1, 2, 3} with j < k we have
A

(i)
i = (Aj × Ak). A1, A2 and A3 are called the extent, the

intent and the modus of (A1, A2, A3.

The set T = ((m, b)′, (g, b)′, (g,m)′) for a triple
(g,m, b) ∈ I is called an OAC-triscluser (or object-attribute-
condition tricluster or just tricluster) based on prime operators.
Here

(g,m)′ = {b | (g,m, b) ∈ I},
(g, b)′ = {m | (g,m, b) ∈ I},
(m, b)′ = {g | (g,m, b) ∈ I}

(1)

The density of a tricluster (A,B,C) of a triadic context
K = (G,M,B, I) is given by the fraction of all triples of I
in the tricluster, that is
ρ(A,B,C) = |I

⋂
A×B×C|
|A||B||C| .

The tricluster T = (A,B,C) is called dense if its
density is greater than a predefined minimal threshold, i.e.
ρ(T ) ≥ ρmin. Just similarly to biclusters, triclasters have the
following properties:

1) For every triconcept (A,B,C) of a triadic context
K = (G,M,B, I) with nonempty sets A,B and C
we have ρ(A,B,C) = 1.

2) For every triclucter (A,B,C) of a triadic context
K = (G,M,B, I) with nonempty sets A,B and C
we have 0 ≤ ρ(A,B,C) ≤ 1.

A. Example

Let’s consider a sample context K = (U, I, S, Y ), where
U = {Ed, Leo, Max} is a set of users, I = {soccer,
hockey} - their interests, S = {soccer.com, nhl.com, fifa.com,
hockeycanada.ca} - sites they have added to bookmarks,
Y ⊆ U × I × S is a ternary relation between U, I, S which
can be expressed by tables II:

i1 i2
u1 x x
u2 x x
u3 x x

s1 s2 s3 s4
u1 x x x x
u2 x x x
u3 x x x x

s1 s2 s3 s4
i1 x x
i2 x x

TABLE II: Sample context

Here the following designations are introduced:
u1 u2 u3 i1 i2 s1
Ed Leo Max soccer hockey soccer.com

s2 s3 s4
nhl.com fifa.com hockeycanada.ca

Here generally we have |U ||I||S| = 24 triconcepts to
analyze. But actually, this number is reduced to 11 as there
are lots of void triconcepts present. The 11 triconcepts are:

user interest site
Ed soccer soccer.com
Ed hockey nhl.com
Ed soccer fifa.com
Ed hockey hockeycanada.ca
Leo soccer soccer.com
Leo hockey nhl.com
Leo soccer fifa.com
Max soccer soccer.com
Max hockey nhl.com
Max soccer fifa.com
Max hockey hockeycanada.ca

TABLE III: Sample triconcepts

Actually, users Ed, Leo and Max share the same interests
and almost the same sites (all the difference is that Leo hasn’t
bookmarked hockeycanada.ca). The idea of clustering here is
presented by a tricluster
T = ({u1, u2, u3}, {i1, i2}, {s1, s2, s3, s4}) with density
ρ = 11/24 ∼= 0.46.
It’s just one pattern to analyze instead of 11 in case of
triconcepts.

V. OAC PRIME TRICLUSTERING ALGORITHM

The hard core of the algorithm is quite simple: for all inci-
dencies (g,m, b) ∈ I for a triadic context K = (G,M,B, I)
we build a tricluster T = ((m, b)′, (g, b)′, (g,m)′). If a
tricluster is a unique one and it’s density exceeds a predefined
minimum threshold than it’s added to an array of triclusters.
A pseudocode of algorithm for OAC-triclusterization based on
prime operators is presented further.



Algorithm 1 OAC-triclusterization based on prime operators
Input: K = (G,M,B) - tricontext,
ρmin - density threshold
Output: Tdic = {X1, X2, X3} - a dictionary of triclusters.
X1 ⊆ G,X2 ⊆M,X3 ⊆ B

for (g,m, b) ∈ I do
T = ((m, b)′, (g, b)′, (g,m)′)
HashKey = hash(T )
if HashKey /∈ Tdic.keys() and ρ(T ) ≥ ρmin then
Tdic[hashKey] = T

end if
end for

A. Implementation

The described above algorithm was implemented in Python
2.7.3 on a 2-processor machine (Core i3-370M, 2.4 HGz) with
3.87 Gb RAM. Futher follow the description of contexts tested
and some results.

Context |G| |M | |B| triples density
1 30 30 30 2677 0.0991
2 250 795 22 3815 0.00087
3 51 924 2844 3037 2.266e−05

TABLE IV: Experimental contexts

Density threshold ρmin Execution time T,sec Triclusters
0 2.932 2677
0.1 2.917 2677
0.2 2.919 2572
0.3 2.936 789
0.4 2.919 96
0.5 2.924 15
0.6 2.889 10
0.7 2.92 3
0.8 2.91 1
0.9 2.934 0
1 2.896 0

TABLE V: Triclusterization results for context 1

Density threshold ρmin Execution time T,sec Triclusters
0 5.099 3679
0.1 5.145 3679
0.2 5.115 3601
0.3 5.154 3227
0.4 5.186 2399
0.5 5.165 1438
0.6 5.136 654
0.7 5.142 297
0.8 5.126 244
0.9 5.197 234
1 5.132 234

TABLE VI: Triclusterization results for context 2

Density threshold ρmin Execution time T,sec Triclusters
0 3.303 2459
0.1 3.266 2459
0.2 3.275 2456
0.3 3.271 2449
0.4 3.273 2413
0.5 3.274 2305
0.6 3.272 2011
0.7 3.268 1287
0.8 3.275 1023
0.9 3.299 1001
1 3.292 1001

TABLE VII: Triclusterization results for context 3

VI. VISUAL TRICLUSTER ANALYSIS

The prototype of a visual analytics framework for tricluster
analysis provides several functions for a user to operate with
triclusters.

Fig. 4: Tricluster map projected on User-Tag plane

In figure 4 we can see a map of triclusters produced by the
described algorithm for a context of 20 users, 20 tags and 200
resources. The map is a projection of triclusters on the User-
Tag plane. The more a certain user-tag pair is presented in
triclusters the darker the corresponding square is depicted. A
user-tag pair (u6, t4), for instance, is included in 73 triclusters
(dark red square) while (u5, t9) - just in 1 (red square) and
no tricluster have a pair (u9, t10) (a gray one).

Fig. 5: Context menu for a user-tag pair



All triclusters including a certain user-tag pair can be listed
by clicking on a menu label ”Triclusters”. Similarly triconcepts
can be listed. One can also highlight the biggest tricluster with
a certain user-tag pair.

Fig. 6: Highlighting a biggest tricluster for a user-tag pair
(u6, t4)

The tool is intended to help the user grasp the results of
tricluster algorithm implementation and to make decisions on
object (user) groups resemblence or attribute (tags) coince-
dences in a tricontext.

Further tasks to be resolved:

• Building similar maps for user-resource and tag-
resource projections

• Clustering groups of objects in one depicted square so
that thousands of objects could be presented. Imple-
menting an algorithm for such grouping

• Implementing a recommender algorithm - the one to
make recommendations of resources, for instance, for
users based on their tags

• Improving graphic user interface of the framework

VII. CONCLUSION

Visual analytics as one of the flourishing domains of data
analysis can be useful in mining objects with similar attributes
under similar conditions in a context of social network data.
Special algorithm was performed for uniting such objects,
attributes and conditions in triclusters. A program framework
being developed is intended to graphically perform the results
of this algorithm and to empower human to analyze patterns
and decide on grouping objects and making recommendations
for them.
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