Правительство Российской Федерации

Федеральное государственное автономное образовательное учреждение высшего профессионального образования 
"Национальный исследовательский университет 
"Высшая школа экономики"
Факультет Математики

Программа дисциплины  Advances in Algebra and Topology. 
для направления  010100.68 «Математика» подготовки магистра 

магистерская программа «Математика» 

Автор программы: Бурман Ю.М., доцент, к.ф.-м.н, burman@mccme.ru

Рекомендована секцией УМС по математике «___»____________ 2013  г.

Председатель С.М. Хорошкин

Утверждена УС факультета математики              «___»_____________2013   г.

Ученый секретарь Ю.М. Бурман_____________________

Москва, 2013

Настоящая программа не может быть использована другими подразделениями университета и другими вузами без разрешения кафедры-разработчика программы.

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


Explanatory remarks
Prerequisites: commutative algebra, geometry and topology on the BA level. Some parts of the course require multi-dimensional calculus or can be used as an introduction to it.
Annotation. 

The course «Advances in Algebra and Topology» is a part of the MS program 010100.68 Mathematics.

The course of algebraic topology is an important means of integration of several mathematical disciplines. It uses ideas and motives from algebra, geometry and analysis, and in its turn, provides material for them. 
In the first module  of the course a student learns some important topological structures and invariants: coverings, fiber bundles, higher homotopy groups and simlicial homology. This is probably the first point where a student meets so important a notion as a chain complex and its homology. Principal ideas of the homological algebra are introduced here, too. Then the course deals with definition and computation of singular homology. We study CW complexes and cell homology, prove homotopy invariance of homology and introduce homological exact sequences. Morse functions are introduced for compact manifolds (the Morse lemma is formulated without proof), and the corresponding CW complexes are described. The module is finished by the study of cohomology and the proof of the Poincare duality theorem.
In the second module we study analytical and differential geometric aspects of the theory of homology, as well as its applications. We define curvatures of an immersed surface in the three-space, and a Gauss-Bonnet theorem is proved. We also prove a formula for the Euler characteristics via the number of zeros of a vector field, interpret the degree of a map in homological terms, and prove interesting applied results like Brouwer’s fixed point theorem, Borsuk theorem, sandwich division theorem, and more. We introduce the multiplication in cohomology and give its geometric interpretation. 
Goals of the course and its position within the MS program as a whole
Targets of the course: 

· Teaching students topological way of thinking and ability to associate algebraic structures with objects of geometry and analysis 

· Teaching students main concepts of modern topology and homological algebra.
Goals achieved by the course:

· Study of basic topological structures, such as homotopy groups, homology, coverings, fiber bundles, CW complexes, manifolds, vector fields.
· Study of classical topological spaces used in applications and providing examples for development of topological intuition: two-manifolds, Lie groups, projective spaces, Grassmanians, as well as operations on them.
· Study of the most important ways to distinguish between topological spaces that arise in other areas of mathematics as well as in applied problems.
Thematic plan of the course
	N
	Topic
	Total hours
	Class hours
	Homework

	1
	Homotopy groups
	6
	2
	4

	2
	Coverings and fundamental group
	8
	4
	4

	3
	Chain homology
	8
	4
	4

	4
	Simplicial homology
	6
	2
	4

	5
	Singular homology
	8
	2
	6

	6
	Cell homology
	8
	4
	4

	7
	Morse complex
	8
	4
	4

	8
	Cohomology and Poincare duality
	8
	4
	4

	9
	Surfaces, curvature and Gauss—Bonnet theorem
	8
	4
	4

	10
	Vector fields and Euler characteristics
	6
	2
	4

	11
	Multiplication in cohomology
	8
	4
	4

	12
	Applications 
	8
	4
	4

	 
	Total:
	90
	40
	50


Tesiting students’ knowledge of the course
Routine testing uses problem solving during the exercise sessions, 2 colloquia and 3 written tests on the following topics:

1) Fudamental group, coverings and homology of polyhedra.
2) Homolohy of the Morse complex and the intersection index.
3) Elementary differential geometry.
Final testing: a written exam at the end of each module.
Scoring
All scores are assigned in a 10-point scale.

The routine score is formed as follows:

Sroutine = n1*Swritten test + n2* Scolloquium + n3* Shomeworks
The routine score is formed at the end of the module by assessing correctness of the homework and results of the colloquia. The sum of the coefficients is  ∑ni = 1. Fractional scores are rounded upwards.

The final score is computed as 

Sfinal = 0.5 * Sroutine  + 0.5 * Оfinal test

fractional scores are rounded upwards. 

Students can be given an opportunity to re-submit missing homework before the final test
Syllabus
1. Homotopy groups.
Definition (repeated – should be known from the BA courses). Relative homotopy groups. Exact sequence of a pair. Dependence on the base point.
2. Coverings and the fundamental group.
Classification of coverings of a fixed base in terms of its fundamental group. Universal covering. Higher homotopy groups of the base and of the covering space are isomorphic. Homotopy exact sequence of the fiber bundle. 

3. Chain homology.
Definition of a complex of Abelian groups and of its homology. Homomorphism of chain complexes and the induced homomorphism of the homology. Short exact sequence of complexes gives rise to the long exact sequence of homology groups. 

4. Simplicial complexes and simplicial homology.
Homology of the simplicial complex. Computation in the principal examples. Fundamental class of a compact smooth manifold (oriented; else the class modulo 2). 
5. Singular homology.
Definition of the singular homology and their behavior under continuous maps. Homotopic maps give rise to identical homology homomorphisms.
6. Cell homology.
Cellular decomposition. Main properties of the CW complexes: the Borsuk lemma, cell approximation theorem. Cell homology. Relative homology of cell pairs is isomorphic to absolute (reduced) homology of the quotient space. Computation of the main examples. Meyer-Vietoris exact sequence. 

7. Morse complex.
Morse lemma. Existence of Morse functions on a compact manifold. Cell decomposition associated to a Morse function. Incidence coefficients in the Morse complex and the gradient network.
8. Cohomology and Poincare duality.
Dual complexes. Relation between homology of dual complexes. Dual Morse complexes. Poincare isomorphism. Intersection index on an oriented manifold. Alexander isomorphism and the linking number. What to do if the manifold is not orientable?
9. Curvature and the Gauss-Bonnet formula. 
Curvature and spin of a curve in the three-space. Self-linking number of a space curve without flattening points. Elliptic, hyperbolic and parabolic points of a surface. Hierarchy of parabolic points. Gauss curvature and mean curvature. Gauss-Bonnet formula.
10. Vector fields and the Euler characteristic.
Classification of zeros of vector fields on a manifold. Index of an isolated zero. Euler number of a vector field as an intersection index. The Euler number is equal to the Euler characteristic. 

11. Multiplication in cohomology.
Multiplication in cohomology. Interpretation of the multiplication as the intersection index of cycles. Cohomology ring of the projective space and other important examples. 

12. Applications.
Brouwer’s fixed point theorem. The Borsuk theorem on antipodes. Theorem about division of sandwiches. Existence of  non-generic singularities. Homological obstacles to immersion and embedding.
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