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We explore algebraic subgroups of the Cremona group C, over an algebraically
closed field of characteristic zero. First, we consider some class of algebraic sub-
groups of C,, that we call flattenable. It contains all tori. Linearizability of the
natural rational actions of flattenable subgroups on A" is intimately related
to rationality of the invariant fields and, for tori, is equivalent to it. We prove
stable linearizability of these actions and show the existence of nonlinearizable
actions among them. This is applied to exploring maximal tori in C, and to
proving the existence of nonlinearizable, but stably linearizable elements of in-
finite order in Cy, for n > 5. Then we consider some subgroups J (z1,...,2Zn) of
Cp, that we call the rational de Jonquiéres subgroups. We prove that every affine
algebraic subgroup of J(z1,...,zn) is solvable and the group of its connected
components is Abelian. We also prove that every reductive algebraic subgroup
of J(z1,...,xn) is diagonalizable. Further, we prove that the natural rational
action on A" of any unipotent algebraic subgroup of J(z1,...,Zn) admits a
rational cross-section which is an affine subspace of A™. We show that in this
statement “unipotent” cannot be replaced by “connected solvable”. This is ap-
plied to proving a conjecture of A. Joseph on the existence of “rational slices”
for the coadjoint representations of finite-dimensional algebraic Lie algebras g
under the assumption that the Levi decomposition of g is a direct product. We
then consider some overgroup j(:tl, ... xn) of J(z1,...,zn) and prove that
every torus in J(z1,...,zn) is linearizable. Finally, we prove the existence
of an element g € C3 of order 2 such that g ¢ G for every connected affine
algebraic subgroup G of C; in particular, g is not stably linearizable.
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1. Introduction

The last three decades were marked by growing interest in problems related
to the affine Cremona group C (the group of biregular automorphisms of
the affine n-dimensional space A™). Despite of a remarkable progress made
during these years, some fundamental problems still remain unsolved. For
instance, at the moment the linearization problem for algebraic tori is solved
only for n < 3 and its difficult solution for n = 3 is one of the highlights of
the theory.

Some of these problems may be formulated entirely in terms of group-
theoretic structure of C#. Thereby, they admit the birational counterparts
related to the full Cremona group C, (the group of birational automor-
phisms of A™). It is of interest to explore them. We have not seen publi-
cations purposefully developing this viewpoint. A step in this direction is
made in this paper.

In Section 2 we first consider a class of algebraic subgroups of C,, that
we call flattenable. Linearizability of their natural rational actions on A™
is intimately related to rationality of their invariant fields, the subject of
classical Noether problem. All algebraic tori in C, are contained in this
class and, for them, these two properties, linearizability and rationality,
are equivalent. We show that flattenable groups are special in the sense
of Serre (see [26]) and that every rational locally free action on A™ of a
special group is stably linearizable; in particular, this is so for tori. On the
other hand, we show that there are stably linearizable, but nonlinearizable
rational locally free actions on A" of connected affine algebraic groups, in
particular, that of tori. We then apply this to the problem of describing
maximal tori in C,, and show that nowadays one can say more on it than
in the time when Bialynicki-Birula and Demazure wrote their papers [4],
[10]. Namely, apart from n-dimensional maximal tori (that are all conju-
gate), Cp, for n > 5 contains maximal tori of dimension n — 3 (and does not
contain maximal tori of dimensions n — 2, n — 1 and > n). This answers
a question of Hirschowitz in [13, Sect. 3]. As another application, we prove
the existence of nonlinearizable, but stably linearizable elements of infinite
order in C,, for n > 5.

In Sections 3 and 4 we consider a natural counterpart of the classical
de Jonquieres subgroups of C2 that we call the rational de Jonquieres sub-
groups of C,,. We prove that their affine algebraic subgroups are solvable and



Some subgroups of the Cremona groups 215

have Abelian groups of connected components. We also prove that reduc-
tive algebraic subgroups of the rational de Jonquieres subgroups of C,, are
diagonalizable. Then we prove that for the natural rational action on A™ of
any unipotent algebraic subgroup of a rational de Jonquieres subgroup of
C,, there exists an affine subspace of A™ which is a rational cross-section for
this action (recall that for rational actions of connected solvable affine alge-
braic subgroups of C,, on A", the existence of some rational cross-sections,
not necessarily affine subspaces of A", is ensured by the general Rosen-
licht’s theorem, see [23, Theorem 10]). We also show that in this result
“unipotent” cannot be replaced by “connected solvable”. We then apply
this result to a conjecture of A. Joseph ([14, Sect.7.11]) on the existence
of “rational slices” for the coadjoint representations of finite-dimensional
algebraic Lie algebras g and prove this conjecture under the assumption
that the Levi decomposition of g is a direct product. Further, we consider a
certain natural class of overgroups of the rational de Jonquieres subgroups
and, using the results of Section 2, show that the natural action on A™ of
any subtorus of such an overgroup is linearizable. Finally, we prove the ex-
istence of an element g € Cs of order 2 such that g ¢ G for every connected
affine algebraic subgroup G of the direct limit Co, of the tower of natural
inclusions C; < C3 < - - -; in particular, g is not stably linearizable.

Conventions, notation and some generalities

Below “variety” means “algebraic variety”. We assume given an alge-
braically closed field k of characteristic zero which serves as domain of
definition for each of the varieties considered below. Each variety is identi-
fied with its set of points rational over k. Along with the standard notation
and conventions of [5] we use the following ones.

— Aut X is the automorphism group of a variety X.

— Bir X is the group of birational automorphisms of an irreducible
variety X.

— X ~Y means that X and Y are birationally isomorphic irreducible
varieties.

— If f is a rational function on the product X xY of varieties and x € X
is a point such that f|,,, is well defined, then f(x) is the element
of k(Y) such that f(x,y) = f(z)(y) for every point (z,y) € X xY
where f is defined.

— Given a dominant rational map ¢: X --+ Y of varieties, ¢* is the
embedding k(Y) < k(X), f— foo.
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— Given an action
a:GxX =X (1)

of a group G on a set X and the elements g € G, € X, then
a(g,x) € X is denoted by g - x. If H is a subgroup of G, then «a|y is
the restriction of o to H x X.

— A™ x A™ is identified with A”™™ by means of the isomorphism

A" X AT 5 AT
((al,...,an),(bl,...,bm)) — (al,...,an,bl,...,bm).

— K is the multiplicative group of a field K.

— KT is the additive group of a field K.

— If K/F is a field extension, then K is called pure (resp. stably pure)
over F'if K is generated over F' by a finite collection of algebraically
independent elements (resp. if K is contained in a field that is pure
over both K and F).

— @Y is the identity component of an algebraic group G.

— “Torus” means “affine algebraic torus”.

Let G be an algebraic group and let X be a variety.

If (1) is a morphism, then « is called a regular action. In this case, for
every element g € G, the map X — X, z — ¢ -z, is an automorphism of
X and the image of the homomorphism G — Aut X, g — {z — g -2} is
called an algebraic subgroup of Aut X. A regular action « is called locally
free if there is a dense open subset U of X such that the G-stabilizer of
every point of U is trivial.

From now on we assume that X is irreducible. The map

Bir X — Autp k(X), ¢ (¢*)7L (2)

is a group isomorphism. We always identify Bir X and Auty k(X) by means
of (2) when we speak about action of a subgroup of Bir X by k-automor-
phisms of k(X) and, conversely, action of a subgroup of Autyk(X) by bi-
rational automorphisms of X.

Let 6: G — Bir X be an abstract group homomorphism. It determines
an action of G on X by birational isomorphisms. If the domain of definition
of the partially defined map Gx X — X, (g,z) — 6(g)(z), contains a dense
open subset of G x X and coincides on it with a rational map o: G x X --»
X, then this action (and p) is called a rational action of G on X and 6(G)
is called an algebraic subgroup of Bir X.
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There is a method for constructing algebraic subgroups of Bir X. Name-
ly, let Y be another irreducible variety and let v: Y --+ X be a birational
isomorphism. Then BirY — Bir X, g — yogo~~!is a group isomorphism
and the image of any algebraic subgroup of AutY under it is an algebraic
subgroup of Bir X. In fact, by [23, Theorem 1], this method is universal,
i.e., every algebraic subgroup of Bir X is obtained in this manner for the
appropriate Y and . In other words, for every rational action of G on X
there is a regular action of G on an irreducible variety Y, the open subsets
Xp and Yy of resp. X and Y, and an isomorphism Yy — X such that the
induced field isomorphism k(X) = k(Xo) — k(Yp) = k(Y) is G-equivariant.
If the action of G on Y is locally free, then the rational action g is called
locally free.

Let p: G x X --+ X be a rational action of G on X and let f be an
element of k(X). Then {g- f | g € G} is an “algebraic family” of rational
functions on X in the following sense: there is a rational function f €

~

k(G x X) such that g- f = f(g) for every g € G. Indeed, o*(f) € k(G x X)
and o*(f)(g,x) = (¢ - f)(x) for every point (g,z) € G x X where o*(f)
is defined; whence the claim.

If X and Y are irreducible varieties endowed with rational actions of G
such that there is a G-equivariant birational isomorphism X --+ Y, then
we write

XSy

In order to avoid a confusion, in some cases when several rational ac-
tions are simultaneously considered, we denote X endowed with a rational
action g of G by

X

If Y is another variety, then X x Y endowed with the rational action of G
via the first factor by means of p is denoted by

oX X Y.
We denote by
\G

the underlying variety of G endowed with the action of G' by left transla-
tions.
If p is a rational action of G on X, then

o x: X - X/G
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is a rational quotient of o, i.e., X/G and m; y are resp. a variety and a
dominant rational map such that 77 y(k(X/G)) = E(X)E (see [21, Sect.
2.4]). Depending on the situation we choose X/G as a suitable variety within
the class of birationally isomorphic ones. A rational section (resp., cross-
section) for g is a rational map o: X/G --+ X such that Tgx °0 = id
(resp., a subvariety S of X such that 7 x[g: S --» X/G is a birational
isomorphism). The closure of the image of a rational section is a rational
cross-section and, since chark = 0, the closure of every cross-section is
obtained in this manner.
The group

Cn = Autg k(A™)

is called the Cremona group of rank n (over k). It is endowed with a topol-
ogy, the Zariski topology of C,, in which families of elements of C,, “alge-
braically parametrized” by algebraic varieties are closed, [27, Sect. 1.6]. For
every algebraic subgroup G of C,, and its subset S, the closure of S in C,, co-
incides with the closure of S in G in the Zariski topology of G. In particular,
G is closed in C,,. Left and right translations of C,, are homeomorphisms.

We denote by z1,...,z, € k[A"] the standard coordinate functions
on A™:

zi((a1,- ., an)) = ai. (3)

They are algebraically independent over k and k(A™) = k(x1,...,x,). For
every n > 2, we identify A"~ ! with the image of the embedding A"~ ! —
A", (a1,...,an-1) = (a1,...,a,-1,0), and denote the restriction ;| ,,_.
for i = 1,...,n — 1 still by z;. Correspondingly, we have the embedding
Cn_1 < Cn, g+ g,whereg-x; := gx;ifi =1,...,n—1and g-z,, := x,. The
direct limit for the tower of these embeddings C; < Co < -+ —= C,, < - -+
is the Cremona group Cs of infinite rank. We identify every C,, with the
subgroup of Cs, by means of the natural embedding C,, < C. A subgroup
G of C is called algebraic if there exists an integer n > 0 such that G is
an algebraic subgroup of C,.
We distinguish the following two algebraic subgroups of C,:

GL, := {g eCy, | g-xT; = Z?:l Qi Tj, Qij € k},
D,:={g€Cy|g x; =a;x;, o Ek};

D,, is the maximal torus in GL,,.
Let g be an element and let G be a subgroup of C,,. If g € GL,, (resp. G C
GL,,), then g (resp. G) is called a linear element (resp. a linear subgroup). If
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g (resp. G) is conjugate to a linear element (resp. a linear subgroup), then it
is called a linearizable element (resp. a linearizable subgroup). If g (resp. G)
is a linearizable element (resp. a linearizable subgroup) of some C,,, for m >
n, then it is called a stably linearizable element (resp. a stably linearizable
subgroup). A rational action g of an algebraic group H on A" is called
resp. a linear, linearizable or stably linearizable action if the image of H
in C,, corresponding to g is resp. a linear, linearizable or stably linearizable
subgroup of C,.

Acknowledgment. 1 am grateful to MING-CHANG KANG who drew my
attention to paper [28].

2. Flattening, linearizability, tori

Definition 2.1. An affine algebraic group G is called flattenable if the un-
derlying variety of G endowed with the action of G by left translations
admits an equivariant open embedding into some A™ endowed with a ra-
tional linear action of G. The G-module A" is then called a flattening of G.

Every flattenable group is connected.
Example 2.1. A" endowed with the natural action of G},

diag(e1,...,en) - (a1,...,an) := (g101,...,Enap), (4)

is a flattening of G7,,. Hence, every torus is flattenable.

Example 2.2. The underlying vector space of the algebra Mat,, «x, of all
(n x n)-matrices with entries in k endowed with the action of GL,, by left
multiplications, g - a := ga, g € GL,, a € Mat,, «,, is a flattening of GL,,.
Hence, GL,, is flattenable.

Example 2.3. Let Gq,...,Gs be affine algebraic groups and let G :=
Gy1 x -+ x Gg. If A,,, endowed with an action of G; is a flattening of Gj,
then A,, x --- x A, endowed with the natural action of G is a flattening
of G. Hence, G is flattenable if every G; is.

Example 2.4. Consider a finite-dimensional associative (not necessarily
commutative) k-algebra A with an identity element. The group of all in-
vertible elements of A is then a connected affine algebraic group G whose
underlying variety is an open subset of that of A. The action of G on A by
left multiplications is linear and the identity map is an equivariant embed-
ding of G into A. Thus, A is a flattening of G and G is flattenable. If A is
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the product of n copies of the k-algebra k, we obtain Example 2.1. Taking
A = Mat,, «n, we obtain Example 2.2.

In general, flattening of G is not unique.

Example 2.5. Mat, x, endowed with the action of GL,, given by ¢g-a :=
(¢")"ta,g € GL,, a € Mat, «,,, where g’ is the transpose of g, is a flattening
of GL,,. It is not isomorphic to that from Example 2.1 (as the highest
weights of these two flattenings are not equal).

Lemma 2.1. If the underlying variety of a connected affine reductive alge-
braic group G # {e} is isomorphic to an open subset U of A", then U # A"
and the center of G is at least one-dimensional.

Proof. As G # {e} is reductive, it contains a torus T' of positive dimen-
sion. For the action of T on G by left translations, the fixed point set
is empty. But for any regular action of 7" on A", the fixed point set is
nonempty, see [4, Theorem 1]. Hence, U # A™.

Since D := A™\U # @ and U is affine, the dimension of every irreducible
component of D is n — 1, see [19, Lemma 3]. Since Pic A™ = 0, this entails
that D is the zero set of some regular function f on A™. Therefore, f|;; is
a nonconstant invertible regular function on U. By [24, Theorem 3], every
such function is, up to a scalar multiple, a character of G. So there is a
nontrivial character of G. On the other hand, as (G is a connected reductive
group, G = G’ - C where G’ is the derived group of G (it is semisimple), C
is the connected component of the identity in the center of G (it is a torus),
and G'NC is finite, see [5, Sect. 14.2]. This entails that the character group
of G is a free abelian group of rank dim C. Hence, dim C' > 1. O

Corollary 2.1. There are no nontrivial semisimple flattenable groups.

Recall from [26] that an algebraic group G is called special if every
principal homogeneous space under G over every field K containing k is
trivial. By [26] special group is automatically connected and affine. Special
groups are classified: a connected affine algebraic group G is special if and
only if a maximal connected semisimple subgroup of G is isomorphic to

SL,, x -+ x SLy, xSp,,, X x8Sp,,_ (5)

for some integers > 0,s > 0,n;, m; (by [26] such groups are special, and
by [11] only these are).

Lemma 2.2. Fvery flattenable group G is special.
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Proof. Let A™ endowed with a rational linear action a of G be a flatten-
ing of G and let g an: A" --» A"/G be a rational quotient for this
action. By Definition 2.1, « is locally free. Hence, by [20, Theorem 1.4.3],
proving that G is special is equivalent to proving that 7 s. admits a ra-
tional section. But the existence of such a rational section is clear because
Definition 2.1 entails that ,A™/G is a single point. O

By Lemma 2.2 a maximal connected semisimple subgroup of every flat-
tenable group is isomorphic to a group of type (5). Hence, every reductive
flattenable group is a quotient (T x S)/C where T is a torus, S is a group
of type (5) and C is a finite central subgroup.

Conjecture. The following properties of a connected reductive algebraic
group G are equivalent:

(i) G is flattenable;
(ii) G is isomorphic to GLy, X -+ X GL,,, .

Theorem 2.1. Let « be a locally free rational action of a flattenable group
G on A™. If the invariant field k(,A™)% is pure over k, then « is lineariz-
able.
Proof. Consider for a a rational quotient,

TG oam: oA™ —=2 L AT/G. (6)

As explained in Introduction, there is a variety X endowed with a regular

G
locally free action o’ of G such that X = ,A™. By [8, Theorem 2.13],
shrinking X if necessary, we may assume that the geometric quotient

aX = o X/G
for o/ exists and is a torsor over - X/G. As G is special by Lemma 2.2, this

G
torsor is locally trivial in Zariski topology. Hence, o+ X = G X (v X/G) and
therefore,

G
AT X AG X (LA™/G). (7)
Let sA™ be a flattening of G. Definition 2.1 yields
€]
)\G ~ ﬁAn. (8)
From (7) and (8) we obtain

WA L SAT X (LATG). 9)
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The assumption of purity and (9) yield

WA/G AT (10)
Consider the action v of G on A™ defined by
LA™ =g AT X AT (11)
From (9), (10), and (11) we deduce that
WA AT (12)
But ~ is linear because § is. This and (12) complete the proof. O

Lemma 2.3. For every affine algebraic group G and every integer r there
exists a rational locally free linear action of G on A® for some s > r.

Proof. By [5, Prop.1.10], we may assume that G is a closed subgroup
of some GL,,. As there is a closed embedding of GL,, in GL, 1, we may
in addition assume that n? > r. By Example 2 there is a rational locally
free linear action o of GL,, on AY Hence, o, shares the requested pro-
perties. 0

Theorem 2.2. Every rational locally free action o of a special algebraic
group G on A™ is stably linearizable.

Proof. The same argument as in the proof of Theorem 2.1 shows that (7)
holds. By Lemma 2.3 there is a rational locally free linear action v of G on
A* for some s > m. Like for «, for v we have

G
VA R O\G x (A/G). (13)

Let d := dim G. Since by [7] the underlying variety of G is rational, we
have

G~ A% (14)
From (7), (13), and (14) we then obtain
A™ ~ Al x (LA™/Q),

15
A® = A% X (LAYG). (%)

In turn, (7), (13), and (15) imply
WA X AT E G X (LAG) x AR G x A, o)

JA® x AL R LG x (LA%G) x AT R \G x A®.
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Since s > m, we have d + s —m > 0 and from (16) we deduce
aAm % AdJrsfm — aAm % Ad x AS™™

g)\GXAmXAS_m
=,G x A?

G
A% x AL

(17)

Since the action of G on ,A® x A7 is linear, (17) completes the proof. O

The next theorem implies that “stably linearizable” in Theorem 2.2
cannot be replaced by “linearizable”.

Theorem 2.3. For every connected semisimple algebraic group G # {e},
there exists a rational nonlinearizable locally free action of G on A% for
d=dim G.

Proof. Since (14) holds, there exists a rational locally free action « of G on

A9 such that G g o«A%. We claim that « is nonlinearizable. For, otherwise,
we would get a rational locally free linear (hence, regular) action of G on
A?. Since d = dim G, one of its orbits is open in A% and isomorphic to
the underlying variety of G. Therefore, by Lemma 2.1 the center of G is at
least one-dimensional —a contradiction because G is semisimple. O

For tori we can get an additional information.

Lemma 2.4. Let X be an irreducible variety endowed with a rational faith-
ful action  of a torus T. Then

(i) « is locally free;
(i) dim7 < dim X;
(iii) trdeg,k(X)T =dim X — dimT.

Proof. By [29, Cor.2 of Lemma 8] (see also [4, Cor.1 of Prop. 1]) there is
an irreducible affine variety Y endowed with a regular action of T such that

X < Y. Hence, we may (and shall) assume that X is affine and « is regular.
By [21, Theorem 1.5], we also may (and shall) assume that X is a closed
T-stable subset of a finite-dimensional algebraic T-module V' not contained
in a proper T-submodule of V.

As « is faithful, the kernel of the action of T" on V is trivial. As T
is a torus, V is the direct sum of T-weight subspaces. Hence, if U is the
complement in V' to the union of these spaces, this kernel coincides with
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the T-stabilizer of every point of U. Thus, these stabilizers are trivial. But
by the construction, X N U is a nonempty open subset of X. This proves
(i) that, in turn, entails (ii) and, by [21, Cor. in Sect. 2.3], also (iii). O

Corollary 2.2 ([10]). The dimension of every torus in Cy, is at mostn.

Corollary 2.3. Ewvery rational action of a torus on A™ is stably lineariz-
able.

Proof. Since tori are special groups, this follows from Lemma 2.4(i) and
Theorem 2.2. O

Theorem 2.4. The following properties of a rational action o of a torus
T on A™ are equivalent:

(i) « is linearizable;
(i) the invariant field k(o A™)T is pure over k.

Proof. Assume that (ii) holds. Let Ty be the kernel of the action of T on
X. By Lemma 2.4, the induced action of T'/Tp on A™ is locally free. Hence,
replacing T' by T'/Tp, we may assume that the action of T on A™ is locally
free. Since T is flattenable, in this case (ii)=-(i) follows from Theorem 2.1.
(i)=(ii) is the corollary of the following more general statement.

Lemma 2.5. For any rational linear action a of a diagonalizable affine
algebraic group D on A", the invariant field k(o A™)P is pure over k.

Proof of Lemma 2.5. By [5, Prop. 8.2(d)], the image of D under the
homomorphism D — GL,, determined by « is conjugate to a subgroup
of D,,. Hence, we may (and shall) assume that D is a closed subgroup of
D,,. Since A™ with the natural action of D,, is a flattening of D,, (see

Example 2.1), we have , A" g AD,,. Therefore,
oA"Y/ D =~ D, /D. (18)

But D, /D is a torus, see [5, Props. 8.4 and 8.5], hence, a rational vari-
ety. The claim now follows from (18). m|

Corollary 2.4 ([4, Cor. 2 of Prop. 1]).

(a) Ewvery faithful rational action of a torus T on A™ is linearizable in
either of the following cases:
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(i) dimT > n —2;
(i) n < 3.

(b) Ewvery d-dimensional torus in C, for d=n—2,n—1,n is conjugate
to a subgroup of D, . In particular, every n-dimensional torus in C,
18 conjugate to Dy,.

Proof. (a) By Corollary 2.2, if T # {e}, then (ii)=(i). Assume that (i)
holds. Then trdeg,k(A™)T < 2 by Lemma 2.4(iii). As k(A™)T is uni-
rational, it is then pure over k£ by the Liiroth and Castelnuovo theorems;
whence the claim by Theorem 2.4.

Part (b) follows from (a). |

By Corollaries 2.2 and 2.4(b) all n-dimensional tori in C,, are maximal
and conjugate and there are no maximal (n — 1)- and (n — 2)-dimensional
tori in C,,. In dimension n — 3 the situation is different:

Theorem 2.5. Let n > 5. Every (n — 3)-dimensional connected affine al-
gebraic group G can be realized as an algebraic subgroup of C,, such that

(i) k(A™)E is not pure, but stably pure over k;
(ii) the natural rational action of G on A™ is locally free.

Proof. By [28] there exists a nonrational threefold X such that A% x X ~
A5 Then A™ ~ A" 3 x X. This and (14) yield that there exists a ra-

tional locally free action v of G on A™ such that A" £ ZG x X.
Since k(,G)¢ = k, by [25, Lemma 3], we have ,A"/G ~ X; whence
the claim. O

Corollary 2.5. Letn > 5. Then

(a) there is a rational locally free nonlinearizable action of an (n — 3)-
dimensional torus on A™;
(b) Cy contains an (n — 3)-dimensional mazimal torus.

Proof. Use the notation of Theorem 2.5 and its proof and let G be a torus.
Then + is nonlinearizable by Theorem 2.4. This proves (a). As the torus G
is not conjugate to a subgroup of D,,, Corollary 2.4(b) implies that it is
maximal. This proves (b). m|
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Corollary 2.6. Fvery C, for n > 5 contains a nonlinearizable, but stably
linearizable element of infinite order.®

Proof. For any subset X of C,, denote by X the closure of X in the Zariski
topology of C,, (see Section 1). By Corollary 2.5(b), C,, contains an (n — 3)-
dimensional maximal torus T'. By [5, Sect. I11.8.8], there exists an element
g € T such that T = S for S := {¢? | d € Z}. Corollary 2.3 yields that g
is stably linearizable. Assume that ¢ is linearizable and let h € C,, be an
element such that hgh—! € D,,. Then S C h~'D,h. Since left and right
translations of C,, are homeomorphisms and D,, = D,,, we obtain

T=SchD,h=h"*D,h=h"'D,h.
This contradicts the maximality of T because h~'D,,h is an n-dimensional

torus. 0O

The next statement yields a rectification of Corollaries 2.3 and 2.6.

Theorem 2.6. Every torus T in Cy, is conjugate in CpydimT t0 @ subgroup
Of Dm+dimT~

Proof. Let a be the natural rational action of T'on A™ and let d := dim T.
By Lemma 2.4, « is locally free. By [25, Lemma 3], (7) and (14) we have

(A4 x A™)/T ~ A? x (LA™/T),
WA 2T % (W A™T), (19)
T~ A‘.

From (19) we deduce that k(,A™ x AY)T is pure over k. Since T is flat-

T
tenable, Theorem 2.1 then entails that A4 x LA™ & 7A’”+d for a rational
linear action ; whence the claim. O

3. Subgroups of the rational de Jonquiéres groups

Let t1,...,t, be a system of generators of k(A™) over k,

E(A™) = k(ty, ... ty).

2In the preprint version of this paper (see arXiv:1110.2410v1-v3) the inequality n > 5
in Theorem 2.5 and Corollaries 2.5, 2.6, and 4.4 was replaced by n > 6 because I used
the result of [3] in place of that of [28], about which I was unaware.
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The elements t1,...,t, are algebraically independent over k£ and determine
the following flag of subfields of k(A™):

E(tion,tive, .. tn) if i<n—1,
K,CK,_1C--CKy where K;:= (Fi, i n) ) '\ (20)
if i=n.
For any elements f; € K; and u; € k*,i=1,...,n, put
Bt o, ) i i< n—1,
t; — /,thz + fz and Kl, — ( 1417 Y42 n) . . X (21)
k if i =n.

It follows from (21) that there are elements f/ € K/, i =1,...,n, such that
ti = p '+ L

Hence, K| = K; for every i.In particular, t{,...,¢, is an algebraically
independent system of generators of k(A™) over k, so there is an element
g € Cy,, such that

g-ti = uit; + fi for every i=1,...,n. (22)

The set J(t1,...,t,) of all such elements g is a subgroup of C,. It sta-
bilizes the flag of subfields (20):

g -K,=K; for all g € J(t1,...,t,) and ¢ =0,...,n.  (23)

If s1,..., s, is another system of generators of k(A™) over k, then the
subgroups J (t1,...,t,) and J(s1,...,s,) are conjugate in C,.

Given an analogy of the construction of J(¢1,...,t,) with that of the de
Jonquieres subgroup of Autik[ty, ..., t,], cf. [31, p.85], we call T (t1,...,tn)
the rational de Jonquieres subgroup of C, with respect to t1,...,t,.

Example 3.1. By the Lie-Kolchin theorem every closed connected
solvable subgroup G of GL, is conjugate in GL, to a subgroup of
J(x1,...,xy,). Hence, G lies in J(t1,...,t,) where t1,...,t, are the ho-
mogeneous linear forms in z1,...,T,.

In the notation of (22), for every i = 1,...,n, we have the following
maps:
X?,j(tlavtn)_)kx7 g = Wi, (24)
pit Ity tn) = Kiy g fi
Lemma 3.1. For everyi=1,...,n,

(a) x: is a homomorphism of groups;
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(b) for all g1,92 € T(t1,---,tn),

vi(9192) = xi(92)pi(g1) + g1-(pi(g2)); (25)

(c) if G is an algebraic subgroup of C, contained in J(t1,...,ty,), then
Xilg i a regular function on G and there is a rational function
F; € k(G x A™) such that F;(g) = vi(g) for all g € G;

(d) the order of every element g € (., ker xi, g # e, is infinite.

Proof. Let g1,92 € J(t1,...,tn). Then (22) and (24) yield

Xi(9192)ti + i(9192) = 9192 - ti = g1+ (g2 - L)
=41 (Xi(gQ)ti + %’(92)) (26)
= xi(92) (xi(g1)ti + @i(91)) + 91+ (¢i(g2))-
As the image of @; lies in the J (¢4, ..., t,)-stable field K;, (26) and algebraic
independence of t1, . . . , t,, over k yield that (25) and x;(g192) = x:(91)x:(g2)
hold. This proves (a) and (b).

(c) Let a: Gx A™ --» A™ be the natural rational action of G on A™ and
let B: GXA™ — GXxA", (g,a) — (g7, a). Put S;:=p8*(a*(t;)) €k(GxA™).
Then Si(g,a) = ti(a(A(g, ) = ti(alg~",a)) = ti(g~" - a) = (g - t:)(a) for
every (g,a) in the domain of definition. Hence, S;(g) = xi(9)t: + wi(g) for
every g € G. Given that S; € k(Gx A™) = k(G)(t1,...,tn) and ¢;(g) € K,
this implies (c).

(d) As g # e and x;(g) = 1 for every i, (22) and (24) entail that there
is j such that ¢;(g) # 0. Let d be the largest j with this property. Then
g-f = fflorevery f € Kq. As g-tq = tqg + va(g) and pq(g) € Kg4, this
yields

g° tg=tq+ spalg) for every s € Z. (27)
Since p4(g) # 0 and chark = 0, (27) implies that g° # e for every s #
0. This proves (d). m|

Theorem 3.1. Let G be an affine algebraic subgroup of J (t1,...,tn). Then
G is solvable and G/G° is Abelian.

Proof. First, consider the case where G is finite; we then have to prove
that G is Abelian. Consider the homomorphism

6:j(t1a~~~atn)_>Dnv ngiag(Xl(Q)v“an(g))'

Since ker§ = [, ker x; and G has no elements of infinite order, Lemma
3.1(d) implies that GNkerd = {e}. Therefore, § embeds G into the Abelian
group D,,; whence, the claim.
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Now consider the general case. By [6, Lemma 5.11], there is a finite sub-
group H of G that intersects every connected component of G. Hence, the
restriction to H of the canonical homomorphism G — G/G° is a surjective
homomorphism H — G/G°. According to what we have already proved, H
is Abelian. This shows that G/G° is Abelian. By [12, Theorem 9.2.5], the
problem is then reduced to proving that G is solvable.

Since char k = 0, there exists a Levi subgroup L in G, see [5, 11.22]. Tt
is a connected reductive group and we have to show that L is a torus,
i.e., that the derived subgroup L’ of L is trivial. Arguing on the contrary,
assume that L’ # {e}. Then L’ contains an element g # e of finite or-
der. Indeed, L’ contains a torus # {e} (see [5, Cor.2 in Sect.1V.13.17
and Theorem 12.1(b)]), but every torus # {e} has a nontrivial torsion
(see [5, Prop. 8.9(d)]). On the other hand, L' C (), ker x; as every ho-
momorphism L — k> contains L’ in its kernel. By Lemma 3.1(d) this
entails that the order of ¢ is infinite. This contradiction completes the
proof. O

Corollary 3.1. Every finite subgroup of J(t1,...,tn) is Abelian.

Theorem 3.2. Let G be a reductive algebraic subgroup of J(t1,...,tn)-
Then G is a diagonalizable group.

Proof. By Theorem 3.1 the reductive group G is solvable. Hence, G° is a
torus. Let H be the subgroup of G from the proof of Theorem 3.1. It acts
on G° by conjugation because G is normal in G. The fixed point set F of
this action is a closed subgroup of G°. Assume that F' # G°. Then, since
the torsion subgroup of G is dense in G° (see [5, Cor. I11.8.9]), there exists
an element g € G \ F' whose order is finite. Let S be the subgroup of G°
generated by the set {hgh™! | h € H}. Since G° is Abelian and the orders
of g and H are finite, S is finite as well. Since S is stable with respect
to the action of H on G° by conjugation, this implies that the subgroup
generated by S and H is finite, too. Corollary 3.1 then yields that this
subgroup is Abelian. Hence, g € F— a contradiction. Therefore, F' = G°,
i.e., G° and H commute. Since the Abelian groups H and G° generate G,
this implies that G is Abelain. The claim then follows by [5, Prop. I11.8.4(4)
and Cor. I11.4.4(1)]. m|

4. Affine subspaces as cross-sections

By [23, Theorem 10], for every rational action of a connected solvable alge-
braic group there exists a rational cross-section. The next theorem refines
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this for some rational actions on A™ by showing that there exist cross-
sections that are affine subspaces of A™.

Theorem 4.1. Let G # {e} be a unipotent affine algebraic subgroup of
J(x1,...,x,) and let o be the corresponding rational action of G on
A", Then there exist a sequence 1 < i1 < -+ < ipym < n of natural numbers
and a sequence ©O1,...,0,, of nonempty open subsets of k such that for
every (¢1,...,Cm) € O1 X -+ X ©,, the affine subspace of A™ defined by the
equations (see (3)):

Tiyy = C1y-- 3, T4, = Cm,
18 a rational cross-section for c.
For the proof of Theorem 4.1 we need the following

Lemma 4.1. Let K be a field of characteristic 0 and let f(x) be a rational
function in a variable x with the coefficients in K. Let K' be a subfield of
K. If

fla1 +ag) = f(a1) + f(az2) (28)

whenever f is defined at a1,as and a1 + as € K', then there is an element
¢ € K such that f(x) = cx.

Proof of Lemma 4.1. We may (and shall) assume that f # 0. Let K
be an algebraic closure of K. First, we claim that (28) holds whenever f
is defined at a,b and a + b € K. Indeed, by (28) the rational function
F(x1,22) := f(x1)+ f(x2) — f(x1 + 22) (see (3)) vanishes at every point of
A2(K’) where it is defined. Since A?(K') is Zariski dense in A?, this yields
F = 0; whence the claim.

Thus, f is a rational partially defined endomorphism of the algebraic
group K. But by [34] (cf. also [17, Sect. 11.1.1]) every rational partially
defined homomorphism of algebraic groups is, in fact, an everywhere defined
algebraic homomorphism. This entails that f(z) € K[x]. Since f has only
finitely many roots, kerf is finite. Therefore, f (FJr) is a one-dimensional
closed subgroup of FJr; whence f (FJF) — K. On the other hand, since
char K = 0, there are no nonzero elements of finite order in ;e Hence,
ker f = {0}. Thus, f is an isomorphism; whence the claim. O

Proof of Theorem 4.1. We shall use the notation of (20), (24) with

1 =21,...,tnh = Tn.
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Since char k = 0, G is connected. As G is a nontrivial unipotent group,
it contains a one-dimensional normal subgroup U isomorphic to kT. We
identify U with kT by an isomorphism U — k¥. Since G is unipotent,
there are no nontrivial algebraic homomorphisms G — k*, therefore, by
Lemma 3.1 there are rational functions F; € k(G x A™) such that

gz = x; + Fi(g),

for ever € G and 1. 29
Filg) € K Y9 (29)

Since U # {e}, (29) entails that Fj(u) # 0 for some u € U and j. Let d
be the largest j appearing in this fashion. Then (29) and (20) yield
KY = K. (30)
In turn, from (30) and (25) we infer that
Fy(uy +u2) = Fa(ur) + Fa(us) for all uq,us €U.

By Lemma 4.1, this implies that there is a nonzero element s € K; such
that

Fi(u) = us for every u e U. (31)
Thus, by (29) and (31),
U-Tqg = Tq+ us, for every u € U. (32)

By [23, Theorem 1], there exists a nonempty open subset A of A™ and
its embedding in an irreducible variety Y,

Y — Aj CA",

such that the rational action of U on Y determined by a|y and by this
embedding is regular. We identify A{ with the image of this embedding. By
[23], Theorem 2, shrinking Y if necessary, we may (and shall) assume that
there exists a geometric quotient of Y by this action of U,

7TU,Y Y — Y/U
Then 7, | Ap 1s the restriction to Ag of a rational quotient for aly,
myan: A" -2 Y/U = A"/U.

Let H := G/U. Then « induces a rational action 5 of H on Y/U.
Consider a rational quotient for 3,

THY/U* Y/U --» (Y/U)/H.
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Then the composition
Ta,Ar = THy/u ©Tu,An
is a rational quotient for «,
g an: A" - (Y/U)/H =: A"/G.
Shrinking A and Y if necessary, we may (and shall) assume that

(i) 7y is a morphism;
(ii) s| Ap is regular and vanishes nowhere.

To sum up, we have the following commutative diagram:

Y DA C A"
/
/ \
Uy / TU,An
¥
Y/U =A"U ’ (33)

/TFG,A"L

WH,Y/UL /
e

(Y/U)/H = A"/G

For every element ¢ € k, denote by L. the hyperplane in A™ defined by
the equation x4 = c¢. The set

Q:={cek|L.NA} # 2}

is nonempty and open in k. Take an element ¢ € Q2 and a point a € Ajf.
By property (ii) above, s is regular and does not vanish at a. Consider the
U-orbit of @ in Y. Formula (31) shows that there is a unique up € U such
that the value of z4 € k(Y) at ug - a is ¢, namely,
Tq —C

Uy = P (a). (34)
This means that every U-orbit in Y intersects L.NA{ at most at one point,
Le., Ty |p qap is injective. Since dim L. N Aj = dimY/U and chark = 0,
this implies that 7y, y |, A ap: LeNAG — Y/U is a birational isomorphism.
Hence, L. intersects the domain of definition of 7; 5. and

Tu,anlL,: Le -——»Y/U = A™/U, (35)

is a birational isomorphism. This means that L. is a rational cross-section
for a|y. In particular, this implies that shrinking A{ if necessary, we may
(and shall) assume that
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(iii) for every point of Af, its U-orbit in Y intersects L..

Now we argue by induction on dimG. If dimG = 1, then G = U and
the claim is proved since every L. for ¢ € Q is a rational cross-section for
« (so in this case s =1, iy = d and 01 = Q).

Now assume that dim G > 1. The action 5 and the birational isomor-
phism (35) determine a rational action v of H on L. such that (35) becomes
an H-equivariant birational isomorphism. From (33) we then deduce that

7TG,A"|LC: L.--»A"/G

is a rational quotient for v. We identify L. with A"~ by means of the
isomorphism (a1,...,a4—1,¢,ad41,---,an) = (@1, .., Qd—1,Qd41, -, 0p)
and, for every function f € k(A"™) whose domain of definition intersects
L, put

f=flo. € k(L)

Then T1,...,Zq3-1, Tat1,- - -, Zn are the standard coordinate functions on
L.

We claim that the image of H in Autgxk(L.) = C,—1 determined by
the action + is contained in J(Z1,...,Td—1, Tdt1s- - -, Ln). 1f this is proved,
then, by the inductive assumption, there exist a nonempty set of indices
i1,...,1, and a nonempty open subsets ©1, ..., 0, of k such that for every
(c1y...,¢r) € O1 X -+ x O, the affine subspace S of L. defined by the
equations

Tjp = Cly-- 3 T4

™

= Cr,
is a rational cross-section for 7, i.e.,
TG,An|g: S --» AYG

is a birational isomorphism. As S is an affine subspace in A™ defined by
the equations x4 = ¢, z;;, = c1,...,2;. = ¢, this will complete the proof.

It remains to prove the claim. To this end, consider in k(A"™) the subfield
kE(A™Y of U-invariants elements with respect to «|y. Since L. is a rational
cross-section of 7y a», the map

k(AMY = k(Lo), [T,

is a well-defined k-isomorphism of fields that is H-equivariant with respect
to the actions of H on k(A™)V and k(L.) determined resp. by o and . Let

k(Le) — k(A™Y, test,
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be the inverse isomorphism. Below we will consider 8 and v as the actions
of G with the kernel U.

Take a point @ € Af. By the above discussion and property (iii), the
U-orbit of a in Y intersects L. at a single point ug - a where ug is given by
(34). As T; € k(A™)Y, this yields

T (a) = T (uo - a) = Ti(ug - a) = wi(ug - @) = ((—uo) - wi)(a).  (36)

Let z,91,...,Yn—1 be the variables over k. It follows from (29), (34) and

(36) that there are d — 1 rational functions
Rj(zayjaijrlv s 7yn71) S k(zvijijrla e 7yn71)7 ] = 1; B 7d - ]-7
such that

E_i\: mi—i—Ri(%,le,...,xn) if i<d—1, (37)
z; if i>d+1.
In turn, from (37), (29), (20) and (23) we infer that
g- T - € E(Tit1, .-, Td—1,%d, Tds1,---,Tn) forallg e G and i;
whence,
9T —T; € k(Tix1, -+, Td—1,%d, Tdt1,---,Tn) forall g € G and i. (38)
The claim now follows from (38) because Tq = ¢ € k. m|

Corollary 4.1. For every unipotent algebraic subgroup G of GL,,, there
exists an affine subspace L of A™ such that L is a rational cross-section for
the natural action of G on A™.

Proof. There exists an element g € GL,, such that gGg~! C J(x1,...,2,)
(see Example 3.1). By Theorem 4.1 there exists an affine subspace S of A™
that is a rational cross-section for the natural action of gGg~! on A™. Then
the affine subspace g~1(9) is a rational cross-section for the natural action
of G on A". O

Here is the application of Corollary 4.1. Let G be a connected affine
algebraic group and let g be the Lie algebra of G. Joseph put forward the
following

Conjecture A ([14, Sect. 7.11]). For the coadjoint action of G on g*,
there exists an affine subspace L of g* such that k(g*) — k(L), f — fl,
1s a well-defined isomorphism of fields.
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Joseph calls such L a rational slice.
According to the Levi decomposition, g is a semidirect product of a
reductive Lie algebra v and the unipotent radical u,

g=tX1. (39)

Corollary 4.2. If (39) is a direct product, g = v x u, then Conjecture A
18 true.

Proof. Let R and U be the closed connected subgroups of G whose Lie
algebras are resp. vt and u. Assume that g = v x u. In this case, if L, and
L, are the rational slices for the coadjoint actions of resp. R and U, then
L. x L, is a rational slice for the coadjoint action of G. The existence of L.
is proved in [16] and the existence of L, is ensured by Corollary 4.1. O

Remark 4.1. Another application is that Theorem 4.1 yields the results
of [22, Part II, Chap.1, §7].

The rational de Jonquieres subgroup J(t1,...,t,) lies in another inter-
esting subgroup of C,,. Namely, as for J(¢1,...,t,), one checks that, for
every f; € K; and p; € K, there exists an element g € C,, for which (22)
holds and that the set f(tl, ..., ty) of all such elements g is a subgroup of
Cr. The flag of subfields (20) is stable with respect to f(tl, ceytn):

g-K;=K; for all g€ J(t1,...,t,) and i. (40)

If s1,..., s, is another system of generators of k(A™) over k, then the
subgroups J (t1,...,t,) and J(s1,...,s,) are conjugate in C,.
The following fact is known; it provides an information on tori in

~

J(t1,...,tn) (see Corollary 4.3 below).

Theorem 4.2. For every (not necessarily algebraic) subgroup G of

~

T (t1,...,tn), the invariant field k(A™)€ is pure over k.

Proof. We shall sketch a proof since our argument provides a bit more
information (equality (43)) than that of [18] and [15]. The key ingredient is
the following Miyata’s lemmas:

Lemma 4.2 ([18, Lemma], cf. [15, Lemme 1.1], [1, Sect. 3]). Let F
be a field, let z be a variable over F, and let H be a group that acts on F|[z]
by ring automorphisms leaving F stable®. Then the subfield of F(z) gener-

bIt is not assumed that F is pointwise fixed.
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ated by F(2)H over F is, in fact, generated by a single element x € F|[z]H :
F(F(z)"y=F(@). 0O (41)

Turning to the proof of Theorem 4.2, we first show that, in the notation
of Lemma 4.2,

F(2)? = FH(x). (42)

. On the other hand, (41) entails

Indeed, F(z)# C F(2)H since F(z) C F(z)
H = F(z)H. Therefore, (42) would be

that F(2)% C F(z)". Hence, F(z)
proved if the equality

F(z)? = FH(z) (43)

is established. To prove (43), consider two cases: (a) x € F, (b) x ¢ F.If
(a) holds, then F(x) = F, hence, F(z) = F¥.On the other hand, (a)
and z € F[z]¥ yield that x € F¥ hence, F¥ (x) = F¥. This proves (43) if
(a) holds. Now assume that (b) holds. Then z is transcendental over F' by
[32, §73, Theorem|. Consider an element f € F(x). It can be written as

f =p/q where
pzZaixi, qubjxj, a;,bj € F, asb, #0, (44)
i=0 §=0

and p and ¢ are relatively prime polynomials in z with the coefficients in
F'. Since F[z] is a factorial ring, the relative primeness of p and ¢ and H-
invariance of f imply that there is a map v: H — F* (in fact, a 1-cocycle)
such that

h-p=~(h)p, h-qg=~(h)q forevery h e H. (45)
Since x is H-invariant, (44) and (45) yield
h-a; =~(h)a;, h-bj=~(h)b; forall he H and ¢,j. (46)

From (46) we infer that f =a;'p/a;lq € FH(z). Thus, F(z)% C FH ().
Since x is H-invariant, the inverse inclusion is clear. This proves (43). Thus,
(42) holds and, moreover, either x € F* or x is transcendental over F.
Now let G be a subgroup of j(tl, .oy tn). We have K;_1 = K;(t;) and ¢;
is transcendental over K; for every i = 1,...,n. By (40) and the definition
of j(tl, ..., tp) the action of G on K;_; satisfies the conditions of Lemma
42 (with F = K;, z = t;, H = G). Hence, as is proved above, there is
an element z; € K;[t;]¢ such that K&, = K;(t;)¢ = K&(2;) and either
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z; € K& or z; is transcendental over K;. Respectively, either K& | = K&
or K&, is pure over K& of transcendental degree 1. Since

k=K CKY C-- CKJCKS =kA"C,

this completes the proof. O
Corollary 4.3. Every torus in j(tl, ...y tpn) is conjugate in C, to a sub-
group of D,,.

Proof. This follows from Theorems 2.4 and 4.2. O

Corollary 4.4. Let n > 5. Every (n — 3)-dimensional connected affine
algebraic group can be realized as an algebraic subgroup of C, such that

(i) G is not conjugate to a subgroup of j(tl, ceytn);
(ii) the natural rational action of G on A™ is locally free.

Proof. This follows from Theorems 2.5 and 4.2. O

Remark 4.2. The assumption that k is algebraically closed is not used in
the proof of Theorem 4.2.

Remark 4.3. In [18], Lemma 4.2 is used for proving that k(A™)% is pure
over k if G is a subgroup of GL,, N J(z1,...,z,). Note that in this case,
if G is finite, then purity of k(A™)% over k follows from Corollary 3.1 and
Lemma 2.5.

Remark 4.4. A weakened version of Theorem 4.2 is the subject of [33].
Init, G is an affine algebraic group and j(ml, ..., Tp) is replaced by
J(x1,...,zy,). However, the argument in [33] does not amount to com-
plete and accurate proof. Indeed, it is based on the claim, left unproven,
that if G is reductive, then G is conjugate in J(x1,...,2,) to a subgroup
of D,,. Further, the claim that, for a one-dimensional unipotent algebraic
group U, “every point is U-equivalent to a unique point of the subspace
S ={x €k™:xz, =0} is false because u - s may be not defined for ueU
and s € S. Ditto for the claim that F; € k(xy1,...,2n) ® k[t] (counterex-
ample: n = 3 and the action is given by ¢ -1 = x1 — t/xa(x2 + 1), t - 29 =
xo+t, t-xz = x3), so the equality F(Tmit1s---5Tn;t) = tFn (Tma1, -+, Tn)
remains unproven.

Remark 4.5. One cannot replace f(tl, ..., ty) in Theorem 4.2 by the C,,-
stabilizer of the flag of subfields (20). Indeed, by [30], for k = C, n = 3,
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this stabilizer contains a subgroup G of order 2 such that k(A™) is not
pure over k.

Combining the construction from [30] with Corollary 2.3 and Lemma 2.5
we obtain the following

Theorem 4.3. Let k = C and let A be the union of all connected affine
algebraic subgroups of Coo. There exists an element g € Cs of order 2 such
that g ¢ A. In particular, g is not stably linearizable.

Proof. Let X be the three-dimensional counterexample of Artin and Mum-
ford to the Liiroth problem ([2], see also [9]): X is a smooth projective
unirational threefold such that

H3(X, Z)1ors # 0. (47)

Since the torsion subgroup of the third integral cohomology group of a
smooth complex variety is a birational invariant and, in particular, is zero
if the variety is rational, (47) implies that X is not rational.

In [30] is constructed a subgroup G of order 2 in C3 such that k(A3)“
is k-isomorphic to k(X). Let g be the generator of G. Arguing on the
contrary, assume that g is contained in a connected affine algebraic sub-
group H of C. Since the order of g is finite, g is a semisimple element of
H. Hence, g lies in a maximal torus T of H (see [5, Theorems II1.10.6(6)
and IV.11.10]). By Corollary 2.3 there exists a positive integer ng such that
T C Cp, and T is conjugate in C,, to a subtorus of D,,. Fix an integer
n > max{ng,3}. Then G C C,, and G is conjugate in C,, to a subgroup of
D,,. This and Lemma 2.5 yield that for the natural action of G on A™ the
field k(A™)¢ is pure over k. Since G C Cs, by [25, Lemma 3], we have

A"/G = A3G x A"~ X x P8, (48)

From (48) we infer that the smooth projective variety X x P"~3 is rational
and therefore H3(X x P" %), = 0. On the other hand, the Kiinneth
formula and (47) yield that H3(X x P"73)os # 0—a contradiction. O

We conclude by an example which shows that in the formulation of
Corollary 4.1 “unipotent” cannot be replaced by “connected solvable” (re-
call that if G is connected solvable, then the existence of some rational
cross-section is ensured by [23, Theorem 10]).
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Example 4.1. Fix a choice of two integers d; and ds such that
dy —ds > 2, (

|d1| 22, |d2| 22, (
ng(dl,dg) =1.

—
[S2 BN, BTN
= O O
S— N

Consider the one-dimensional subtorus
T := {diag(t™,t%) | t € k*} (52)

of G2, and its rational linear action o on A? defined by formula (4).
In view of (51), the T-stabilizer of every point a € A%, a # (0,0), is
trivial.

Claim. There is no affine subspace in A% that is a rational cross-section
for a.

Proof. Assume that some affine subspace L of A? is a rational cross-section
for a. Since T-orbits in general position are one-dimensional, L is a line.
Let

pxy + pors +v =0,  pi,po,vEk (53)

be its equation. Since L is a rational cross-section, there is a nonempty open
subset U of A2 such that for every point a = (a1, as) € U, the T-orbit of a
intersects L at a single point, i.e., by (52) and (53), the following equation
int

,ulaltdl + Mgagtdz +v=0 (54)

has a single nonzero solution. Shrinking U, we may assume that ajas # 0
for every a € U.

If pipe = 0, then (54) becomes an equation of the form ut? +v = 0
where p € k, u# 0, and |d| > 2 by (50). If v = 0, it does not have nonzero
solutions; if v # 0, there are at least two such solutions. So this case is
impossible.

If p1p0 # 0 and v = 0, then the solutions of (54) coincide with the roots
of p1a1t“ =% 4 ppas. In view of (49), there are at least two distinct roots,
so this case is impossible as well.

Let pypov # 0 and do > 0. Denote by f be the right-hand side of
(54). Set

df

hi=dif =t = (di = do) pizast®® + dyv. (55)
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By (54) and (55), for a fixed ag, there are only finitely many a;’s such that
the polynomials f and h have a common root. Since every multiple root of
f is also a root of h, this means that there are points a € U such that f
does not have multiple roots. From (49), (50) it then follows that for such
a point a equation (54) has at least two nonzero solutions. Thus, this case
is also impossible.

Finally, let pipov # 0 and dy < 0. Then the solutions of equation (54)
coincide with the roots of the polynomial ¢ := pya1t® =% + vt=% + poas.
We have

d
p = (dl — dg)q — td—;z = (dl — dg)/,&gag + dlvt_dg. (56)

Then the same argument as above with f and h replaced resp. by ¢ and p
shows that this case is impossible as well.
This contradiction completes the proof. O
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