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Abstract

This paper proposes a test of a key condition on the instrument projection matrix
in the Bekker (1994) framework of an instrumental variables regression with many
instruments. The validity of this condition has two consequences. First, it implies
that the limited-information maximum likelihood (LIML) estimator is optimal in a
broad class of estimators considered by Anderson et al.(2010). Second, asymptotic
variances for many popular estimators (see Hausman et al.(2012), van Hasselt (2010))
have much simpler forms under this condition. The latter could be used to improve
finite sample properties of tests. Another goal of the paper is to show how universality
results from the random matrix theory could be used in econometrics.



1 Introduction

This paper contributes to the literature on many instruments in several directions. First,
it resolves a recent question posed in Anderson et al.(2010), Kunitomo (2012), Anatolyev
and Gospodinov (2011) and Anatolyev (2013) on the validity of the condition

1 n
EZ(Pii—a)QiO asn — oo and I[/n — a € [0,1), (%)

i=1

where P;; are diagonal elements of the instrument projection matrix P, = Z(Z'Z)~'Z’
with a p X n random instrument matrix Z (I < n). This is a key condition implying the
weak heteroscedasticity assumption considered by Anderson et al. (2010) and Kunitomo
(2012). The latter, in turn, guarantees that LIML estimator is well-behaved, optimal in
a certain sense (see Anderson et al. (2010)) and has the same asymptotic distribution
as in the case of normal errors (see van Hasselt (2010) and Bekker (1994)). Condition
(x) also gives a much simpler forms for asymptotic variances for the bias-corrected two
stage least squares estimator (see van Hasselt (2010)), the jackknife LIML estimator and
the heteroscedasticity robust Fuller estimator (see Hausman et al. (2012)). This could
be used to improve finite sample properties of many standard tests including t-test and
specification tests (see Okui and Lee (2012) and Anatolyev (2013)).

Second, the paper shows how to use universality results from the random matrix theory
in econometrics.

The paper is structured as follows. Section 2 contains main results. Section 3 deals
with examples and counterexamples. All proofs and auxiliary results are relegated to the
Appendix.

2 Main results

Let Z be a n x [ random matrix with IID rows 21, ..., 2/ and [ < n. Denote by Apin(A) the
smallest eigenvalue of a square matrix A. Since the object of our study is the orthogonal
projector Py = Z(Z'Z)71Z" associated with Z, we may assume that Fz;z/ = [; (after a
proper normalization).

Assumption 1. For any matrices A; of the size L x 1 (1 =1,2,...) and such that | A|
is uniformly bounded over I, (2, Az, — trA;))/1 2 0 as | — oc.

Assumption 1*. For any matrices A; of the size L x1 (1 =1,2,...) and such that | A;|
is uniformly bounded over I, P(|z]A;z1 — trA;| > 1) = o(1/1) as | — oo for all 6 > 0.

As far as we know, Assumption 1 is the most general assumption which implies that
quantities like tr(Z'Z + enl;)™', € > 0, behave as if Z were a Gaussian matrix. The latter
is called universality in the random matrix theory. The formal statement is given in the
following Proposition.

Proposition 1. Under Assumption 1,

tr(Z2'Z +enl)) ™t —te(W'W +enl)) " 50, n— oo,
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for alle >0 and | = O(n), where W is a n x | matriz with 11D standard normal entries.
Proposition 1*. Under Assumption 1%,

112%)% tr(Z/,jZ_j +enl) P —tr(W'W +enl) Y 50, n— oo,
for alle >0 and | = an+o(n), where W is a (n — 1) x [ matriz with IID standard normal
entries.

Proposition 2. Let Assumption 1 hold and P(Amin(Z'Z) > Cn) — 1 for some C' > 0
as n — oo and l/n = o+ o(1) with o € [0,1). Then n '3 " (P — a)? 5 0 as n — oo
and l/n — a.

Proposition 2*. Let Assumption 1* hold and P(Ain(Z'Z) > Cn) — 1 for some C' > 0
asn — 0o and I/n = a + o(1) with a € [0,1). Then max; |P; — a| % 0 as n — oo and
l/n — a.

Assumption that A\, (Z'Z)/n is separated from zero with high probability is rather
technical and is hard for theoretical verification. However, see Theorem™* in Appendix B
(cf. Yaskov(2013)).

Now we discuss a question how to test Condition (*) in practice. We need one more
assumption.

Assumption 2. For any matrices A; of the size I x1 (1 =1,2,...) and such that || A]|
is uniformly bounded over 1, E|z{Aiz — trA;]* = O(l) as | — oo.

Assumption 2 holds if instruments are linear combinations of weakly dependent factors
(see Proposition 4 below).

Proposition 3. Let Assumption 2 hold and P(Anin(Z'Z) > Cn) — 1 for some C > 0
asn — 00 and l/n = a+ o(1) with o € [0,1). Then >_1" | |Py —l/n|* = Oy(1) as n — oo.

As a result, we see that, under some reasonable assumptions, Condition (*) reduces to

S 1P = 1/l = 0L (+2)

In particular, if the instrument matrix Z is a Gaussian random matrix then results! of
Bai and Silverstein (2004) and the central limit theorem for quadratic forms imply that
S|Py — 1/n|* should have a certain asymptotic distribution. Therefore, the rule of
thumb test of Condition (x#) against " [Py —1/n|> % oo could have the following form.
If >0 [Py — I/n|* > ¢ then put the validity of Condition (x*) in question; here ¢ is a
certain (e.g., 0.01) quantile of the random variable Y " | |P; — I/n|? in the case of jointly
normal instruments (¢ could be found by simulations). Formal proofs of these assertions
are rather technical and are postponed for the future research.

Examples and counterexamples.

ExXAMPLE 1. Instruments that are sums of weakly dependent random variables.

!Namely, central limit theorem for Stieltjes transform in Bai and Silverstein (2004), Lemma 1.1.



Suppose z = I'e, where I is a non-random [ x oo matrix and € = (1, €y, ...) is a random
sequence which components are orthonormal and weak dependent in a way that

|COU(5?7532‘)| < i and  |Eegjeg,| < min{p; i ¢pj, 0}, 1<j<p<g,
with ¢, decreasing to 0 as p — 0o and Zp% ppp < oo. In particular, the last bounds take
place if variables ¢, have bounded moments of order 2§ > 4 and are strongly mixing with
mixing coefficients proportional to ¢§,’5‘2)/ ’
Proposition 4. If z = T'c and Ezz' = I, then, for any a € R' and all positive-

semidefinite symmetric matrices A of size | X I,
E|Za|* < K|d'a]* and E|ZAz —trA|* < CtrA®

for some C, K > 0 depending on .

Proposition 4 implies that Assumption 1 (with other assumptions of Theorem™*) holds.
Propositions 3 and 4 imply that n=* 3" | |P; — o> & 0 for each fixed i and the given
structure of instruments.

Proposition 4 also implies that

E‘ZiAl/Zl —trAlP CHAIH2 .

R ST~ 0w

P(|21A1z1 — tr4;] > 6l) <

as [ — oo for all 6 > 0 and all symmetric (I x [)-matrices A; such that ||4;|| is uniformly
bounded over [. The latter is, of course, not enough but close to Assumption 1*.
ExAMPLE 2. Instruments that are sums of independent random variables.
Let, in Example 1, €1, €9, ... be independent random variables with zero mean and unit
variance. Assume also that sup; Ee? = v < oo for some p > 2. Therefore, by Lemma B.26
in Bai& Silverstein (2011),

E|Z Az — trA]P < C(|trA2|P/2 4+ trA%) < O Ay||P(1+ 17/?)

for any symmetric (I x [)-matrix and some C' > 0 depending only on p and v. This bound
guarantees that Assumption 1* holds since

B2\ Ajzy — tr AP C||A||P(1 + 1772
P(|2, Ajzy — trA)| > 6l) < i l&ilp d < | l”&flp ):o(l/l)

as [ — oo for all 6 > 0 and all symmetric (I x [)-matrices A; such that ||4;|| is uniformly
bounded over [.
Using Proposition 4 (for independent ¢;) we get that

sup  Elzal* < K
a€Rl: a’a=1

for some K > 0 not depending on /. Thus Theorem* and Proposition 2* hold. As a result,
max; |P; — a| — 0.



ExXAMPLE 3. Instruments that are weakly dependent.

This reduces to Example 1 with ¢; = z;, ¢ =1,...,n.

COUNTEREXAMPLE 1. Instruments interacted with dummy variable.

Suppose z = du, where d € {0, 1} is a dummy variable with P(d =0) = P(d=1) = 1/2
and u = I'e with ¢ defined in Example 1 and Fuu' = [; (here we allow Ezz' # I;).

Let calculate the limit of P, in this case. First we note that, by CLT, Y7  d; =
n/2 + Op(y/n). Hence, the rank of the matrix

i=1

is non greater than n/2 + Op(y/n) and it size is [ x . Therefore, Z'Z is degenerate with
large probability under the scheme I/n = a + o(1) with o > 1/2. So let us suppose that
a<1/2.

Proposition 5. Under given assumptions, if d is independent of u, then | P;—2ad,| 20
for any fixed i.

By Proposition 5,

E) Z P2—— (2ad;)?

1

Z E|P2—(20d;)?| = E|P}—(2ady)?| < (1420) E| Py —2ad, | — 0.

In addition, the law of large numbers implies that
BN 2 P 2 2
— g (2ad;)* = E(2ady)” = 2
n 4=

Hence, n=' 31, P2 2 202,

COUNTEREXAMPLE 2.

Suppose z = (1,v,v% 0% v* vdy,vds, ..., vd;_5), where d; € {0,1} are IID dummy
variables with P(d; = 1) = 1/2 and v ~ N(0,1) does not depend on (d;)52;. As was
argued by Hausman et al.(2012), P;; could not be asymptotically constant in this case.
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Appendix A.

Theorem 0. If \pin(Z'Z)//1 2> 00 asn — oo for some given | = I(n), then
1 P
=2 f(Pa) = Ef(Pun) 5 0
i=1
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for any continuous function f, where Py, i =1,...,n, are diagonal elements of Py.

Proof of Theorem 0. Any continuous function on [0, 1] could be approximated
by a smooth function. Therefore, we may consider only smooth functions f. The rest of
the proof consists in the verification of several claims.

Claim 1. There are ), such that A, % oo and n=' 3" [f(Py) — fi] = 0, where
fi=fE(Z'Z + Xadi) ™ 20).

Since Apin(Z2'Z2) % o0, there are )\, that grow to infinity slower than Amin(Z'Z) (i.e.
An/Amin(Z'Z) 25 0). Using the formula Py; = 2/(Z'Z)~'2;, the smoothness of f and the
inequality

120(Z'2) ey — 227 + ML) P2 = N2 (Z7Z2) N2 Z + N D) 7 ] < A0/ Aain( 27 2),
we prove Claim 1.
Claim 2. n~ ' 3" | [fi — E_ifi)] 5 0.

Since |f;| is bounded, we have

E‘% Z[fl — E-ifi] = O(n™") +0(1) - E[fi = E_1fillfa — E_ofs].

=1

Hence, we only need to show that E[fi — E_j fi|[fo — E_afa] = o(1).
Recall the Sherman-Morrison-Woodbury formula (SMW)

A~y A1
A Nl=At-———
(A+u) 1+uwA-tu
By the SMW formula,

227+ ML)z = g(2(Z 7+ Ny) 7 2)

with g(z) = /(1 4+ x), > 0. In addition, the function h(z) = f(g(z)) is second-order
smooth on R, and there is Cy > 0 such that |[h*)(2)|?> < Cp on R, for each k = 0,1. Put
fig = W(Z(Z" ;Z_ij + M)~ 2;) for i # j. Since

Elfi2 — E_12f12)[fo1 — E—12f12] = E[E_12[f12 — E_12f12)[fo1 — E—12f21]] =0

and E_y fio = E_13fi12 = E_12fo1 = E_3 fa1, the equality E[f; — E_1 fi][fs — E_2fs] = o(1)
(as well as Claim 2) follows from Claim 3 below.

Claim 3. E|f; — fij| = 0 and E|E_;f; — E_; fi;| — 0 for any fixed i, j, ¢ # j.



The SMW formula yields

_ |=E(ZL 2 Anly) " 252
1+ Z;(ZI Z—ij -+ )\n]l)_lzj

Nij =222+ Md) T = (2175 + Mah) Mz

If ‘A1]| g 1, then ’fz — fljl < CO ’AU‘ else if ‘AZ.7| > 1, then ’fl _fz]’ < 200 By conditional
Jensen’s inequality,

E\E_i(fi — fij)| < E|fi — fij] <2Co Emin{|Ay], 1}

and
Em1n{|AU|, 1} = EE_Z m1n{|AU|, ]_} < Emln{E_,|AU|, 1}

It follows from the inequality E_;z;z; = I; that

(2" Z i+ M) 22 (2 s+ M) T 2
E_Z|A1/]| — E_Z ]( J J - l/) ( J J l) J —
1+ Zj(ZfijZ—ij + )\n[l)*lzj
Z;(ZI_UZ_Z] + /\n]l)72zj 1

_ < — = o(1).
1+ Z;(ZL’LJZ*U -+ )\nIl)ilzj )\n 0( )

Hence, Claim 3 is obtained.

Claim 4. Eln=' 3" | E_;f; — E_1f1] — 0.

USiIlg that |f2| < CO and E71f12 = E,12f12 = E,12f21 = E72f217 we derive from Claim 3
that

1 — 1 —
E(— Eifi—E At <=S ElEfi— Evfil <E|\E_fi — E_sfy| =
n; fi = B-ihi n§| fi = Bohl < E|E-fi = Eafl

=FEE_ fi—E_1fio+E_ofor —E_ofs| E|E_1fi — E_1fio| + E|E_2fo1 — E_s f5| = o(1).

Thus, Claim 4 is proven.
Claim 5. If A\pin(Z2'Z) 2 00, then n=' 320 f(Py) — E_1f(Py) 2 0.
This follows from Claims 1-4.
Claim 6. E|E_1f; — Efi]* — 0.
To prove Claim 6 we need the assumption Apin(Z'Z)/\/n = oo. Going back to the

definition of \,, in the proof of Claim 1 we can initially take A, such that A\, growing faster
than /7 and slower than Apin(Z2'Z) (i.e. A\y/Amin(Z'Z) 5 0). Let E; = E(-|2,. .., 2) and



E, = E. Using that E;(E_;f1;) = E;_1(E_1f1;) we represent E_; f; — Ef; as the sum of
martingale differences

n n

E. fi—-Efi= Z(Ez — B )E 1 fi= Z(Ez — B )E_ i (fi — fu)s

i=2 1=2
where, by the SMW formula and the inequalities given in the proof of Claim 3,

. ) 2C,
\E_1(f1 — fu)| < E_a)fi — ful <2C0E_1 min{|Ay;|, 1} < 2C;min{E_;|Ayl,1} < 3 2

n

Claim 6 now follows from

n 402
E|E_\fi — Efi]* = 2:E|(EZ — Ei)E_y(fi = fu)]? < )\gn =o(1).
i=2 n

Proposition*. If A\uin(Z'Z) 2 00 asn — co and l/n 2 a € (0,1), then the following
assumptions are equivalent

-1y p2 P2
1.on=t Y0 P = al,
2. P; 5 o for each fized i,

725 2-) " %

3. Py =
14+ z{(Z’_ZZ_Z)_lzZ

does not asymptotically depend on z; for each fived i.?

4o (P — ) S a?
Proof of Proposition*. W..o.g. we consider i = 1. By Claim 5 in the proof of
Theorem 1, if A\y,in(2'2) 2 50, then

l 1 & » 1 &
- —E P1==Y P,—E P150 d =N P2-fg_ P2 %o
1111 nz 1411 an n; i 14711

n i=1
In particular, E_; P;; 2 a. Suppose 1 holds. Then
E [Pn—E Pu*=FE_ P, —[E Pu)*50

and EE_l[PH - E_1P11]2 == E[PH - E_1P11]2 — 0. The latter y1€1dS 2 since E_1P11 ﬁ) Q.
Obviously, 2 implies 3 and we only need to show that 3 implies 1. Assume that 3 holds,
ie. 2(Z' Z_1) "'z — fo(Z_1) B 0 for some nonnegative functions f,. Then

f(Z) (2 Z0)'n falZ21)

Py — = — -0
YNt £z 1+ 2(Z 7)1+ fu(Z)

2By this, we mean that 2/(Z" ,Z_;) " 2z; — fu(Z_;) 20 for each fixed i and some functions f,,.
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and, by conditional Jensen’s inequality,

E(E_lpll _ %( < E(P11 _ %’ -0,

Therefore, we conclude that E_1P121 - [E_1P11] %0 and E_1P121 ﬁ> a?. Thus, we get 1.
Finally, 1 is obviously equivalent to 4 since n™* 3"  iP; =1/n — a. Q.e.d.
Proof of Proposition 1. Here we proof a little more general version, i.e.

n -1 " -1
tr(Z diziz, + enIl> — tr( Z dyw;w', + anIl> 50, n— oo,
i=1 =1

for all e > 0 and | = O(n), where (d;, z;) are IID, d; are a bounded non-negative scalar
random variable, and w; are IID [ x 1 standard normal vectors independent of everything
else.

Using so called Lindeberg’s method and the Sherman-Morrison-Woodbury formula (see
Claim 2 in the proof of Theorem 1) we get

~1
tr Z diz%; +6n]l) — tr(Z dyw;w; + 5n[l)

-1
<

3

1 -1 -1
Sﬁ £ tr(C’k—i-d ) —tr(C’k—l—&?Il) +
+tr<0k+sll> - —tr<0k+dkwkwk —|—€Il>1‘

dkzk (Ck + 8[1) Zk/n B dkwk (Ck + &‘Il)_ka/n

1 n
_n;

1 n

—1
where Cy =Y ", diziz/n, C, = >~ dyww]/n and

1 —l—dkzk(C’k —i—&?]l)_lzk/n 1 —|—dkwk(C’k —i—é?[l)_lwk/n

Zalwlw/njL Z dizizi/n, 1<k <n.

i=k+1

By exchangeability,
B Z\Ak\ E|A|

and we only need to show that A; % 0 (since |A;| < 1/¢).

9



Arguing as in the proof of Proposition 4 and using Assumption 1 (and its analog for

Gaussian vectors wy,) we easily get for j = 1,2

[21 (C’l + 5]1)_jzl — tr(01 + 8]1)_j] 20,

S

[wy (C’l + 6]1)_jw1 — tr(C’l + 6];)_j] 0.

S|

Finally we see that
—2
dltr(01+5]l) /’I”L-f-Op(l) ﬁ)()

di(Ci+el) " /ntop(l)
1 + dltr(Cl —+ 5];)71/71 + Op(].)

B 1 + dltr(C’l + 5[5)71/71 + OP(]_)

Here the notation is the same as in the proof of Proposition 1 and d; = 1. Let

zij=zl(i#7) and w;; =wil(i <j)+wi—1I(i > 7).

As in the proof of Proposition 1, we derive

-1

n 1 n
/ /
112%’2 tr ( ; zijjzi7j+€nfl) —tr ( Z_; w; jw; ; + 5nIl> <
—2 —2
< = max zkj(ij +€]l) ij/n B wkvj(C]w‘ +€Il) w;w/n
n 1<j<n 1+Zk]<0k] —|—8]l) 1zk7j/n 1 —I—wa(CkJ +5]l)71wk,j/n

3

1
< EZ(maX | Akl + max [ Dr.jl)

1<5<n 1<j<n
T 1S J

where Cyj = Y0, 221 /0, Coy = S0 wijw);/n and

i=k+1
_92 _9
2k, j (Ok,j + 8[[) zk’j/n tl"(Cij + 8][) /n
Akv] = -1 - 1 P 1 < k < n,
L+ 24 (Chj+eh) zng/n 1+tx(Cry+eh)” /n

and Dy, ; defined as Ay ; with 2 ; replaced by wy ;. Now we only need to show that

lr?’?%}%(EIIEJELX |Ak:]| +E maX |Dk]|) — 0.

Let us first prove that Imax E max |A ;| = 0. Since |Ag ;| is bounded (by 2¢), we have
n 1<
(for all § > 0)

max F max |Ay ;| < 6+ 2¢ max P(max |[Ag ;| > 9).
1<k<n  1<j<n

1<k<n 1<y<n

10



Using inequality
X o

1+y_1—|—yo

for 0 < 29 < €2 and vy, yp = 0, we derive

< |z — zo| + €%y — wol

2

max P(max Ay ;| >60) <n max P(|A;| >0) <n max P(IM;] > o),
1<k<n 1<j<n 1<k, j<n 1<k,j§nm:1 k

where dp = dmin{1,e72}/2,
M,T] = (Zk,j (Ok,j + 5][)_m2k,j — tr((]k,j + 6]1)_m)/n, m = 1, 2.

Moreover, by the law of iterated mathematical expectations and the independence of z ;
and Cy ;, for all k, j,m,

P(|M]ZLJ| > 50) = EP(|Z],€JAZZ/§7]‘ — tI“Al| > 50n)|Al:(Ck7j+€]l)fm < Sn,

where S, = sup P(|z14;21 — trA;| > dpn) is taken over all (I x [)-matrices A; with || 4] <
max{e~!, £7?}. By Assumption 1*, nS, — 0 if [ = an + o(n) with a € (0, 1). Hence,
max F max |Ag;| <d+0o(1) forall §>0.

1<k<n  1<j<n

As a result, we get that max £ max |Ag ;| — 0.
I<k<n  I<j<n'

Now let us prove that max E max |Dy ;| — 0. This could be done as above if we prove
1<k<n 1<j<n

that the following version of Assumption 1* holds:

For any matrices A; of the size Ix1 (I = 1,2,...) and such that || A;|| is uniformly
bounded over |, P(|wjAjw, — trA;| > dl) = o(1/1) as | — oo for all 6 > 0.

We may consider w.l.o.g. only symmetric matrices A4;. For each symmetric (I x [)-matrix
Ay, there is an orthonormal basis ey, . . . , ¢; in R! such that 4; = 22:1 Akere) and wi Ajw, =
S Me(w)ex)? Noting that Ew|Ajw, = trA; and {(w)e;)?},_, are IID random variables
distributed as & ~ x?, we see that

l
E by / 2 E(w' 2114
Elw! Ay — trAy|? |k§ Kl(wier) (wiex)?]|
5474 - 5474
l
C Y NiEl(wier)® — E(we;)?]*
k=1

P(JwyAjpwy — trAy| > 6l) <

<

944
4 4 1
< CIAN Bl - BEl' 5 = o(1/1)

11



for some universal constant C' > 0 (by the Marcinkiewicz-Zygmund inequality) when || 4|
is uniformly bounded over [. Thus the version of Assumption 1* holds and

max E max |Dy ;| — 0.
I<k<n  1<j<n '

Q.e.d.

Proof of Proposition 2. W.lo.g. we consider :+ = 1. To avoid technicalities we
prove the proposition under the assumption that P(Anin(Z’Z-1) > Cn) — 1 instead of
P(Ain(Z2'Z) > Cn) — 1 (in the second case, one should proceed as in Claim 1 in the proof
of Theorem 1).

Using that P(Amin(Z";Z-1) > Cn) — 1 we obtain via Assumption 1

P(|24Ajz1 — trAy| > 6)‘14[:(2,71271)71 51

for any e > 0. Therefore, letting wy = 21(Z" ;Z_1)"'2; we derive

P(lwy —tx(Z",Z_1)7!| > €) = EP(|2{ Aiz — trA)| > ¢ —1

) }Al:(ZL1Z71)71

for any € > 0. Writing 21(Z'Z)7'2; = g(w;) with g(x) = 2/(1 + ) as in Claim 2 in the
proof of Theorem Owe get

NZ2Z) e —gte(ZZ_)) B0 and E_ Py —g(te(Z,Z_1)7") B0,

where E_; = E[-|Z_1]. Now the desired result follows from Proposition® (see point 3).

Q.e.d.
Proof of Proposition 2*. First note that

max |Py — 20(Z'Z +enl)) 2| < en/Aain(Z2'7)
(see Claim 1 in the proof of Theorem 1). Assumption 1* yields
P(miax 202", Z s +en) 2 — (2,72 +en) T > 0) <
<nP(|2(Z \Z_y +enl) 'z — (2 Z_y + end)) 7| > 0)
=nEP(|z]Aiz1 — tr4;] > 5n)‘Al:(zL1Z—1/n+EIl)71

< nsup P(|214121 — tr4;| > on) — 0

for any 0 > 0 and | = an + o(n) with a € (0,1), where sup is taken over all A; with
|A;]] < e7!. Therefore we get

max [2(Z' .7 _; + enl) ‘2 — (2", Z_; + enl)) 7 B 0.
Using Proposition 1%, we derive that

max |2/(Z' ;Z_; + enl)) 'z — tr(W'W +enl)) " 5 0

12



where W is (n — 1) x [ matrix with IID standard normal entries. Note that

en?

|tI‘(W/W + enfl)_l — tI‘(W,W)_1| = E&Nn - tl"[(W/W + En]l)_l(W/W)_l] < W
Moreover, we have tr(WW)~' 5 /(1 — a) that could be verified as in the proof of
Proposition 2 with z; replaced by standard normal vectors w; (in the proof, we established
that g(tr(Z",Z_1)™') = a for g(z) = /(1 + x)) . Combining the above estimates we see
that

m;‘iX ‘P“ — Oé| <% + m;‘ix ‘Z;(Z/Z -+ 671]1)7121' — Oé|
En _1 «
— mqtmlax‘g(z;(Z’_iZ_i—ksnll) ) —g(l_a)‘
En 1 a
<m + mlax Z;(ZLZZ,z + 5”[[) Zi — 1— a‘

en en?

<
i (Z72) T N (W2

+ OP(]_).

Since there is a constant C' > 0 such that

P()\min(Z,Z) > C’n) — 1, P()\min(W/W) > C’n,) — ]_’

we have

max | Py = a] € =+ 5+ 0,(1).
The latter holds for any £ > 0. Hence, we get the desired convergence max; |P; — « 20.
Q.e.d.

Proof of Proposition 3. To be proven.
Proof of Proposition 4. Since z = I'e and [} = Ezz' = I'Eec'T" = I'l”, we obtain
Z'a = €'b with b = ["a satisfying ’b = a'I'T"a = a’a. Therefore, the first inequality
E|Zal* = B|le'bD|* < K|Vb? = K|d'a|? (%)

is contained in Theorem 3a of Gaposhkin(1972) (for some K > 0 not depending of a). Let
us verify the second inequality. Since [; = Ezz' = I'Ece'l” = I'lY, putting B = (b;;) =
IVAT we have trB = tr(AI'l") = trA, 2’Az — trA = ¢'Be — trB,

trB? = tr(IATT/AT) = tr(A’T'T’) = trA®

and, by the inequality (z + y)? < 222 + 2y,

2

El¢'Be — trBJ? E‘me — B2+ ) byeis

Z#J
QE‘ Z bis(e2 — Ee?)

2

+ 2E)2Zb”e €;

1<j

13



Applying the Cauchy-Schwartz inequality, we see that

2
E‘ Z bii(e 52) < Z b2 Var( f) + Z biibijOU(5?> 55)

i#j
b2 62
Zb S A (i )
i#£]
<¢ozb +ang% il
i YR E=

<2trB? Z o, = 2trA® Z ©p-
P p
Let us now deal with the second term

E‘ 3 byeie; _421)2 B2 44 Y bybyBelese, +4 Y bybyEecle,

1<j 1<j 1<j<p 1<j<p
2
+4 E bijbpj Eeicie, + 4 E bijbpgEcic jepeq
1<p<j 1<j<p<q

+4 Z bijbpqE€i5p5j5q+4 Z bijbpqE€i€p€q€j

1<p<j<q 1<p<q<j

Let us step by step control all terms in the left hand side of the last inequality.

Control of 37, bijbiy Eeicjep.

By the Cauchy-Schwartz inequality and inequality (x),

23" bybyEelee, + Y 03 E: ZE& (Z bng) <

1<j<p 1<J jig>i
471/2
<O VEE(Y i) | < MVEY. S8 < MVEuA?
i jig>i i jij>i
where M = sup \/Ee}.
Control of 37, _; bisbjpEeicie,.

By the Cauchy-Schwartz inequality and inequality (),

‘2 3 bybyBeice,| = ‘ZE& (Z bigei) (3 bine)

1<j<p 1:1<j p:p>j

<5 (S ) (S ) T

1:1<j pip>g

<[ [E(X ee) T[S E( 3 twen) ']

1:11<j J p:p>j

<

1/2

< MVEKtrA2.
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Control of )

2
bijbijEi&'p&fj .

1<p<jg
This could be done similarly to >, bi;by, Eeic;e,.
Control of 3, ;. bijbpg Eeicyejey.
Since
|E8i6p€jglI| < min{@?—i’ qu—j}7 1 <p<yj<g,
we have
| Z bijbpg Bieicpejcq| < Z |bijbpq| min{wp—i, g} <V 1il2
<p<j<q 1<p<j<q
with
I = Z b?j min{e,—i, -}, Ll = Z bzzjq min{p,i, ¢q—;}-
1<p<j<q 1<p<j<q
In addition,
L=30 3 [0-deit 3 o0l
1<j Ppi<p<j q:q—j>p—1
SRSt T Y o] <2k o,
i<y P q ¢:9>p P

and similarly

I :Zbgq Z [(q — J)Pg-j + Z SOP—i] < 2trA? ZPSO;;-
P

p<q Jip<j<q p—i>q—j
Control of 3 . bijbpg EEigpe e
Since
|E5i5p5q5j| < min{gpp—i: Spj—q}a 1<p<q<y,

we have

| Z bijbpg Egicpeqe;| S Z |bibpgl min{p, i, 0j—g} < V/I314

1<p<g<g 1<p<q<g
with

Iy= Y bymin{pyipgts L= Y bmin{e, e}

1<p<q<J 1<p<q<g

Since I3 =, _. Lijb?j with

J
‘ . gt
Lij = Z ' [(p - Z)SOp—iI(p —1 < T) + Z 4%’—(1] < QZpsOp,
p:e<p<y q:q>p, )—q>p—1 p
we conclude that I3 < 2trA? Zp ppp. Similarly we get that

L= 1Y [(p —i)opit Y wij] < 2trA?) " pg,.
p

p<q ii<p J:j—q>p—i

15



Control of 3, ;. bijbpg Eicjepeq.

Since
|Eeicjepeq| < min{e;_i, ¢pj, 0q—p}, 1<j<p<gq,

we conclude that

Z bijbpquigjgpgq‘ < Z |b3bpq| min{ i, 0p—j, Pg—p} < V' I51s,

1<j<p<q 1<j<p<q
where
Is = Z b?j min{@,—j, pg-p}, lo = Z b}27q min{p; i, pp—; }-
1<j<p<q 1<j<p<q
Additionally,

I5s = Zb?j Z [(p — J)¢p-j + Z @q—p} < 2trA? Zp@p
P

i<j  pp>j q:q—p>p—j
and similarly
I=) 02, ) [(p —Depit+ sojﬂ} <2142 Y pp,.
p<q Ji<p i1 j—i>p—j P
Proof of Proposition 5. Assume w.l.o.g. that i = 1. First note that
|Pi1 — 2(2'Z + enl) ' 21| < enfAmin(Z'2)

(see Claim 1 in the proof of Theorem 1). Applying Theorem* for u; instead of z; (as well as
Proposition 4) we get that P(Apin(U.,Un) > Cm) — 1 for some constant C' > 0, whenever
[ =2am + o(m) and U, is a m x [ matrix with rows w;;1, ¢ = 1,...,m. In addition,

POwin(Z'Z) > Cn/3) = P(Amin( Zn:diui@ > Cn/ 3) =

= BP (Awin (Y dititi) > Cn /3| >" i) = BPOin(U3uUn) > Cf3)lmsy
i=1 i=1
By the law of large numbers, Y ", d; = n/2 + o(n) a.s. Therefore,
PAuin(Z2'Z) > Cn/3) — 1

and 3
Py — 2(Z'Z +enl) 2| < g +op(1).

By the Sherman-Morrison-Woodbury formula,

(27 +en) 2 = g(2(Z \Z_1 + end) " 2),
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where g(x) = z/(x 4+ 1). By Proposition 4,

E|zi(ZilZ,1 —+ 677,[[)7121 — dltr(ZilZ,l —+ €nIl)*1|2 =

Cl
= Bluy Az — AP 4=z 2y venty—r < CEw(Z 4 Z_y 4 enl)) ™ < ok o(1).
Note that
2e
(U Uy + end)) ™" — t2(U,Up) | € — +0,(1)

Amin (U7, Upn )? S c?

whenever n = 2m + o(m) since P(Apin(U! Uy,)? > Cm) — 1 for some constant C' > 0. As
in the Proof of Proposition 2 one could show that g(tr(U’ U,,)™!) — 2« if | = 2am +o(m).
The latter yields We have

Elg(tr(Z\Z_y + enl))™") — 2a| = [‘g tr(Z' 1 Z_1 +enl)™) — 2@” Zd}

= E|g(tr(U,, Uy, +enl;) ™) — 2 ’
|g(tx( 0 ‘m:zyﬂ .

<Emin{25/02+0p(1),2}+E|g(tr(U,’nUm)_1—2oz|) .
M=2 4=2 @i

< min{2e/C* + op(1),2} + o(1),

where we take into account that g is bounded function with |g(z) —g(y)| < |z—y|, z,y = 0.
Combining all above estimates together we arrive at

3 2
’Pn — 204d1‘ S E + E + OP(1)

Q.e.d.

Appendix B.
Theorem*. Let Assumption 1 hold and

sup  Elzal* < K

a€R!:a’a=1

for some K > 0 not depending on l. If | = l(n) = an + o(n) for some a € [0,1), then
PAuin(Z2'Z) > Cn) — 1 as n — oo for some C' = C(a, K) > 0.

Assumptions like sup E|zja|* < K are only needed to guarantee that there is a large
enough constant L > 0 such that averages F'min{|zja|? L} are uniformly (over a in the
unit sphere) close to E|zjal? = 1. That is, linear combinations zja don’t explode on average
in this sense.
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