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Блок 1. «Работа с оригинальной статьей, описывающей эмпирическое исследование в 

области психологии или образования»  

Вам предложена статья:  

Martin, S. A., & Bassok, M. (2005). Effects of semantic cues on mathematical modeling: Evidence from 

word-problem solving and equation construction tasks. Memory & Cognition, 33, 471–478. 

 

Прочитайте статью и ответьте на вопросы к ней.  

Вопросы к статье: 

Выберите правильный ответ (ОДИН или НЕСКОЛЬКО) на вопросы 1-6. 

  

1. Какие особенности текстовых задач могут провоцировать то или иное математическое 

решение, вне зависимости от ситуации, описанной в задаче?  

1) Стандартные слова и выражения. 

2) Категориальные отношения объектов, задействованных в задачной ситуации. 

3) Функциональные отношения объектов, задействованных в задачной ситуации. 

4) Аддитивные или мультипликативные требования задачи. 

 

2. В каком исследовании, на которое ссылается автор статьи, была впервые показана 

сильная связь между семантическими отношениями объектов, задействованными в 

задачной ситуации, с одной стороны, и необходимыми математическими операциями, с 

другой. Укажите имя автора (первого автора, если их несколько) и год публикации.   

1) Bassok, 1998. 

2) Baranes, 1989. 

3) Clement, 1982. 

4) Nesher, 1975. 

 

3. Целью настоящего исследования было проверить предположение о том, что  

1) школьники полагаются на семантические сигналы текстовой задачи в процессе 

моделирования.  

2) ориентация на семантические сигналы при решении задачи зависит от способности перевести 

ситуационную модель в математическую. 

3) школьники будут меньше ошибаться там, где требование задачи структурно соответствует 

семантическим отношениям объектов задачи. 

4) эффект семантических сигналов должен уменьшаться по мере взросления (от старших 

классов школы к начальным курсам университета). 
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4. Дизайн 2Х2Х4 для данного исследования означает, что исследователи манипулируют  

1) двумя видами задач, двумя видами семантических сигналов, четырьмя возрастными 

группами. 

2) шестнадцатью межсубъектными переменными. 

3) тремя межсубъектными переменными. 

4) двумя межсубъектными переменными, двумя внтурисубъектными переменными и четырьмя 

возрастными группами. 

 

5. В какой мере результаты исследования подтвердили предположения авторов?  

1) Только для текстовых задач. 

2) Только для младших участников эксперимента. 

3) Только для задач, где требование структурно соответствовало семантическим отношениям 

объектов задачи. 

4) В полной мере. 

 

6. Какие слабости видят авторы в проведенном исследовании?  

1) Использованный дизайн не позволил увидеть сам процесс построения модели. 

2) Неясна роль предварительных математических знаний школьников. 

3) Не было учтено время, затраченное на чтение задач. 

4) Осталось неясным, каков эффект семантических сигналов для школьников с лучшими 

математическими познаниями.  

 

На вопросы 7-10 дайте развернутый ответ: 

7. Для каких целей используются текстовые задачи в курсе математики? 

8. В чём авторы видят источники систематических ошибок в моделировании математических 

проблем? 

9. В чём заключается гипотеза авторов относительно вклада семантических сигналов в 

успешность решения текстовых задач? 

10. Исходя из данных, представленных на графике 1, опишите различия в результативности 

решения текстовых задач на разных этапах обучения. 

 

Блок 2. «Работа с тезисами эмпирических исследований» 

Пожалуйста, прочтите краткое описание каждого из исследований и дайте  

аргументированные ответы на приведенные ниже вопросы.  

 

Тезисы 1. «To! Ho Ho! and a Bottle of Rum» 

Whether deserved or not, seafaring men have long had a reputation for drinking spirited beverages in 

prodigious amounts. Apparently, some members of the United States Navy have decided to continue this 

tradition as evidenced by a recent upsurge of interest in the development of alcohol treatment centers for 

naval personnel. It is refreshing to find that the navy is also interested in evaluating the effectiveness of 

these new programs. One such evaluation is described below. Three researchers used a battery of 

personality inventories and a measure of anxiety to examine personality changes resulting from entrance 

into one of the alcohol treatment centers. The analysis of pretest-post-test differences on the 404 

alcoholics' for whom complete data were available revealed significant positive changes on level of trust, 

emotional stability, and extroversion. These positive changes were accompanied by significant decreases 

in both pathology (depression, hysteria) and anxiety. Ratings by the (former) alcoholics' commanding 
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officers indicated the short-term success rate to be over 80 percent. This stands in marked contrast to the 

45 percent rate of success reported before the development of special treatment centers.  

 

1. Какие недостатки вы видите в логике проведённого исследования?  

2. Хотели бы Вы внести какие-либо изменения в исследовательский план, которые помогли бы 

армии США тратить деньги налогоплательщиков более эффективно?  

 

Тезисы 2. «Modeling Clay»  

Jean Piaget is a well-known Swiss psychologist whose ideas have transformed the field of 

developmental psychology over the past few decades Many students associate him with conservation 

tasks, such as how a child learns that 200 cc of water is the same in a tall skinny glass as in a short fat 

glass, despite the difference in level of the water A similar task involving a clay ball and a clay cylinder 

(each with the same volume of clay) was one of a number of conservation tasks used in a study comparing 

modeling and non-modeling instructions given to six-year-olds In this study, a random sample of 28 

Chicano children were drawn from the first grade of a school located in a barrio area of Tucson, Arizona 

The children were all from Spanish-speaking homes and were in their first few months of school (median 

age was 6.3 years) The children were randomly assigned to one of two groups, each group included seven 

boys and seven girls. Some children (those in the modeling group) were allowed to watch the 

experimenter transform an object from one shape to another while listening to another child (the model) 

answer the experimenter's question about the transformation. Those in the non-modeling instructions 

group were not shown the transformation process but were instead presented with "before" and "after" 

objects This group was told that the objects were equivalent ("There is just as much wood now as there 

was before because they both had the same amount in the first place" Rosenthal and Zemmerman, p. 398). 

Analysis of variance showed significant differences between the two groups, with the modeling group 

showing superiority on the conservation tasks. Furthermore, according to the authors, the non-modeling 

instructions produced no reliable changes.   

 

1. Опишите недостатки предлагаемого дизайна исследования.   

2. Можно ли объяснить полученный результат воздействием других факторов, если да, то 

каких. 
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Mathematics educators attempt to teach students that
the formal rules of mathematics can be used to model
real-life situations. To this end, they present students
with word problems, such as the following: “Jane has 60
apples. She wants to place them in 5 baskets and have the
same number of apples in each basket. How many apples
should she place in each basket?” Word problems are
short and highly contrived stories that describe quantita-
tive relations between various objects (e.g., apples and
baskets) and require mathematical solutions. To solve
word problems correctly, students are expected to engage
in mathematical modeling. First, they need to draw on
their semantic and pragmatic knowledge in order to con-
struct a situation model, or a representation of the refer-

ent problem situation (e.g., apples placed in baskets).
Subsequently, they have to retrieve or construct an ap-
propriate mathematical model (e.g., division) and in-
stantiate it with the corresponding values from the situa-
tion model (e.g., 60 apples divided by 5 baskets). Although
researchers differ in their specific proposals about the
process of mathematical modeling (e.g., English & Hal-
ford, 1995; Kintsch, 1988), they agree that students
should draw on their world knowledge to constrain prob-
lem formulation, solution, and verif ication (Greeno,
1987).

Despite the intention of word problem designers, all
too often students solve word problems correctly without
engaging in modeling. This is because word problem
texts provide students with standardized phrases and
keywords that are highly correlated with correct solu-
tions and therefore allow students to go directly “from
words to equations” (Hinsley, Hayes, & Simon, 1977).
For example, students learn that the keyword altogether
indicates that they should use addition (Nesher & Teubal,
1975) or that times indicates that they should use multi-
plication (English, 1997). Because the correlation be-
tween standardized keywords and correct problem solu-
tions is not perfect, however, reliance on such so-called
translation cues can lead to systematic errors. For exam-
ple, Clement, Lochhead, and Soloway (1979) asked en-
gineering students to construct an algebraic equation to
represent the multiplicative comparison statement “There
are six times as many students (S) as professors (P).” A
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Effects of semantic cues on mathematical
modeling: Evidence from word-problem solving

and equation construction tasks 

SHIRLEY A. MARTIN
University of Chicago, Chicago, Illinois

and

MIRIAM BASSOK
University of Washington, Seattle, Washington

Mathematical solutions to textbook word problems are correlated with semantic relations between
the objects described in the problem texts. In particular, division problems usually involve functionally
related objects (e.g., tulips–vases) and rarely involve categorically related objects (e.g., tulips–daisies).
We examined whether middle school, high school, and college students use object relations when they
solve division word problems (WP) or perform the less familiar task of representing verbal statements
with algebraic equations (EQ). Both tasks involved multiplicative comparison statements with either
categorically or functionally related objects (e.g., “four times as many cupcakes [commuters] as brown-

ies [automobiles]”). Object relations affected the frequency of correct solutions in the WP task but not
in the EQ task. In the latter task, object relations did affect the structure of nonalgebraic equation errors.
We argue that students use object relations as “semantic cues” when they engage in the sense-making
activity of mathematical modeling.
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substantial proportion of the participants committed “re-
versal errors,” writing “6S � P” instead of “6P � S.” One
reason for such reversal errors is that students translate the
keyword times into multiplication and follow the order of
the arguments in the verbal statement (Clement, 1982).

Reliance on translation cues to solve mathematical
word problems is a less effortful process than modeling,
if only because modeling requires nontrivial semantic
and pragmatic inferences about the situation described
in the problem text (e.g., Baranes, Perry, & Stigler, 1989;
Greer, 1993; Hinsley et al., 1977; Reusser, 1988; Ver-
schaffel, De Corte, & Lasure, 1994). Furthermore, re-
liance on translation cues does not require understanding
of relational terms (e.g., times as many as) or their cor-
responding mathematical representations (e.g., propor-
tion), both of which are necessary preconditions of cor-
rect modeling solutions (Cummins, Kintsch, Reusser, &
Weimer, 1988; Riley, Greeno, & Heller, 1983). It is there-
fore not surprising that solutions based on translation
cues are most prevalent in students who have poor text
comprehension skills or poor mathematical understand-
ing (Mestre & Gerace, 1986; Paige & Simon, 1966).

Although reliance on translation cues has been well
documented, little attention has been given to the fact
that word problem texts also provide solvers with highly
reliable semantic cues. Bassok, Chase, and Martin (1998)
examined word problems in a popular textbook series for
grades 1 through 8 and found that semantic relations be-
tween the objects that appeared in problem texts were
highly positively correlated with arithmetic operations
that took these objects as arguments. In 97% of the prob-
lems that required addition, the addends were categori-
cally related objects (e.g., red and blue marbles), and in
94% of the problems that required division, the dividend
and the divisor were functionally related objects (e.g.,
cookies and jars).

According to Bassok et al. (1998), the high correla-
tion between object relations and mathematical opera-
tions reflects a structural correspondence between se-
mantic and mathematical relations. Categorically related
objects play semantically symmetric roles with respect
to their superset (e.g., both red and blue marbles are mar-
bles), just as the addends play mathematically symmet-
ric roles with respect to their sum (a � b � b � a). Sim-
ilarly, a functionally asymmetric relation between two
entities (e.g., cookies are placed in jars rather than vice
versa) corresponds to the mathematically asymmetric
quotient (a/b � b/a). Henceforth, we will designate se-
mantic relations between entities inferred from object
sets as either symmetric (categorical) or asymmetric
(functional), and we will refer to the corresponding ob-
ject sets with the terms symmetric (S) and asymmetric
(A) sets.

Bassok and her colleagues also found that college stu-
dents, who have extensive and relatively successful ex-
perience with solving word problems, exploit the corre-
lation between semantic and mathematical relations when

they construct or solve mathematical word problems
(Bassok et al., 1998; Bassok, Wu, & Olseth, 1995). For
example, participants in Bassok et al. (1995) were asked
to solve unfamiliar permutation problems that involved
random assignment of three objects from one set to an-
other. As one would expect, most participants who at-
tempted to solve these novel problems arrived at incor-
rect solutions. Interestingly, the mathematical symmetry
of their erroneous solutions corresponded to the seman-
tic symmetry of the paired sets. When the problems de-
scribed A sets (e.g., n computers assigned to m secre-
taries), most participants placed the numbers representing
the paired object sets in mathematically asymmetric
structural roles (e.g., m3/n! or m/3n), but when the prob-
lems described S sets (e.g., n doctors from one hospital
assigned to work with one of m doctors from another
hospital) most participants placed the numbers repre-
senting the paired object sets in mathematically sym-
metric structural roles [e.g., (m � n)/(mn)3, 3/(m � n)!].
That is, the incorrect mathematical solutions to a per-
mutation problem were structurally analogous to the se-
mantic relation evoked by its paired sets. Bassok and her
colleagues referred to the process that mediates the con-
struction of such structurally analogous mathematical
solutions with the term semantic alignment.

Both translation and semantic cues are highly associ-
ated with correct word problem solutions, and reliance
on both types of cues can lead to systematic errors. How-
ever, there appears to be a qualitative difference in the
conditions and processes that elicit reliance on transla-
tion and semantic cues. Translation cues are standard-
ized expressions and thereby allow solvers to circumvent
the inferential modeling process and go directly from
words to equations (e.g., the keyword times is translated
into multiplication). By contrast, semantic cues are not
tied to particular words or phrases and require solvers to
infer a meaningful relation between the entities in the
problem text in order to retrieve an analogous mathe-
matical operation. Furthermore, the logic of semantic
alignment is consistent with that of mathematical mod-
eling, in the sense that it establishes a systematic corre-
spondence between a likely situation model and an anal-
ogous mathematical model. It is therefore possible that
reliance on semantic cues accompanies, rather than cir-
cumvents, the modeling process. Put differently, students
who exploit semantic cues may be using the inferred ob-
ject relations in the process of constructing a situation
model (e.g., tulips placed in vases), which in turn affects
their selection of a structurally analogous mathematical
model (e.g., n tulips divided by m vases).

The present study was designed to test the conjecture
that, unlike direct-translation solutions, reliance on se-
mantic cues accompanies students’ modeling attempts.
We reasoned that students rely on semantic cues when
they construct a situation model for a given problem.
Using mathematical stimuli with object sets that either
could or could not help students construct a correct sit-
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uation model, we examined whether students generate a
higher proportion of correct mathematical solutions to
problems involving the helpful rather than the nonhelp-
ful semantic cues. Note that this differential-accuracy
measure of reliance on semantic cues (i.e., semantic ef-
fects) depends on students’ ability to implement the sit-
uation model they construct in the correct mathematical
model. It follows that if, as we predict, students rely on
semantic cues while engaging in mathematical model-
ing, semantic effects should be manifest in a task in
which they possess sufficient mathematical knowledge
but not in one in which they lack sufficient mathemati-
cal knowledge.

We tested this prediction by comparing the impact of
semantic cues on correct performance in two mathemat-
ically isomorphic tasks: (1) solving division word prob-
lems (WP) and (2) constructing algebraic equations to
represent verbal statements (EQ). The two tasks were
matched in their mathematical structure and in the se-
mantic and translation cues they provided, but the par-
ticipants in our study had significantly more experience
with and better mathematical understanding of the WP
rather than the EQ task. Both tasks involved identical
multiplicative comparison statements, such as “There
are 4 times as many cupcakes (C ) as brownies (B ).” As
we have mentioned earlier, such statements elicit a high
proportion of erroneous direct-translation solutions that
reverse the structural roles of the compared sets (i.e.,
4C � B instead of 4B � C ). The WP task, which pro-
vides a numerical value for the size of set C and presents
a problem solving goal, is easier than the EQ task (Woll-
man, 1983) but elicits similar reversal errors (Lewis &
Mayer, 1987).

As in the previously described studies on semantic
alignment effects, the semantic cue manipulation in the
present study was the symmetry of the semantic relation
between the compared object sets. All of the target prob-
lems were mathematically asymmetric, and A sets, such as
the functionally related pair students–professors, always sup-
ported the correct solution and provided background
knowledge supporting the correct relative size of the com-
pared sets (e.g., more students than professors). S sets, such
as the categorically related pair cupcakes–brownies, did
not support the correct mathematically asymmetric so-
lution and did not provide relevant background knowl-
edge about the relative number of objects in the com-
pared sets. Table 1 presents the matched word problems
and statements we used in the present study.

If students use semantic cues as aids to the construc-
tion of a situation model, they should be more likely to
avoid, or recover from, reversal errors when the prob-
lems or statements compare structurally consistent A
sets (e.g., students–professors) than when they compare
structurally inconsistent S sets (e.g., cupcakes–brownies).
Furthermore, because the participants in our study had
significantly more mathematical experience with per-
forming the WP than the EQ task, we expected to find
more pronounced semantic effects (i.e., higher frequency

of correct solutions for A than for S stimuli) in the for-
mer than in the latter task.

Our general predictions about the impact of semantic
cues on correct mathematical performance in the two
tasks depend both on the level of students’ text compre-
hension skills and on the level of their task-relevant math-
ematical knowledge. In particular, semantic cues should
be more likely to affect the construction of a correct sit-
uation model for students who have at least some diffi-
culty with text comprehension or with knowledge-based
inferences (Kintsch, 1988) than for students who do not
have such difficulty. In other words, the semantic cue
manipulation should have little impact on the mathemat-
ical performance of students who have sufficient text
comprehension skills to construct a correct situation
model for both A and S stimuli (i.e., ceiling effects of text
comprehension skills). Of course, as we have mentioned
earlier, the correct-performance measure cannot reveal
semantic effects in students who do not possess the rele-
vant mathematical knowledge to implement the situation
model they construct (i.e., floor effects of mathematical
knowledge). In order to secure a sufficient range of text
comprehension skills and of relevant mathematical knowl-
edge that could reveal the impact of semantic cues on cor-
rect performance, we examined the magnitude of seman-
tic effects on both tasks in middle school (Grade 7), high
school (Grades 9 and 11), and college students.

Because text comprehension skills should improve
with grade level, the impact of semantic cues on students’
correct performance should decrease with grade. These
effects should be further modulated by task-relevant
mathematical knowledge. In the WP task, it was pre-
sumed that most seventh graders already had the relevant
mathematical knowledge (i.e., division solutions) to ex-
hibit semantic effects. Hence, as students in the consec-
utive grades improve their text comprehension skills, the
magnitude of semantic effects in the WP task should de-
crease with grade. In the EQ task, we did not expect to
find significant semantic effects in seventh graders, due
to possible floor effects of their algebraic knowledge, or
in college students, due to possible ceiling effects of
their text comprehension skills. High school students,
who were presumed to have intermediate levels of text
comprehension skills and mathematical knowledge,
should be the most likely group to exhibit semantic ef-
fects in the EQ task.

METHOD

Participants
Data were collected during the months of April and May over two

consecutive years from 816 participants: 184 University of Chicago
students; 222 seventh graders at six Chicago parochial schools; and
214 ninth graders and 196 eleventh graders enrolled in algebra
courses at one Chicago parochial high school.1 Nine students (4
seventh graders, 3 ninth graders, and 2 eleventh graders) who left
their test booklets blank were eliminated from the study. In addi-
tion, data collected from two middle schools (n � 18 and n � 13)
were eliminated because students did not return their parent per-
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mission forms in one case or completed more than one test booklet
in the other. A random procedure was then used to eliminate obser-
vations in each condition in excess of 46, which was the smallest
sample size, occurring in one condition. The final number of par-
ticipants included in the analyses was 736. University of Chicago
students were paid $1 for their participation.

Design and Materials
A 2 � 2 � 4 design was used in which task (word problem or equa-

tion), semantic cue (asymmetric or symmetric), and grade (seventh,
ninth, eleventh, or college) were manipulated between subjects. We
created two division word problems and two statements with asym-
metric object sets (i.e., students and professors, commuters and au-
tomobiles) and two division word problems and two statements
with symmetric object sets (i.e., cupcakes and brownies, nails and
screws).2 Asymmetric and symmetric problems and statements
were matched for number and translation cue (i.e., times as many).
(Again, see Table 1 for the items used.) Booklets were constructed
containing two problems or two statements that were matched for
the symmetry of the compared sets, with one problem on each page
and order of presentation counterbalanced. The cover pages of the
booklets instructed the participants either to solve the given word
problems or to write equations for the given statements, showing all
work. In each grade, students were randomly assigned to one of the
four conditions created by crossing semantic symmetry and task.

Procedure
The procedure used to test middle and high school students was

adapted to meet the needs of their instructors. All tests were ad-
ministered in the students’ mathematics class; at the high school
and in some classes at four of the middle schools, instructors ad-
ministered the test to students, and in the rest of the classes at the
six middle schools, the first author administered the test. When the
experimenter was present, students were allowed as much time as
they needed to complete the test (about 10 min). Because the test
booklets contained few blanks (1.5% of total observations before
observations were eliminated), it is presumed that instructors al-
lowed students sufficient time to complete the task. The college stu-
dents, who were recruited from classes or the student union, were
tested either in groups or individually and were allowed as much
time as they needed to complete the task.

RESULTS

Problem solutions and equations were coded as cor-
rect if the appropriate arithmetic operation relating the
quantities (or variables) was selected, and they were
coded as incorrect otherwise. In some cases (11% of the
word problems and 4% of the statements), students gen-

erated solutions that they then erased and replaced with
a different solution. Only the final solutions were in-
cluded in the analysis. No solutions were given for a total
of two word problems and two statements. These blanks
were coded as errors. Because each participant solved
two problems or constructed two equations, the partici-
pants received scores of 0, 1, or 2.

Participants’ combined scores were submitted to a 2 �
2 � 4 analysis of variance (ANOVA) with task (word
problem vs. equation), symmetry (asymmetric vs. sym-
metric), and grade (seventh, ninth, eleventh, or college)
as between-subjects variables. Because a Brown–Forsythe
median test revealed variance heterogeneity [F(15,720) �
4.35, MSe � 0.540, p � .10], the significance level was
set at .025. The means of the correct responses in each
of the four experimental conditions per grade appear in
Figure 1.

The ANOVA produced main effects of task [F(1,720) �
211.71], symmetry [F(1,720) � 21.14], and grade
[F(3,720) � 28.31] (MSe � 0.605 for all Fs). The main
effect of task indicates that, consistent with previous
findings, students performed better on the WP (M �
1.52) than on the EQ (M � 0.69) task. The main effect
of symmetry indicates that, as in the previously reported
studies on semantic alignments, students were sensitive
to the semantic cues and performed better on problems
and equations that compared asymmetric (M � 1.24)
than on those that compared symmetric (M � 0.98) ob-
ject sets. Importantly, and as predicted, this finding is
qualified by the significant task � symmetry interaction
[F(1,720) � 17.79]. Analysis of the simple main effects
of this interaction revealed that performance was signif-
icantly better on A (M � 1.78) than on S (M � 1.27)
word problems and equations [F(1,720) � 38.86], but
there was no difference in performance between the A
(M � 0.70) and the S (M � 0.68) equations ( p � .025).
That is, students’ sensitivity to semantic cues affected
correct performance on a task with which they had suf-
ficient mathematical experience to engage in modeling,
but not on a mathematically isomorphic task with which
they had relatively little mathematical experience.

The ANOVA also produced a significant task � grade
interaction [F(3,720) � 3.15]. A trend analysis of this

Table 1
Word Problems and Statements With Semantically Asymmetric and Symmetric Object Sets

Asymmetric Word Problems
At a certain university, there are 3,450 students. There are 6 times as many students as professors. How many professors are there?
Seventy-two commuters join car pools. There are 4 times as many commuters as automobiles. How many automobiles are there?

Asymmetric Statements
At a certain university, there are 6 times as many students as professors.
In a certain car pool, there are 4 times as many commuters as automobiles.

Symmetric Word Problems
On a given day, a certain factory produces 3,450 nails. It produces 6 times as many nails as screws. How many screws does it produce?
One night at Mindy’s Restaurant, 72 people ordered cupcakes. Four times as many people ordered cupcakes as brownies. How many people

ordered brownies?

Symmetric Statements
A certain factory produces 6 times as many nails as screws.
At Mindy’s Restaurant, 4 times as many people ordered cupcakes as brownies.
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interaction revealed that performance on word problems
improved steadily with grade [F(1,720) � 37.82], but
performance on equations improved sharply between
eleventh grade and college [F(1,720) � 40.58 for the lin-
ear trend; F(1,720) � 15.09 for the quadratic trend]. The
symmetry � grade and the three-way interactions were
not significant (both ps � .025), although inspection of
Figure 1 suggests that the magnitude of semantic effects
in the WP task decreased from seventh grade to college,
in agreement with our prediction, but that there were no
semantic effects on the EQ task at any grade level. The
lack of semantic effects in the performance of high
school students on the EQ task is understandable given
their low level of correct performance, which was simi-
lar to that of seventh graders (i.e., floor effects of alge-
braic knowledge).

Error Analysis
In describing the choice of our mathematical tasks, we

stated that the most common error in both tasks was a

“reversal error” (e.g., 6S � P instead of 6P � S, for the
students–professors statement). Reversed equations are
obviously incorrect mathematical representations of the
described situations, and it is unlikely that students who
commit these errors engage in mathematical modeling.
Nonetheless, given that such errors reverse the variable
roles in an otherwise correct mathematical structure,
they indicate the existence of at least some algorithmic
level of task-relevant mathematical knowledge. The ex-
tremely low level of correct performance on the EQ task,
which increased only between eleventh grade and col-
lege, suggests that a significant proportion of the parti-
cipants in our study did not possess even an algorithmic
level of algebraic knowledge. We therefore distinguished
between reversal and all other errors on both tasks and
examined whether the relative proportion of reversal er-
rors was higher in the WP than in the EQ task.

The nonreversal errors in the EQ task included ex-
pressions that did not contain the equal sign (e.g., “4C/A”)
or expressions on one side of the equal sign (e.g., “6S �
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Figure 1. Mean number of correct responses (out of 2) on word problems and
equations as a function of semantic symmetry and grade (n � 46 per condition).
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P �”); equations that did not have a multiplicative com-
parison structure (e.g., “6S � P � U”; “N � S � 6”);
variable assignments (e.g., “S � 36 and P � 6”); and a
variety of other incorrect responses (e.g., “6N � N”;
“6 � 6 � 12”). Nonreversal errors in the WP task in-
cluded instantiation of the given (or other) numbers in
either a one-step or two-step equation (e.g., “72 � 4 �
68”; “[3,450 � 6]/2 � 1,722”) and guesses. Table 2 dis-
plays the percentage of reversal errors out of the total
number of errors on the first item of the WP and EQ
tasks.3 Note that, because students’ performance was
significantly better in the WP than in the EQ task, the
number of WP errors (96) in our analysis was much
smaller than the number of EQ errors (233).

As can be seen in Table 2, the mean percentage of re-
versal errors was much higher in the WP task (80%) than
in the EQ task (46%) [χ2(1, N � 329) � 31.66, p � .05].
If one considers reversal errors as evidence of some rudi-
mentary, albeit algorithmic, mathematical knowledge of
the multiplicative comparison relation, the results above
indicate that, consistent with the pattern of correct per-
formance, significantly more participants lacked such
knowledge in the EQ than in the WP task. Table 2 also
shows that the frequency of reversal errors did not vary
with grade in the WP task [χ2(3, N � 96) � 4.15, p �
.05], but it increased with grade in the EQ task [χ2(3,
N � 233) � 32.02, p � .05], as more students acquired
the algorithmic component of algebraic knowledge that
allowed them to represent multiplicative comparison re-
lations as equations.

Examination of the nonreversal errors students made
in the EQ task (see examples above) suggests that, lack-
ing even algorithmic algebraic knowledge, students ap-
proached the unfamiliar EQ task as if it were an arith-
metic WP task with some missing values and performed
this task with whatever problem solving skills and math-
ematical understanding they had at their disposal. Be-
cause students from the same population showed sensi-
tivity to semantic cues on the WP task, it is possible that
students who performed the EQ task also attempted to
construct situation models but aligned them with incor-
rect mathematical solutions. If so, the structure of their
incorrect solutions might reveal semantic effects that
were not captured by the correct performance measure.

To examine this possibility, we classified the nonre-
versal errors by the symmetry of their mathematical
structures. Symmetric-structure errors placed the vari-
ables in structurally symmetric roles and related the
compared variables either by addition (e.g., “6N � S �
T”; “6N � S”) or by multiplication (“C � B � 4”; “4C �

B”). Asymmetric-structure errors placed the variables in
structurally asymmetric roles. This category included ra-
tios (e.g., “6S/P”), variable assignments that preserved
the relative sizes of the compared sets (e.g., “P � 50,
S � 300”) and inequalities (e.g., “6S � P”). Errors that
could not be coded with respect to structural symmetry
(e.g., “6 � N � N”; “C �, A �”; “C � 4, A � 4”) were
coded as “other.” Although we did not expect semantic
symmetry to influence the mathematical structure of WP
errors, we included them in the analysis by applying the
above coding scheme to the equations underlying the
WP solutions.

The distributions of reversal errors and of the sym-
metric, asymmetric, and “other” nonreversal errors in A
and S word problems and statements are displayed in
Table 3. In our analysis of WP errors, we combined all
of the nonreversal errors into a single category, because
the cell frequencies were quite small. As expected, the
mathematical structure of WP errors did not depend on
the semantic symmetry of the object sets [χ2(1, N �
96) � 1.01, p � .05]. By contrast, the mathematical
structure of EQ errors did depend on the semantic sym-
metry of the object sets [χ2(3, N � 233) � 16.88, p �
.05]. In particular, asymmetric and symmetric mathe-
matical structures interacted with the semantic symme-
try of the object sets [χ2(1, N � 233) � 13.98, p � .05].
This interaction was due to both the higher percentage of
symmetric-structure errors generated for S than for A
statements (46% vs. 24%, respectively) and the higher
percentage of asymmetric-structure errors generated for
A than for S statements (16% vs. 4%, respectively). That
is, students who lacked even the rudimentary algebraic
knowledge to commit reversal errors approached the EQ
task as a variant of the familiar WP task and committed
structural errors that revealed significant semantic effects.

DISCUSSION

Bassok et al. (1998) found that semantic relations be-
tween objects in the texts of mathematical word prob-
lems were highly positively correlated with arithmetic
operations that took these objects as arguments: Cate-
gorically related objects (e.g., red and blue marbles)
were related by addition, whereas functionally related
objects (e.g., cookies and jars) were related by division.
Bassok and her colleagues also found that college stu-
dents adhere to this correlation (they engage in “seman-
tic alignments”) when they construct or solve mathemat-
ical word problems (Bassok et al., 1998; Bassok et al.,
1995). The present study was designed to shed light on

Table 2
Percentage of Reversal Errors in the Word Problem and Equation Tasks for Each Grade

Seventh Ninth Eleventh College M

Task % N % N % N % N % N

Word problem 86 42 73 30 87 15 67 9 80 96
Equation 23 66 44 70 56 63 79 34 46 233

Note—The final column (M ) is the mean percentage over all grades.
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the conditions under which students exploit the correlation
between object relations and mathematical operations.
Specifically, we hypothesized that such semantic effects
accompany students’ modeling attempts and, therefore,
should have more impact on students’ performance in a task
with which students have more mathematical experience.

In accord with our hypothesis, the correct-performance
analysis revealed semantic effects in the WP task, which
students performed quite well, but not in the EQ task,
which elicited a high proportion of errors. A follow-up
error analysis also revealed that most errors in the WP
task reversed the variable roles in an otherwise correct
mathematical structure and that a high proportion of er-
rors in the EQ task had an incorrect mathematical struc-
ture. Interestingly, these structural errors revealed se-
mantic effects in the EQ task that were similar to those
found in the erroneous solutions generated by college
students who solved unfamiliar permutation word prob-
lems in Bassok et al. (1995). The semantic effects re-
vealed in the structural errors students made in the EQ
task appear to be contributed by those students who per-
formed this unfamiliar task as if it were a missing-value
variant of the familiar WP task. That is, students with no
knowledge of algebra transferred their extensive model-
ing experience from the familiar and better understood
WP task to the novel EQ task.

Both the correct-performance and error-structure re-
sults pertaining to semantic effects suggest that such ef-
fects were more pronounced in younger students. How-
ever, the correct-performance measure did not yield a
statistically significant interaction of semantic effects
with grade, and the number of structural errors was in-
sufficient for an analysis of the interaction of semantic
effects with grade. The only statistically significant ef-
fects involving grade level pertained to changes in stu-
dents’ mathematical understanding of the two tasks. In
the WP task, students’ performance improved gradually
with grade, but in the EQ task, students’ performance
improved only between eleventh grade and college.

The error analysis revealed a more gradual learning
curve in the EQ task, as students transitioned from struc-
tural (e.g., “6S � P � U”) to reversal (e.g., “6S � P”) er-
rors. Although this transition from arithmetic to algebra
indicates some advancement in students’ mathematical
knowledge, the high proportion of reversal errors in the
EQ task cannot be taken as evidence of mathematical un-
derstanding. As argued by Greeno (1987), it appears that
the algebraic knowledge students initially acquire is al-
gorithmic in nature and lacks the modeling component.
It is quite interesting that students who had no knowl-
edge of algebra spontaneously transferred their model-
ing skill from the familiar WP task to the novel EQ task,
whereas those with some algebra training failed to real-
ize both the similarity between the two tasks and the rel-
evance of their previously acquired modeling skill to the
task of constructing algebraic equations. The discrep-
ancy between students’ manifestation of good modeling
skills in the WP task and algorithmic knowledge in the
EQ task is consistent with research in mathematics edu-
cation showing that students’ initial algebraic knowledge
is conceptually disconnected from their arithmetic
knowledge (e.g., Herscovics & Linchevski, 1994; Kieran,
1992).

To summarize, it appears that semantic cues affect the
interpretive text comprehension stage of the modeling
process, whereas students’ mathematical understanding
of the target task determines whether or not they engage
in mathematical modeling and, if they do, how they im-
plement the situation model they have constructed. The
familiar and better understood WP task elicited seman-
tic effects at all grade levels, the impact of semantic cues
on students’ performance being reflected in higher pro-
portions of correct solutions to problems with struc-
turally consistent (A) rather than structurally inconsis-
tent (S) object sets. The less familiar (or unfamiliar) and
poorly understood EQ task elicited semantic effects only
for students who, having no relevant algebraic knowl-
edge, approached this task as if it were a variant of the
more familiar problem solving task. The impact of se-
mantic cues on the performance of these students was re-
flected in the mathematical structure of their erroneous
solutions. Finally, students who acquired the most rudi-
mentary algorithmic variant of algebraic knowledge con-
structed reversed multiplicative comparison equations
and did not exhibit any semantic effects.

Although the present results support our entering con-
jecture that students exploit semantic cues when they en-
gage in mathematical modeling, our data cannot illumi-
nate the process by which students’ modeling attempts
interact with their reliance on semantic cues. In particu-
lar, it is possible that semantic cues always affect the way
students understand mathematical texts, but that the im-
pact of such interpretive effects is subsequently modu-
lated by students’ mathematical knowledge and by their
decision about whether or not to engage in modeling. Al-
ternatively, students’ mathematical understanding and

Table 3
Percentage of Reversal Errors and of the Symmetric,

Asymmetric, and Other Nonreversal Errors in Asymmetric 
and Symmetric Word Problems and Statements

Error Type Asymmetric Symmetric M

Word Problems
(n � 22) (n � 74) (N � 96)

Reversal 73 82 80
Symmetric 9 7 7
Asymmetric 9 7 7
Other 9 4 5

Equations
(n � 116) (n � 117) (N � 233)

Reversal 52 41 46
Symmetric 24 46 35
Asymmetric 16 4 10
Other 9 9 9

Note—The final column (M ) is the mean percentage over symmetry.
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modeling decisions could precede the text comprehen-
sion stage, leading them to take differential notice of se-
mantic cues. A study that compares the reading time of
multiplicative comparison statements with semantically
symmetric and asymmetric object sets in the problem
solving and equation construction tasks could probably
distinguish between these possibilities. Of course, it re-
mains unclear to what extent students’ modeling attempts
and their reliance on semantic cues are intentional or re-
flect some form of implicit knowledge.

Irrespective of the specific mechanism that mediates
students’ reliance on semantic cues, the results of the
present study clearly show that the conditions that elicit
semantic effects are orthogonal to those that elicit re-
liance on translation cues. Reliance on translation cues
(e.g., times implies multiplication) is more characteristic
of students who possess only algorithmic knowledge of
the target task and who circumvent the interpretive pro-
cess of mathematical modeling. By contrast, reliance on
semantic cues (e.g., the relation between students and
professors is functionally asymmetric and usually corre-
sponds to division) is characteristic of students who have
a more advanced understanding of the target task and
who attempt to engage in the sense-making activity of
mathematical modeling. Taken together, these findings
may have important implications for mathematics edu-
cators. For example, by varying the objects in the texts of
mathematical word problems or mathematical statements,
educators could establish whether or not students at-
tempt to engage in mathematical modeling. This easy-
to-implement diagnostic tool could assist mathematics
educators in identifying students who need help with un-
derstanding how the formal rules of mathematics should
be used to model real-life situations.
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NOTES

1. Middle schools with students from a similar socioeconomic back-
ground that was also similar to that of the high school participants were
identified with the help of a principal at one of the participating schools.
Because the participating high school and middle schools were not
preparatory schools, the mathematical ability of the students from these
schools may not have been comparable to that of the University of
Chicago students. Hence, differences in performance between the col-
lege and secondary students in our sample will, to some degree, reflect
ability as well as experience.

2. In midstudy, we substituted the pair “cupcakes and brownies” for
the pair “cheesecakes and strudels” because some students were not fa-
miliar with the word strudel.

3. To preserve the chi-square test’s assumption of independence, we
coded only the errors committed on the first problem solved. Because
we conducted multiple tests on the samples of errors from the WP and
EQ tasks, the obtained chi-square values were compared with the criti-
cal value of the Bonferroni chi square (Jenson, Beus, & Storm, 1968).
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