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PREFACE

Measure concentration ideas developed during the last century in various parts
of mathematics, including functional analysis, probability theory and statistical
mechanics, areas typically dealing with models involving an infinite number of
variables. After early observations, and in particular a geometric interpretation
of the law of large numbers by E. Borel, the real birth of measure concentration
took place in the early seventies with the new proof by V. Milman, relying on
Lévy’s inequality (of isoperimetric nature), of Dvoretzky’s theorem on spherical
sections of convex bodies in high dimension. The inherent concept of measure
concentration emphasized by V. Milman through this proof turned out as one
of the main achievements of analysis of the second part of the last century. It
opened a posteriori completely new perspectives and developments with appli-
cations to various fields of mathematics. In particular, prompted by the concept
and results, M. Talagrand undertook in the 80’s and 90’s a deep investigation
of concentration inequalities for product measures, emphasizing a revolution-
ary new look at independence. Viewing namely random variables depending (in
a smooth way) on the influence of many independent random variables (but
not too much on any of them) as essentially constant led him to groundbreak-
ing achievements and striking applications. With the tool in particular of the
celebrated convex distance inequality, M. Talagrand developed applications to
combinatorial probability, statistical mechanics and empirical processes. Simul-
taneously, the entropic method, relying on an early observation by I. Herbst in
the context of logarithmic Sobolev inequalities and developing information theo-
retic ideas, became a powerful additional and flexible method in the investigation
of new concentration properties.

Since then, the concentration-of-measure phenomenon spread out to an im-
pressively wide range of illustrations and applications, and became a central tool
and viewpoint in the quantitative analysis of a number of asymptotic properties
in numerous topics of interest including geometric analysis, probability theory,
statistical mechanics, mathematical statistics and learning theory, random ma-
trix theory or quantum information theory, stochastic dynamics, randomized
algorithms, complexity etc.

The book by S. Boucheron, G. Lugosi and P. Massart is a most welcome
and complete account on the modern developments of concentration inequalities
in the context of the probabilistic method. The monograph covers most of the
important and recent developments, with a constant care on illustrations and ap-
plications which make the theory so fruitful and attractive. The emphasis put on
information theoretic methods is one main features of the exposition, with con-
siderable benefit in the approach to a number of fundamental results and tools,
such as for example the convex distance inequality or sharp bounds on empirical
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processes of fundamental importance in statistical applications. The monograph
covers further basic and most illustrative examples of the current research, in-
cluding dimension reduction, random matrices, Boolean analysis, transportation
inequalities or isoperimetric-type bounds. The style adopted by the authors is a
perfect balance from basic and classical material up to the most sophisticated
and powerful results, always accessible and clearly reachable. Young and con-
firmed scientists, independently of their background, will find with this book the
ideal path to the powerful ideas and tools of concentration inequalities, suggested
and illustrated with the most relevant applications and developments.

It is an honour and a pleasure to write this preface to this wonderful book,
sure to be a huge success.

Michel Ledoux
Université de Toulouse
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1

INTRODUCTION

The topic of this book is the study of random fluctuations of functions of inde-
pendent random variables. Concentration inequalities quantify such statements,
typically by bounding the probability that such a function differs from its ex-
pected value (or from its median) by more than a certain amount.

The search for concentration inequalities has been a topic of intensive re-
search in the last decades in a variety of areas because of their importance in
numerous applications. Among the areas of applications, without trying to be
exhaustive, we mention statistics, learning theory, discrete mathematics, statisti-
cal mechanics, random matrix theory, information theory, and high-dimensional
geometry.

While concentration properties for sums of independent random variables
were thoroughly studied and fairly well understood in classical probability theory,
powerful tools to handle more general functions of independent random variables
were not introduced until the appearance of martingale methods in the 1970’s,
see Yurinskii (1976), Maurey (1979), Milman and Schechtman (1986), Shamir
and Spencer (1987), McDiarmid (1989).

A remarkable series of papers in the mid-1990’s by Michel Talagrand pro-
vided major new insight to the problem and opened many exciting new research
directions. The main principle, as summarized by Talagrand (1995), is that “a
random variable that smoothly depends on the influence of many independent
random variables satisfies Chernoff type bounds.” This book provides answers to
the natural question hidden behind this citation: what kind of smoothness condi-
tions should we put on a function f of independent random variables Xy, ..., X,
in order to get concentration bounds for Z = f(X;,...,X,) around its mean or
its median?

In this introductory chapter we briefly review the history of the subject and
outline the contents, as an appetizer for the rest of the book.

Before getting started, we emphasize that one of the main driving forces
of the development of the theory was the need of understanding random fluc-
tuations of suprema of empirical processes defined as follows. Let 7 be a set
that for now we assume to be finite and let Xq,..., X,, be independent random
vectors taking values in R7. We are interested in concentration properties of
Supgeg > g Xi s (where X; = (X; s)se7). Throughout the book we regularly
return to this example and discuss implications of the general theory.
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1.1 Sums of independent random variables and the martingale
method

The simplest and most thoroughly studied example is the sum of independent
real-valued random variables. The key to the study of this case is summarized
by the trivial but fundamental additive formulas

Var (i XZ-> = i Var (X;)
i=1 i=1
and

Yy x,(A) = Z P, (A) (1.1)

where 1y (\) = log Ee*Y denotes the logarithm of the moment generating func-
tion of the random variable Y. These formulas allow one to derive concentration
inequalities for Z = X;+- - -+ X,, around its expectation via Markov’s inequality,
as shown in Chapter 2.

Hoeffding’s inequality
One of the basic benchmark inequalities for sums of independent bounded ran-

dom variables is Hoeffding’s inequality (Theorem 2.8). It may be proved by
noting that for a random variable Y taking values in an interval [a, b],

(b—a)*
4
which, through an exponential change of the underlying probability measure de-

tailed in Lemma 2.2, leads to the following bound for the log-moment generating
function of Y — EY":

Var(Y) <

A2(b— a)?
¢Y7EY ()‘) § % .

If Xy, ..., X, are independent random variables taking values in [a1, b1], . . ., [an, bn)
the additivity formula (1.1) implies that

)
Vz_gz(N) < T for every A € R

where v = Y, (b; — a;)?/4. Since the right-hand side corresponds to the log-
moment generating function of a centered normal random variable with variance
v, Z — EZ is said to be sub-Gaussian with variance factor v. The sub-Gaussian
property implies that Z — EZ has a sub-Gaussian like tail. More precisely, as it
is proved in Section 2.6, for all ¢ > 0,

P{|Z - EZ| >t} <2/

In his influential paper Hoeffding (1963) already points out that the same re-
sult holds under the weaker assumption that Z is a martingale with bounded
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increments. This simple observation is at the basis of the martingale method for
proving concentration inequalities, a powerful methodology that is still actively
investigated. Hoeffding’s inequality for martingales was more explicitly stated
in the subsequent work of Azuma (1967) and Hoeffding’s inequality for mar-
tingales with bounded increments is often referred to as Azuma’s inequality or
the Azuma-Hoeffding inequality. However, it took some time before the power
of the martingale approach for the study of functions of independent variables
was realized, see McDiarmid (1989, 1998), Chung and Lu (20064, 2006b), and
Dubhashi and Panconesi (2009) for surveys.

The bounded differences condition

One of the simplest and more natural smoothness assumptions that one may
consider is the so-called bounded differences condition. A function f : X™ — R
of n variables (all taking values in some measurable set X') is said to satisfy the

bounded differences condition if there exists constants cq,...,¢, > 0 such that
for every x1,...,Tn,Y1,---,Yn € X" and for alli =1,... n,
|f($la-'-7xi7~-~>xn) _f(3317---a37i—17yial‘i+1~-~>33n)| <c¢ .

In other words, changing any of the n variables, while keeping the rest fixed,
cannot cause a big change in the value of the function. Equivalently, one may
interpret this as a Lipschitz condition. Indeed, defining the weighted Hamming
distance d. on the product space X™ as

dc(may) = Zcz]l{rﬁé%} 5
i=1

the bounded differences condition means that f is 1-Lipschitz with respect to
the metric d..

The sum of bounded variables is the simplest example of a function of
bounded differences. Indeed, if X;,..., X,, are real-valued independent random
variables such that X; takes its values in the interval [a;, b;], then f(X7,...,X,) =
ZZL:I X; satisfies the bounded differences condition with ¢; = b; — a;. The basic
argument behind the martingale-based approach is that once the function f sat-
isfies the bounded differences condition, Z = f (X1,...,X,) may be interpreted
as a martingale with bounded increments with respect to Doob’s filtration. In
other words, one may write

ZfEZ:iAi (1.2)

i=1

where A; = E[Z|X4,...,X;] — E[Z|X1,...,X;—1] for i = 2,...,n and A; =
E[Z|X,] — EZ, and notice that the bounded differences condition implies that,
conditionally on X7,...,X;_1, the martingale increment A; takes its values in
an interval of length at most ¢;. Hence Hoeffding’s inequality remains valid for Z
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<.
ity, also often referred to as McDiarmid’s inequality. In this book we offer various
alternative proofs and variants of this fundamental inequality (see Sections 6.1
and 8.1).

Another approach to understanding the concentration properties of Lips-
chitz functions of independent variables is based on investigating how product
measures concentrate in high-dimensional spaces. The main ideas behind this
approach, dominant in Talagrand’s work, is briefly explained next.

with v = (1/4) >°1"_; ¢Z. This result is known as the bounded differences inequal-

1.2 The concentration-of-measure phenomenon
Isoperimetric inequalities and concentration

The classical isoperimetric theorem (see Section 7.2) states that among all com-
pact sets A C R™ with smooth boundary and a fixed volume, Euclidean balls
are the ones with smallest surface area. This result has the following equivalent
formulation that allows one to ask and investigate the same question in general
metric spaces. Writing d(z, A) = inf,c 4 d(z,y) and

Ay ={z eR":d(z,A) < t}

for the t-blowup of A (with respect to the Euclidean distance d), the isoperimetric
theorem states that for any compact set A and a Euclidean ball B with the same
volume, A(A;) > A(B;) for all ¢t > 0. Here the Lebesgue measure A and the Eu-
clidean distance d play a fundamental role but the same question may be asked
for more general measures and distance functions. For our purposes, probability
measures are closer to the heart of the matter. An equally interesting, though
somewhat less known, case is the isoperimetric problem on the sphere. The cor-
responding isoperimetric theorem is usually referred to as Lévy’s isoperimetric
theorem—proved independently by Lévy (1951) and Schmidt (1948). Again this
theorem can be stated in two equivalent ways but the one more important for
our goals is as follows: Let S"~1 = {z € R" : ||z|| = 1} denote the unit sphere in
R™ and let p denote the uniform (i.e., rotation invariant) probability measure on
S~ For any measurable set A C S"~! if B is a geodesic ball (i.e. a spherical
cap) with pu(B) = pu(A), then, for all ¢ > 0,

u(A) > pu(By) ,

where the t-blowups A; and B; are understood with respect to the geodesic
distance on the sphere. The first appearance of the concentration-of-measure
principle may be deduced from this statement. Indeed, by considering a half-
sphere B, one may explicitly compute the measure of the spherical cap Bf and
Lévy’s isoperimetric theorem implies that for any set A C S™~! with u(A) > 1/2,
the complement A§ of the t-blowup of A satisfies

p(A7) < e

In other words, as soon as p(A) > 1/2 | the measure of A¢ decreases very fast as
a function of ¢. This is the essence of the concentration-of-measure phenomenon
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whose importance was perhaps first fully recognized by Vitali Milman in his
proof of Dvoretzky’s theorem. Unlike the original formulation of the isoperimetric
theorem, the inequality above may be generalized to measures on abstract metric
spaces without any reference to geometry.

Lipschitz functions

Consider a metric space (X, d) and a continuous functional f : X — R. Given a
probability measure P on X, one is interested in bounding the deviation proba-
bilities

P{f(X)>Mf(X)+t} and P{[f(X)-Mf(X)]>1}

where X is a random variable taking values in X with distribution P and M f(X)
is a median of f(X). Given a Borel set A C X, let

Ar={x e X :d(z,A) <t}

denote the t-blowup of A where ¢ > 0. Now observe that if f is 1-Lipschitz (i.e.,
flx)—f(y) <d(z,y) forall z,y € X), thentaking A ={z € X : f(x) < M f(X)},
for all z € Ay,

flo) < Mf(X)+t,

and therefore
P{f(X) > Mf(X)+1} < P{A} = P{d(X,A) >t} .

We can now forget what exactly the set A is and just use the fact that P{A >
1/2}. Indeed, defining the concentration function

alt)= s P{d(X,A) =1t} |
Acx:P{A}>]

we obtain
P{f(X)=Mf(X)+t} <a(t) .
Changing f into — f, one also gets
P{f(X) < Mf(X)—t}<a(t) .
Combining these inequalities of course implies the concentration inequality
P{|f(X) = M[(X)| =t} <2a(t) .

The conclusion is that if one can control the concentration function «, as in the
case of the uniform probability measure on the sphere, then one immediately
gets a concentration inequality for any Lipschitz function.

What makes this general principle attractive is that the concentration func-
tion a may be controlled without determining the extremal sets of the isoperi-
metric problem and any upper bound for the function « yields concentration
inequalities for all Lipschitz functions.
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The Gaussian case

The principle described above is nicely illustrated on the case when (X, d) is the
n-dimensional Fuclidean space R™ and P is the standard Gaussian probability
measure in R™. Indeed, in this case the isoperimetric problem is connected to
that of the sphere via the Poincaré’s limit procedure. The Gaussian isoperimetric
problem was completely solved independently by Borell (1975) and Tsirelson
and Sudakov (1974). The Gaussian isoperimetric theorem, stated and proved in
Section 10.4, states that for any Borel set A C R", if H C R" is a half-space
with P(H) = P(A), then P(A§) < P(Hf) for all ¢t > 0.

The Gaussian isoperimetric theorem reveals the exact form of the concentra-
tion function. Indeed, define the standard normal tail function by

K3 1 > —u?/2
@(t) = E ’ e du 5

and for any Borel set A C R", let t4 € R be such that 1 — ®(t4) = P(A). Then,
taking H to be the half-space (—oo,t4) x R"! we see that

P(A)=P(H) and P(HS)=®(ty +1).

Now, if P(A) > 1/2, then t4 > 0, and therefore P(Hf) < ®(t). Hence, the
Gaussian isoperimetric theorem implies that the concentration function « of the
standard Gaussian measure P is exactly equal to the standard Gaussian tail
function ®.

Putting things together, we see that if X is a standard Gaussian vector in
R™ and f : R™ — R is a 1-Lipschitz function, then, for all ¢ > 0,

P{f(X)~Mf(X) >t} <B(t) <e /2.

Concentration of product measures

The Gaussian isoperimetric inequality implies sharp concentration inequalities
for smooth functions of independent normal random variables. However, if we
wish to understand random fluctuations of functions of more general indepen-
dent random variables, then we need to study concentration of general product
measures. In order to do this, the first step is to define an appropriate dis-
tance on a product space X™. A natural candidate is the Hamming distance,
or more generally, a weighted Hamming distance which offers more flexibility.
For any vector @ = (aq,...,ay) of non-negative real numbers and for any
r=(21,...,Tn)y¥= (Y1,-..,Yn) € X", define

n
do(@,y) = D il 2y} -
=1

Let X = (X4,...,X,) be a vector of independent random variables, each taking
values in X and denote by P the distribution of X. Then by a simple consequence
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of the bounded differences inequality, we have the following concentration prop-
erty of the product probability measure P with respect to the weighted Hamming
distance d,: for every A C X™ with P{X € A} > 1/2,

P{do(X,A) >t} < e t/Clel®) (1.3)

where |la|| denotes the Euclidean norm of the vector a. (See Section 7.4 for the
proof.)

This implies that if f : X" — R is 1-Lipschitz with respect to the distance
d., it satisfies to the sub-Gaussian tail bound

P{f(X)> Mf(X)+t} <et/Cll®)

We illustrate this inequality by considering the special case of the supremum of
a Rademacher process. Let X™ = {—1,1}" and

n n
f(@) =maxy i@ =3 i @i,
i=1 =1

where 7 is a finite set and () is a collection of real numbers indexed by
t=1,...,nand t € T, and t*(z) € T denotes an index for which the maximum
is achieved. For all z,y € {—1,1}",

F@) = f@) €Y ey (@i — i) < QZI&%MOZM Ly} -
=1 i=1

Thus, f is 1-Lipschitz with respect to the weighted Hamming distance d, where
a; = 2maxgeT || for all 4. As a consequence, if X is uniformly distributed on
the hypercube {—1,1}", the random variable

n
X) = i X
f(X) I}gi%;@,t

satisfies )
P{f(X)> Mf(X)+t} <e /G

where the “variance factor” v is defined by v = 4" | maxieT 0%2,19 This result
is not completely satisfactory as v can be much larger than the largest variance
of the individual random variables Z?Zl 0;+X;. One would ideally expect to be
able to exchange the order of the sum and the maximum in the above definition
of v.

Indeed, such a result is possible (by paying the modest price of losing some
absolute multiplicative constant in the exponent), thanks to the celebrated con-
vex distance inequality of Talagrand (proved in Section 7.4) which is one the
major milestones of the theory.
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To see how this works, note first that setting «;(x) = 2 }aiﬁt*(m)|, the supre-
mum of the Rademacher process f defined above satisfies

fl@) = fly) < Zai(x)ll{méyi} ) (1.4)

a relaxed regularity condition as compared to the Lipschitz property with respect
to some given weighted Hamming distance d,. The beauty of Talagrand’s convex
distance inequality is that it guarantees that the following uniform version of
(1.3) holds for all v > 0 and for every set A C X" with P{X € A} > 1/2:

P { sup do (X, A) > t} < 9e~t"/(4v)

agl0,00)™:[|af|?<v

Now one can play a similar game as for the case of Lipschitz functions be-
fore. Choosing A = {z € X" : f(z) < M f(X)}, for every © € X" such that
do(z)(x, A) < t, the regularity condition (1.4) implies that f(z) < M f(X)+1t .
Hence, taking v = sup,cyn >, a?(z), we have

g

{reX™: flz) > Mf(X)+t} C{z € X" dou)(z,A) >t}

C{:UEX”: sup da(x,A)Zt},

a2 <wv

and therefore,
2
P{f(X)> Mf(X)+t} <2 /04

If consider again the example of the maximum of a Rademacher process, we
see that v < 4sup,c Y1~ of, and we obtain a concentration inequality of the
desired form. This example highlights the power of Talagrand’s convex distance
inequality and the interest of considering the relaxed regularity condition (1.4)
as opposed to Lipschitz regularity with respect to some given weighted Ham-
ming distance. Indeed, the convex distance inequality became the key tool to
obtaining improved concentration inequalities in countless applications, some of
them shown in detail in this book.

Nevertheless, this regularity condition may be too restrictive in some cases.
To understand the shortcomings of this condition, consider the fundamental
example of the supremum of an empirical process defined as follows. Let T be a
finite set and for i = 1,...,n, let x; = (z;+)te7 be a vector whose components are
indexed by 7. Writing = (z1, ..., ,), we may define f(z) = maxier > 1 i
Note that the maximum of a Rademacher process is a special case. However, the
study of suprema of general empirical processes is more involved. Indeed, if we
try to use the approach that turned to be successful for Rademacher processes,
the increments of f are controlled by

flz) = fly) < Z$i,t*(z) = Yit* (z)

=1



The entropy method 9

where t*(z) € T is a point at which the maximum of Y1 ; z;, is achieved.
At this point we see how lucky we got in the case of Rademacher processes by
simultaneously benefiting from the special structure of x;; = «; jr; and the
boundedness of the x;’s to end up satisfying (1.4). Dealing with general empiri-
cal processes is a significantly more intricate issue. By a substantial deepening of
the approach that lead to the convex distance inequality, Talagrand (1996b) was
able to derive a Bennett-type concentration inequality for the suprema of empir-
ical processes (see Theorem 12.5 for a somewhat sharper version). The authors
of this book were awestruck by this achievement of Talagrand but collectively
confess that they were unable to go further than a line-by-line reading of the
proof. However, Talagrand’s work stimulated intensive research partly in search
of more transparent proofs. Today, following the path opened by Ledoux (1997),
a more accessible proof is available by what we call the entropy method. This
method, briefly sketched in the next section, is one of the central topics of this
book. We feel that many of the most important concentration inequalities can be
obtained in a principled and transparent way by the entropy method. In partic-
ular, the reader will find in this book a complete proof of Talagrand’s inequality
for empirical processes.

We would like to emphasize that, apart from an exciting mathematical chal-
lenge, the study of concentration properties of the supremum of an empirical
process is strongly motivated by applications in mathematical statistics, ma-
chine learning, and other areas. This is why we keep this example as one of the
recurring themes of this book.

1.3 The entropy method

The entropy method replaces Talagrand’s subtle induction arguments by sub-
additive inequalities (often called “tensorization” inequalities in the literature)
that follow naturally from the convexity of entropy and related quantities like
the variance.

The Efron-Stein inequality

Perhaps the simplest inequality of this type is the Efron-Stein inequality that, in
spite of its simplicity, turns out to be a surprisingly powerful tool for bound-
ing the variance of general functions of independent random variables. This
inequality, studied in depth in Chapter 3, can be stated as follows. Let X =
(X1,...,X,) be a vector of independent random variables and denote by X () =
(X1,...,Xi—1, Xi41,...,Xp) the (n — 1)-vector obtained by dropping X;. Let
E% and Var®™ denote the conditional expectation and variance operators given
X, Then Z = f(Xy,...,X,) satisfies

Var(Z) < EY» Var®(Z).
i=1
This inequality was proved by Efron and Stein (1981) under the additional as-
sumption that f is symmetric and by Steele (1986) in the general case. As pointed
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out by Rhee and Talagrand (1986), the Efron-Stein inequality may be viewed
as a martingale inequality. The argument, detailed in Section 3.1, may be sum-
marized as follows. Since the martingale increments are orthogonal in Lo, the
decomposition (1.2) implies that

Var(Z) =Y EA?.
=1

Now using the independence of the X;, the martingale increments may be rewrit-
tenas A, = E | Z — E(i)Z|X17 e ,Xi] and the Efron-Stein inequality is obtained
by a simple use of Jensen’s inequality. This proof emphasizes the role of the Efron-

Stein inequality as a substitute of the additivity of the variance for independent
random variables.

Sub-additivity of entropy

The Efron-Stein inequality has an interpretation that gives rise to far-reaching
generalizations. In particular, it paves the way to appropriate generalizations
of (1.1) which was the key to exponential inequalities for sums of independent
random variables. Indeed the variance may be viewed as a special case of a ®-
entropy defined as follows. If ® denotes a convex function defined on an interval I
and Y is an integrable random variable taking its values in I, then the ®-entropy
of Y is defined by

Hy(Y)=E®(Y)—-D(EY).

By Jensen’s inequality, the ®-entropy is non-negative and it is finite if and only
if ¢(Y) is integrable. The variance corresponds to the choice ®(z) = 2?2, while
taking ®(z) = xlogz leads to the definition of the “usual” notion of entropy
Ent(Y) of a non-negative random variable Y.

As it turns out, the sub-additive property of the variance expressed by the
Efron-Stein inequality remains true for a large class of ®-entropies (characterized
in Chapter 14) that includes the ordinary entropy. More precisely, if Y is a non-
negative function of the independent random variables X, ..., X,,, then

Ent(Y) < EY Ent")(Y)
i=1
where Ent® (V) = EQV®(Y) — & (E(i)(Y)) with ®(x) = xlogx. Applying this
sub-additive inequality to the random variable Y = e*? is at the basis of the
entropy method.
Herbst’s argument

The sub-additivity property of entropy seems to have appeared first in the proof
of the Gaussian logarithmic Sobolev inequality of Gross (1975). In fact, the
Gaussian logarithmic Sobolev inequality, combined with an elegant argument



The entropy method 11

attributed to Herbst, leads smoothly to the Gaussian concentration inequality.
We sketch the argument here and refer to Chapter 5 for the details. To handle
distributions other than Gaussian, one needs to modify the argument as the log-
arithmic Sobolev inequality does not hold in general. This is done in Chapter
6.

The Gaussian logarithmic Sobolev inequality states that if X is a standard
Gaussian vector in R™ and g : R™ — R is a continuously differentiable function,
then

Bnt (¢%(X)) < 2E [|Vg(0))] -

The proof of this inequality relies on the sub-additivity of entropy. The connec-
tion between the Gaussian logarithmic Sobolev inequality and concentration is
established by Herbst’s argument that we will face in various contexts. In the
Gaussian framework it is especially simple to explain.

Indeed, if f : R®™ — R is a continuously differentiable 1-Lipschitz function,
then for all x € R™, ||V f(z)|| < 1, and for any A > 0, we may apply the Gaussian
logarithmic Sobolev inequality to the function g = e*/2. Since for all z € R,

)\2 )\2
IVg(@)I* = IV F@)|? M@ < M@,

we derive from the Gaussian logarithmic Sobolev inequality that

Ent (eAf(X)) A2

B S g
Now the next crucial observation is that, defining F()\) = log Ee*/(X)=Ef(X)),

Ent (eAf(X))

FoF = M)~ FO)

This way we obtain the following differential inequality for the logarithm of the
moment generating function

% (Fg\)\)) L) FY)

1
X N T2

which one can integrate and obtain that for all A > 0,

/\2
F\) < — .
W<
This leads to the Gaussian concentration bound
P{f(X)-Ef(X)>t} <e™"/2.

This bound has the same flavor as what we obtained from the Gaussian isoperi-
metric theorem, except that the median is replaced by the mean. This is typically
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what happens when one uses the entropy method rather than the isoperimetric
method. If one does not care too much about absolute constants in the expo-
nential bounds, this difference is negligible since starting from a concentration
inequality around the median one can obtain a concentration inequality around
the mean and vice versa, simply because the difference between the median and
the mean is under control.

1.4 The transportation method

We also discuss an alternative way of proving concentration inequalities, the
so-called transportation method. The method was initiated by Marton (1986)
who built on ideas from information theory due to Ahlswede, Gacs and Kérner
(1976) and Csiszdr and Korner (1981). The method is based on a beautiful
coupling idea. Given some cost function d, the transportation cost between two
probability measures P and @ is defined by
min  Epd(X,Y),
PeP(P,Q)

where P(P, Q) denotes the class of joint distributions of the random variables
X and Y such that the marginal distribution of X is P and that of Y is Q.
The transportation cost measures the amount of effort required to “transport” a
mass distributed according to P into a mass distributed according to @, relatively
to the cost function d. The transportation problem consists in constructing an
optimal coupling P € P (P,Q), that is, a minimizer of Epd(X,Y). In order to
explain the link between the transportation cost problem and concentration, we
describe the main ideas within the Gaussian framework.

The core of this connection lies in bounding the transportation cost by some
function of the Kullback-Leibler divergence D(Q||P) where we recall that when-
ever (@ is absolutely continuous with respect to P, D(Q||P) = Ent(dQ/dP). In
the Gaussian case such a transportation inequality is available for the quadratic
cost. In particular, the following inequality, due to Talagrand (1996d), is proved
in Section 8.5: Let P be the standard Gaussian probability measure on R™ and
let @ be any probability measure which is absolutely continuous with respect to
P. Then

n

. 2
Perg(lg)Q);Ep(Xz Yi)® <2D(Q|P)

The Gaussian concentration inequality may now be derived from this transporta-
tion inequality by an argument due to Bobkov and Gdotze (1999). The sketch of
the argument is as follows: assume that f : R™ — R is a 1-Lipschitz function,
that is,

n 1/2

fly) — flz) < <Z(azl - yz)2> for all z,y € R".

i=1
Then Jensen’s inequality implies that for any probability distribution P coupling
P to Q < P, one has
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N 1/2
Eqf —Epf=Ep[f(Y) - f(X)] < (Z Ep (X, - Yi)2> :

i=1

Hence, the transportation inequality implies that

Eqf —Epf < V2D(Q|P) .

Now the concentration of the random variable Z = f(X) (where X is a standard
Gaussian random vector) may be obtained by the following classical duality
formula for entropy that we prove in Section 4.9:

wz—Ez (>‘) = Sup P‘ (EQf - EPf) - D(Q”P)] :
QKP

Combining the last two inequalities, we get that for any A > 0,
)\2
? )

U ez (V) < sup [\W2D@IP) - D(QIP)] <
QKP

simply because 2ab — a? < b?. This implies the same Gaussian concentration

inequality as the one derived from the Gaussian logarithmic Sobolev inequality
and Herbst’s argument.

In Chapter 8 we offer a detailed account of the transportation method for
proving concentration inequalities, pioneered by Marton (1996a, 19960). In par-
ticular, we show how this method allows one to prove not only the bounded
differences inequality but also Talagrand’s convex distance inequality.

As far as we know, there is no clear hierarchy between the entropy method
and the transportation method. As we will see, there are various results that one
can prove by using one method or the other and there are also results that one
can get by one method but not the other. The entropy method is quite versatile,
easy to use and, and performs especially well when dealing with suprema of
empirical processes. However, the entropy method often faces difficulties when
one tries to use it to prove inequalities for the left tail (i.e., upper bounds for
P{Z < EZ —t} for t > 0). On the other hand, the transportation method is
often more efficient for left tails but turns out to be less flexible than the entropy
method, especially when for empirical processes.

1.5 Reading guide

We were guided by two principles while organizing the material of this book.
First, we tried to keep the exposition as elementary as possible and illustrate the
theory with numerous examples and applications. Our intention was to make
most of the material accessible to researchers and mathematically mature grad-
uate students and to introduce the reader to the main ideas of theory while
keeping technicalities at a minimal level, at least in the first half of the book.
This led us to a somewhat nonlinear structure in which the same topic is re-
visited several times along the book, but with different degrees of depth. Very
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FiG. 1.1. Dependence structure of the chapters.

roughly, the material may be split in two parts going from Chapter 1 to 9 and
from Chapter 10 to 15. The first chapters expose the general tools required
to prove concentration inequalities together with applications of the theory to
many examples. Chapters 2, 3, and 4 include inequalities for sums of inde-
pendent random variables (such as Hoeffding’s inequality that we introduced
above), variance bounds for functions of independent variables related to the
Efron-Stein inequality, and the basic information-theoretic tools needed to de-
velop the entropy method, such as the sub-additive inequality for entropy. In
Chapters 5 and 6 we present the essence of the entropy method building upon
logarithmic Sobolev inequalities (or their modifications) and Herbst’s argument.
In Chapter 7 we investigate the connection between isoperimetry and concen-
tration while Chapter 8 is devoted to the transportation method. Chapter 9 is
entirely dedicated to the intricate concentration and isoperimetric properties of
the simplest product space, the binary hypercube. We describe some fascinating
applications to the study of threshold phenomena. More precisely, we consider
general monotone functions f : {—1,1}" — {0,1} of several binary random
variables and consider independent binary random variables Xi,..., X, with
distribution P{X; = 1} =1 — P{X; = —1} = p. We are interested in the be-
havior of P{f(Xy,...,X,) = 1} as a function of the parameter p € [0, 1]. If f
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is increasing in each variable (and not constant), this probability grows mono-
tonically from 0 to 1. Using the technology based on logarithmic Sobolev and
isoperimetric inequalities, we establish surprisingly general sufficient conditions
under which P{f(Xi,...,X,) = 1} “jumps” from near 0 to near 1 in a very
short interval of the value of the parameter p.

The second half of the book contains some more advanced material. It in-
cludes a deepening of the general tools and their applications. In Chapter 10 we
further investigate isoperimetric problems in the binary hypercube and 