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Section 1.  General information about the course 

 

In this course the selected topics of modern discrete mathematical models in economics, politics, business 

and social studies are provided. It includes social choice theory, double-sided matchings, fair division, 

power distribution and a soft introduction to game theory. Many real world examples are presented like 

power distribution analysis Russian Parliament and International Monetary Fund, analysis of voting rules 

used in parliaments etc. This course will help students internalize practical and effective mathematical 

methods and tools of discrete mathematical models, and apply them to solve many real world problems. 

 

Section 2. Course goals, learning objectives, expected learning outcomes 

 

Course goals. By the end of this course students:  

1. will know and understand basics of graph theory, matching theory, theory of binary relations, 

social choice theory, fair division theory, theory of power distribution, and game theory, networks, 

main stages of mathematical modeling; 

2. will be able to apply methods and algorithms for practical purposes, i.e. to find a stable matching, 

collective decisions by different rules, fair divisions, Nash equilibria, etc.; 

3. will be able to solve problems similar to those presents in lectures and textbooks; 

4. will be able to prove formal statements on topics covered and present proofs in compact and 

complete way; 

5. will be able to model and analyze real-life problems from the economics, politics, social issues and 

everyday life; 

6. will be able to read related literature and find needed information for further education.  

 

Prerequisites. Students should have some background in mathematics:  

1. know terminology of set theory, 

2. be able to make operations over sets, 
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3. be able to make operations over matrices, 

4. know and be able to use logic symbols in order to write down statements, 

5. understand the structure of mathematical statements, the difference between necessary and 

sufficient conditions, 

6. understand the mathematical notations and be able to read math textbooks, 

7. use Internet searching systems to find literature and data for real world problems analysis. 

 

This course will be helpful in studying: 

1. game theory, 

2. social choice theory, 

3. political analysis, 

4. microeconomics. 

Section 3.  Course Outline    

 

 

 

 

 

№ 

 

 

 

Topic/Focus/Activity W
ee

k
 Course format (in 

hours) 
 

 

         Readings and assignments 

lectures Seminars 

1 
Binary relations, graphs  

and utility functions 
 4 4 

Binary relations and their properties. 

Operations on binary relations. 

Interpretation of binary relations and its 

properties by graphs. Special types of 

binary relations: partial order, weak 

order, linear order. Indifference relation 

and its properties for special cases of 

binary relations. Model of ordinal utility. 

 

Literature: 

[2] (Chapters 2 and 3), [17] (Chapter 2-

4), [1] (Chapter 2) 

 

2 Double-sided matchings  2 2 

Preferences. Classical rationality of 

preferences. Matching with preferences. 

Stability of matching. Existence of stable 

matching over all preferences  

(Gale–Shapley theorem). Manipulability. 

Examples of matching with preferences: 
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roommates problem, job opening, etc. 

 

Literature: [15, 18, 21, 22, 24]  

 

3 Social choice theory  4 4 

Majority rule. Condorcet paradox. 

Arrow’s Impossibility Theorem. Borda 

rule. Internal and External stability. 

Core. Some rules: position rules, 

rules based on majority relation, rules 

based on auxiliary number scale, rules 

based on tournament matrix. Threshold 

aggregation rule. Uncovered sets rule. 

Weakly stable rule. 

Rules for proportional representation. 

Manipulability of rules. 

 

Literature: 

1. Basic textbook: [1] ,  

2. Additional readings: [3,5,7,10,16,26]  

 

4 Power distribution  2 2 

Voting with quota. Power indices. 

Banzhaf power index. Power distribution 

in United Nations Security Council. 

Power distribution in Russian 

Parliament. Power distribution in 

Council of the European Union. 

 Other power indices: Shapley–Shubik 

power index. Power indices with agents’ 

preferences. 

 

Literature: [4,6,11] . 

 
 

5 
  

Networks, centrality and 

power in networks 

  

2 

 

2 

Main notion of networks, graph 

representation of networks, main 

concepts of centrality in networks 

 

Literature: [12-14]  

 

6 Fair division  2 2 

History of fair division problem. «Cut-

and-choose» procedure. Manipulability 

in fair division problem. Criteria of 

fairness. «Adjusted winner» procedure 

and its properties. Labor conflicts. 

Divorce settlements. Fair division in case 

of more than two players. Fair division in 
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case of indivisible items.  

Literature: 

1. Basic textbook: [19]  

  

7 Game theory  4 4 

Games 2х2: strategies, payoffs, payoff 

matrix. Dominant strategies. Nash 

equilibrium. Examples of 2х2 games: 

Prisoner's dilemma, etc. Examples of 

1games with and without Nash 

equilibrium, and with infinitely many 

Nash equilibria. 

Probability of event and expected payoff. 

Mixed strategies. Nash's Existence 

Theorem. Expected Utilities: 

Government –Trade Unions game.  . 

Focal equilibrium. 

 

Literature: 

1. Basic textbooks: [20,25] 

2. Additional readings: [23] 

 

 

Description of course methodology and forms of assessment to be used: 

Type of grading Type of work Module Characteristics 

1 2 3 4 

Running (week) Homework   5   

Final  Examination     At the end  

 

Section 4. Texts, readings and other informational resources 

 
Basic textbooks:  

1. Aleskerov F. Arrovian Aggregation Models, Kluwer Academic Publishers, Dordercht, 1999, ISBN 
0-7923-8451-2, 242 pp. 

2. Aleskerov F., Bouyssou D., Monjardet B. ‘Utility Maximization, Choice and Preference’, Springer 
Verlag, Berlin, 2007, ISBN 978-3-540-34182, 283 p. 

 
Additional readings: 
3. Aizerman M., Aleskerov F. Theory of Choice, Elsevier, North--Holland, 1995, ISBN 0 444 

822100, 314 pp. 
4. Aleskerov F., Avci G., Iacouba V., and Turem Z.U. ‘European Union enlargement: power 

distribution implications of the new institutional arrangements’, European Journal of Political 

Research, 41, 2002, 379-394 
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5. Aleskerov F. ‘Categories of Arrovian Voting Schemes’, in Handbook of Economics 19, Handbook 

of Social Choice and Welfare, v.1, K.Arrow, A.Sen, K.Suzumura (eds.), Elsevier Science B.V., 

2002, 95-129 

6. Aleskerov F. ‘Power indices taking into account agents’ preferences’, in ‘Mathematics and 

Democracy’ (B.Simeone and F.Pukelsheim, eds.), Springer, Berlin, 2006, 1-18 

7. Aleskerov F., Yakuba V., Yuzbashev D. ‘A ‘threshold aggregation’ of three graded rankings’, 

Mathematical Social Sciences, 53, 2007, 106-110 

8. Fuad Aleskerov, Daniel Karabekyan, M. Remzi Sanver, Vyacheslav Yakuba “On the 

manipulability of voting rules: The case of 4 and 5 alternatives”, Mathematical Social Sciences, 

2012, v.64, #1, 67-73 

9. Aleskerov F., Karpov A. A new single transferable vote method and its axiomatic justification, 

Social Choice and Welfare, March 2013, Volume 40, #3, 771-786 

10. Fuad Aleskerov, Andrey Subochev ‘Modeling optimal social choice: matrix- vector representation 

of various solution concepts based on majority rule’, Journal of Global Optimization, v.56, no.2, 

2013, p.737-756 

11. Fuad Aleskerov, Manfred J. Holler, Rita Kamalova. Power distribution in the Weimar Reichstag in 

1919–1933, Annals of Operations Research. April 2014, Volume 215, Issue 1, pp 25-37. 

12. Aleskerov F., Meshcheryakova N., Shvydun S. Centrality Measures in Networks based on Nodes 

Attributes, Long-Range Interactions and Group Influence. WP7/2016/04. – Moscow: Higher 

School of Economics Publ. House, 2016, 44 p.  https://www.hse.ru/en/org/hse/wp/wp7en 

a. https://arxiv.org/abs/1610.05892 

13. Fuad Aleskerov, Natalia Meshcheryakova, Alisa Nikitina, Sergey Shvydun Key borrowers 

detection by long-range interactions, Working Papers of the Higher School of Economics, Series: 

Financial Economics, WP BRP 56/FE/2016, 44 p. -http://www.hse.ru/org/hse/wp/prepfr_all, 

https://www.hse.ru/org/hse/wp/prepfr_FE, 

http://papers.ssrn.com/sol3/papers.cfm?abstract_id=2817278, 

http://econpapers.repec.org/paper/higwpaper/default4.htm 

14. Fuad Aleskerov, Natalia Meshcheryakova, Anna Rezyapova, Sergey Shvydun Network analysis of 

international migration: Working paper WP7/2016/06; National Research University Higher 

School of Economics. – Moscow : Higher School of Economics Publ. House, 2016. – (Series WP7 

“Mathematical methods for decision making in economics, business and politics”). – 56 p. 

https://www.hse.ru/data/2016/11/02/1111129142/WP7_2016_06_____ff.pdf 

15. Alkan, Ahmet. 1986. Nonexistence of stable threesome matchings Mathematical Social Sciences. 

16, 207-9. (2) 

16. Arrow K.J. Social Choice and Individual Values.  2nd ed., New Haven: Yale University Press, 1 

17. Biggs N.L. Discrete Mathematics, Oxford University Press, London, 2003 

18. Biro P., Kiselgof S. College admissions with stable score-limits. Central European Journal of 

Operations Research. 2015. Vol. 23. No. 4. P. 727-741 

19. Brams S.J., Taylor A.D. Fair division. From cake-cutting to despute resolution.  Cambridge 

University Press, 1996 

20. Dixit A., Nalebuff B. Thinking Strategically, W.W.Norton abd Company, 1993 

21. Gale, David, and Lloyd Shapley. 1962. College admissions and the stability of marriage. American 

Mathematical Monthly, 69, 9-15. 12. 51 

22. Kiselgof S. Generalized matchings for preferences represented by simplest semiorder: Stability and 

pareto optimality. Automation and Remote Control. 2014. Vol. 75. No. 6. P. 1069-1077. 

23. Morris P., Introduction to game theory, Springer, New York, 1994 

http://link.springer.com/journal/355
https://www.hse.ru/en/org/hse/wp/wp7en
https://arxiv.org/abs/1610.05892
http://www.hse.ru/org/hse/wp/prepfr_all
https://www.hse.ru/org/hse/wp/prepfr_FE
http://papers.ssrn.com/sol3/papers.cfm?abstract_id=2817278
http://econpapers.repec.org/paper/higwpaper/default4.htm
https://www.hse.ru/data/2016/11/02/1111129142/WP7_2016_06_____ff.pdf
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24. Roth A., Sotomayor M.O. Two-sided matching, Cambridge University Press, 1990, Cambridge 

25. Saul Stahl, A Gentle introduction to game theory, American Mathematical Society, 1998 

26. Veselova Y. A. The difference between manipulability indices in the IC and IANC models. Social 

Choice and Welfare. 2016. Vol. 46. No. 3. P. 609-638. 

 

 

Section 5. Examination/Evaluation 

 

5.1. Examples list of questions for homework and exam 

 
Example of homework 

 

1. Let 𝐴 be a nonempty finite set and the utility function be 𝑢: 𝐴 → 𝑅+. The binary relation P is 

defined as follows: 𝑥𝑃𝑦 ⇔ 𝑢(𝑥) − 𝑢(𝑦) > 𝜀, where 𝜀 is a fixed positive number. What properties 

has this binary relation 𝑃? 

2. Prove that binary relation 𝑃 is transitive if and only if 𝑃2 ⊆ 𝑃. 

3. Prove that 𝐴 ∪ 𝐵 ⊆ 𝐶 ⟺ 𝐴 ⊆ 𝐶 and 𝐵 ⊆ 𝐶. 

4. Let 𝑀 = {𝑚1, 𝑚2, 𝑚3, 𝑚4}, 𝑊 = {𝑤1, 𝑤2, 𝑤3, 𝑤4} and the preferences are: 

𝑃(𝑚1) = 𝑤3, 𝑤2, 𝑤1, 𝑤4; 𝑃(𝑤1) = 𝑚4, 𝑚3, 𝑚2, 𝑚1; 

𝑃(𝑚2) = 𝑤4, 𝑤2, 𝑤3, 𝑤1; 𝑃(𝑤2) = 𝑚3, 𝑚2, 𝑚4, 𝑚1; 

𝑃(𝑚3) = 𝑤4, 𝑤3, 𝑤1, 𝑤2; 𝑃(𝑤3) = 𝑚3, 𝑚4, 𝑚1, (𝑤3), 𝑚2; 

𝑃(𝑚4) = 𝑤2, 𝑤4, (𝑚4), 𝑤1, 𝑤3; 𝑃(𝑤4) = 𝑚2, 𝑚1, 𝑚4, 𝑚3. 

Is the matching below stable? 

𝜇 =
𝑤2 𝑤4 𝑤3 𝑤1

𝑚1 𝑚2 𝑚3 𝑚4
 

5. Let 𝑀 = {𝑚1, 𝑚2, 𝑚3, 𝑚4, 𝑚5}, 𝑊 = {𝑤1, 𝑤2, 𝑤3, 𝑤4} and the preferences are: 

𝑃(𝑚1) = 𝑤3, 𝑤1, 𝑤2, 𝑤4; 𝑃(𝑤1) = 𝑚1, 𝑚3, 𝑚2, 𝑚4, 𝑚5; 

𝑃(𝑚2) = 𝑤4, 𝑤3, 𝑤1, 𝑤2; 𝑃(𝑤2) = 𝑚3, 𝑚1, 𝑚2, 𝑚5, 𝑚4;; 

𝑃(𝑚3) = 𝑤4, 𝑤3, 𝑤1, 𝑤2; 𝑃(𝑤3) = 𝑚5, 𝑚4, 𝑚1, 𝑚2, 𝑚3; 

𝑃(𝑚4) = 𝑤1, 𝑤4, 𝑤2, 𝑤3; 𝑃(𝑤4) = 𝑚1, 𝑚5, 𝑚4, 𝑚3 , 𝑚2; 

𝑃(𝑚5) = 𝑤1, 𝑤2, 𝑤4, (𝑚5), 𝑤3;  

Construct the matching 𝜇𝑀 and 𝜇𝑊. 

6. Construct a majority graph based on the preferences of agents 𝑁 = {1,2,3,4} over the candidates 

𝐴 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5}: 

𝑃1: 𝑥5 ≻ 𝑥1 ≻  𝑥4 ≻  𝑥3 ≻ 𝑥2; 
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𝑃2: 𝑥1 ≻ 𝑥5 ≻  𝑥3 ≻  𝑥4 ≻ 𝑥2; 

𝑃3: 𝑥4 ≻ 𝑥1 ≻  𝑥2 ≻  𝑥5 ≻ 𝑥3; 

𝑃4: 𝑥5 ≻ 𝑥1 ≻  𝑥3 ≻  𝑥4 ≻ 𝑥2. 

Is there a Condorcet winner? 

7. A company of three friends decides how to spend the evening. There have four alternatives: to go 

to the disco (D), to go to the cinema ©, to go to the theatre (T) or to go to the photo exhibition (F). 

The preferences of friends are: 

𝑃1 𝑃2 𝑃3 

D C T 

C D F 

F F C 

T T D 

What will be a collective decision if the maximin procedure is used? What will be a collective 

decision if a minimax procedure is used? 

 

Example of final exam 

 

1. Find the maximal internally stable sets for weak order. How can we find its number of internal 

stability? 

2. Find a core of presented graph or show that it does not exist. 

 

 

 

 

3. Find the winning coalitions in voting with quota (5; 2,1,1,1,1,1,1,1) and find the Banzhaf index for 

all agents. 

4. Board of Directors consists of five persons P, A, B, C, D. The President of Bank P has 3 votes and 

the other members of the Board of Directors have one vote for each other. The decision-making 

rule is “at least 5 vote for”. It is known that P and vice-presidents A and B never vote together for 

the same decision for some reasons. Find Banzhaf index for all members of the Board of 

Directors. 

 



8 

 

"National Research University - Higher School of Economics" 

Program of Discipline "Discrete Mathematical Models" 

for Bachelor training direction 38.03.01 "Economics" 

 

 

5. The firm has to rent office rooms in Moscow. The firm’s representative and the renter discuss the 

following questions: the price of 1 m
2
, the area of the office, the duration of rent, the cost of the 

routine maintenance, number of parking places. The importance of these questions for the firm 

and for the renter is in the Table below. 

Question Firm Renter 

the price of 1 m
2
 10 20 

the area of the office 30 30 

the duration of rent 10 20 

the cost of the routine maintenance 20 10 

number of parking places 30 20 

Construct the fair decision using the “adjusted winner” procedure if all items (questions) are 

divisible. 

6. Two firms product the chocolate. The number of customers of each firms is roughly the same. If 

they do not advertise their product then their profits are the same and equal to 100,000 rubles. The 

advertisement costs 20,000 rubles, and if two firms advertise then their income will increase by 

10,000 rubles, so the profit is 90,000 rubles. If only one firm advertise, then its profit will be 

140,000 rubles and the profit of other firm will be 60,000 rubles. Construct the payoff matrix and 

find all Nash equilibria in pure strategies. Are they Pareto-optimal? 

7. Find Nash equilibria in pure and mixed strategies in game with payoff matrix 

(3,1) (0,1) 

(1,1) (2,2) 

 

5.2.Grading system and how both the course and final test will be graded  

 

The lecturer evaluates students’ work on seminars and this grade Osem will be announced to students 

before the final exam. 
There is one homework in the middle of the course after the completion of the 4

th
 topic. Students are 

encouraged to work together to help each other in understanding the course material and completing the 

homework problems. However, everybody has to write up his/her own solutions. Late homework will not be 

accepted. The common mistakes made in the homework will be discussed during the seminars.  
The cumulative grade before the final exam includes the grade Osem and the grade for the homework 

Ohw:   

Ocum = 0.3* Osem + 0.7* Ohw . 

The final grade for the course is formed  
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Ofinal = 0.3* Ocum + 0.7* Oexam  

and will be rounded off by the following rule 

 

The final grade before 

rounding 

The final grade after 

rounding 

0 0 

0.1-1.4 1 

1.5-2.4 2 

2.5-3.9 3 

4-4.4 4 

4.5-5.4 5 

5.5-6.4 6 

6.5-7.4 7 

7.5-8.4 8 

8.5-9.4 9 

9.5-10 10 

 

The correspondence between the final grade in 10-point scale and in 5-point scale is as follows: 

  

the final grade in 10-point 

scale 

the final grade in 5-point 

scale 

1 Insufficient  

2 Insufficient  

3 Insufficient  

4 Satisfactory 

5 Satisfactory 

6 Good  

7 Good  

8 Excellent 

9 Excellent 

10 Excellent 

 

There is no possibility to get an extra point on the resit to compensate the low cumulative grade. 

 

Section 6. Academic Integrity 

 

The Higher School of Economics strictly adheres to the principle of academic integrity and honesty. 

Accordingly, in this course there will be a zero-tolerance policy toward academic dishonesty. This 

includes, but is not limited to, cheating, plagiarism (including failure to properly cite sources), fabricating 

citations or information, tampering with other students’ work, and presenting a part of or the entirety of 

another person’s work as your own. HSE uses an automated plagiarism-detection system to ensure the 

originality of students’ work. Students who violate university rules on academic honesty will face 

disciplinary consequences, which, depending on the severity of the offense, may include having points 

deducted on a specific assignment, receiving a failing grade for the course, being expelled from the 

university, or other measures specified in HSE’s Internal Regulations. 

http://www.hse.ru/docs/48094015.html
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