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Abstract—For linear discrete-time descriptor systems
anisotropy-based bounded real lemma in terms LMI was
formulated and proved. The algorithm of anisotropic
norm computation using convex optimization is given.
A numerical example is considered.

I. INTRODUCTION

Descriptor systems, which have both dynamical
and algebraic constraints, often appear in various en-
gineering systems and control applications, including
aircraft stabilization, chemical engineering systems,
lossless transition lines, etc. The increased practical
interest for a more general description reversed ne-
cessity of developing generalized methods of analysis
and synthesis control for descriptor systems. The
development of such algorithms has been an area of
active research in the last years.

Besides, many standard state-space systems prob-
lems lead naturally to descriptor systems formulations.
They can be solved reliably only by using descriptor
systems computational techniques. Notable examples
are certain model reduction problems, the solution
of algebraic Riccati equations, the spectral and J-
spectral factorization problems. For an overview of
computational methods and software for descriptor
systems see [1].

Generalization and development of analysis and
synthesis algorithms for discrete-time descriptor sys-
tems is rather difficult because many algorithms are
based on the solution of the discrete generalized
Riccati equation.

The aim of this paper is to determine the LMI-
conditions for boundedness of anisotropic norm of
descriptor systems and to provide software for com-
putation of anisotropic norm. Analysis of anisotropy-
based performance for descriptor system (as for nor-
mal system) is a great interest, because of anisotropic
norm lies between H2 and H∞-norm.

II. BACKGROUND

This section covers basic concepts of discrete-time
descriptor systems and anisotropic theory.

A. Elements of descriptor systems theory

Discrete-time descriptor systems are described by
the following equations:

Ex(k+1) = Ax(k)+Bw(k), (1)
y(k) = Cx(k)+Dw(k)

where x(k)∈Rn is the state, w(k)∈Rm and y(k)∈Rq

are the input and output signals, respectively. A,B,C,D
are constant real matrices of appropriate dimensions.
The matrix E ∈ Rn×n can be singular, such system is
called singular. Assume that rank (E) = n f ≤ n. Some
basic properties of descriptor systems are associated
with matrices E and A. In different literature [2], [3]
it can be matrix pencil (zE −A) or pair (E,A).

Definition 1: The pair (E,A) is said to be regular
if there exists a scalar λ such that det(λE −A) 6= 0.

The regularity of the pair is (E,A) a necessary
and sufficient condition of existence and uniqueness of
the solution of the system (1) . The following lemma
[2] provides necessary and sufficient conditions of
regularity for the system (1):

Lemma 1: If the pair (E,A) is regular, than there
exist invertible matrices Q and V such that

QEZ = diag(I,N), QAZ = diag(A1, I) (2)

where A1 ∈ Rn f×n f , N is a nilpotent matrix.

The matrix N is called a nilpotent matrix of the
index h, if Nh = 0 and Nh−i 6= 0, i = 1,2, ...,h. The
index of the system (1) in an equivalent form (2) is
called the index of the nilpotent N.

According to lemma 1 the equations (1) can be
written in the following form:

x1(k+1) = A1x1(k)+B1w(k), (3)
Nx2(k+1) = x2(k)+B2w(k),

y(k) = C1x1(k)+C2x2(k)+Dw(k). (4)

Definition 2: Generalized spectral radius for the
system (1) or for the pair (E,A) is:

ρ(E,A), max |λ |
λ∈z|det(zE−A)=0

.
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• The system (1) is called causal if its solu-
tion x(k) depends only on u(k − 1), ...,u(0)
x(k−1), ...,x(0) for any consistent initial con-
ditions. It is true if the index of the nilpotent
N is equal to 1.

• The system (1) is called stable if ρ(E,A)< 1.

• The system (1) is said to be admissible if the
pair (E,A) is regular and the system (1) is
stable and causal.

Definition 3: The transfer function of the system
(1) is given by

P(z) =C(zE −A)−1B+D. (5)

Definition 4: The H2-norm of the transfer func-
tion P(z) is defined by

‖P‖2 =

(
1

2π

∫ 2π

0
tr
(
P∗(eiω)P(eiω)

)
dω
) 1

2

=

=

(
1

2π

∫ 2π

0
‖P(eiω)‖dω

) 1
2

. (6)

Definition 5: The H∞-norm of the transfer func-
tion P(z) ∈ H∞ is defined by

‖P‖∞ = sup
ω∈[0,2π]

σmax
(
P(eiω)

)
= sup

ω∈[0,2π]
‖(P(eiω)‖2.

Clearly, the H∞-norm of P(z) is finite only if P(z) is
proper.

B. Mean anisotropy and anisotropic norm

Now we provide a background material on the
anisotropic analysis of linear discrete systems.The
concepts of mean anisotropy of gaussian random se-
quences and of the anisotropic norm of linear systems
were introduced in [4], [5]. An extended exposition of
the mean anisotropy and the anisotropic norm can be
found in [6].

Let W = (wk)−∞<k<∞ be a stationary sequence of
square integrable vectors with values in Rm which
is interpreted as a discrete-time random signal. As-
sembling the elements of W , associated with a time
interval [s, t], into a random vector

Ws:t =




ws
...

wt


 , (7)

we assume that W0:N is absolutely continuously dis-
tributed for any N ≥ 0. The anisotropy A(W) is defined
as the minimal value of the relative entropy [3] with
respect to the Gaussian distributions in Rm with zero
mean and scalar covariance matrices described by:

A(W ) =
m
2

ln
(

2πe
m

E(|W |2)−h(W )

)
,

where

h(W ) = E ln f (W ) =−
∫

Rm
f (w) ln f (w)dw.

The mean anisotropy of the sequence W is defined by

A(W ) = lim
N→+∞

A(W0:N)

N
. (8)

It is shown in [6] that

A(W ) = A(w0)+ I(w0;(wk)k<0) (9)

where I(w0;(wk)k<0) = lims→−∞ I(w0;Ws:−1) is the
Shannon mutual information [7] between w0 and the
past history (wk)k<0 of the sequence W .

Now, suppose that the stationary random sequence
W is Gaussian. Then

I(w0;(wk)k<0) =
1
2

lndet(cov(w0)cov(w̃0)
−1), (10)

where
w̃0 = w0 −E(w0|(wk)k<0) (11)

is the error of the mean-square optimal prediction
of w0 by the past history (wk)k<0, provided by the
conditional expectation.

Suppose W is generated from V by a shaping filter
G as

w( j) =
+∞

∑
k=0

g(k)v( j− k), j = . . . ,−1,0,1, . . . ,

The impulse response of the filter g(k) ∈ Rm×m is
assumed to be square summable over k ≥ 0, ensuring
the mean square convergence of the series.

The transfer function of the filter G(z) =
∑+∞

k=0 g(k)zk is supposed to belong to the Hardy space
Hm×m

2 – matrix-valued functions, analytic in the disc
|z| < 1 of the complex plane. The space is equipped
with the H2-norm, defined by

‖G‖2 =

(
+∞

∑
k=0

tr(g(k)g(k)T)

)1/2

=

=

(
1

2π

∫ π

−π
tr(Ĝ(ω)Ĝ(ω)∗)dω

)1/2

=

=

(
1

2π

∫ π

−π
trS(ω)dω

)1/2

(12)

where Ĝ(ω) = G(eiω) is the boundary value of the
transfer function G,
S(ω) = Ĝ(ω)Ĝ(ω)∗,−π ≤ ω ≤ π is the spectral
density of W .

The covariance matrix of the prediction error (11)
and the spectral density S(ω) are related by the Szegö-
Kolmogorov formula (13):

1
2π

∫ π

−π
lndetS(ω)dω = lndetcov(w̃0). (13)
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By using (9) - (11), the Szegö limit theorem [8]
and (13), the mean anisotropy (8) of the stationary
Gaussian random sequence W =GV may be computed
in terms of the spectral density S(ω) and H2-norm of
the shaping filter G as

A(W ) =− 1
4π

∫ π

−π
lndet

mS(ω)

‖G‖2
2

dω =

=− 1
4π

lndet
mcov(w̃0)

‖G‖2
2

. (14)

It characterizes the divergence between the signal
and the Gaussian white noise sequence. For more
information see [5], [6].

Let Y = FW be an output of the linear system
F ∈ H p×m

∞ , its transfer function F(z) is analytic in the
disc |z|< 1. F(z) has a finite H∞-norm.

Definition 6: The a-anisotropic norm of the sys-
tem F for a given parameter a ≥ 0 is defined by

|||F |||a = sup{‖FG‖2/‖G‖2 : G ∈ Ga} . (15)

The fraction on the right-hand side of (15) can also
be interpreted as the rario of the power norms of the
output Y and the input W against the class of shaping
filters

Ga =
{

G ∈ Hm×m
2 : A(G)≤ a

}
.

So the a-anisotropic norm |||F |||a describes a
”stochastic gain” of the system F with respect to W .

Lemma 2: [9] The pair (E,A) is regular, causal,
and stable if and only if there exists an invertible
symmetric matrix R ∈Rn×n such that ETRE ≥ 0, and

ATRA−ETRE < 0.

Theorem 1: [3] The pair (E,A) is admissible if
and only if there exist matrices R > 0 and Q such that

ATRA−ETRE +QSTA+ATSQT < 0, (16)

where S ∈ Rn×(n−r) is any matrix with full column
rank and satisfies ETS = 0.

Lemma 3: (Bounded real lemma for descriptor
systems [9]) The following two statements are equiv-
alent:

1) A is a stable matrix (i.e., all eigenval-
ues of A lie inside a unit disk) and
‖C(zE −A)−1B+D‖∞ < γ .

2) There exists a symmetric matrix R with
ETRE > 0 satisfying

ATRA−ETRE +CTC+(ATRB+CTD)

×(γ2I−BTRB−DTD)−1(BTRA+DTC)< 0
(17)

with γ2I −BTRB−DTD > 0.

Theorem 2: Let P ∈ H p×m
∞ be an admissible

system with the state-space realization (1) where
ρ(E,A)< 1. For the given scalar quantities a ≥ 0 and
γ > 0 the a-anisotropic norm is bonded by γ , that is

|||P|||a ≤ γ

if there exists the stabilizing solution R̂ = R̂T of the
algebraic Riccati equation

ETR̂E = ATR̂A+qCTC+LTΣ−1L, (18)
L = Σ(BTR̂A+qDTC), (19)
Σ = (Im −BTR̂B−qDTD)−1, (20)

besides
ETR̂E ≥ 0,

and q ∈ [0,min(γ−2,‖P‖−2
∞ )) satisfies the equation

−1
2

lndet((1−qγ2)Σ)≥ a. (21)

III. MAIN RESULT

The main result of this paper is given by the
theorem. Consider a descriptor system with a state-
space realization:

Ex(k+1) = Ax(k)+Bw(k), (22)
y(k) = Cx(k)+Dw(k).

Assumption 1: We suppose that the relation

rank (E) = rank ([ E B ]) (23)

holds true for the system (22).

Lemma 4: Let assumption 1 be true for the stable
system (22). Let T be a solution of the following
generalized Lyapunov equation

ATTA−ETT E +CTC = 0, (24)

then the H2-norm of the system (22) can be computed
as

‖P‖2 =
√

tr(BTT B+DTD). (25)

Proof: The assumption 1 means that there exists
a matrix Q such that

QB =

[
B1
B2

]
=

[
B1
0

]
.

The H2-norm of the descriptor system can be com-
puted using the formula

√
tr(BTGoB+DTD)

where Go is observability Gramian, which can be
found from the solution of generalized projected Lya-
punov equation

ATGoA−ETGoE =

−PT
r CTCPr +(I −Pr)

TCTC(I −Pr),

Go = (I −Pl)
TGo(I −Pl) (26)
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with Pr = Z−1
[

I 0
0 0

]
Z and Pl = Q

[
I 0
0 0

]
Q−1.

By some algebraic manipulations it is easy to show
that the equation (26) is equivalent to the equations
[10]

AT
1 GcoA1 −Gco = −CT

1 C1, (27)
Gno −NTGnoN = CT

2 C2. (28)

Here Gco ∈ Rn f×n f and Gno ∈ R(n−n f )×(n−n f ) are
causal and noncausal observability Gramians re-
spectively with Go = diag(Gco,Gno). The H2-norm
of the system can be computed as ‖p‖2 =√

tr
(
BT

1 GcoB1 +BT
2 GnoB2 +DTD

)
.

Choosing T = QTT̃ Q from (25) we get
√

tr(BTT B+DTD) =

=
√

tr(BTQTT̃ QB+DTD) =

=

√
tr(
[

BT
1 BT

2

][ T̃1 T̃2
T̃3 T̃4

][
B1
B2

]
+DTD) =

=
√

tr(BT
1 T̃1B1 +DTD). (29)

Theorem 3: Let w(k) be a stationary Gaussian
random sequence whose mean anisotropy does not
exceed known a ≥ 0. Consider that assumption 1
holds. For the admissible system P ∈ H p×m

∞ with
a state space realization (22) a-anisotropic norm is
bounded by a positive scalar γ > 0, i.e.

|||P|||a ≤ γ (30)

if there exists a scalar q ∈ (0,min(γ−2,‖P‖∞)) and
symmetric matrix R satisfying

ERET ≥ 0,

−(det(Im −BT RB−qDT D))1/m <−(1−qγ2)e2a/m,
(31)

[
ATRA−ETRE ATRB

BTRA BTRB− Im

]

+q
[

CT

DT

]
[ C D ]< 0 (32)

Proof: The proof of the theorem consist of the
following:

1) We shall show that the inequality (21) can
be rewritten in the form (31). Then we shall
show that (31) can be written as a convex
set.

2) We shall prove that (32) holds true for an
admissible system P.

3) On the last step we shall show that the
pair (E,A + BL) = (E,A + B(Im − BTR̂B −
qDTD)−1(BTR̂A + qDTC)) is admissible.

Note that the pair (E,A+BL) is connected
to the worst case shaping filter [19] and has
to be admissible too.

Using logarithm properties, we transform the in-
equality (21) and get

− lndet((1−qγ2)Σ)≥ 2a,

− lndetΣ− lndet(Im(1−qγ2))≥ 2a,

then
− lndetΣ ≥ m ln(1−qγ2)+2a,

−1/m lndetΣ ≥ ln
(

e2a/m(1−qγ2)
)
,

detΣ−1/m ≥ (1−qγ2)e2a/m.

By multiplication on (−1) we get

−detΣ−1/m ≤−(1−qγ2)e2a/m.

Note that

1) The function (detΨ)p of the (m×m)-matrix
Ψ = ΨT ≥ 0 is concave upward on its argu-
ment for any 0 ≤ p ≤ 1

m [11].
2) The function (detΨ)

1
m of the (m×m)-matrix

Ψ = ΨT ≥ 0 is the geometric mean of its
eigenvalues

1
m
√

λ1(Ψ) . . .λm(Ψ).
3) It is shown in [11] that the set

{(λ1, λ2, t) ∈ R3|λ1, λ2 ≥ 0, t ≤
√

λ1λ2}

can be represented as a second-order cone
{
(λ1, λ2, t)|∃τ : t ≤ τ;τ ≥ 0,

∥∥∥∥
[

τ
λ1−λ2

2

]∥∥∥∥
2
≤ λ1 −λ2

2

}
, (33)

and the set {(λ1, . . . ,λ2l , t) ∈ R2l+1|λi ≥
0, i= 1, . . . ,2l , t ≤ (λ1λ2 . . .λ2l )1/2l} is an in-
tersection of finite numbers of second-order
cones.

Consider a linear matrix inequality. Using Schur
complement we have

ATRA−ETRE +qCTC+

+(ARBT +qCTD)(Im −BTRB−qDTD)−1×
× (BRAT +qDTC)≤ 0. (34)

Taking into account that P ∈ H p×m
∞ we have

(Im −BTRB−qDTD)> 0.

The system P is admissible then from lemma 2 there
exists such R that (34) (or equivalently (32)) holds
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true. Now, if (34) is satisfied then there exists a
nonnegative matrix Ξ such that

ATRA−ETRE +qCTC+

+(ARBT +qCTD)(Im −BTRB−qDTD)−1×
× (BRAT +qDTC)+Ξ = 0. (35)

The anisotropic norm of the linear system is con-
nected with a generating filter G with a state space

realization G=

[
E, A+BL BΣ1/2

L Σ1/2

]
, where matri-

ces L and Σ are defined in (19) and (20), respectively.
Prove that the pair (E,A+BL) is admissible.

(A+BL)TR̃(A+BL)−ETR̃E =

= ATR̃A−ETR̃E+

+LTBTR̃A+ATR̃BL+LTBTR̃BL. (36)

The system (22) is admissible. Using theorem 1 there
exists a matrix R̂ such that

ATR̂A−ETR̂E +LTBTR̂A+ATR̂BL < 0.

It means that there exists a matrix R̃ such that

ATR̃A−ETR̃E+

+LTBTR̃A+ATR̃BL+LTBTR̃BL < 0 (37)

holds true. This completes the proof.

Because of multiplication on q and γ2, direct
computation of the a-anisotropic norm for the given
system is not possible, additional algorithms are re-
quired. Define η = q−1 and ξ = γ2. Multiplying
both inequalities on η and taking into account ξ the
conditions of theorem 3 for the admissible system (1)
can be rewritten as

η − (e−2a det(ηIm −BTΦB−DTD))1/m ≤ ξ , (38)
[

ATΦA−ETΦE +CTC ATΦB+CTD
BTΦA+DTC BTΦB+DTD−ηIm

]
< 0,

(39)
ETΦE ≥ 0 (40)

where Φ = ηR. Conditions (38) and (39) are linear
on ξ . They allow us to calculate the minimum value
of γ by solving the following convex optimization
problem: to find ξ∗ = infξ on the set {Φ, η , ξ} that
satisfies (38), (39). If the minimum value ξ∗ is found,
then the a-anisotropic norm of the system P can be
approximately calculated as

|||P|||a ≈
√

ξ∗. (41)

Limiting cases. Consider two cases when a = 0
and a → ∞.

If a = 0 then inequality (38) takes the form

η − (det(ηIm −BTΦB−DTD))1/m ≤ γ2. (42)

Taking into account the relation between geometric
mean and arithmetic mean [14] we get

(det(ηIm −BTΦB−DTD))1/m ≤

≤ 1
m

tr(ηIm −BTΦB−DTD)).

The inequality

tr(BTΦB+DTD)< mγ2 (43)

follows from (42). It is easy to check that the inequal-
ity (39) holds true if

ATΦA−ETΦE +CTC < 0. (44)

Conditions (42) and (44) are equivalent to

1√
m
‖P‖2 < γ.

In the case a → ∞ we have η → γ2. This makes
condition (38) inactive. Defining Φ̄ = γΦ it is easy to
see that inequality (39) is equivalent to (17). It means
that for a → ∞ the condition ‖|P‖|a < γ is equivalent
to ‖P‖∞ < γ .

IV. NUMERICAL EXAMPLE

The system is described by equations

E =

[ 3 0 2 −5
0 3 −2 2
2 2 0 −2
2 −4 4 −6

]
,

A =

[ 0.7 −3.25 −0.7 0
1.8 0.4 −6.4 2.6
1 −1.9 −5.4 2.4

−0.6 −2.7 5.4 −2.8

]
,B =

[ 3.2 −3.5
2.5 −7.9
3.8 −7.6
−1.2 8.2

]
,

C = [ 0.2 0.4 0.45 0.6 ] ,D = [ 0.2 1 ] .

The rank condition (23) holds true. The results of
anisotropic norm computation using LMI-based al-
gorithm and Riccati-based algorithm are presented
on fig. 1. Fig. 2 demonstrates an absolute error be-
tween values. Simulation results show that suggested
algorithm allows to compute anisotropic norm of
descriptor systems with high accuracy and without
using algebraic transformation for the given system
instead of the algorithm in [15].

V. CONCLUSION

In this paper, anisotropy-based bounded real
lemma for descriptor systems in terms of LMI is given
and proved. The obtained conditions make it possible
to check whether the anisotropic norm of the system
(1) is bounded by a given numerical value. Note that
these conditions are sufficient and more conservative
than the conditions of anisotropic-norm boundedness
in theorem 2. The lifting of restrictions is the topic
for further work.

The criterion is written as a system of inequalities
which consists of LMI and the inequality concerning
the determinant of the positive defined matrix and
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Fig. 1. Anisotropic norm of the system computed using Riccati
and LMI algorithms.

Fig. 2. Absolute error between norm values computed different
algorithms.

the scalar parameter. Anisotropy-based bounded real
lemma for descriptor systems in terms of LMI is an
important result for anisotropic suboptimal controllers
synthesis using the methods of convex optimization
and semidefinite programming. Such controllers guar-
antee that the anisotropic norm of the closed-loop
system is bounded by a given value.
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