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Abstract—This paper deals with a suboptimal state feedback anisotropy-based control problem for linear time-invariant
discrete-time descriptor systems. The goal is to design a state
feedback for the system such that the closed-loop system is
admissible, and its anisotropic norm (mean anisotropy level is
set) is bounded by a given positive real value.
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I.

I NTRODUCTION

The theory of optimal stochastic anisotropy-based control
for normal discrete-time systems was established in Russia
since 1994 [1], [2]. This theory allows to design control,
that minimizes speciﬁed norm of the closed-loop system
(anisotropic norm). Since 2008 the theory of suboptimal
stochastic anisotropy-based control, that provides boundedness
of anisotropic norm for the referred above systems, was
developed [3]. At present these mathematical theories ﬁnd
application in different control and ﬁltration problems.
The created theory lies between the classical H2 -optimal
and H∞ -optimal control theories (and suboptimal as well) in
some sense. The basic concepts of these theories are anisotropy
of the random signal and mean anisotropy of the input sequence. Anisotropy of the vector describes so-called ”spectral
color” of the signal as the distinction between its probability
density function (p.d.f.) and the p.d.f. of the Gaussian white
noise. Mean anisotropy of the sequence is the time averaging
anisotropy.
This paper deals with generalization of suboptimal
anisotropy-based control on the class of discrete-time descriptor systems. Descriptor systems, which have both dynamical
and algebraic constraints, often appear in various engineering systems and control applications. The increased practical
interest for a more general description reversed necessity of
developing generalized methods of analysis and synthesis for
descriptor systems.
The problem is to design a state feedback for a descriptor
system such that the closed-loop system is admissible, and its
anisotropic norm is less than a given positive real constant. A
suboptimal state feedback anisotropy-based controller design
problem for normal discrete-time systems is solved in [4]. The
conditions of anisotropic norm boundedness for admissible
descriptor systems, connected with existence of the solution
of speciﬁed Riccati equation, are obtained in [5]. They are

rewritten in terms of linear matrix inequalities (LMI) in [6].
Though LMI conditions for admissible descriptor systems have
already been obtained while solving the analysis problem, they
can’t be directly extended on controller design.
A number of papers also addresses to H∞ -suboptimal state
feedback control problem for descriptor systems. For example,
in [7] under some rank assumptions, necessary and sufﬁcient
conditions are characterized by a symmetric solution of the
generalized discrete-time algebraic Riccati inequality (GDARI)
with one matrix variable; in [8] necessary and sufﬁcient strict
LMI conditions for H∞ -controller design are derived.
The paper is organized as follows. In the section II-A,
anisotropy-based concepts are introduced. The section II-B
is devoted to basic deﬁnitions and preliminaries of discretetime descriptor systems theory. In the section III, the problem
is formulated, the main results are given: under some rank
assumptions sufﬁcient conditions for the solution of the state
feedback anisotropy-based control problem for descriptor systems are characterized by the solution of GDARI and a pair of
inequalities, connected with the anisotropic norm boundedness.
Numerical example is given in the section IV.
II.

BACKGROUND

A. Mean anisotropy of the sequence and anisotropic norm of
linear discrete-time systems
Here we provide some background material on anisotropybased analysis of linear discrete-time systems. The concepts
of mean anisotropy of the Gaussian random sequences and
anisotropic norm of linear systems are introduced in [1], [9].
Let W = {w(k)}k≥0 be a stationary sequence of square
integrable vectors with values in Rm , which is interpreted as a
discrete-time random signal. Assembling the elements of W ,
associated with the interval
[0, N − 1], into a random vector

w(0)
...
we assume that W0:N−1 is absolutely
W0:N−1 =
w(N − 1)
continuously distributed for every N ≥ 0.
The anisotropy A(W0:N−1 ) is deﬁned as the minimal value
of the relative entropy [10] with respect to the Gaussian
distributions in Rm with zero mean and scalar covariance
matrices described by:


m
2πe
A(W0:N−1 ) = ln
E(|W0:N−1 |2 ) − h(W0:N−1 )
2
m
1
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B. Preliminary results on descriptor systems
Fig. 1: Interpretation of the output signal Y = PW and the input
signal W = GV


where h(W0:N−1 ) = E ln f (W0:N−1 ) = − RmN f (w) ln f (w)dw is
the differential entropy, and f : RmN −→ R+ is the probability
density function of mN-dimensional vector W0:N−1 . The mean
anisotropy of the sequence W is deﬁned by
A(W0:N−1 )
A(W ) = lim
.
N→+∞
N

(1)

Suppose W is generated from the Gaussian random white
noise sequence V by a shaping ﬁlter G (see Fig.1).
The transfer function of the ﬁlter G(z) is supposed to
belong to the Hardy space H2m×m of matrix-valued functions,
analytic in the disc |z| < 1 on the complex plane. The space
is equipped with the H2 -norm, deﬁned by
 π
1/2
1
G2 =
Trace S(ω)dω
2π −π
∗ (−π ≤ ω ≤ π) is a spectral density


where S(ω) = G(ω)
G(ω)

of W , G(ω)
= liml→1 G(leiω ) is the boundary value of the
transfer function G.

The mean anisotropy (1) of the stationary Gaussian random
sequence W = GV may be computed in terms of the spectral
density S(ω) and H2 -norm of the shaping ﬁlter G as
1
A(W ) = −
4π

 π

mS(ω)
ln det
dω.
G22
−π

Ex(k + 1) = Ax(k) + B f (k),
y(k) = Cx(k) + D f (k)

(4)

where x(k) ∈ Rn is the state, f (k) ∈ Rm and y(k) ∈ R p are the
input and output signals, respectively. A, B,C, D are constant
real matrices of appropriate dimensions. The matrix E ∈ Rn×n
is singular, rank (E) = r ≤ n.
Deﬁnition 2: The system is assumed to be admissible if it
is regular (∃λ = 0 : det(λ E −A) = 0), causal (deg det(zE −A) =
rank E), and stable (ρ(E, A) = max |λ |λ ∈{z| det(zE−A)=0} < 1).
For more information, see [12], [13].
Consider a state feedback control in the following form:
f (k) = Fx(k) + v(k)

(5)

∈ Rm×n

where F
is a constant real matrix, v(k) is a new control
signal. The closed-loop system may be written in the form:
Ex(k + 1) = (A + BF)x(k) + Bv(k).

(6)

Deﬁnition 3: The system (4) is called causal controllable
if there exists a state feedback control in the form (5) such that
the closed-loop system (6) is causal. For more information, see
[12], [13].
Theorem 1: [12] The system (4) is causal controllable if
the rank condition


E 0 0
rank
= rank (E) + n
A E B
holds true.
Deﬁnition 4: The system (4) is called stabilizable if there
exists a state feedback control in the form f (k) = Fst x(k) such
that the pair (E, A + BFst ) is stable.

It characterizes the divergence between the signal and the
Gaussian white noise sequence. For more information, see [1],
[11].
Let Y = PW be an output of the linear system P ∈ H∞p×m
(see Fig.1), its transfer function P(z) is analytic in the disc
|z| < 1. P(z) has a ﬁnite H∞ -norm.
Deﬁnition 1: The a-anisotropic norm of the system P for
a given parameter a ≥ 0 is deﬁned by
|||P|||a = sup {PG2 /G2 : G ∈ Ga } .

Discrete-time descriptor systems are described by the following equations:

(2)

The fraction on the right-hand side of (2) can also be interpreted as the ratio of the power norms of the output Y and the
input W against the class of shaping ﬁlters

Ga = G ∈ H2m×m : A(G) ≤ a .
(3)
So the a-anisotropic norm |||P|||a describes a ”stochastic
gain” of the system P with respect to W .
Remark 1: The random sequence W is fully deﬁned by
its generating ﬁlter G, therefore, the notation A(G) is used as
equivalent to the notation A(W ).

The transfer function of the system (4) is given by
P(z) = C(zE − A)−1 B + D.
Consider the following system:
Ex(k + 1) = Ax(k) + Bw(k),
y(k) = Cx(k) + Dw(k).

(7)

Suppose the system (7) is admissible, and W = {w(k)}k≥0 is a
stationary Gaussian random sequence whose mean anisotropy
does not exceed a ≥ 0, i.e. W is generated from the mdimensional Gaussian white noise sequence V (with zero mean
and an identity covariance matrix) by an unknown shaping
ﬁlter G, which belongs to the set (3).
The problem, stated and solved in [5], [6], was to ﬁnd the
conditions of anisotropic norm boundedness |||P|||a < γ for the
given system P, parameters a ≥ 0 and γ > 0. The following
theorem gives the solution of this problem.
Theorem 2: [6] Let w(k) be a stationary Gaussian random
sequence, whose mean anisotropy does not exceed known
a ≥ 0. Suppose that the assumption
rank (E) = rank ([ E
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B])
2

holds. For the admissible system P ∈ H∞p×m with a state space
representation (7) a-anisotropic norm is bounded by a positive
scalar γ > 0, i.e.
|||P|||a ≤ γ

The state feedback anisotropy-based control problem is solvable if there exist Φ ∈ Rn×n , Φ = ΦT ,Ψ ∈ Rm1 ×m1 , Ψ = ΨT > 0
and a positive scalar η, satisfying the following conditions:
E T ΦE ≥ 0,
BT1 ΦB1 + DT1 D1 − ηIm1 < 0,
BT2 ΦB2 + DT2 D2 > 0,
Ψ < ηIm1 − BT1 ΦB1 − DT1 D1 ,
η − (e−2a det(Ψ))1/m1 ≤ ξ ,
AT ΦA − E T ΦE +CTC−
T
−(A ΦB + S)(BT ΦB + R)−1 (BT ΦA + ST ) < 0

if there exists a scalar q ∈ [0, min(γ −2 , P∞ )) and symmetric
matrix R satisfying
E T RE ≥ 0,

(8)
−(det(Im
< −(1 − qγ 2 )e2a/m , (9)
AT RB
AT RA − E T RE
+
T
T
B RA
B RB − Im
CT
+q
[ C D] < 0.
(10)
DT
− BT RB − qDT D))1/m

Corollary 1: Denote η = q−1 , ξ = γ 2 and M = −(BT ΦB+
DT D − ηIm ). Multiplying the inequalities (8) – (10) on η and
taking into consideration ξ , the conditions of Theorem 2 for
the admissible system (7) may be rewritten as
η − (e−2a det(M))1/m ≤ ξ ,
AT ΦA − E T ΦE +CTC
BT ΦA + DTC

AT ΦB +CT D
< 0,
−M

E T ΦE ≥ 0

(12)

DT1 D2
.
DT2 D2

F2 = − [ 0 Im2 ] (BT ΦB + R)−1 (BT ΦA + ST ).
Proof: Consider the system (15) with the state feedback
u(k) = F2 x(k), so the closed-loop system is written in the
following form:
Ex(k + 1) = (A + B2 F2 )x(k) + B1 w(k),
z(k) = (C + B2 F2 )x(k) + D1 w(k).

(16)

Denote N = ηIm1 − BT1 ΦB1 − DT1 D1 > 0. For the system (16)
the inequality (11) may be rewritten as

T

− (AT ΦB +CT D)(−M)−1 (BT ΦA + DTC) < 0. (14)
III.

DT1 D1 − ηIm1
DT2 D1

η − (e−2a det(N))1/m1 ≤ ξ .

A ΦA − E ΦE +C C−
T

CT D2 ,

Moreover, u(k) = F2 x(k),

(13)

Taking into account that M > 0 [6] and applying Schur
complement, we represent (12) as

B2 ] , S = CT D1
R=

(11)

where Φ = ηR.

T

where B = [ B1

Consider a matrix Ψ = ΨT > 0, satisfying the inequality Ψ <
N. So,the following condition
η − (e−2a det(Ψ))1/m1 ≤ ξ

P ROBLEM STATEMENT AND MAIN RESULTS

Consider a discrete-time descriptor system in the following
form:
Ex(k + 1) = Ax(k) + B1 w(k) + B2 u(k),
z(k) = Cx(k) + D1 w(k) + D2 u(k)

is true.
Denote

(15)

where w(k) ∈ Rm1 and z(k) ∈ R p are the input and output signals, respectively, u(k) ∈ Rm2 is the control vector.
A, B1 , B2 ,C, D1 , D2 are constant real matrices of appropriate
dimensions.
A state feedback anisotropy-based control problem may
be formulated as follows: it is necessary to ﬁnd a static state
feedback in the form u(k) = F2 x(k) such that the closed-loop
system is admissible and a-anisotropic norm of its transfer
function P is limited by the given value γ for the set mean
anisotropy level a. Denote ξ = γ 2 .
The following theorem gives sufﬁcient conditions for the
solution of this problem.
Theorem 3: For the system (15) the following assumption
holds:
rank (E) = rank ([ E B1 ]) .

M = −(BT ΦB + R) =
=

N
−BT2 ΦB1 − DT2 D1

−BT1 ΦB2 − DT1 D2
.
−BT2 ΦB2 − DT2 D2

M is invertible (see [14]), because N > 0 and −BT2 ΦB2 −
DT2 D2 < 0.
Let
F=

F1
= M −1 (BT ΦA + ST ),
F2

which may be easily rewritten as
F1T N = (A + B2 F2 )T ΦB1 + (C + D2 F2 )D1

(17)

and
F1T (BT1 ΦB2 + DT1 D2 ) =
= −((A + B2 F2 )T ΦB2 + (C + D2 F2 )T D2 ). (18)
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Using the equations (17) and (18), it is not difﬁcult to show
that [15]
(A + B2 F2 ) Φ(A + B2 F2 ) − E ΦE+
T

T

+ (C + D2 F2 )T (C + D2 F2 )+
+ ((A + B2 F2 )T ΦB1 + (C + D2 F2 )T D1 )N −1 ×
× (BT1 Φ(A + B2 F2 ) + DT1 (C + D2 F2 )) =
− (AT ΦB + S)(−M)−1 (BT ΦA + ST ) < 0. (19)
The inequality (19) coincides with (14), so, by Theorem 1 and
Corollary 1, the closed-loop system (16) is admissible and aanisotropic norm of its transfer function is limited by the given
value γ for the set mean anisotropy level a.
Proposition 1: Denote Ac = A + B2 F2 , Cc = C + D2 F2 .
Other denotations are from Theorem 3.
Direct application of the conditions (11) – (13) from Corollary 1 to the system (16) leads to the following inequalities

−N

Consider the following system:
−0.02
0.9 0
0.85 −0.3
E=
,
, A=
, B1 =
0
0 0
0.1
0.3
−0.1
, C = [0.35 0.09 ] , D1 = 0.035, D2 = 0.1.
B2 =
0

Now we ﬁnd a state feedback control u(k) = F2 x(k) for
the given mean anisotropy level a and scalar value γ, using
the technique from Theorem 3. The results of controller
design for different a and γ are represented in Table I. The
transfer function of the closed-loop system is denoted by
Pc (z) = Cc (zE − Ac )−1 B + D.
As we can see, the obtained F2 guarantees, that anisotropic
norm of the closed-loop system is bounded by the given value:
|||Pc |||a < γ, and the system Pc is admissible.
V.

η − (e−2a det(N))1/m1 ≤ ξ ,
Ξ
BT1 ΦAc + DT1Cc

(20)
< 0,

(21)

Ξ = ATc ΦAc − E T ΦE +CcTCc ,
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The inequality (20) is equivalent to
η − (e−2a det(Ψ))1/m1 ≤ ξ
Ψ − ηIm1 + BT1 ΦB1
D1

DT1
< 0.
−I p−1

Using Schur complement to (21), we get
⎤
⎡ T
∗
∗
Ac ΦAc − E T ΦE
⎣
BT1 ΦB1 − ηIm1
∗ ⎦<0
BT1 ΦAc
D1
−I p−1
Cc
or, equivalently,
⎡
⎣

ϒ
Ω
C + D2 F2

∗
BT1 ΦB1 − ηIm1
D1
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