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1. Course Description 

a. Title of a Course: Elliptic functions 

b. Pre-requisites:  calculus, complex analysis 

c. Course Type: elective 

d. Abstract: An elliptic function is defined as a doubly periodic meromorphic function 

on the complex plane. The study of elliptic functions was begun in the eighteenth 

century by Fagnano, Euler, Legendre, Gauss and others, who studied elliptic 

integrals. Then, in the nineteenth century Abel and Jacobi changed the viewpoint 

and defined elliptic functions as the inverse functions of elliptic integrals. Riemann 

and Weierstrass developed the theory further by using complex analysis . The 

theory of elliptic functions thus founded is a prototype of today’s algebraic 

geometry.  

On the other hand, elliptic functions appear in various problems in mathematics as 

well as in physics. In fact, the name “elliptic integrals” comes from calculation of  the 

length of an ellipse. Other examples are: arithmetic-geometric mean (by Gauss), 

solutions of equations of motion of a pendulum and a top, form of  a skipping rope, 

solutions of  the KdV equation, solution of quintic equations, etc. 

In this research seminar (lecture style) we shall put emphasis on analytic aspects 

and applications of elliptic functions. 

  

2. Learning Objectives: Understanding of basics of the theory of elliptic integrals and elliptic 

functions. Review of calculus and complex analysis by applying them to concrete problems.  

3. Learning Outcomes: After successful finishing of this seminar, students are expected to have 

basic knowledge on elliptic integrals and elliptic functions. They will also master various 

methods of application of real and complex analysis to concrete problems.  

4. Course Plan: 

a. Introduction 

b. Real elliptic integrals and arclength of curves 

c. Classification of elliptic integrals 

d. Applications of elliptic integrals 

e. Jacobi’s elliptic functions (real case) 

f. Riemann surfaces of algebraic functions 

g. Elliptic curves 



h. Complex elliptic integrals 

i. Abel-Jacobi theorem 

j. Elliptic functions, general theory 

k. Weierstrass p function 

l. Theta functions 

m. Jacobi’s elliptic functions (complex case) 

 

5. Reading List 

a. Required: none. 

b. Optional:  

N. I. Akhiezer, Elements of the Theory of Elliptic Functions, Moscow (1970). 

E. T. Whittaker and G. N. Watson, A course of modern analysis, Cambridge University 

Press (1952). 

A. Hurwitz, R. Courant, Vorlesungen über allgemeine Funktsionentheorie und elliptische 

Funktionen, Springer, Berlin (1964). 

M. Toda, Introduction to Elliptic Functions, Nihon-Hyoron-sha, Tokyo (2001). 

H. Umemura, Theory of Elliptic Functions ― analysis on elliptic curves, University of 

Tokyo Press, Tokyo (2000). 

6. Grading System:  

The students are required to do homework. About twenty problems will be given during 

the seminar as homework. The final evaluation point is the integer part of  3/2 times of 

total points obtained by the homework. If this point exceeds ten, then the final point is 

ten. 

7. Guidelines for Knowledge Assessment 

8. Methods of Instruction 

The main part of the course is lectures given by the lecturer. The students are required to do 

homework. About twenty problems, most of which are direct applications of what was 

discussed in the lecture, will be given during the seminar as homework. 

9. Special Equipment and Software Support (if required): none.  

 


