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Modelling of many natural phenomena is still a challenging task. Data and ob-
servations which we receive from the real word usually contain a lot of inaccuracies
and noisy factors. Using deterministic models only often makes predictions ineffi-
cient and imprecise. Thus, researchers in many fields are forced to apply models
with additional randomness inside.

A possible way to model the uncertainty is to describe dynamics of the process
in terms of Stochastic Differential Equations (SDEs further). We are interested in
studying Brownian SDEs of the following form

Zt = z +

∫ t

0

b(s, Zs)ds+

∫ t

0

σ(s, Zs)dWs, (1)

where (Ws≥0) is an Rk-valued Brownian motion on some filtered probability space
(Ω,F , (Ft)t≥0,P), Zt is Rm valued, with m ∈ N possibly different of k. The
coefficients b, σ are Rm and Rm ⊗ Rk valued respectively and such that a unique
weak solution to (1) exists.

Equation (1) appears in many applied fields varied from physics to finance. Let
us mention Hamiltonian mechanics [Tal02], financial mathematics [JYC10] and
biologic simple epidemic model ([Bai17]; [BY89]).

Except from some very specific cases, the SDE (1) cannot be solved explicitly
and it therefore seems natural to investigate some related approximation proce-
dures. The Euler - Maruyama method (usually simply called the Euler method),
introduced in the current SDE framework in [Mar55], is still one of the simplest
effective computational methods. Let us fix a finite time horizon T > 0. For a
given integer N , representing the number of time steps to be considered along the
time interval [0, T ], introducing the time step h = T/N and for all t ∈ [0, T ]:

Zht = z +

∫ t

0

b(φ(s), Zhφ(s))ds+

∫ t

0

σ(φ(s), Zhφ(s))dWs, (2)

Studying the accuracy of the approximation of the scheme proposed in (2) for
the initial SDE (1) two main types of errors are usually considered. The first one
to be investigated (see e.g. [Mar55], Gikhman and Skorokhod [GS67], [GS82]) was
the so-called strong error. Namely, for all p ∈ [1,+∞), with the usual Markovian
notations for the processes Zhs , Zs, started from z at the moment 0 it holds:

ES(T, z, h, p) :=
(
Ez[ sup

s∈[0,T ]

|Zh,0,zs − Z0,z
s |p]

)1/p
. (3)

When the coefficients in (1) are Lipschitz continuous in space and at least 1/2-
Hölder continuous in time, it is easily seen from usual stochastic analysis tech-
niques, namely Itô’ s formula Burkholder-Davis-Gundy inequalities and the Gron-
wall, Lemma that:

∃Cp(T, b, σ), ES(T, z, h, p) ≤ Cp(T, b, σ)h1/2.
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On the other hand, in many applications, such as the pricing and hedging of
financial derivatives, only so called weak error, introduced in (1) and (2), is of
interest. For a suitable test function f (we remain here a bit vague about the
function space to which f belongs to), one introduces:

EW (T, z, h, f) := Ez[f(Zh,0,zT )]− Ez[f(Z0,z
T )]. (4)

There are two sets of assumptions which guarantee that the convergence rate for
EW (T, z, h, f) is actually of order h. Namely, if

(i) b, σ, f are smooth and without any specific non-degeneracy assumptions

or

(ii) b, σ enjoy some structure property (i.e. the generator associated with (1) is
elliptic or hypoelliptic) and some smoothness, and for f that enjoys suitable growth
conditions (and that can even be a Dirac mass)

then
|EW (T, z, h, f)| = |Ez[f(ZhT )]− Ez[f(ZT )]| ≤ C(T, f, σ, b)h. (5)

In the both cases the main tool for the analysis is the correspondence between
Ez[f(ZhT )] and the solution of a second order parabolic PDE. This correspondence
is provided by the Feynman-Kac representation formula. Precisely, under the above
assumptions we have that, with the usual Markovian notations, v(t, z) := E[f(Zt,zT )]
solves {

(∂t + Lt)v(t, z) = 0, (t, z) ∈ [0, T [×Rm,
v(T, z) = f(z), z ∈ Rm,

(6)

where

Ltv(t, z) = 〈b(t, z),∇zv(t, z)〉+
1

2
Tr
(
a(t, z)D2

zv(t, z)
)
, a(t, z) := σσ∗(t, z),

is the generator associated with (1). Assuming some smoothness on v, one can
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write

EW (T, z, h, f) = E[f(Zh,0,zT )]− E[f(Z0,z
T )] =

N−1∑
i=0

E[v(ti+1, Z
h,0,z
ti+1

)− v(ti, Z
h,0,z
ti )] (7)

=

N−1∑
i=0

E
[ ∫ ti+1

ti

{
∂sv(s, Zh,0,zs ) +∇zv(s, Zh,0,zs )b(ti, Z

h,0,z
ti )

+
1

2
Tr(D2

zv(s, Zh,0,zs )a(ti, Z
h,0,z
ti ))

}
ds
]

=

N−1∑
i=0

E
[ ∫ ti+1

ti

{
∂sv + Lsv

}
(Zh,0,zs )ds

]
+ E

[ ∫ ti+1

ti

{
∇zv(s, Zh,0,zs ) · (b(ti, Zh,0,zti )− b(s, Zh,0,zs ))

+
1

2
Tr(D2

zv(s, Zh,0,zs )(a(ti, Z
h,0,z
ti )− a(s, Zh,0,zs )))

}
ds
]

=

N−1∑
i=0

E
[ ∫ ti+1

ti

{
∇zvε(s, Zh,0,zs ) · (b(ti, Zh,0,zti )− b(s, Zh,0,zs ))

+
1

2
Tr(D2

zv(s, Zh,0,zs )(a(ti, Z
h,0,z
ti )− a(s, Zh,0,zs )))

}
ds
]
, (8)

exploiting the PDE satisfied by v for the last equality and Itô formula for the third
equality. For a functionf in C2+β

b (Rk,R),∀β ∈ (0, 1] the spatial derivatives of v
up to order two are globally bounded on [0, T ]. Through Taylor like expansions,
whenever (i) or (ii) holds, one can control (8), deriving that each contribution in
(8) has the order h2. This leads to the error of order h achieved after summing
from 0 to N − 1.

In case (i), which was considered among the others in the seminal paper by
Talay and Tubaro [TT90], the smoothness of v is simply derived via stochastic flow
techniques. In case (ii) let us mention that in the hypoelliptic setting (see Section
4.1.1 for additional details on hypoellipticity), Bally and Talay [BT96a], [BT96b]
established (5) for bounded Borel functions f and Dirac masses. It respectively
bases on the controls of Kusuoka and Stroock [KS84], [KS85] for the derivatives of
the density of the diffusion process. We carefully mention that, for this method,
which anyhow allows to consider a broad class of potential degeneracies, to apply,
the coefficients are assumed to be smooth. The estimates on the tangent processes
and Malliavin matrices in the works by Kusuoka and Stroock indeed require such
a smoothness. In the uniformly elliptic case yet another approach has been de-
veloped by Konakov and Mammen [KM00], [KM02] which is based on parametrix
expansions.

Parametrix expansions, which roughly consists in approximating the density of
a process with variable coefficients by the density of the corresponding dynamics
with constant coefficients, have been a successful tool in many fields. In particular,
when a good proxy is available (which is, for instance, the case the coefficients b
ad σ in (1) are non-degenerate and bounded), parametrix allowed to derive the
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controls required for the analysis of the weak error under rather mild assump-
tions. We can mention the work of Il’in et al. [IKO62], who derived Gaussian
heat kernel for the density of (1) for bounded Hölder coefficients when σσ∗ is
non-degenerate. Similar bounds have been successfully exploited by Konakov and
Menozzi [KM17] to derive, in the non-degenerate Hölder continuous setting, that
for b, σ ∈ Cγ/2,γ([0, T ],Rk), γ ∈ (0, 1] and f ∈ Cβ(Rk,R), β ∈ (0, 1]:

|EW (T, z, h, f)| = |Ez[f(Zhs )]− Ez[f(Zs)]| ≤ C(T, f, σ, b)hγ/2, (9)

improving the previous result by Mikulevičius and Platen [MP91] who also obtained
the bound (9) for a function f ∈ C2+γ(Rk,R). This additional smoothness was
due to the fact that they based their analysis on the associated Schauder estimates
(which could already be found in [IKO62]). Going directly to the heat-kernel allows
to notably alleviate the smoothness assumptions on the final condition, which might
be useful for applications.

Intuitively, the above convergence rate can be explained by the fact that, in the
low regularity setting, the terms of order greater than one in the telescopic sum
(7) cannot be expanded much further. Namely, we can only exploit the γ-Hölder
continuity of the coefficients which leads to an error controlled by the increments

E[|b(s, Zhs )− b(φ(s), Zhφ(s))|] + E[|a(s, Zhs )− a(φ(s), Zhφ(s))|] ≤ C(b, σ)hγ/2.

In other words, the convergence rate is closer to the one associated with the strong
error in (3).

For many applications, e.g. for neuro-sciences or diffusions in random media,
it is far important to handle rougher coefficients, for instance piecewise smooth
drifts in (1). In that case, the previously mentioned heat-kernel bounds do not
hold. Motivated by the investigation of the related weak error for Dirac masses
test functions, we have developed, with V. Konakov and S. Menozzi, a sensitivity
analysis of the density of (1) (when suitable good Gaussian bounds exist) with re-
spect to a perturbation of the coefficients. This is the first main result of the Thesis
which led to the publication [KKM17] and is thoroughly developed in Chapter 3.

Namely, let us introduce the SDE of the form:

dXt = b(t,Xt)dt+ σ(t,Xt)dWt, t ∈ [0, T ], (10)

where b : [0, T ] × Rd → Rd, σ : [0, T ] × Rd → Rd ⊗ Rd are bounded coefficients
that are measurable in time and Hölder continuous in space (this last condition
will be relaxed for the drift term b). Also, a(t, x) := σσ∗(t, x) is assumed to be
uniformly elliptic. In particular, those assumptions guarantee that (10) admits a
unique weak solution, see e.g. Bass and Perkins [BP09], [Men11], from which the
uniqueness to the martingale problem for the associated generator can be derived
under the current assumptions.

We now introduce, for a given parameter ε > 0, a perturbed version of (10)
with dynamics:

dX
(ε)
t = bε(t,X

(ε)
t )dt+ σε(t,X

(ε)
t )dWt, t ∈ [0, T ], (11)
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where bε : [0, T ] × Rd → Rd, σε : [0, T ] × Rd → Rd ⊗ Rd satisfy at least the same
assumptions as b, σ and being meant to be close to b, σ when ε is small.

It is known that, under the previous assumptions, densities of processes (Xt)t≥0,

(X
(ε)
t )t≥0 exist and satisfy some Gaussian bounds, see e.g Aronson [Aro59] or

[DM10] for extensions to some degenerate cases.
In the Chapter 3 we investigate, applying the parametrix technique, how the

closeness of (bε, σε) and (b, σ) is reflected on the respective densities of the asso-
ciated processes. Our stability results will also apply to two Markov chains with
respective dynamics:

Ytk+1
= Ytk + b(tk, Ytk)h+ σ(tk, Ytk)

√
hξk+1, Y0 = x,

Y
(ε)
tk+1

= Y
(ε)
tk

+ bε(tk, Y
(ε)
tk

)h+ σε(tk, Y
(ε)
tk

)
√
hξk+1, Y

(ε)
0 = x, (12)

where h > 0 is a given time step, for which we denote for all k ≥ 0, tk := kh and
(ξk)k≥1 - centered i.i.d. random variables satisfying some integrability conditions.
Again, the key tool will be the parametrix representation for the densities of chains
and the Gaussian local limit theorem.

Let us specify the following assumptions (A) which we use in Chapter 3. The
parameter ε > 0 below is fixed and the constants appearing in the assumptions do
not depend on ε.

(A1) (Boundedness of the coefficients). Components of the vector-valued func-
tions b(t, x), bε(t, x) and the matrix-valued functions σ(t, x), σε(t, x) are bounded.
Specifically, there exist constants K1,K2 > 0 s.t.

sup
(t,x)∈[0,T ]×Rd

|b(t, x)|+ sup
(t,x)∈[0,T ]×Rd

|bε(t, x)| ≤ K1,

sup
(t,x)∈[0,T ]×Rd

|σ(t, x)|+ sup
(t,x)∈[0,T ]×Rd

|σε(t, x)| ≤ K2.

(A2) (Uniform Ellipticity). Matrices a := σσ∗, aε := σεσ
∗
ε are uniformly elliptic,

i.e. there exists Λ ≥ 1, ∀(t, x, ξ) ∈ [0, T ]× (Rd)2,

Λ−1|ξ|2 ≤ 〈a(t, x)ξ, ξ〉 ≤ Λ|ξ|2,Λ−1|ξ|2 ≤ 〈aε(t, x)ξ, ξ〉 ≤ Λ|ξ|2.

(A3) (Hölder continuity in space). For some γ ∈ (0, 1] , κ <∞, we have for all
t ∈ [0, T ],

|σ(t, x)− σ(t, y)|+ |σε(t, x)− σε(t, y)| ≤ κ |x− y|γ .

Observe that the last condition also readily gives, thanks to the boundedness of
σ, σε, that a, aε are also uniformly γ-Hölder continuous.

For a given ε > 0, we say that assumption (A) holds when conditions (A1)-
(A3) are in force. Let us now introduce, under (A), quantities that will bound
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the difference of the densities in our main results below. Set for ε > 0:

∆ε,b,∞ := sup
(t,x)∈[0,T ]×Rd

{|b(t, x)− bε(t, x)|},

∀q ∈ (1,+∞), ∆ε,b,q := sup
t∈[0,T ]

‖b(t, .)− bε(t, .)‖Lq .

Since σ, σε are both γ-Hölder continuous, see (A3), we also define

∆ε,σ,γ := sup
u∈[0,T ]

|σ(u, .)− σε(u, .)|γ ,

where for γ ∈ (0, 1], ||·||γ stands for the usual Hölder norm in space on Cγb (Rd,Rd⊗
Rd) (space of Hölder continuous bounded functions, see e.g. Krylov [Kry96]) i.e. :

|f |γ := sup
x∈Rd

|f(x)|+ [f ]γ , [f ]γ := sup
x 6=y,(x,y)∈(Rd)2

|f(x)− f(y)|
|x− y|γ

.

We eventually set for q ∈ (1,+∞],

∆ε,γ,q := ∆ε,σ,γ + ∆ε,b,q.

Theorem (3.1.1). Fix ε > 0 and a final deterministic time horizon T > 0. Under
assumptions (A), specified before, for q > d, there exist C := C(q) ≥ 1, c := c(q) ∈
(0, 1] s.t. for all 0 ≤ s < t ≤ T, (x, y) ∈ (Rd)2:

pc(t− s, y − x)−1|(p− pε)(s, t, x, y)| ≤ C∆ε,γ,q,

where p(s, t, x, .), pε(s, t, x, .) respectively stand for the transition densities at time
t of equations (10), (11) starting from x at time s. Also, we denote for a given

c > 0 and for all (u, z) ∈ R+ × Rd, pc(u, z):=
cd/2

(2πu)d/2
exp(−c |z|

2

2u ). If q = ∞, the

constants C, c do not depend on q.

This and the next theorem will be restated and discussed in Section 3.1.1.
Before stating our results for Markov Chains we introduce two kinds of innova-

tions in (12). Namely:

(IG) The i.i.d. random variables (ξk)k≥1 are Gaussian, with law N (0,Id). In that
case the dynamics in (12) correspond to the Euler discretization of equations (10)
and (11).

(IP) For a given integer M > 2d+ 5 + γ, the innovations (ξk)k≥1 are centered and
have C5 density fξ which has, together with its derivatives up to order 5, at most
polynomial decay of order M . Namely, for all z ∈ Rd and multi-index ν, |ν| ≤ 5:

|Dνfξ(z)| ≤ CQM (z),

where we denote for all r > d, z ∈ Rd, Qr(z) := cr
1

(1+|z|)r ,
∫
Rd dzQr(z) = 1.
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Theorem (3.1.2). Fix ε > 0 and a final deterministic time horizon T > 0. For
h = T/N, N ∈ N∗, we set for i ∈ N, ti := ih. Under (A), assuming that
either(IG) or (IP) holds, and for q > d there exist C := C(q) ≥ 1, c := c(q) ∈ (0, 1]
s.t. for all 0 ≤ ti < tj ≤ T, (x, y) ∈ (Rd)2:

χc(tj − ti, y − x)−1|(ph − phε )(ti, tj , x, y)| ≤ C∆ε,γ,q,

where ph(ti, tj , x, .), p
h
ε (ti, tj , x, .) respectively stand for the transition densities at

time tj of the Markov Chains Y and Y (ε) in (12) starting from x at time ti. Also:

- If (IG) holds:
χc(tj − ti, y − x) := pc(tj − ti, y − x),

with pc as in Theorem 3.1.1.

- If (IP) holds:

χc(tj − ti, y − x) :=
cd

(tj − ti)d/2
QM−(d+5+γ)

(
|y − x|

(tj − ti)1/2/c

)
.

Again, if q = +∞ the constants C, c do not depend on q.

Continuing the research, V. Konakov and S. Menozzi applied results mentioned
above to study the weak error of the Euler scheme approximations in the paper
[KM17]. To investigate the weak error for rough drifts, the idea in [KM17] is to
mollify the drifts. The difference between the density of the initial diffusion and
the one with mollified coefficients is precisely controlled by the previous result.
The same occurs for the Euler scheme case. It therefore remains to control the
difference between the densities of the mollified diffusion and the scheme which can
be addressed from previous results of [KM02] provided, that high order derivatives
(which explode with the mollifying parameter) are sharply controlled.

Motivated by the extension of the previous study, we continue with the weak
error controls for the case of rough coefficients to Kolmogorov’s degenerate SDEs
in Chapter 4. Namely, we specify the model in (1) writing Zt = (Xt, Yt) with:{

dXt = b(Xt, Yt)dt+ σ(Xt, Yt)dWt,

dYt = Xtdt, t ∈ [0, T ],
(13)

where b : R2d → Rd, σ : R2d → Rd ⊗ Rd are bounded coefficients that are Hölder
continuous in space (this condition will be relaxed for the drift term b) and W is
a Brownian motion on some filtered probability space (Ω,F , (Ft)t≥0,P). In (13),
T > 0 is a fixed deterministic final time. Also, a(x, y) := σσ∗(x, y) is assumed to
be uniformly elliptic.

We point out that those assumptions (specified below) are actually sufficient to
guarantee weak uniqueness for the solution of equation (13), see Remark 4.2.1.

Such equations were first introduced in the seminal paper [Kol34] by Kol-
mogorov. In that work, he found the explicit expression of the density when the
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coefficients are constants. The parametrix approach in that framework has then
been applied by various authors, Weber [Web51], Sonin [Son67] and the more recent
[KMM10] under various kinds of assumptions. Adapting the techniques introduced
in the last quoted work, which deals with Lipschitz coefficients, it is now possible
to consider the Hölder setting for the degenerate Kolmogorov diffusions of type
(13). The sensitivity analysis naturally extends to this framework. These aspects
are detailed in Chapter 4 (see as well the published article [Koz16]).

Precisely, let us introduce the Euler scheme for the SDE (13) first. For a fixed
N and T > 0 we define a time grid {0, t1, . . . , tN} with a given step h := T/N , i.e.
ti = ih, for i = 0, . . . , N and the scheme{

Xh
t = x+

∫ t
0
b(Xh

φ(s), Y
h
φ(s))ds+

∫ t
0
σ(Xh

φ(s), Y
h
φ(s))dWs,

Y ht = y +
∫ t
0
Xh
s ds.

(14)

where φ(t) = ti ∀t ∈ [ti, ti+1). Observe that the above scheme is in fact well
defined even though the non degenerate component of the scheme itself appears
in the integral. On every time-step the increments of (Xh

t , Y
h
t )t∈[ti,ti+1], i ≥ 0 are

actually Gaussian. They indeed correspond to a suitable rescaling of the Brownian
increment and its integral on the considered time step, see also Remark 4.2.3.

Let us also denote for a given c > 0 and for all (x, y), (x′, y′) ∈ R2d the
Kolmogorov-type density

pc,K(t, (x, y), (x′, y′)) :=
cd3d/2

(2πt2)d
exp

(
−c
[
|x′ − x|2

4t
+ 3
|y′ − y − (x+ x′)t/2|2

t3

])
. (15)

The subscript K in the notation pc,K(t, (x, y), (x′, y′)) stands for Kolmogorov-
like equations.

We would like to emphasize that in Chapter 4 we are considering time-homogeneous
coefficients b, σ under the following assumptions:

(AD1) (Boundedness of the coefficients).
The components of the vector-valued function b(x, y) and the matrix-valued

function σ(x, y) are bounded measurable. Specifically, there exists a constant K
s.t.

sup
(x,y)∈R2d

|b(x, y)|+ sup
(x,y)∈R2d

|σ(x, y)| ≤ K.

(AD2) (Uniform Ellipticity).
The matrix a := σσ∗ is uniformly elliptic, i.e. there exists Λ ≥ 1, such that

∀(x, y, ξ) ∈ (Rd)3,

Λ−1|ξ|2 ≤ 〈a(x, y)ξ, ξ〉 ≤ Λ|ξ|2.

(AD3) (Hölder continuity in space).
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For some γ ∈ (0, 1] , κ, we have

|b(x, y)− b(x′, y′)|+ |σ(x, y)− σ(x′, y′)| ≤ κ
(
|x− x′|γ + |y − y′|γ/3

)
.

We say that assumption (AD) holds when conditions (AD1)-(AD3) are in force.

Under the above mentioned assumptions, we now introduce perturbed versions
of (13) and (14). Namely, for bε : R2d → Rd, σε : R2d → Rd ⊗ Rd satisfying at
least the same assumptions as b, σ and being meant to be close to b, σ for small
values of ε > 0 one denote:{

dX
(ε)
t = bε(X

(ε)
t , Y

(ε)
t )dt+ σ(X

(ε)
t , Y

(ε)
t )dWt,

dY
(ε)
t = X

(ε)
t dt, t ∈ [0, T ],

(16)

and similarly:

{
Xε,h
t = x+

∫ t
0
bε(X

ε,h
φ(s), Y

ε,h
φ(s))ds+

∫ t
0
σε(X

ε,h
φ(s), Y

ε,h
φ(s))dWs,

Y ε,ht = y +
∫ t
0
Xε,h
s ds.

(17)

for t ∈ [0, tj), 0 < j ≤ N , where φ(t) = ti ∀t ∈ [ti, ti+1).
Considering a specific kind of Hölder continuity associated with the intrinsic

scales of the system and the time-homogeneous case we set for ε > 0:

∀q ∈ (1,+∞], ∆d
ε,b,q := |b(., .)− bε(., .)|Lq(R2d).

We also define
∆d
ε,σ,γ := |σ(., .)− σε(., .)|d,γ ,

where for γ ∈ (0, 1], |.|d,γ stands for the Hölder norm in space on Cγb,d(Rd ⊗ Rd),
which denotes the space of Hölder continuous bounded functions with respect to
the distance d defined as follows:

∀(x, y), (x′, y′) ∈ (Rd)2, d
(
(x, y), (x′, y′)

)
:= |x− x′|+ |y′ − y|1/3.

Namely, a measurable function f is in Cγb,d(Rd ⊗ Rd) if

|f |d,γ := sup
x,y∈R2d

|f(x, y)|+[f ]d,γ , [f ]d,γ := sup
(x,y) 6=(x′,y′)∈R2d

|f(x, y)− f(x′, y′)|
d
(
(x, y), (x′, y′)

)γ < +∞.

We eventually set ∀q ∈ (1,+∞],

∆d
ε,γ,q := ∆d

ε,σ,γ + ∆d
ε,b,q,

which will be the key quantity governing the error in our results.
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Theorem (4.3.1). Fix T > 0. Under AD, for q ∈ (4d,+∞], there exist C :=
C(q) ≥ 1, c ∈ (0, 1] s.t. for all 0 < t ≤ T, ((x, y), (x′, y′)) ∈ (R2d)2:

|(p− pε)(t, (x, y), (x′, y′))| ≤ C∆d
ε,γ,qpc,K(t, (x, y), (x′, y′)),

where p(t, (x, y), (., .)), pε(t, (x, y), (., .)) respectively stand for the transition densi-
ties at time t of equations (13), (16) starting from (x, y) at time 0.

Theorem (4.3.5). Fix T > 0 and let us define a time-grid Λh := {(ti)i∈[[1,N ]]}, N ∈
N∗. Under AD, there exist C ≥ 1, c ∈ (0, 1] s.t. for all 0 < tj ≤ T, ((x, y), (x′, y′)) ∈
(R2d)2:

|pεh − ph|(tj , (x, y), (x′, y′)) ≤ C∆d
ε,γ,qpc,K(tj , (x, y), (x′, y′)),

where pεh(t, (x, y), (., .)), ph(t, (x, y), (., .)) respectively stand for the transition den-
sities at time t of equations (14), (17) starting from (x, y) at time 0.

These two theorems will be restated and discussed in Section 4.3.1.
The sensitivity analysis will then be applied, in the flavour of [KM17] to inves-

tigate the weak error associated to a specific Euler scheme which had already been
considered in [LM10] for equations of type (13). However, to perform the analysis
we need to change assumptions (AD) slightly. Precisely, we have to assume more
about Hölder properties of coefficients than in (AD).

Instead of (AD3), we assume for some γ ∈ (0, 1] , 0 < κ <∞ it holds:

|b(x, y)− b(x′, y′)|+ |σ(x, y)− σ(x′, y′)| ≤ κ
(
|x− x′|γ + |y − y′|γ/2

)
.

and denote that as (ÂD3). Thus, we say that assumption (ÂD) holds when
conditions (AD1),(AD2), (ÂD3) are in force.

Theorem. Fix T > 0. Under assumptions (ÂD) for any test function f ∈
Cβ,β/2(R2d) (β−Hölder in the first variable and β/2−Hölder in the second variable
functions) for β ∈ (0, 1], there exists C > 0, such that:

|E(x,y)[f(Xh
T , Y

h
T )]− E(x,y)[f(XT , YT )]| ≤ Chγ/2(1 + |x|γ/2).

where γ ∈ (0, 1] stands for the Hölder index of γ, γ/2 (γ for the variable x, γ/2 for
y) Hölder continuous time-homogeneous functions b, σ.

The theorem will be restated in Section 4.4.
We also would like to present our control for the direct difference of transition

densities p(t, (x, y), (x′, y′)) and ph(t, (x, y), (x′, y′)). The result below is in clear
contrast with the one of Theorem 4.4.1 for the weak error, i.e. when additionally one
considers an integration of a Hölder function w.r.t. the final (or forward variable).
We finally can reach a global error of order hβ , β < γ − 1/2 which is close to the
expected one in hγ/2 when γ goes to 1.
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Theorem (4.5.1). Fix a final time horizon T > 0 and a time step h = T/N,N ∈ N∗
for the Euler scheme. Under assumptions (ÂD), for γ ∈ (1/2, 1] and β ∈ (0, γ− 1

2 ),
for all t in the time grid Λh := {(ti)i∈[[1,N ]]} and (x, y), (x′, y′) ∈ R2d there exist
C := (T, b, a, β), c > 0 such that :

|p(t, (x, y), (x′, y′))− ph(t, (x, y), (x′, y′)|
≤ Chβ(1 + (|x| ∧ |x′|))1+γ) sup

s∈[t−h,t]
pc,K(s, (x, y), (x′, y′)), (18)

where pc,K(s, (x, y), (x′, y′)) stands for the Kolmogorov-type Gaussian density (15)
at time s.

The theorem will be discussed in Section 4.5.
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