Onummuaza HAY BIISD gas CTyAEHTOB M BbIIYCKHUKOB — 2017 .
no nanpasyenuo 01.04.02 «IIpukiagnas MaTeMaTAKa U uHbOPMATHKAY
Ipoduns 020 «IIpukaazgnasi MaTeMaTHKa 1 uHdoOpMaTIKA»

BpeMma BHINOJIHEHUs 3aiaHud — 240 MuH.

Pelmenus oNMMONAIHBIX 3aaHAR AOKHBI OBITH 3anKCa-
HbI T0-pyceKH i no-aHmmitckn. Keaxkaas 3ajata ouenn-
paeTcs u3 10 6aswios, MaxcumanbHas cyMma — 100 Gasios.

Time to complete the task is 240 min.

Solutions should be written in English or Russian language.
Each problem costs 10 points, maximal sum is equal to
100 points.

OBLIASI YACTDb / GENERAL SECTION

1. Onpege/uTe 3HAYCHUS NAPAMETPOB a M b, M KOTO-

PHIX cne}lytoumﬁ MHTCrpaJj CyumecrsyerT B CMBICJIC IJIABHO-
ro 3Ha4YCHHUsA U PpaBeH HYIO:

/8

Vp. /

-n/8

2. PemnTe MaTpHuHO® PCKYPPEHTHOE OTHOIICHUE
1
Ay = ( .

10
Bemumure Todnbe hopMytsl i Kosbduumentos Ay,

3. Kaskapiit skurens crpanst O3 uMeeT OfHy B3 Tpex npo-
decenit: A, B, C. et 0TLOB, UMEIOMUX npodeccrn A,
B, C, coxpansior mpodbeccuyt 0THoB ¢ BeposTHoCTAMM 1/5,
2/5, 3/5 COOTBETCTBEHHO, & €CJIH HE COXPAHSIOT, TO C paB-
HBIME BCPOATHOCTAMU BBIOHPAIOT M06YIO U3 JBYX JAPYIHX
npodecenit. Tekyllee NOKOEHNE UMEET ClIeAyiOlIee pac-
npeseserue mpodeccuit:

upodecenio A umeno 20% xureneit, B — 30%, C — 50%.
Haiiure Tpesie/ibHoe pacnpeelenne no npodeccusm, He
MEHSIOMIECCST TIPH CMEHE ITOKOJIeHuH.

4. Ha n TabiuukaX, BbUIOXKEHHBIX IO KpPYTY, 3aIMCaHbI
ancia, KaXuoe w3 Koropbrx pasho 1 wmm —1. 3a kakoe
HAKMEHbIIEE YHCJIO BOOPOCOB MOXKHO HABEPHAKA ONpese-
nuTH npousBeaenue seex n wucest (n € Nyn > 3), eca 3a
O/IUH BONPOC PA3PEIICHO Y3HATH IPOU3BEJEHAE YNCe] Ha
(1) mo6erx Tpex TabmHIKax?
(2) mobeix Tpex TabimiKkax, JEKAIHX noapan?

5. Myers X1, ..., Xn ~ N(, 0%) — nesapucunmas spi6opka
H3 HOPM&JBHOIO PACHPEAENICHAA ¢ HCH3BECTHBIMH CPei-
HuM u gucnepcueit, Hafiaure oleHKy IrapaMerpos pacrpe-
JEJIeHUsT METOMOM MaKCHMaJIbHOIO npasgonogobna. Mo-
auduuupyiire TOYEUHYIO OUEHKY, y106bl OHA CTaJIA HeCMe-
HIEHHON B COCTOATENBHOI.

6. Pemnre guddepenipanbroe ypapHeHue Jid T > 0

) o

1. Determine values of real parameters a and b for which
the following integral has the Cauchy principal value zero:

dz
— 2 -0
a-cosc+b sinz

2. Solve the matrix recurrent relation

2 l)'

11
Provide explicit formulae for coefficients of Ap.

3. Every citizen in the land of Oz has one of three professions:
A, B, C. Children of fathers who have a profession A, B,
C, keep the profession of their fathers with the probabilities
of 1/5, 2/5, 3/5, respectively, and if they choose not to
have the same profession, then with equal probabilities
they select any of the other twe professions. The current
generation has the following professions distribution:
A—20%,B—30%, C — 50 %.

Find the limit distribution of professions that will no longer
changing over generations.

4. Each of n tablets lined on a circle is marked by a
number 1 or -1, What is the minimum number of questions
you should ask to determine the product of all n numbers
(n € N,n > 3), if one question is allowed to know the
product numbers of

(1) any three tablets?

(2) any three tablets placed in a row?

5. Let X1,...,Xn ~ N(g, 0?) be independent sample from
a normal distribution with unknown mean and variance.
Find the parameters of this distribution using the maximum
likelihood estimation method. Modify the resulting point
estimation to make it unbiased and consistent.

8. Solve the differential equation for z > 0

oy’ =2y +z°nz, y(1) =0.

HanuonanbHbii MCCIeJOBATE/bCKUIR yHUBEpCUTET «Briciias I1Ikos1a D KOHOMHKH»
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CIIEIMAJIBHAS YACTDb / SPECIAL SECTION

Cpeau clleZyIOLUHMX 33/a4 PelInTe He MeHee 4eTbl-
pex. B zauer noiiayT deTbipe JIYHIUMX DeLICHUs.
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7. Borunciure [ g(t)dt, rae g(t) — dbyskuus obpaTras K
0
f(z) = 2%+ 2.

8. IMycrs ¢ = z(t) — HAUMENUbLIUIN U3 IOJNOXKHUTEIBILIX
KopHeit ypasHenus cos(tz) = § + z2.
Boiuncimre npegen  lim ta(t).

t— 400

9, Jdokaxkure HePABEHCTBO

1 1 1
T Yy z
2 2 2

upu z? + 92+ 22 = 1.

10. Iycrs n — newérHoe npoctoe 4ucyo. Haitanre acumvn-
TOTUKY YHCJIA POLICHHIl yPaBHCHUA

(14 22+ + Ton) - (T2nt1 + Tanaz + 0+ Tgn) =0

B KOTOPBIX 3HAYEHHE Ka’sKA0H NepeMCHHON NPHHAMJIEKUT
muoxkectsy {0, 1}. Menoassyiire dopmyay Crupaunra 6e3
nokagaressersa: ! ~ v2mn (2)"

11. [lnanaprslii rpad — 970 rpady, KOTOPBIH MOXHO H306-
Pa3HTh Ha JIOCKOCTH, TAK, WToOBI MMHIH, H306paskarolme
pébpa, ne nepecexanucs. Ilonueri rpad — 3o rpad, B Ko-
T0pOM J00bIe ABe BepUIMHB! coeuHennl pebpoM. Masect-
HO, 4TO B JoG0OM IiaHapHOM rpade 4ncio pébep He npe-
socxomut (3n — 6), ecan n > 3 — uncso sepuina. Haiture
MHMANMAJBHOE KOJHYECTBO CKPEIBaHKil pébep, KoTopoe
MOXHO JOCTHYb B M300PaXKCHHM Ha INIOCKOCTH IOJIHOTO
rpaca Ha UIECTH BEPLINHAX.

12, VImeerca TPy rpyInbl CTYACHTOR: H3YYalOMue HCIaH-
cxuit, bpamiysckufi 1 Kurafickuit s3piK. B nepssx asyx
IpynIax 1o nsTh CTYACHTOB, B TpeTheit — 205 crygenTos.
H3BecTHO, YTO KaKABIN M3 U3Y4YAIOLIAX HCIAHCKHN 3Ha-
KOM C KasIbiM U3 u3ydaloumx Ppaniy3cKul, i YTO Kax-
bl U3 H3YUAIOIMX KuTalcKull, 3HaKOM 1O MeRbLIel Mepe
¢ TpeMa CTyAeHTaMu B Kaxxnofi ua apyrux rpyni. Joka-
JKHTE, YTO MOXKHO BbIGPATh II0 TPH CTYICHTA M3 KaXHOH
rpyiibl, Tax, YT06BI cpeju BhIGPAHHBIX ACBATH CTYACHTOB
mo6ble Ba Pa3HOA3BIYHBIX CTYMAEHTA ObLIM 3HAKOMBI,

13. B ueHTpe NpsMOYTroabHOro OHILIHAPAHOrO CTOJIA TN~
Hoit 360 x 120 cM pacnosoken Gwumapaubit map. ITo
HeMY YAApSIOT KHeM B ciydafiom HaupasscHuu. ITocne
yA&apa UIAD OCTaHABIMBAETCH, npoias posxo 2.4 M. Haii-
JIUTe 0XKUZAEMOE YHICHIO OTpasKeHni o GopTos.

14. [Ipegnoxure 3D PEKTUBHEIA AJITOPUTM ONPEJICIICHAS
TONO, YTO JAAHHOE HATYPAJBHOE YUCJIO N — IPOCTOE.

Solve at least four of the following problems. Up
to four best solutions will be graded.
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7. Compute [ g(t)dt, where g(t) is the inverse function for
0
flz)=2a*+az

8. Let x = z(t) be the least positive root of the equation
cos(ta) = § + 2%
Find the limit lim tz(t).

t—=+oo

9. Prove the incquality

<1,

a2+ +22 =1

10. Let n be an odd prime. Find the the asymptotic behavior
of the number of solutions for the equation

2

where cach variable takes value from the set {0, 1}.
Use Stirling’s formula without proof: n! ~ /2mn (g)"

11. Planar graph is a graph that can be drawn on a plane
without edge intersection. Complete graph is a graph in
which any two vertices are adjacent. It is known that
any planar graph with n > 3 vertices has not more than
(3n — 6) edges. Determine the minimal number of edge
interscctions that can emerge when drawing complete graph
on six vertices.

12. There are three groups of students, studying Spanish,
French and Chinese languages respectively, five students
in each of the first two groups, and 205 students in the
third group. Each student in Spanish group knows each
student in the French group. Each student in the Chinese
group knows at least three students in each of the other
two groups. Prove that one can choose three students from
each of the groups in a way that among these nine students
any pair of students that study different languages are
acquainted.

13. A ball is located in the center of a rectangular
billiard table with dimensions 360 by 120 cm. The ball is
hit in a random direction. After running the total distance
of 2.4 m the ball stops. Find the expected number of
reflections from the sides of the table.

14. Propose a fast algorithm that answers the question if
a given natural number n is prime.

HaumuonaubHbiii MccenosaTenbckuit yuusepeurer «Bricmas Illkona dxoHomuku»



