Oummmnuaga HAY BIIID st Ty AeHTOB 1 BBINYCKHHKOB
[Mpukiagnas MaTeMaTHKa 1 nirhopMaTUKa»

Hanpasienue: «

[Tpodunb: «[pukiajias MaTeMaTHKa 1T

BpeMs BbIIIOIHEHNs 3a/aHus — 240 muH.
Perennst onIMIHALHBIX Al JOJKHbL ObITh 3allncas
Hbl 110-PYCCKH BT To-anraniickn. Kaxgias sagata oneHn-

paeTest w10 6a/U108, MAKCHMaIbHAs CYMMa — 100 Hannos.

Brok Ne L. /

/n/'z
0

2. HopMaibibiM MArHUIeCKHM KBAJIPATOM nopsijika 71 Ha-
Ha 1N,

1. Haitrn npejiesr Hoc/ie1oBare/IbHOCTH:

lim
n—+o0

ALIBACTCH TAKAA KBaJIparTHas MaTpHIa pasMepa 7t
COCTABJICHHAS 113 BCEX PABJITTHBIX HATYPAAbLHbIX THCCT OT
| 10 n?%, B KOTOPOH CYyMMBL O KayKJI0My crosbiy, KazK-
J0i1 CTPOKE 11 JIBYM IJIABHBIM JIHAIOHAJIAM DABHBL OJIHOMY
B TOMY JKC GHCIY, HABBIBACMOMY “MArm4ecKon KoHCTaH-
roit”, Ilyers A Ag, o A\, —coOeTBENHBIE UM MATPUILDI
M, ~HOPMAJILHOTO MATHYECKOT0 KBaipaTa HOPA/IKA 1. Ilo-
KASKUTC, 410 J1ist 100010 HATYPabHOro 1 > 3y moboro
MaI'MYICCKOI'O I\'L’.‘d,’l,})'xlv'l'il lI()I))l,D,I\"(L T eCTh (iO()C'I‘BClIH(‘)(Y quc-
JI0 A, TAKOe, UTO BbIIOJIHACTCH 5 A = 0, u oupegeire
k#i
HEMY PABHO 9TO MMCIIO (1151 (hUKCHPOBAHHOTIO n)?

3. “3asava o Berpede’. 3 ueslopeKa JJOrOBOPHIINCE O BCTPe-
ge ¢ 12 o 13 gacon. Kax bt IPUXOAUT M3 HAX LIPUXO0-
ST B CJy AR MOMEHT BPCMCHH M 2KAET TeX KTO CLIC
ye nputes e 6ogee 30 MEHYT. Kaxopa BepOATHOCTD, UTO
Bee TPOE BCTpeTHTCH!

4. Marpuilcii [epecTaHoBKH OP#/IKa N HAZBIBACTCA Ta-
Kasd MATPUIZ pasMepa 1 Ha 71, COCTABJICHHA 13 0nl,
qro cymma (B 1ose JeficTBATCILHBIX qHCeJI) 9JIeMEHTOB
10 KazkI0My e cTonbIy 1 KaykJoi ¢TpOKe paBHa 1. Haii-
JIUTC BCPOSITHOCTL TOr0, "ITO UL pLIOpaioil Hayra (T.c.
CIYUIARNO M PABHOBEPOATHO U3 BCCIO MHOMKECTBA MaTpPUIL
HOPCCTAHOBKI TAKOIO HOP#A/IKA) MATPHIBL HEPECTAHOBKA

4
nopa/ika 4 P/( b spimosnseres
4}y <

5. CKOJIBKO CYILECcTBYeT HOUAPIO Hen30MOpQHBIX Hellla-

napibix rpacdos ¢ 11 pebpani 1 6 sepuiuHamin?

6. Haiyure f201%)(0) (upomnssouyio or f 2018-0r0 T0-
0), rae

pdJika B TOoYKe I =

fw) = O

1hopmaTukar

— 2018 r.

KOJI - 020

Time to complete the task is 240 min.

Solutions should be written in English or Russian language.
Each problem costs 10 points, maximal sum is equal to
100 points.

Unit No. I

1. Find the limit:

sin"(z) dz

2. A normal magic square of the order n is an n by n,
matrix of distinct integers from 1 1o n?, such that the
sum of each row, column and two main diagonals is the
same number often referred to as “magic constant”.Let
Ay Agy ooy Ay — be the eigenvalues of the M, —a normal
magic square of the order n. Prove the for any natural
number garypaibioro n = 3 for any nornal magic square
of the order n there exist an cigenvalue A, such that the
following holds 3 Ax = 0 and find the value of the eigenvalue
ki
\; (for the fixed n)?

3. "Meeting Problem". 3 persons decided to mect each
other within a time interval between 12.00 and 13.00. Each
of them arrives at a random time (within the agreed interval)
and waits for those who have not arrived yet, no longer
than 30 minutes. What is the probability of the fact that
all three participants will meet together?

4. A permutation matrix of the order n is an n by n ma-
trix of 0 and 1 such that the sum of cach row and each
column (in the field of real numbers) is equal to 1. Find
the probability of the fact that for a random permutation
matrix of the order 4 (i.e. for a matrix that has been
chosen at random from the set of all possible permuta-
tion matrices of respective order, the probabilities of cach
matrix choice being the same) Pi“) the following holds:

Ph|

det(
5. Find the number of pairwise nonisomorphic nonplanar
graphs with 11 edges and 6 vertices
6. Calculate f(2019)(0) (the 2018-th derivative at the point
2 =0 ), where

1

+a? 4+ 2%
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Oummnuajga HAY BIID posi ¢ty ACHTOB 1 BLIIYCKIMKO

B — 2018 r.

Braok Ne 11/ Unit No. I

Cpeay cjle/lyioumx 3aatt peure ne Metee 4erbi-
pex. B zauer moiiayr uerbipe JIyULIMX pelienus.

7.Cpasuure JiBa THC/1a;
J

1 | ]
14— ==+ =,
\/§ V3 \/m

8. Y [yl,;{/g, oy Un| - BEKTOP cocTosiiuit n3 no (n € N)

HEe3aBHCHUMbIX (:.1|y'm‘1"1m)1x BOJIMUMH, Kazjiad 13 KOTOPbIX

[0, 4] (A > 0).

yasiay Hatbo/b-

]’)&L(‘IIl)(‘)_LCJI(‘.II‘d ])'(’LBHOMU[)IIU Ha HHTCPBAJIC

y(‘“)

max — 111La,x Yk -('le‘l&l‘l"‘lliiwl BEJHTHHA, |

memMy 13 n 3JIEMEHTOB TAKOI'O BCeKTOpPA. I‘IQLI”UUI'I‘(' MaTeMa-
TUIECKOC OKHMJAAHNC 1 JIUCHICPCUTO UJIIV‘H\VIH())";[ BOJIHIHHDI
AAn}

mar

9. I'pacd G sagan cBoci MaTpHILeH CMCZKHOCTH

00 1 1
0 0 01
1000
11 00
1110
1111
10 11
1111
01 1 1

(a) dAsaserca mm rpad G ramMTonoBBIM 7
(b) dpasierest i AOHOJHELHC rpadga G HiIepoBbIM
rpadom 7

10. "Wrpa B sorepeio”. [TpousnonTes ury
KOTOPOH ©JIMHCTBCHHBLIH HI'POK KazKJIblil JeHb
UI'pATh OJUH U3 TPEX HPH30B. BeposTHoCTh  BHIMIPBIILA
KA 0T0 13 TIPU308B (B senin) — p (3p < 1 ), OHa HC MCH#A-
ercst OT HadaJla UIPbl J0 BLIMTPbILIA COOTBCTCTBYIOULCIO
00 W3 TPeX IPU30B,

a B Jjiorepero, B
MOKET Bbl-

npnza. Besy Hrpox BhIMIpadl KAKOI-
BBINTPATH €10 BHOBD. Wrpa npouexoiar J1io
Haitri Ma-

OH HC MOZKCT
TCX 110D, HOKA HC ())’)LV’[‘ BLIHI'PAaHbL BCC Npu3bl.

TCMaTHICCKOC OXKIaHHe 1 JeHepenio BPCMCHI Urpbl

11. CKOJBLKO CYMEecTByeT [HOHapHo Hen30MOpBHBIX Tpa-

doB ¢ 8 BepuimHamMi 1 20 pebpamn?

Hauponajbabli ueen

©¢0BATEJIbCKUN yHUBCPCUTET «Bpicuu

Solve at least four of the following problems. Four
best solutions will be graded.

7. Compare the two nuinbers given by the following sums
LIS ST :
V23 27

8. Let Y = [y1. 92, -
random values uniformly distributed on
% {n}

LT
the maximum element of the vector Y. Find the expectation

. yn| be the vector of independent
[0, A] (A > 0).Let

max g —be the random value, corresponding to
k i

‘. . SiT
and the variance of the random value Y,,{,(,zg

9. Consider the graph G with the following adjacency
matrix

11 1 0
10 1 1
11 1 1
[ U G|
0o 0 1 1
0o 0 1 1
0 0 0 1
1 0 0 0
1 1 0 0

Find out whether

(a) The graph G is a Hamiltonian graph 7

(b) The complement of the graph G is an Eulerian
graph 7

10. 7A lottery game”. A lottery game in which the only
player can win one of the three prizes every day is carried
out. The probability of winning cach of the prizes (per
day) is p (3p <1), it doos not change from the beginning
of the game until the corresponding prize is won. If a player
wins any of the three prizes, he cannot win it
I the prizes arc won. Find the
of the game

again. The
came takes place until a
mathematical expectation and the variance
duration.

11. Find the number of pairwise nonisomorphic graphs
with 8 vertices and 25 edges

ast I1IkoJ1a D KOHOMHUKHU»
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Osumnnaga HAY BIIID st ¢Ty/ICHTOB M BLIITY CKHUKOB — 2018 r.

12. a) Pacnpejencnne npustaka X B rexepalibHOl cO-
BOKYIHOCTH 00bEMa N 3a)laHO KakK:

12. a) The distribution of the characteristic X in the
general population of volume N is given by :

W] (o A}
N N N

—k =
Soi_y Ni = N. O6osnainm Au D (A) - renepanbHbIC Cpei-
HEee 1 JUCTIepCHIo npH3HaKa X

k. i
Z::] N,a,

M3 regepasibHOM COBOKYITHOCTH HPOH3BOANTCA cory afinbrii
Gec11oBTOPHBI BHIOOD 71 9JICMCHTOB! X1.Xo,. .. X, Beeno-
BTOPHbI BLIOOP 03HANACT, 410 OTOOPAHHBIC JJICMCHTL! B
PEHEPAILHYIO COBOKYITHOCTH HC BOZBPAILAIOTCH. Obo3na-
QUM CPCHCC APH(DMETHICCKOC X npisaaka X B iy aii-
HOIT 6ECITOBTOPHOIT BHIDOPKE Kak:

>

L1

Haifanre MarTeMaTHYeCKOC OZKHMJaHHEe E (\) "o JIcHep-
cuio D ()\) cpeanero apudgmermieckoro X npu3Haka X
B CIyuaiiHoi GeCoBTOPHOI BLIGOPKE 00beMa 1 U3 11epBO-

HAMAJIBHON IeHEpANbLHON coBokyocTn obbema N.

b.) Tycrs pacipeie/ieHne mpusHaka X B resepalibHOR co-
pokynnoctn 06béMa N 3a/al0 Kak paclpele/ieHne Bep-
nym, 0 < Ny < N, p - reacpajibiag g0/ SHAUCHIA )

D (A) =

"

L _
Sy Ni=N.Let Aand D (A) denote the general mean
and variance of characteristic X respectively:
k —_\ 2
Zv:l N,‘ ((l,' - A)
N )

From the general population, a random non-repeated selection
of i elements is made: X1, Xa2,. .. X,. Non-repeated selection
means that the selected elements are not returned to the
general population. We denote the arithmetic mean X of
characteristic X in a random non-repeated sample as:

X

=1
T

Find the mathematical expectation £ (T) and the variance
D (T) of the arithmetic mean X of characteristic X in a
random non-repeated sample of the volume n from the
original general population of the volume N.

b.) Let the distribution of characteristic X in the general
population of the volume N be given as the Bernoulli
distribution, 0 < Ny < N, p - the general fraction of the
value ap:

(L1=l (1,2:()
p:j—vl\f (1:1_1):__“7\[”

AHAJIOTHYHO MYHKTY &) U3 FCHCPAJIbHOMH COBOKYIHOCTIL ITPO-
M3BOIATCS CJYUaRHBIT OCCLHOBTOPHbIH BBIOOP 71 BJICMCH-
ro: X1, Xs,... X, Obosuatuum cpejHec apuhMeTHICCKOC
X = P (BLIGOPOUHYIO JIOIIO 3HANCHILH ai) upusnaka X B
oty aaiiioft 6ecoBTOPHOi BLIOOPKE KaK:
o Z?l
X

n
Haitinre MaTeMaTHICCKOE OAKHIAHNE E (pn) 1 Auciepeuio
D (fr,) BHIGOPOUHOIT JIOJIN Jy, BHAMCHUA @] HPU3HAKA X B
catyaadinoii GecopropHoil BHIGOPKE 00beMA 7L 13 ICPBOHA-

GAbHOMN TEHCPAILHON COBOKYIHOCTH 0ObeMa N

¢.) [yers pacupeiesctne AByMepHoOro NMPH3HaKa (X,Y) B
FenepaibHOl coBoKyHoeTH 00baMa N 3aJaH0 Kak

_ =170

Similarly to item a) from the general population a non-
repeated selection of n elements is made randomly:
X1,X9,...X,. Let us denote the arithmetic mean X = py
(sample fraction of the value ay) of the characteristic X
in a random non-repeated sample as:

S
= ])71 A

Find the mathematical expectation E (pr,) and the variance
D (p,) of the sample fraction p, of the value a; in a
random non-repeated sample of the volume n from the
original general population of the volume N.

¢.) Let the distribution of the two-dimensional characteristic
(X,Y) in the general population of the volume N be given

by:
X/Y b by by
o N’\J Nz Nv
[ i
[&5) —‘Mx

RIS Zle Z::J Ni; = N.

Hapuonanbublit uce

nejgoBaTe LKl ynusepeuter «Borcmas Ikona D KOHOMUKH»

where Zle Zj:l Nij = N.



Oummnuaga HAY BIITS jurst Ty ACHTOB H BBIILY CKHUKOB —

OGosnaumm A, B i D (A), D (B) reuepaltbible CpCIHITE 1
Juenepeni npusHakos X i Y

2018 r.

Lot A. B and D (A), D (B) denote the general means and

variances of the characteristics X and Y respectively.

=

k s —k — 5 ,
W o Zi:] Z_;‘:l /\]'.Iﬂ'! D[ 1) o Ly:l laj=1 “’\/l‘] (”: o 1)
A=—-—"7FT—"" A) = =
B Zf=1 j}':l Ni;b; D(B Zf:l Z';:]j)\[u (bi = E)u
;= : (B) = 5 -

O6Gosnaanm COV (A, B) - renepasibiy o KOBapHalimo Jsy-
mepioro npisiaka (X, ¥

—k s
L'I:l z]:

Let COV (A, B) denote the seneral covariance of the two-
dimensional characteristic (N.Y):

 Nij (@i = A) (b - B)

COV (A, B) =

M3 nsymMepHoit [CHCPAJILHON COBOKYITHOCTH TPOH3BOAHTCH
cJryriafinbiii DECITOBTOPHBLII BBIOOP 71 BJIEMEHTOB!

(X1, Y1),(X2,Ya),. (X,,Y,). Kak n paapine 0003 1aMITIM
¢penpue apudMeTHiecKue X u Y unpusnaxon X 1 Y B
cityuaiinoit GecioBTopHof BBIOOPKE KaK!

>

> Lai=] "\r

n

Hadijurre KosapHaliio BhI00POTHEIX CPEJIHIX cov (X, ?)
npusiaxa (X, Y) B ey uaiinof GeetoBTopHOi BLIGOPKE 00
eMa 7 13 [CPBOHAMAJBHON JBY MEPHOM reHepalibHOL coBo-
kynnoer oobema N.

13. [ycrs dyukius airedpbl JIOPUKHT f o1 Tpex 1epeMeH-
HBIX 3aJlaHa BCKTOPOM CBOHMX 3HateHUil: fz1, T, T3) =
(0111 1110). Haift cjoxuocTh L(f) peamusanun yHK-
ipiu [ PR HOMOILH CXeM U3 Dy HKIHOHATBHBIX 9JICMCHTOR
B Oasuce B ={aVy, vy, T}

14. B naanuauy umecrcs N IPOM3BOACTBCHHBIX Jleradieti.
O6o3HaMIM J10J110 OpaKOBaHHDBIX aeraqcit 0 (0 < 0 <1).
Jltst npuOJIMZAKCHIOLO OUPCACHICHIT 0 »roi Lo 13 1EPBO-
HATAUILHOM COBOKYIHOCTH 00beMa N 1POH3BOJUTCH CJ1y-
qajigag BeIOOpKa M JleTaleit 663 BOZBPAILCHIA. Ciyudaii-
fas BpIGOPKa 0€3 BO3BPAILCHIA O3HATACT, 1TO CIIyHaitHO
OTOOPAHHBIC HJEMCHTLI 00paTHO B Halop He BO3BpAlla-
jorest. [To pesylipraTam aHaJmsa BBIOOPKH U3 T JleTaliei
OKA3I0Ch, YT0 UHCI0 OPaAKOBAHHDBIX Jleraseit B BbIOOPKE
cocrapisier @ wryk. Haiggre METOIOM MaKCHMAJIBLHOTO
NpPaBLOI0L00Hs OLEHKY 0 jonn GPAKOBAHHLIX JCTAJICH B
HCPBOHATAILHOI BLIOOPKC obbima N.

N )

From the two-dimensional general populat ion, a non-repeated

sclection of n clements is made randomly:
(X1, Y1) (X2, Ya),. - (X,,Y.). As before, we denote the
of characteristics X and Y in

arithmetic mean X and Y
a random non-repeated sample as:
27' ))

i=] =t

mn

Y =

Find the covariance of sample averages COV (X, Y) of the
two-dimensional characteristic (X,Y) in a random non-
repeated sample of the olume n from the original

two-dimensional general population of the volume N.

13. Let f be a Boolean function of three variables and it
has the following vector of values: f(z1, 2, z3)
Find complexity L(f) of Boolean function f in the class
of Boolean circuits over the basis B = {zVy, Ty, T )

14.There are N production parts (original set). Let us
denote the fraction of defective production parts as 0 (0 <
6 < 1). For an approximate determination of this proportion
0, a random non-repeated sclection of n parts from the
original sct of volume N is made, Non-repeated selection
means that the seclected parts are not returned to the
original set. Based on the analysis of the n parts sample,
the number of defective parts in the sample is found to be
a pieces. Using the Maximum Likelihood method find an
estimate 0 of the proportion of the defective parts in the
original set of the volume N.

Hanuonaibnbiii nceseNoBaTeIbCKUil yHUBEPCUTET «Bpicinas ITIkosa 9 KOHOMUKN

= (01111110).



