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On a particular analytical solution to the 3D Navier-Stokes
equations and its peculiarity for high Reynolds numbers

Alexander S. Rabinowitch?
Department of Applied Mathematics and Mechanics, Moscow State University of Instrument
Engineering and Computer Science, Moscow 107996, Russia

(Received 1 March 2015; accepted 19 August 2015; published online 1 September 2015)

A special class of axially symmetric nonstationary flows of incompressible viscous
fluids is examined. For it, the 3D Navier-Stokes equations are reduced to a
nonlinear partial differential equation of the third order and a linear partial differ-
ential equation of the second order. These equations are studied and their partic-
ular analytical solutions are found. The obtained particular solution to the Navier-
Stokes equations could be used to describe some types of turbulent flows of
viscous fluids in the case of high Reynolds numbers. © 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4929845]

. INTRODUCTION

Consider the Navier-Stokes equations describing a homogeneous incompressible fluid with no
bulk forces. They can be represented in the form'~

0 0 0 0
8_:+vla_;+02£+v3ﬁ_z = —grad (f—;) + vAv, (1)
divv =0, ()

where v = v(¢, x, y, z) is the vector of velocity, p = p(t, x, y, z) is pressure, vy, U, 03 are the projec-
tions of the vector v onto the orthogonal axes x, y, z, t is time, p is the density of the considered
fluid, and v is its kinematic viscosity.

The Navier-Stokes equations are basic equations of fluid mechanics and extensive analytical
and numerical studies are devoted to them.'"2! However, because of their substantial nonlinearity, a
number of important problems of fluid dynamics still remain unsolved. One of them is the problem
of describing turbulent flows of viscous fluids in the case of high Reynolds numbers.??~** Our aim
is to find particular solutions in this case to the Navier-Stokes equations that could reflect some
features of turbulent fluid motions.

We will consider the case of axial symmetry and seek the components vy, vy, v3 of the vector
function v and the function p/ p in the following form:

vy=—ay+ Bx, n=ax+ By, vs=y, a=altrz),

B=Btrz), y=ytrz), plp=qtrz), r=qx>+y%

Here, the function « presents the angular velocities of rotations about the axis z of points of a fluid
and the functions B and y describe changing its shape.
Substituting expressions (3) into Eq. (2), we find

rBr+2B+y, =0, 4)

3)

where 8, = dB/0r,y, = 0y/0z.
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Using expressions (3), after simple calculations, we obtain

V— + 01— + 03— = —(rBa, +ya,+2aB)y + (r BB, +yB; + ,82 - az)x,
X y z

0 0 0
ov dv ov

01—2 + 02—2 + 03—2 =(rBa,+vya,+2aB)x+ (rBB, +yB; + ,82 - az)y, ®))
ox oy 0z

For the components of the Laplacian Av, we find

Avy = —(a, + 3, [/r + az)y + (B + 3B8-/7 + B)x,
Avy = (@ + 3, /r + a)x + (B + 38, /1 + By, (6)
AU3 =Yt 7r/r + Ve

where o, = 0%a/0r?, o, = 0% /37>

Let us now substitute formulas (3), (5), and (6) into Navier-Stokes Equation (1). Then, we come
to the following three nonlinear partial differential equations:>>-3

a;+ Blra, +2a) + ya, —v(a, +3a,/r +a;) =0, «a;=0a/ot, @)
Bi+ B(rBr+ B)+yBe— @ = V(B +3B,/r + ) = g/, ®)
Ye+rBYr +yYe = Vi + ¥ /T + V2) = ¢ 9

Derived Equations (4) and (7)-(9) were studied in our papers,35’36 where some exact solutions to

them were found. In Sec. II, we will examine these equations in a special case in which the compo-
nents v; and v, of the vector of velocity are independent of the coordinate z and the component vs is
zero when z = 0. Then, we will reduce Eqgs. (4) and (7)-(9) to a nonlinear partial differential equa-
tion of the third order and a linear partial differential equation of the second order. In Sec. III, we
will examine the nonlinear differential equation of the third order and find its particular solutions. In
Sec. IV, using them, we will obtain a particular analytical solution to the Navier-Stokes equations. It
will be shown that in the case of high Reynolds numbers, this solution can reflect some features of
turbulent flows of viscous fluids.

Il. ASPECIAL AXIALLY SYMMETRIC CASE FOR THE NAVIER-STOKES EQUATIONS

Let us examine axially symmetric solutions to Navier-Stokes (1) and (2) satisfying the follow-
ing properties in some spatial region:

(1) The components v; and v, of the vector of velocity are independent of the coordinate z.
(2) The component v3 is zero when z = 0.

Then, as follows from (3) and (4), the functions «, 83, y should have the form
a =a(t,r), B=0btr), 7y=zctr), (10)

where a(t,r), b(t,r), and c(¢,r) are some differentiable functions.

It is assumed that the range of z in the spatial region under consideration is finite. As to all the
space or half-space z > 0, for them, formulas (10) give infinite energies.

From Egs. (8) and (9) and formulas (10), we find

qr =rsot,r), q;=zs(t,r), (11)

where s( and s are some functions.
As follows from (11), g,, = 0 and hence

s=st), q=d{r)+ %z2s(t), d, = rsy(t,r), (12)

where s is some function of z.
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Substituting expressions (10) and (12) into Eqs. (4) and (7)-(9), we come to the equations

c=-rb,—2b, (13)

a; + b(ra, +2a) — v(a,, + 3a,/r) =0, (14)

by + b(rb, + b) — a®> — v(by, + 3b,/r) = so(t,r), (15)
¢+ rbey + 2 = (e, + crfr) = s(1). (16)

Our objective is to find particular solutions to Egs. (13), (14), and (16). Using them and
formulas (12) and (15), we can also obtain expressions for the function g = p/p.
Let us put
a= A(t,r)/rz, b= B(t,r)/rz, c= C(t,r)/rz, 17
where A, B, C are some differentiable functions of  and r.
Then, we find
ra, +2a=A.Jr,  an+3a./r = (ra, +2a),/r = (A — AJr)/ 2,
rb. +2b = B,/r, brr+3br/r:(Brr_Br/r)/r2s (18)
cr =(Cr =2CIN)[1%, e+ crfr = (G = 3C,/r +4C/r?)/r?,

and Egs. (13)-(16) acquire the form

C =-rB,, (19)

A+ (v+ B)A, /r—vA, =0, (20)

B, + B(B,— B/r)/r — A2%/r? - v(B,,— B,[r) = so(t,r)rz, 21)

C, + B(C, = 2C/r)[r + C*/r* = v(Cyy = 3C, /1 + 4C/r?) = s(0)r?, (22)

Substituting expression (19) for C into Eq. (22), we obtain
VB, — (v + B)(B,, — B./r)[r + B}/r — B, = s(t)r, (23)

where B, = B/0r, B, = 0*B/0tdr, B,y = 8*B/dr%, B,,, = 0°B/0r.
Let us choose the following dimensionless variables 7, n and dimensionless functions P(7,7),
O(t.m), So(,m), S(7):

r=W/L)t, n=(/lL) Altr)=vP(r,q), B(tr)=v0(rn),
so(t,r) = (Vo/LYSo(t,m),  s(t) = (V./1.)*S(7),

where V, is the mean absolute value of the velocity of a fluid and [. is its characteristic linear
dimension.

(24)

Then, we find
vV, 0P vr 0P v o*P  OP
Ai=——, A =2——, A,=2=(2n—+—], 25
T ot 12 0n lf( n(’)nz 677) 25)
2
Bt:vv*a_Q, Brzzza_Q’ B, - vV.r 8Q’
l. Ot 12 0n lZ’ 0t on (26)
% 0’0 90 vr 0%0 %0
B, =2 \2n—+—|, Bn=4—7|2n—+3—|.
l%( Ton? 0'7) I ( "o "o
Substituting expressions (24)-(26) into Egs. (20), (21), and (23), we derive
4nPy,, —20P,—ReP;, =0, Re=V.l/v, P=P(t,n), 27
ReQ: — 410y, + 020, ~ Q/n) - P*/n = Re*So(v.n)n, 0 = Q(z,1), (28)
40 Quy + Qi) — 2QQuyy — 03) — ReQryy = FRES(7), (29)

where Q. = 00/d, Oy = 62Q/(9T67], o, = 00/dn, Oy = (32Q/6772, Oy = a3Q/6773’ and the

constant Re is the Reynolds number.
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Thus, we have come to two partial differential equations (27) and (29) for the functions P(7,7)
and Q(7,n) and expression (28) for the function Sy(r, 7).

In Sec. III, we will investigate particular solutions to nonlinear differential equation (29) for
the function Q(t,n). Using them, one can find the other function P(7,n7) by solving linear partial
differential equation (27).

lll. INVESTIGATION OF THE NONLINEAR PARTIAL DIFFERENTIAL EQUATION (29)

Consider Egs. (27)-(29) and choose the following form for the functions P(t,7) and Q(t,7) in
them,

P=F(¢), Q=0G(1¢), &=Rep (30)

Then, we obtain

P, =RedF|0¢, Py, =Re*0°F/0¢%, P, = F/or,

0, =RedG/d¢, Q) = Red*G/0TIE, Q= REPI’GIOEY,  Qpyy = REPI’G/IE3. G
Substituting (30) and (31) into Egs. (27)-(29), we find
4Fzs —2GF; - F; =0, F = F(1,é), (32)
So(T. )¢ = Gr = 46Gee + GQGe - G€) — F*€, G = G(1.4), (33)
4(€Ggee + Geg) = 2GGep = GF) — Grg = 35(7), (34)
where G, = 0G/01, Gr¢ = 0°G/OTOE, G:=0G/0¢,Gee = 0°G/o¢?, Gege = 03G/o&3.
Let us turn to Eq. (34) and seek its particular solutions in the following form:
G = Ko(1)e! % + Ki(7)¢ + Ka(7), (35)

where f and K; are some differentiable functions of the argument 7.
From (35), we have

Ge = Ki(7) + Ko(r) f(1)e! O,
Gre = Ki(1) + [Ko(n) f(7) + Ko(n) f(T)(1 + f(D))]e! O, (36)
Gee = Ko(f(0)e! . Gege = Ko(n) [ (2)e! 7%,

where f(7) = df /dT.
Using (35) and (36), we find

GGee — Gz = —K (1) + Ko(1) f(D)[(Ka(T) + Ki(T)E) £ (1) — 2K (7)]e/ 7. 37
Substituting formulas (35)-(37) into Eq. (34), we obtain
2K} - Ky +{Ko[2f*(2 - Kp) + 4Ky f — f1 - Kof + KofE[2f2f — K1) — f1}el¥ = S, (38)

This equation gives

2f2f-K)-f=0, (39)
Kol2f*(2 - K») + 4K, f — f]1- Kof =0, (40)
2K} - K, = 1S. 41)

After using (39), Eq. (40) acquires the simpler form
Ko/Ko = 23K = K2 f). (42)

Obtained Equations (39), (41), and (42) are three ones for the five functions S(7), f(7) and
Ko(7),Ki(7), K(7). Using their solutions and formula (35) for the function G(7,¢), one can deter-
mine particular solutions to Eq. (34). After the function G(t,¢) is determined, the function F(t,¢&)
can be found by solving linear differential equation (32).
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From formulas (3), (10), (17), (19), (24), (30), and the expression in (27) for the constant Re,
we derive the following expressions for the components v; of the vector of velocity:

U1 = V[_F(T’f)y + G(T,.f)x]/rz, Uy = V[F(T’f)x + G(T,f)y]/rz,

4
U3 = —2V*G§(T, f)Z/l* ( 3)

IV. APARTICULAR SOLUTION TO THE NAVIER-STOKES EQUATIONS
AND ITS PECULIARITY IN THE CASE OF HIGH REYNOLDS NUMBERS

Let us apply the results obtained above to find a particular solution for # > 0 to the Navier-
Stokes equations that satisfies the following initial conditions:

v; =0, t=0, r#0, (44)

and v; are singular when r = 0.

Such a solution could be used to describe an explosion along some axis z at t =0 in an
incompressible viscous fluid.

It should be noted that the question of possible solutions to the Navier-Stokes equations singu-
lar at # = 0 was studied in Refs. 12 and 13.

Let us require that for # > 0 the functions v; should satisfy the following boundary conditions at
infinity:

rv;—>0, r—>oo0, i=1,2,3. 45)
Then from (43), we find
F(1,00) = G(1,00) = G(1,00) = 0. (46)
Using formulas (35) and (46), we obtain the following solutions to Egs. (39), (41), and (42):
1
Ki=K,=85=0, Kj= const, f:—4—, A7
T
singular at the initial time ¢ = 0.
Formulas (35) and (47) give
_ &
G = Kpexp|[—-——=|, 48)
4t

which tends to zero as t — 0+ when r # 0.
Obtained formula (48), where K, is an arbitrary constant, presents a particular solution to
Eq. (34) with S = 0 and satisfies conditions (46).
Let us now consider Eq. (32) and seek its solution F(7,¢) in the form
3

F=H®), 6=-—=—, (49)
4T

where H(0) is some differentiable function.
Then, we find

OH'0) . _H©O) . _H'0)

F =- , = . 50
T ¢ 47 7 o2 (50
Substituting formulas (48)-(50) into Eq. (32) and multiplying it by 7, we obtain
OH"(0) + (6 — 1Koe ")H'(9) = 0. (51)
From Eq. (51), we readily find
H' = My exp (—9 + %KoEi(—H)), Ei(x) = / e—ds, (52)
s

where M| = const and Ei(x) is the exponential integral.
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This gives the following formula for the function F = H(0) satisfying the condition for it in
(46):
0
F=H() =M, / exp (-0 + 1 KoEi(-9)) df, (53)

Using (43), (48), (49), and formula for 7 in (24), we obtain

K
0= 5 (-HOy + Koex). 0= 5 (HOX+Koey). vn=30ez (54
where K| is a constant, the function H(0) is determined by formula (53), and, as follows from (49)

and the expressions for 7, 7, £, and Re in (24), (27), and (30), the variable 6 has the form

(/LY _ P
4t 4vt’
Formulas (54) and (55) are defined for O < ¢ < co and satisfy boundary conditions (45).
As follows from (53), H(6) — 0 as § — +o0. Hence, from (54) and (55), we find that for r # 0,
the velocity components v; — 0 ast — 0+.
Therefore, the obtained components v; of the vector of velocity satisfy initial conditions (44).
As follows from (54) and (55), these components are singular at » = 0.
From (53)-(55), we obtain the following approximate formulas for v; in the case of sufficiently
small positive #:

0 = Re (55)

v(Myy + Kox) x r? v(-Mx + Koy) ox r2
=— -—, p=——m—= -—,
r? P\ 4 ? r? P\

(56)

K 2
v3 = Ozexp( d ) r+#0, t—>0+.

2t o\ Aw

Consider now formulas (54) and (55) for v; when ¢t — +co or r — 0, t > 0. Then, from (55), we
have & — O+. In this case for v3, we get

K()Z }’2

E[L+00). 0=
Let us examine the expressions for v; and v, in (54) as § — 0+ in the two cases Ky < 0 and
Ky > 0. As follows from formulas (54), the case Ky < 0 corresponds to a fluid motion toward the
axis z and the case Ky > 0 corresponds to its motion outward from this axis.
It is well known?’ that the exponential integral can be represented as

vs 0—0+. (57)

k

ﬁ, x %0, (58)

Ei(x) = 7, + In|x| + Z
k=1

where 7, is the Euler-Mascheroni constant.
Using (58), we obtain the following asymptotic formula:

exp (-0 + L KoEi(-0)) = exp (3 Koy.) 0X07[1 - (1 + Ko/2)0 + O(67)], 0 —>0+.  (59)
Therefore, formulas (53), (59), and the expression for Ei(x) in (52) give

0
H(6) = H(0) + M, / exp (—0 + 1 KEi(-0)) do

0 (60)
1 1+Ko/2
= H(O) + M, exp (EK()’)/*) m[l + 0(9)]» 60— 0+, Ky>-2,
where H(0) is a finite constant,
H(0) = Myexp (3Koy.)[In0 + O(1)], 6 — 0+, Ko=-2, (61)
91+Ko/2
H(0) = Myexp(3Koy.) ———= (1 +£(0)), 6> 0+, Ko<-2, (62)

1+ Ko/2
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where £(6) = O(6) when Ky < —4, £(f) = O(01n6) when Ky = —4, and &(0) = O (§~'~%0/2) when
-4 < Ky < =-2.

From formulas (54) and (55) and (60)-(62), we derive the following asymptotic formulas for
the components v; and v, of the vector of velocity:

72

T 4yt (63)

% [- (H(0) + 0(6"50%) y + Ko (1 + 0(8)) x]. 6
by = % [(H(0) + 00502 x + Ko (1+00) y|, Ko> -2, 60— 0+,

U1

b = —r—yz [M.(In6 +O0(1) y +2(1+0®) x], M, = My exp(1Koy.),

4 (64)
vy = ﬁ[M*(ln9+0(1))x—2(1+0(9)) yl. Ko=-2, 60— 0+,
M.
o =2 |- 0"+ K02 (1 1+ £(0)) y + Ko (1 + 0(0)) x|,
r? 1+ Kp/2 .
- M. 1+Ko/2 ~
V=3 1+K0/29 1+e@)x+Kg(1+00)y|, Ko<-2, 6—->0+.

From (57), we find that v; — 0 as t — +oc0. As follows from (63), when K, > —2, the velocity
components vy and v, are finite for r # 0 and t — +oco. Formulas (64) and (65) give that when
Ko< —2and M; # 0,v; > c0oand v, — oo ast — +co.

Therefore, obtained solution (54) and (55) could take place in a viscous fluid for sufficiently
large ¢ only when Ky > =2 or M; = 0. When K < =2, M, # 0, and ¢ is sufficiently large, one should
take into account compressibility of viscous fluids.

Let us study formulas (54) and (55) for the components v; of the vector of velocity in the case
of high Reynolds numbers. As follows from these formulas, the velocity components v; of a viscous
fluid could substantially change inside intervals (r — dr, r + 6r), where r ~ [, and 6r ~ [./Re. When
the Reynolds number Re ~ 10%, 1, ~ 1 m, and T ~ 1, the value 6r ~ 0.1 mm. Therefore, in this case,
there can be substantial changes of velocities inside small radial intervals ~107%,. This peculiarity
could be regarded as a manifestation of turbulent flows of viscous fluids with high Reynolds num-
bers. As follows from formulas (57) and (63), when K, > —2, such turbulent flows become absent as
t — +oo.

V. CONCLUSION

We have examined a special class of axially symmetric solutions to the 3D Navier-Stokes equa-
tions in which the components v; and v, of the vector of velocity are independent of the coordinate
z and the component v3 is zero when z = 0. The problem under examination was reduced to a
nonlinear partial differential equation of the third order and a linear partial differential equation of
the second order. Studying the nonlinear differential equation of the third order, we found a class of
its particular solutions which contained two arbitrary functions of time. Then, we considered initial
conditions (44) at t = 0 and boundary conditions (45) at infinity and found a particular analytical
solution to the examined nonlinear differential equation corresponding to these conditions. After
that we studied the obtained linear partial differential equation of the second order and found an
analytical expression for its particular solution. As a result, we obtained a particular analytical
solution to the Navier-Stokes equations. This solution was examined in the case of high Reynolds
numbers. It was shown that the found solution to the Navier-Stokes equations could reflect some
features of fluid turbulent flows.
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