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In the paper, the Navier-Stokes equations are studied in axially symmetric cases of
nonstationary motion with rotation of incompressible viscous fluids. The problem is
reduced to a nonlinear system of three partial differential equations for three unknown
functions of the cylindrical coordinates r and z and time ¢. The three functions are
sought in the form of power series in r with coefficients depending on ¢ and z. For the
unknown coefficients recurrence relations are obtained which contain three arbitrary
functions. The relations are examined in three particular cases in which they give
analytical solutions to the Navier-Stokes equations for any values of the coordinates
t,z, and r. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4895463]

I. INTRODUCTION

Consider the Navier-Stokes equations describing a homogeneous incompressible fluid. They
can be represented in the form'-
av av v av

1
— 4+ vy— 4+ v,— +v3— = ——gradp +f + vAvy, 1
or T V%x Ty T pg P (1)

divv=0, p =const, v = const, 2)

where v = v(t, x, y, z) is the vector of velocity, p = p(t, x, y, 7) is pressure, vy, vy, v3 are the projections
of the vector v onto the orthogonal axes x, y, z, t is time, f = (¢, x, y, z) is the force per unit mass in
the considered fluid, p is its density, and v is its kinematic viscosity.

The Navier-Stokes equations are basic equations of fluid mechanics and extensive studies
are devoted to them. The studies consider general questions of fluid dynamics,'' problems of
hydrodynamic stability, instabilities, and turbulence,’?~*7 special cases of viscous flow,**>" and
numerical methods for fluid dynamics.?>'-%> However, because of substantial nonlinearity of these
equations, only a small number of classes of analytical solutions to them were found. Our aim is to
study some new analytical solutions in the axially symmetric case to the Navier-Stokes equations.

Further we will study the case in which the force f is potential. Then for its potential ® we have
the equality

f = —grad ®. 3)

In this case, Egs. (1) and (3) can be rewritten as

av av v av
—+v—+v—+v3s— =gradg +vAv, g=—p/p—>. “
ot ox ay 9z
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Equations (4) are widely used in astrophysical studies where the function & is a gravitational
potential.66 It should be noted that the differential equations (2) and (4) describe the vector function
v and, instead of the pressure p, the scalar function g. However, when the potential ® is known and
the function ¢ is found, the pressure p can be determined by the equality p = —p(q + P).

Let us study axially symmetric solutions to the Navier-Stokes equations. For this purpose, we
will seek the components vy, vy, v3 of the vector function v and the function ¢ in the following form:

v = —ay + Bx, vy = ax + By, vz =y, a=ualt,r,z2),

B=B@trz, y=ytrz, q=qrz, r=yx>+y>.

Here the function « presents the angular velocities of points of a rotating fluid and the functions
B and y describe changing its shape.
Substituting expressions (5) into Eq. (2), we find

B +28+y. =0, (©)

®)

where B, = dB/dr, y, = 0y/0z.
Using expressions (5), after simple calculations we obtain

ox Uza + USa— = —(rBay, + yao, +2aB)y + (rBB, + vB. + B> — oP)x,
vy vy vy 2 2
Vi—— +vu_—— +vs— =B +ya, +20f)x + (rBp + vB. + BT — )y, (7
ax ay 9z
V3 V3 ov3
Vi— +u— tuv3— =rBy, +yy.
ox oy 0z

For the components of the Laplacian Av we find
Avy = —(ayr + 30 /1 + )y + (Brr + 3B /7 + Bro)x,
Avy = (pr + 30, /7 +az)x + (Brr + 3B, /1 + o)y, ®)
Avs =y + v, /7 + Voo

where «,, = 0%a/3r?, ., = 3%a/dZ%.
Let us now substitute formulas (5), (7), and (8) into the Navier-Stokes equations (4). Then we
come to the following three nonlinear partial differential equations:

ar + B(roy +20) + yo, — v(ey + 30, /r + ;) =0, o = do/0t, 9)
B+ BBy + B)+ yB: — o> — v(Bry + 3B, /1 + B) = q, /7, (10)
Vi 1By + ¥V —v(Werr + Ve /T + V) = ¢ (11)

In Sec. II, we will investigate the obtained four partial differential equations (6) and (9)—(11)
for the unknown functions «, 8, ¥, and ¢ and reduce them to a nonlinear system of three partial
differential equations for the unknown functions «, 8, and y. In Sec. III, we will seek the functions
o, B,and yin the form of power series in r with coefficients depending on ¢ and z and obtain
recurrence relations for these coefficients. In Sec. IV, we will consider three particular cases in
which the examined power series give analytical solutions to the Navier-Stokes equations for any
values of the coordinates ¢, z, and r.

Il. CONSEQUENCES OF THE NAVIER-STOKES EQUATIONS
IN THE CASE OF AXIALLY SYMMETRY

Consider the obtained equations (9)—(11). First let us eliminate the function ¢ in them. For this
purpose, differentiating Eqgs. (10) and (11) with respect to z and r, respectively, and using the evident
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equality dq,/0z = dq,/dr, we find

0
P [B: + BB, + B) + yB. — & —v(Byr + 3B, /7 + B2)]

1o

=3 Ve +1BYr + Ve = v¥r + v /7 + V)]

12)

As can be readily verified, this equation can be represented in the form
Biz + B:(rBr +28) + rBfr: + v:B: + vBz: — 200 —v(Brrz + 3B /7 + Bizo)
= /0 + B +2B)ye /1) + 1B [ 1)r + V(¥e /T) + ¥ (Ve /7): (13)
=V /P)er + B/ 0)Yr [ P)r 4 (Ve /7)22]

After eliminating y, by using equality (6): y, = —rB, — 28, Eq. (13) acquires the following
form:

200, = (B, — v /1) + BB — vr /1) +v(B: — Vi /T):

=Bz = ¥+ /T)er + B/T)Bz = Ve /T)r + (Bz — V2 /72 (9
The obtained equations (6), (9), and (14) can be rewritten as
Y. = =B — 25,
—2af = a; +rBa, + ya, —v(a,, + 3, /r + az;), (15)
200 = @ + 1Py + v — (@ + 300 /1 +922), @ =B — v /1.
In order to determine the function ¢ = —p/p — & and hence the pressure p, let us turn to

Egs. (10) and (11). From them we have
qr =W, r.2), ¢g.=0(r,2),
W =r(B+ BBy + B+ vP: — o — (B +3B:/r + ), (16)
O =y +rByr +yv: = v(Wer + ¥ /1 + V20
From (16), we derive the following equality which is equivalent to equality (12):
oV/dz = 00 /or. a7

This gives that in any singly connected region the expression Wdr + ®dz is a total differential
and the function ¢ can be determined as follows:
(r,2)
q= / (Wdr + ©dz) + qo(t), (18)
(ro,20)

where the integral is taken along an arbitrary line connecting a fixed point (7, z9) and point (7, z)
and ¢o(?) is some function which gives values of g at the point (rg, 2¢).

Thus, the problem under consideration consists in finding solutions to the system of three
equations (15) which will be further examined.

lll. INVESTIGATION OF AXIALLY SYMMETRIC SOLUTIONS
TO THE NAVIER-STOKES EQUATIONS

Let us seek solutions to Egs. (15) in the following form:

=Y at, ™, B=) b, ", y =Y e, (19)
n=0 n=0

n=0
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where a,, b,,c, are some functions of ¢ and z, in a region in which the three power series are
convergent.
Then for the function ¢ in (15) we find

o
@ =B~y /r=)_ dyt,r", (20)
n=0
where
d,(t,z2) =b —2(n+ 1)cop1, b, =db,/0z. 1)

Let us substitute formulas (19) and (20) into the three equations (15). Then equating the terms
containing *" in their left-hand and right-hand sides, we obtain

¢ = —=2(n+ 1)b,, (22)
n n
=2 by =y + Y Qkachy i + ajen i) — V40 + D1+ Danr +ayl, (23)
k=0 k=0
2 Z aa,  =d, + Z Qkdiby_ + djcni) — v[4(n + D)(n + 2)dyyy +d1, (24)
k=0 k=0

where a, = da,/dz, a = 3%a,/d7%, a, = da,/dt.
From Egs. (23) and (24), using (21) and (22), we come to the following recurrence relations:

1 " (n—k+ Da,cya—r — (k+ Dapc’.
an+l=—<an_va,/;+z( )k k ( )kn k>, (25)
k=0

4v(n+ 1(n+2) n—k+1
1 . "\ (n —k + DQRagan—i — djca—i) + kdic,_,
dyp) = ——d, —vd — k)26
+1 4v(n+1)(n+2)( Ve g n—k+1 (26)
wheren=0,1,2,... and
1 C//
S d, n . 27
Cntl 2(n+1)( +2(n+1)> @7

It should be noted that in the recurrence relations (25)—(27) the three functions a(z, z), co(t, 2),
and dy(t, z) are arbitrary differentiable ones.

As is seen from recurrence relations (25)—(27), they contain the multipliers (n + 1)~ Ln +
2)~ I and (n+ 1)~ 1 respectively, which tend to zero as n — oo. This circumstance is important
for the power series (19) to be absolutely convergent in a number of cases, as will be shown later on.

IV. THREE CLASSES OF PARTICULAR SOLUTIONS
TO THE NAVIER-STOKES EQUATIONS

Further we will consider three cases in which the recurrence relations (25)—(27) give solutions
to the Navier-Stokes equations for any values of ¢, z, and r.

A. A class of solutions of closed form
Examine the case
ap =a(r), co=gt)+zh(), dyo=0, (28)
where a(?), g(), and h(f) are some differentiable functions. Then from (25)—(27), we derive

ay = ap(t), cnp1()=0, d,=0, n=0,12,..., (29)
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where the functions a,(7) satisfy the recurrence relation
a, — (n + Dha,

m, n = O, l, 2,...., h = I’l(t), a, = Cln(l). (30)

apy1 =

Consider now the case ay, = 0, where N is some non-negative integer. Then from (30), we
obtain

a, =0, n>N+1 31
and sequentially find ay,ay_1, - . . , ap by the recurrence relation
t 1
an-&-l(r)
a, =4v(n + 1)(n + 2)A,(t) A—()dT +C,|, At)=exp|(n+1) [ h(z)dr |,
2 (T
0

(32)
wheren =N,N — 1,...,0,ay4+; = 0 and C, are arbitrary constants.
From formulas (19), (22), (28), (29), and (31) we obtain the following particular solutions to
Egs. (15):

N
a= anr’, B=—3h(0), y=gW)+zh0), (33)
n=0

where a,(f) are determined by formulas (32), N is an arbitrary non-negative integer, g(f) and h(f) are
arbitrary differentiable functions, and the expressions for « and y contain N + 1 arbitrary constants
Co,C1,...,Cy.

Thus, formulas (5), (32), and (33) give a class of particular solutions of closed form to the
Navier-Stokes equations. These solutions can be applied to a fluid occupying a cylindrical region
with 0 < r < ry, where rq is some finite radius. The constants Cy, C, ..., Cy in them determine an
initial condition at # = 0 and the functions /() and g(#) correspond to certain boundary conditions
atr =ry.

It should be noted that in the obtained particular solutions the function ¢ does not tend to zero
asv — 0 when C,, = U,/v for some indices n, where U, are nonzero constants independent of the

parameter v.
Consider now the particular case i(f) = — hgy, where hy = const > 0. Then from formulas (32)
we derive
N
A, = e DRt Z an’kef(k+1)h0t’ (34)
k=n

where a,, ; are some constants and ay, y = 4v(N + 1)(N + 2)Cy.
Substituting (34) into formula (32), we obtain forn =N — I,N — 2,...,0,

N
Z anyke—(k—&-l)hoz
k=n

N N
1 an+1.k _ An+1,k —
—4 1 »(c, + — . (n+Dhot __ : (k+Dhot |
v(n + D + )[( —i—hOkZ el K ) &y’

=n+1 k=n+1
(35

This gives the recurrence relations for a, ,

N
1 Apil.k Ant1,k
an =4 1 | Ch+ — —, ik = —4 1 2)——,
Ay = 4v(n+ D(n + )( +hok2 k_n) s = =401+ Din + D=0

=n+l1
(36)
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wheren + 1 <k<N, n=N—-1,N—-2,...,0, ayn=4v(N + )N + 2)Cy.
Let us put
Ch = o ho = (N 4+ D(N +2) f (37)
" NFDN+2) 0= 0
where S,, = const, fy = const > 0.
Then the recurrence relations (36) acquire the form

N
dvin+ 1H(n+ 2 1 a, dv(n+ 1)(n + 2)a,
iy = DOV (LS ) A DO D
(N + DN +2) fo ot k=n (k —n)(N + )N +2)f,
wheren + 1 <k<N,n=N — 1,N — 2,...,0,ayny = 4vSy.
In the examined case h(f) = — hy, particular solutions to the Navier-Stokes equations are

determined by formulas (33), (34), and (38). Since the considered constant zy > 0, from (33) and
(34) we find that the function «(z, r) — 0 as t - 4+ oo.

B. A class of solutions independent of z

Examine the case
ap=a(t), co=c(t), do=4d(), (39)
where a(t), c(t), and d(r) are some differentiable functions. Then from (25)—(27), we find

a, = an(t)a Cn = Cn(t)v dn = dn(t)’ n= 0, (40)

al‘l dn dl‘l

B g =— = 41
W= L+ hn+2) M T e+ e+ T T2+ 1) @1
Formulas (41) give
(e d™(t 1 d™(t
=0, W =20 us0 @)

@vynl(n + 1) @vyml(n + D! 2 4y ((n + DY?’

where a©(7) = a(?).
From (19), (22), and (42) we obtain

a(n)(t)r.Zn B 1 o d(n)(t)rZ(nJrl)
o =al(t) + Z Gy PO v=c—3 Z T aCET (43)

When [a"™(1)] < (A(¥))" and |d™(#)| < (D))", n > 0, where A(f) and D(f) are some positive
functions, the two series in (43) are absolutely convergent for any r. In particular, these conditions
are fulfilled when the functions a(f) and d(¢) are finite sums of expressions of the form Ce* sin (¢
+ §), where C, A, ¥, § are constants.

Thus, formulas (5) and (43) give one more class of particular solutions to the Navier-Stokes
equations.

When the functions a(f) and d(f) are polynomials, from (43) we obtain finite sums for the
functions «a(t, r) and y(t, r).

Consider now the particular case

[e ] oo
a(t)y= Y Ape ', d@t)= ) Dye ™, (44)

m=1 m=1

where A,,, D,,, w,, 0, are constants, w, > 0, 6, >0, ¢ > 0, and the infinite consequences
A,, and D,, are absolutely summable.
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Then from formulas (43) we find

00 oo —1) - 2\ "
a = Z Ame_w”ll Z ( ) (a) r ) 9 ﬂ = 07

me1 noon!m+ 1)\ 4v
(45)
< D, & (_l)n+1 em’,.Z n+l
=c(t)+2v o Omt < > )
y=entw 2 g 2::0 (1 + D) \ 4v

Using the Bessel functions Jy(x) and J;(x) of the first kind, these expressions can be represented,
as

2V = A o
o= rvmzlmjl(,/(wm/v)r>e ",

B=0, y=clt)+2v i 19)_: [Jo (V@ foyr) = 1] e, (46)

m=1

It is well known that the functions Jy(x) and J;(x) have the following form as x — + oo:

Jo(x) = (rrx)_%(sinx + cosx) + O(x_%), Jilx) = (nx)_%(sinx —cosx) + O(x_%). A7

Therefore, in the considered case (44), formulas (5) and (46) give an infinite kinetic energy for
a fluid which occupies the infinite region 0 < r < co, |z| < zp = const and is not at rest.

Let us now examine a fluid occupying the cylindrical region O < r < ry, where ry is some finite
radius, and let the boundary conditions for it be as follows:

a(t,rg) =0, y(,rg) =0. (48)

It should be noted that in the particular case «(t, ) = 0, this problem is considered in Ref. 13.
When «(t, r) # 0, from (46) and (48) we derive

\/(a)lﬂ/‘})r():kms m:152337"'7 (49)

where ky, ky, ks, ... is the infinite consequence of zeros of the Bessel function J;(x): 0 < k) < k
<ks<...,Jitlky) =0, m=1,273,....
Therefore, the function «(#, ) acquires the form
20 <= A
o= il k—.ll(kmr/ro)exp (—vk,znt/ré). (50)
r m

m=1

As is well known, the Bessel functions J, (ki,,’”s), where 4 > —1 and J, (kfn”“)> =0,0

< kﬁ” ) < k;" d <<k <. arean orthogonal system in the region 0 < s < 1 and any contin-
uous function f(s) defined in this region can be expressed as the series®’

oo

f(s) = § TRy, 0<s <1, (51)
m=1
where
’ 1
fu = —/sf(s)J,L(kf,f)s)ds, m=123,.... (52)
J2 (k(ﬂ))
73 o L 0

That is why the coefficients A,, in (50) can be chosen so as to satisfy the initial condition at
t = 0: a(0, r) = ap(r), where «((7) is an arbitrary continuous function.
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Analogously, in order to satisfy an initial condition for the function y at = 0, we should choose
the numbers 6,, in the form

VO /VIrg=1,, m=1,2,3..., (53)

where [, are different zeros of the Bessel function Jo(x): 0 <l <bh <l < ..., Jo(l,) =0, m =1,
2,3,....
From formulas (46) and (53), we obtain
=D
y =c(t) +2r} Z 1—2'" [Jo Lnur/70) — 11 exp (—vist/r5). (54)
m=1 M

As follows from (48) and (54),

c(t) = 2r} Z 7 " exp (—vi21/r3). (55)

m=1

Thus, the obtained formulas (50), (54), and (55) describe solutions to the Navier-Stokes equa-
tions that satisfy the boundary conditions (48) in the considered case (44).
When v — 0, from these formulas we find

(o]

210 = A 5 D,
o = Tm: | EJI (kmr/ro), ¥ =2r8 mZ::l EJO (Lnr/r0), v=0. (56)

When v > 0 formulas (50), (54), and (55) give that «(f) — 0 and y(f) - Q0 as t > + oo.

C. A class of solutions depending on one function of tand z
Examine the case
ap=0, c¢o=c(t,z), dy= D = const, 57

where c(z, z) is some differentiable function. Then from formulas (25)—(27) we find

// 1 C//
n:O’ dn 201 n =_”—+1’ >07 =—|D ~ 58
’ HED e Ty MED 2( +2) o
and hence
(211)
=1 e nz2, (59)
where ¢ = 8kc/zk.
From formulas (19), (22), and (57)—(59), we obtain the following solution to Egs. (15):
(2n+1),.2n (211) 2n
. n+1 ¢ r o D_ 1\ r
a =0, Z( D e o Y =¢ +Z< Rl T

When [¢”| < (K(t,2))", n > 0, —00 < z < 00, where K(t, z) is some positive function, the
two series in (60) are absolutely convergent for any r and z.

Thus, formulas (5) and (60) give one more class of particular solutions to the Navier-Stokes
equations.

It should be stressed that formulas (60) give expressions for the vector of velocity v independent
of the kinematic viscosity v. That is why these formulas can be applied to both the Navier-Stokes
and Euler equations.

As can be easily verified, the functions B and y determined by formulas (60) satisfy the
equalities B, + 38,/r + B, =0, vy, + y./r + vy, = —2D. Therefore, from (16), we derive
that in the considered case the functions ® and ¢ depend on the parameter v when D # 0.
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It should be noted that when the function c(¢, z) = Z oW (t)z/, where w; j(t) are arbitrary
functions and M is an arbitrary non-negative integer, from (60) we obtain finite sums for the functions
B and y.

The studied case (57) can be regarded as limiting when ¢ — 0 in the following case:

ag = eup(t, z), co=c(t,z), dy= D = const, (61)

where ¢ is a small parameter and u(%, z) is some differentiable function.

Then, as follows from (26) and (27), expressions (60) for the functions 8 and y are approximate
and their deviations from the exact expressions are O(?).

Consider now the particular case

ct,z) = Z Con () sin (A (£)z + 8 (1)), (62)

m= 1

where C,, (1), 1,,(?), and §,,(7) are some differentiable functions of # > 0 and the infinite consequence
C,,(?) is absolutely summable for any 7 > 0.
Then from (60), we derive

()"m (t))2n+1 r2n

=—5 D Cu(0)cos up(1)z + 8, (1) - : (63)
MX_:I Z 47(n + 1)!n!

__lpp c A 5 Con (O " 64

y=-5Dr’+ Z (1) $in (o (1)2 + m<r>>2—,)2 (64)

m=1

Using the modified Bessel functions Iy(x) and I;(x) of the first kind, these expressions can be
represented as

1 o0
B=—=_ Cult)cos Gun(t)z + 8,(t) Iy (n(D)r), (65)
r

m=1

y = —%Dﬂ + ; Con (1) $iD G812 + 8(8)) To Gon (0)1). (66)

&~

It is well known that as x — -+ oo, the functions Iy(x) and I1(x) are of the form T

[14+ 0(x™H] and In(—x) = Ip(x), Ii(—x) = — L (x).

Therefore, formulas (65) and (66) can be applied to a finite spatial region. In particular, these
formulas can be applied to a fluid occupying a cylindrical region with 0 < r < ry, where ry is some
finite radius.

Let A,,,(t) = A(t)m, where A(t) is some differentiable function. Then formulas (65) and (66)
correspond to certain boundary conditions at r = ry for the functions 8 and y that are periodic in z.

V. CONCLUSION

We have considered the Navier-Stokes equations in the axially symmetric case. These equations
were reduced to a nonlinear system of three partial differential equations. Their solutions were
sought in the form of power series in r with coefficients depending on 7 and z. As a result, we came
to recurrence relations for these coefficients which contain three arbitrary functions of 7 and z. Then
we examined three particular cases in which analytical solutions for any ¢, r, and z to the Navier-
Stokes equations were found. In the first of them a class of solutions of closed form was obtained.
In the second case, we found a class of solutions independent of z. In the third case, we came to
solutions depending on one function of ¢ and z for which the vector of velocity v is independent of
the kinematic viscosity v.
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