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In the paper, the Navier-Stokes equations are studied in axially symmetric cases of
nonstationary motion with rotation of incompressible viscous fluids. The problem is
reduced to a nonlinear system of three partial differential equations for three unknown
functions of the cylindrical coordinates r and z and time t. The three functions are
sought in the form of power series in r with coefficients depending on t and z. For the
unknown coefficients recurrence relations are obtained which contain three arbitrary
functions. The relations are examined in three particular cases in which they give
analytical solutions to the Navier-Stokes equations for any values of the coordinates
t, z, and r. C© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4895463]

I. INTRODUCTION

Consider the Navier-Stokes equations describing a homogeneous incompressible fluid. They
can be represented in the form1–3

∂v
∂t

+ v1
∂v
∂x

+ v2
∂v
∂y

+ v3
∂v
∂z

= − 1

ρ
gradp + f + ν�v, (1)

div v = 0, ρ = const, ν = const, (2)

where v = v(t, x, y, z) is the vector of velocity, p = p(t, x, y, z) is pressure, v1, v2, v3 are the projections
of the vector v onto the orthogonal axes x, y, z, t is time, f = f(t, x, y, z) is the force per unit mass in
the considered fluid, ρ is its density, and ν is its kinematic viscosity.

The Navier-Stokes equations are basic equations of fluid mechanics and extensive studies
are devoted to them. The studies consider general questions of fluid dynamics,1–21 problems of
hydrodynamic stability, instabilities, and turbulence,22–37 special cases of viscous flow,38–50 and
numerical methods for fluid dynamics.2, 51–65 However, because of substantial nonlinearity of these
equations, only a small number of classes of analytical solutions to them were found. Our aim is to
study some new analytical solutions in the axially symmetric case to the Navier-Stokes equations.

Further we will study the case in which the force f is potential. Then for its potential � we have
the equality

f = −grad �. (3)

In this case, Eqs. (1) and (3) can be rewritten as

∂v
∂t

+ v1
∂v
∂x

+ v2
∂v
∂y

+ v3
∂v
∂z

= grad q + ν�v, q = −p/ρ − �. (4)
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Equations (4) are widely used in astrophysical studies where the function � is a gravitational
potential.66 It should be noted that the differential equations (2) and (4) describe the vector function
v and, instead of the pressure p, the scalar function q. However, when the potential � is known and
the function q is found, the pressure p can be determined by the equality p = –ρ(q + �).

Let us study axially symmetric solutions to the Navier-Stokes equations. For this purpose, we
will seek the components v1, v2, v3 of the vector function v and the function q in the following form:

v1 = −αy + βx, v2 = αx + βy, v3 = γ, α = α(t, r, z),

β = β(t, r, z), γ = γ (t, r, z), q = q(t, r, z), r =
√

x2 + y2.

(5)

Here the function α presents the angular velocities of points of a rotating fluid and the functions
β and γ describe changing its shape.

Substituting expressions (5) into Eq. (2), we find

rβr + 2β + γz = 0, (6)

where βr ≡ ∂β/∂r, γ z ≡ ∂γ /∂z.
Using expressions (5), after simple calculations we obtain

v1
∂v1

∂x
+ v2

∂v1

∂y
+ v3

∂v1

∂z
= −(rβαr + γαz + 2αβ)y + (rββr + γβz + β2 − α2)x,

v1
∂v2

∂x
+ v2

∂v2

∂y
+ v3

∂v2

∂z
= (rβαr + γαz + 2αβ)x + (rββr + γβz + β2 − α2)y,

v1
∂v3

∂x
+ v2

∂v3

∂y
+ v3

∂v3

∂z
= rβγr + γ γz .

(7)

For the components of the Laplacian �v we find

�v1 = −(αrr + 3αr/r + αzz)y + (βrr + 3βr/r + βzz)x,

�v2 = (αrr + 3αr/r + αzz)x + (βrr + 3βr/r + βzz)y,

�v3 = γrr + γr/r + γzz,

(8)

where αrr ≡ ∂2α/∂r2, αzz ≡ ∂2α/∂z2.
Let us now substitute formulas (5), (7), and (8) into the Navier-Stokes equations (4). Then we

come to the following three nonlinear partial differential equations:

αt + β(rαr + 2α) + γαz − ν(αrr + 3αr/r + αzz) = 0, αt ≡ ∂α/∂t, (9)

βt + β(rβr + β) + γβz − α2 − ν(βrr + 3βr/r + βzz) = qr/r, (10)

γt + rβγr + γ γz − ν(γrr + γr/r + γzz) = qz . (11)

In Sec. II, we will investigate the obtained four partial differential equations (6) and (9)–(11)
for the unknown functions α, β, γ , and q and reduce them to a nonlinear system of three partial
differential equations for the unknown functions α, β, and γ . In Sec. III, we will seek the functions
α, β, and γ in the form of power series in r with coefficients depending on t and z and obtain
recurrence relations for these coefficients. In Sec. IV, we will consider three particular cases in
which the examined power series give analytical solutions to the Navier-Stokes equations for any
values of the coordinates t, z, and r.

II. CONSEQUENCES OF THE NAVIER-STOKES EQUATIONS
IN THE CASE OF AXIALLY SYMMETRY

Consider the obtained equations (9)–(11). First let us eliminate the function q in them. For this
purpose, differentiating Eqs. (10) and (11) with respect to z and r, respectively, and using the evident
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equality ∂qr/∂z = ∂qz/∂r, we find

∂

∂z

[
βt + β(rβr + β) + γβz − α2 − ν(βrr + 3βr/r + βzz)

]
= 1

r

∂

∂r
[γt + rβγr + γ γz − ν(γrr + γr/r + γzz)] .

(12)

As can be readily verified, this equation can be represented in the form

βt z + βz(rβr + 2β) + rββr z + γzβz + γβzz − 2ααz − ν(βrr z + 3βr z/r + βzzz)

= (γr/r )t + (rβr + 2β)(γr/r ) + rβ(γr/r )r + γz(γr/r ) + γ (γr/r )z

−ν[(γr/r )rr + (3/r )(γr/r )r + (γr/r )zz].

(13)

After eliminating γ z by using equality (6): γ z = − rβr − 2β, Eq. (13) acquires the following
form:

2ααz = (βz − γr/r )t + rβ(βz − γr/r )r + γ (βz − γr/r )z

−ν[(βz − γr/r )rr + (3/r )(βz − γr/r )r + (βz − γr/r )zz].
(14)

The obtained equations (6), (9), and (14) can be rewritten as

γz = −rβr − 2β,

−2αβ = αt + rβαr + γαz − ν(αrr + 3αr/r + αzz), (15)

2ααz = ϕt + rβϕr + γ ϕz − ν(ϕrr + 3ϕr/r + ϕzz), ϕ = βz − γr/r.

In order to determine the function q = − p/ρ − � and hence the pressure p, let us turn to
Eqs. (10) and (11). From them we have

qr = �(t, r, z), qz = �(t, r, z),

� = r [βt + β(rβr + β) + γβz − α2 − ν(βrr + 3βr/r + βzz)], (16)

� = γt + rβγr + γ γz − ν(γrr + γr/r + γzz).

From (16), we derive the following equality which is equivalent to equality (12):

∂�/∂z = ∂�/∂r. (17)

This gives that in any singly connected region the expression �dr + �dz is a total differential
and the function q can be determined as follows:

q =
(r,z)∫

(r0,z0)

(�dr + �dz) + q0(t), (18)

where the integral is taken along an arbitrary line connecting a fixed point (r0, z0) and point (r, z)
and q0(t) is some function which gives values of q at the point (r0, z0).

Thus, the problem under consideration consists in finding solutions to the system of three
equations (15) which will be further examined.

III. INVESTIGATION OF AXIALLY SYMMETRIC SOLUTIONS
TO THE NAVIER-STOKES EQUATIONS

Let us seek solutions to Eqs. (15) in the following form:

α =
∞∑

n=0

an(t, z)r2n, β =
∞∑

n=0

bn(t, z)r2n, γ =
∞∑

n=0

cn(t, z)r2n, (19)
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where an, bn, cn are some functions of t and z, in a region in which the three power series are
convergent.

Then for the function ϕ in (15) we find

ϕ = βz − γr/r =
∞∑

n=0

dn(t, z)r2n, (20)

where

dn(t, z) = b′
n − 2(n + 1)cn+1, b′

n ≡ ∂bn/∂z. (21)

Let us substitute formulas (19) and (20) into the three equations (15). Then equating the terms
containing r2n in their left-hand and right-hand sides, we obtain

c′
n = −2(n + 1)bn, (22)

−2
n∑

k=0

akbn−k = ȧn +
n∑

k=0

(2kakbn−k + a′
kcn−k) − ν[4(n + 1)(n + 2)an+1 + a′′

n ], (23)

2
n∑

k=0

a′
kan−k = ḋn +

n∑
k=0

(2kdkbn−k + d ′
kcn−k) − ν[4(n + 1)(n + 2)dn+1 + d ′′

n ], (24)

where a′
n ≡ ∂an/∂z, a′′

n ≡ ∂2an/∂z2, ȧn ≡ ∂an/∂t .
From Eqs. (23) and (24), using (21) and (22), we come to the following recurrence relations:

an+1 = 1

4ν(n + 1)(n + 2)

(
ȧn − νa′′

n +
n∑

k=0

(n − k + 1)a′
kcn−k − (k + 1)akc′

n−k

n − k + 1

)
, (25)

dn+1 = 1

4ν(n + 1)(n + 2)

(
ḋn − νd ′′

n −
n∑

k=0

(n − k + 1)(2a′
kan−k − d ′

kcn−k) + kdkc′
n−k

n − k + 1

)
, (26)

where n = 0, 1, 2, . . . and

cn+1 = − 1

2(n + 1)

(
dn + c′′

n

2(n + 1)

)
. (27)

It should be noted that in the recurrence relations (25)–(27) the three functions a0(t, z), c0(t, z),
and d0(t, z) are arbitrary differentiable ones.

As is seen from recurrence relations (25)–(27), they contain the multipliers (n + 1)− 1, (n +
2)− 1, and (n + 1)− 1, respectively, which tend to zero as n → ∞. This circumstance is important
for the power series (19) to be absolutely convergent in a number of cases, as will be shown later on.

IV. THREE CLASSES OF PARTICULAR SOLUTIONS
TO THE NAVIER-STOKES EQUATIONS

Further we will consider three cases in which the recurrence relations (25)–(27) give solutions
to the Navier-Stokes equations for any values of t, z, and r.

A. A class of solutions of closed form

Examine the case

a0 = a(t), c0 = g(t) + zh(t), d0 = 0, (28)

where a(t), g(t), and h(t) are some differentiable functions. Then from (25)–(27), we derive

an = an(t), cn+1(t) = 0, dn = 0, n = 0, 1, 2, . . . , (29)
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where the functions an(t) satisfy the recurrence relation

an+1 = ȧn − (n + 1)han

4ν(n + 1)(n + 2)
, n = 0, 1, 2,...., h = h(t), an = an(t). (30)

Consider now the case aN + 1 = 0, where N is some non-negative integer. Then from (30), we
obtain

an = 0, n ≥ N + 1 (31)

and sequentially find aN, aN − 1, . . . , a0 by the recurrence relation

an = 4ν(n + 1)(n + 2)An(t)

⎛
⎝ t∫

0

an+1(τ )

An(τ )
dτ + Cn

⎞
⎠ , An(t) = exp

⎛
⎝(n + 1)

t∫
0

h(τ )dτ

⎞
⎠ ,

(32)
where n = N, N − 1, . . . , 0, aN + 1 = 0 and Cn are arbitrary constants.

From formulas (19), (22), (28), (29), and (31) we obtain the following particular solutions to
Eqs. (15):

α =
N∑

n=0

an(t)r2n, β = − 1
2 h(t), γ = g(t) + zh(t), (33)

where an(t) are determined by formulas (32), N is an arbitrary non-negative integer, g(t) and h(t) are
arbitrary differentiable functions, and the expressions for α and γ contain N + 1 arbitrary constants
C0, C1, . . . , CN.

Thus, formulas (5), (32), and (33) give a class of particular solutions of closed form to the
Navier-Stokes equations. These solutions can be applied to a fluid occupying a cylindrical region
with 0 ≤ r ≤ r0, where r0 is some finite radius. The constants C0, C1, . . . , CN in them determine an
initial condition at t = 0 and the functions h(t) and g(t) correspond to certain boundary conditions
at r = r0.

It should be noted that in the obtained particular solutions the function α does not tend to zero
as ν → 0 when Cn = Un/ν for some indices n, where Un are nonzero constants independent of the
parameter ν.

Consider now the particular case h(t) = − h0, where h0 = const > 0. Then from formulas (32)
we derive

An = e−(n+1)h0t , an =
N∑

k = n

an,ke−(k+1)h0t , (34)

where an, k are some constants and aN, N = 4ν(N + 1)(N + 2)CN.
Substituting (34) into formula (32), we obtain for n = N − 1, N − 2, . . . , 0,

N∑
k = n

an,ke−(k+1)h0t

= 4ν(n + 1)(n + 2)

[(
Cn + 1

h0

N∑
k = n+1

an+1,k

k − n

)
e−(n+1)h0t −

N∑
k=n+1

an+1,k

(k − n)h0
e−(k+1)h0t

]
.

(35)

This gives the recurrence relations for an, k,

an,n = 4ν(n + 1)(n + 2)

(
Cn + 1

h0

N∑
k = n+1

an+1,k

k − n

)
, an,k = −4ν(n + 1)(n + 2)

an+1,k

(k − n)h0
,

(36)
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where n + 1 ≤ k ≤ N, n = N − 1, N − 2, . . . , 0, aN, N = 4ν(N + 1)(N + 2)CN.
Let us put

Cn = Sn

(N + 1)(N + 2)
, h0 = (N + 1)(N + 2) f0, (37)

where Sn = const, f0 = const > 0.
Then the recurrence relations (36) acquire the form

an,n = 4ν(n + 1)(n + 2)

(N + 1)(N + 2)

(
Sn + 1

f0

N∑
k=n+1

an+1,k

k − n

)
, an,k = − 4ν(n + 1)(n + 2)an+1,k

(k − n)(N + 1) N + 2) f0
, (38)

where n + 1 ≤ k ≤ N, n = N − 1, N − 2, . . . , 0, aN.N = 4νSN.
In the examined case h(t) = − h0, particular solutions to the Navier-Stokes equations are

determined by formulas (33), (34), and (38). Since the considered constant h0 > 0, from (33) and
(34) we find that the function α(t, r) → 0 as t → + ∞.

B. A class of solutions independent of z

Examine the case

a0 = a(t), c0 = c(t), d0 = d(t), (39)

where a(t), c(t), and d(t) are some differentiable functions. Then from (25)–(27), we find

an = an(t), cn = cn(t), dn = dn(t), n ≥ 0, (40)

an+1 = ȧn

4ν(n + 1)(n + 2)
, dn+1 = ḋn

4ν(n + 1)(n + 2)
, cn+1 = − dn

2(n + 1)
. (41)

Formulas (41) give

an = a(n)(t)

(4ν)nn!(n + 1)!
, dn = d (n)(t)

(4ν)nn!(n + 1)!
, cn+1 = −1

2

d (n)(t)

(4ν)n ((n + 1)!)2 , n ≥ 0, (42)

where a(0)(t) ≡ a(t).
From (19), (22), and (42) we obtain

α = a(t) +
∞∑

n = 1

a(n)(t)r2n

(4ν)nn!(n + 1)!
, β = 0, γ = c(t) − 1

2

∞∑
n = 0

d (n)(t)r2(n+1)

(4ν)n ((n + 1)!)2 . (43)

When |a(n)(t)| ≤ (A(t))n and |d(n)(t)| ≤ (D(t))n, n ≥ 0, where A(t) and D(t) are some positive
functions, the two series in (43) are absolutely convergent for any r. In particular, these conditions
are fulfilled when the functions a(t) and d(t) are finite sums of expressions of the form Ceλt sin (ϑ t
+ δ), where C, λ, ϑ , δ are constants.

Thus, formulas (5) and (43) give one more class of particular solutions to the Navier-Stokes
equations.

When the functions a(t) and d(t) are polynomials, from (43) we obtain finite sums for the
functions α(t, r) and γ (t, r).

Consider now the particular case

a(t) =
∞∑

m = 1

Ame−ωm t , d(t) =
∞∑

m = 1

Dme−θm t , (44)

where Am, Dm, ωm, θm are constants, ωm > 0, θm > 0, t ≥ 0, and the infinite consequences
Am and Dm are absolutely summable.
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Then from formulas (43) we find

α =
∞∑

m = 1
Ame−ωm t

∞∑
n = 0

(−1)n

n!(n + 1)!

(
ωmr2

4ν

)n

, β = 0,

γ = c(t) + 2ν
∞∑

m = 1

Dm

θm
e−θm t

∞∑
n = 0

(−1)n+1

((n + 1)!)2

(
θmr2

4ν

)n+1

.

(45)

Using the Bessel functions J0(x) and J1(x) of the first kind, these expressions can be represented,
as

α = 2
√

ν

r

∞∑
m = 1

Am√
ωm

J1

(√
(ωm/ν)r

)
e−ωm t ,

β = 0, γ = c(t) + 2ν

∞∑
m = 1

Dm

θm

[
J0

(√
(θm/ν)r

)
− 1

]
e−θm t . (46)

It is well known that the functions J0(x) and J1(x) have the following form as x → + ∞:

J0(x) = (πx)−
1
2 (sin x + cos x) + O(x− 3

2 ), J1(x) = (πx)−
1
2 (sin x − cos x) + O(x− 3

2 ). (47)

Therefore, in the considered case (44), formulas (5) and (46) give an infinite kinetic energy for
a fluid which occupies the infinite region 0 ≤ r < ∞, |z| ≤ z0 = const and is not at rest.

Let us now examine a fluid occupying the cylindrical region 0 ≤ r ≤ r0, where r0 is some finite
radius, and let the boundary conditions for it be as follows:

α(t, r0) = 0, γ (t, r0) = 0. (48)

It should be noted that in the particular case α(t, r) ≡ 0, this problem is considered in Ref. 13.
When α(t, r) 	= 0, from (46) and (48) we derive√

(ωm/ν)r0 = km, m = 1, 2, 3, . . . , (49)

where k1, k2, k3, . . . is the infinite consequence of zeros of the Bessel function J1(x): 0 < k1 < k2

< k3 < . . . , J1(km) = 0, m = 1, 2,3, . . . .
Therefore, the function α(t, r) acquires the form

α = 2r0

r

∞∑
m=1

Am

km
J1(kmr/r0) exp

(−νk2
mt/r2

0

)
. (50)

As is well known, the Bessel functions Jμ

(
k(μ)

m s
)

, where μ > − 1 and Jμ

(
k(μ)

m

)
= 0, 0

< k(μ)
1 < k(μ)

2 < . . . < k(μ)
m < . . ., are an orthogonal system in the region 0 < s < 1 and any contin-

uous function f(s) defined in this region can be expressed as the series67

f (s) =
∞∑

m = 1

f (μ)
m Jμ(k(μ)

m s), 0 < s < 1, (51)

where

f (μ)
m = 2

J 2
μ + 1(k(μ)

m )

1∫
0

s f (s)Jμ(k(μ)
m s)ds, m = 1, 2, 3, . . . . (52)

That is why the coefficients Am in (50) can be chosen so as to satisfy the initial condition at
t = 0: α(0, r) = α0(r), where α0(r) is an arbitrary continuous function.
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Analogously, in order to satisfy an initial condition for the function γ at t = 0, we should choose
the numbers θm in the form √

(θm/ν)r0 = lm, m = 1, 2, 3, . . . , (53)

where lm are different zeros of the Bessel function J0(x): 0 < l1 < l2 < l3 < . . . , J0(lm) = 0, m = 1,
2, 3, . . . .

From formulas (46) and (53), we obtain

γ = c(t) + 2r2
0

∞∑
m = 1

Dm

l2
m

[J0 (lmr/r0) − 1] exp
(−νl2

mt/r2
0

)
. (54)

As follows from (48) and (54),

c(t) = 2r2
0

∞∑
m = 1

Dm

l2
m

exp
(−νl2

mt/r2
0

)
. (55)

Thus, the obtained formulas (50), (54), and (55) describe solutions to the Navier-Stokes equa-
tions that satisfy the boundary conditions (48) in the considered case (44).

When ν → 0, from these formulas we find

α = 2r0

r

∞∑
m = 1

Am

km
J1 (kmr/r0) , γ = 2r2

0

∞∑
m = 1

Dm

l2
m

J0 (lmr/r0) , ν = 0. (56)

When ν > 0 formulas (50), (54), and (55) give that α(t) → 0 and γ (t) → 0 as t → + ∞.

C. A class of solutions depending on one function of t and z

Examine the case

a0 = 0, c0 = c(t, z), d0 = D = const, (57)

where c(t, z) is some differentiable function. Then from formulas (25)–(27) we find

an = 0, dn+1 = 0, cn+2 = − c′′
n+1

4(n + 2)2
, n ≥ 0, c1 = −1

2

(
D + c′′

2

)
(58)

and hence

cn = (−1)n c(2n)
z

4n(n!)2
, n ≥ 2, (59)

where c(k)
z ≡ ∂kc/∂zk .

From formulas (19), (22), and (57)–(59), we obtain the following solution to Eqs. (15):

α = 0, β = 1

2

∞∑
n = 0

(−1)n+1 c(2n+1)
z r2n

4n(n + 1)!n!
, γ = c − Dr2

2
+

∞∑
n = 1

(−1)n c(2n)
z r2n

4n(n!)2
. (60)

When |c(n)
z | ≤ (K (t, z))n , n ≥ 0, −∞ < z < ∞, where K(t, z) is some positive function, the

two series in (60) are absolutely convergent for any r and z.
Thus, formulas (5) and (60) give one more class of particular solutions to the Navier-Stokes

equations.
It should be stressed that formulas (60) give expressions for the vector of velocity v independent

of the kinematic viscosity ν. That is why these formulas can be applied to both the Navier-Stokes
and Euler equations.

As can be easily verified, the functions β and γ determined by formulas (60) satisfy the
equalities βrr + 3βr/r + βzz = 0, γ rr + γ r/r + γ zz = − 2D. Therefore, from (16), we derive
that in the considered case the functions � and q depend on the parameter ν when D 	= 0.
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It should be noted that when the function c(t, z) = ∑M
j=0 w j (t)z j , where w j (t) are arbitrary

functions and M is an arbitrary non-negative integer, from (60) we obtain finite sums for the functions
β and γ .

The studied case (57) can be regarded as limiting when ε → 0 in the following case:

a0 = εu0(t, z), c0 = c(t, z), d0 = D = const, (61)

where ε is a small parameter and u0(t, z) is some differentiable function.
Then, as follows from (26) and (27), expressions (60) for the functions β and γ are approximate

and their deviations from the exact expressions are O(ε2).
Consider now the particular case

c(t, z) =
∞∑

m= 1

Cm(t) sin (λm(t)z + δm(t)), (62)

where Cm(t), λm(t), and δm(t) are some differentiable functions of t ≥ 0 and the infinite consequence
Cm(t) is absolutely summable for any t ≥ 0.

Then from (60), we derive

β = −1

2

∞∑
m = 1

Cm(t) cos (λm(t)z + δm(t))
∞∑

n = 0

(λm(t))2n+1 r2n

4n(n + 1)!n!
, (63)

γ = −1

2
Dr2 +

∞∑
m = 1

Cm(t) sin (λm(t)z + δm(t))
∞∑

n = 0

(λm(t))2n r2n

4n(n!)2
. (64)

Using the modified Bessel functions I0(x) and I1(x) of the first kind, these expressions can be
represented as

β = −1

r

∞∑
m = 1

Cm(t) cos (λm(t)z + δm(t)) I1 (λm(t)r), (65)

γ = −1

2
Dr2 +

∞∑
m = 1

Cm(t) sin (λm(t)z + δm(t)) I0 (λm(t)r). (66)

It is well known that as x → + ∞, the functions I0(x) and I1(x) are of the form ex√
2πx[

1 + O(x−1)
]

and I0(–x) = I0(x), I1(–x) = − I1(x).
Therefore, formulas (65) and (66) can be applied to a finite spatial region. In particular, these

formulas can be applied to a fluid occupying a cylindrical region with 0 ≤ r ≤ r0, where r0 is some
finite radius.

Let λm(t) = �(t)m, where �(t) is some differentiable function. Then formulas (65) and (66)
correspond to certain boundary conditions at r = r0 for the functions β and γ that are periodic in z.

V. CONCLUSION

We have considered the Navier-Stokes equations in the axially symmetric case. These equations
were reduced to a nonlinear system of three partial differential equations. Their solutions were
sought in the form of power series in r with coefficients depending on t and z. As a result, we came
to recurrence relations for these coefficients which contain three arbitrary functions of t and z. Then
we examined three particular cases in which analytical solutions for any t, r, and z to the Navier-
Stokes equations were found. In the first of them a class of solutions of closed form was obtained.
In the second case, we found a class of solutions independent of z. In the third case, we came to
solutions depending on one function of t and z for which the vector of velocity v is independent of
the kinematic viscosity ν.
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