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EXACT AXIALLY SYMMETRIC WAVE SOLUTIONS OF THE

YANG–MILLS EQUATIONS

A. S. Rabinowitch∗

We find a class of exact axially symmetric wave solutions of the Yang–Mills equations with SU(2) sym-

metry. The solutions in this class describe running waves propagating at the speed of light in a vacuum

and contain two arbitrary differentiable functions of their phase. We consider properties of field sources

that can generate such running waves.
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We consider the equations describing Yang–Mills fields with SU(2) symmetry outside their sources [1]:

∂µF k,µν + gεklmF l,µνAm
µ = 0, (1)

F k,µν = ∂µAk,ν − ∂νAk,µ − gεklmAl,µAm,ν , (2)

where µ, ν = 0, 1, 2, 3, k, l, m = 1, 2, 3, Ak,ν and F k,µν are the potentials and strengths of the Yang–Mills
field, εklm is the antisymmetric tensor with ε123 = 1, g is the coupling constant of electroweak interactions,
and ∂µ ≡ ∂/∂xµ, where xµ are orthogonal space–time coordinates of the Minkowski geometry. The Yang–
Mills equations with SU(2) symmetry play a major role in various models of electroweak interactions [1], [2],
but the mathematical properties of their solutions are not well studied because they are nonlinear. In the
spherically symmetric case, a number of exact solutions of the Yang–Mills equations have been obtained [3],
but the problem of finding their solutions in more complicated cases is still relevant.

Our objective is to find new exact axially symmetric wave solutions of Yang–Mills equations (1), (2)
describing running waves that propagate at the speed of light in a vacuum. We seek such solutions of
Eqs. (1) and (2) in the form

Ak,0 = αk,0, Ak,1 =
αk,1x + αk,2y

ρ
,

Ak,2 =
αk,1y − αk,2x

ρ
, Ak,3 = αk,3,

αk,ν = αk,ν (τ, ρ, z), τ ≡ x0, ρ ≡ (x2 + y2)1/2,

x ≡ x1, y ≡ x2, z ≡ x3.

(3)

It follows that each of the three two-dimensional vectors (Ak,1, Ak,2), k = 1, 2, 3, are sums of the mutually
orthogonal vectors (αk,1/ρ) · (x, y) and (αk,2/ρ) · (y,−x). Hence, the considered potentials Ak,ν are co-
variant under spatial rotations of the coordinate system (x, y, z) about the z axis and are therefore axially
symmetric.
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Substituting formulas (3) in expressions (2) for the field strengths F k,µν , we obtain

F k,01 =
fk,1x + fk,2y

ρ
, F k,12 = fk,4, F k,13 =

fk,5x + fk,6y

ρ
,

F k,02 =
fk,1y − fk,2x

ρ
, F k,23 =

fk,5y − fk,6x

ρ
,

F k,03 = fk,3, fk,q = fk,q(τ, ρ, z), q = 1, 2, . . . , 6,

(4)

where the functions fk,q(τ, ρ, z) are given by

fk,1 = αk,1
τ + αk,0

ρ − gεklmαl,0αm,1, fk,4 = αk,2
ρ +

αk,2

ρ
+ gεklmαl,1αm,2,

fk,2 = αk,2
τ − gεklmαl,0αm,2, fk,5 = αk,1

z − αk,3
ρ − gεklmαl,1αm,3,

fk,3 = αk,3
τ + αk,0

z − gεklmαl,0αm,3, fk,6 = αk,2
z − gεklmαl,2αm,3

(5)

with αk,ν
ρ ≡ ∂αk,ν/∂ρ, αk,ν

τ ≡ ∂αk,ν/∂τ , and αk,ν
z ≡ ∂αk,ν/∂z. We substitute expressions (3) and (4) for

Ak,ν and F k,µν in the left-hand side of Yang–Mills field equation (1), denoted by Jk,ν in what follows. We
then find

Jk,ν ≡ ∂µF k,µν + gεklmF l,µνAm
µ ,

Jk,0 = jk,0, Jk,1 =
jk,1x + jk,2y

ρ
,

Jk,2 =
jk,1y − jk,2x

ρ
, Jk,3 = jk,3, jk,ν = jk,ν(τ, ρ, z),

(6)

where the functions jk,ν are given by

jk,0 = −fk,1
ρ − fk,1

ρ
− fk,3

z + gεklm(f l,1αm,1 + f l,2αm,2 + f l,3αm,3),

jk,1 = fk,1
τ − fk,5

z + gεklm(f l,1αm,0 − f l,4αm,2 + f l,5αm,3),

jk,2 = fk,2
τ − fk,4

ρ − fk,6
z + gεklm(f l,2αm,0 + f l,4αm,1 + f l,6αm,3),

jk,3 = fk,3
τ + fk,5

ρ +
fk,5

ρ
− gεklm(f l,5αm,1 + f l,6αm,2 − f l,3αm,0).

(7)

From Yang–Mills field equations (1) and formulas (6), we obtain the system of equations

jk,ν(τ, ρ, z) = 0, k = 1, 2, 3, ν = 0, 1, 2, 3, (8)

where jk,ν are determined by formulas (5) and (7). We seek the components αk,ν of field potentials that
can satisfy Eqs. (8) in the form

α1,0 = 0, α2,0 = P (η, ρ), α3,0 = Q(η, ρ), η = τ − z,

α1,2 =
ϕ(ρ)

g
, α2,2 = α3,2 = 0,

αk,1 = 0, αk,3 = αk,0, k = 1, 2, 3,

(9)
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where P (η, ρ), Q(η, ρ), and ϕ(ρ) are some differentiable functions. From (5), we then find

f1,1 = 0, f2,1 = Pρ, f3,1 = Qρ,

f1,2 = 0, f2,2 = −ϕQ, f3,2 = ϕP,

fk,3 = 0, f1,4 =
ϕ′ + ϕ/ρ

g
, f2,4 = f3,4 = 0,

fk,5 = −fk,1, fk,6 = −fk,2, k = 1, 2, 3.

(10)

Here and hereafter, Pρ ≡ ∂P/∂ρ and Pρρ ≡ ∂2P/∂ρ2 and similarly for Q.
Substituting formulas (9) and (10) in expressions (7) for jk,ν , we obtain

j1,0 = 0, j2,0 = −(Pρρ + Pρ/ρ − ϕ2P ), j3,0 = −(Qρρ + Qρ/ρ − ϕ2Q),

j1,2 = − (ϕ′ + ϕ/ρ)′

g
, j2,2 = j3,2 = 0,

jk,1 = 0, jk,3 = jk,0, k = 1, 2, 3.

(11)

From (8) and (11), we derive

Pρρ +
Pρ

ρ
− ϕ2P = 0, Qρρ +

Qρ

ρ
− ϕ2Q = 0, (12)

(
ϕ′ +

ϕ

ρ

)′
= 0. (13)

Equation (13) has the nonzero solution vanishing at infinity

ϕ =
b

ρ
, b = const �= 0. (14)

Substituting (14) in (12), we obtain two differential equations for the functions P and Q,

Pρρ +
Pρ

ρ
−

(
b

ρ

)2

P = 0, Qρρ +
Qρ

ρ
−

(
b

ρ

)2

Q = 0. (15)

It is easy to verify that the functions ρb and ρ−b satisfy Eqs. (15). Therefore, the solutions of Eqs. (15)
that vanish as ρ → ∞ have the form

P =
G(τ − z)

ρ|b|
, Q =

H(τ − z)
ρ|b|

, b �= 0, (16)

where G and H are arbitrary differentiable functions.
From formulas (3), (9), (14), and (16), we express the field potentials Ak,ν as

A1,0 = 0, A2,0 =
G(τ − z)

ρ|b|
, A3,0 =

H(τ − z)
ρ|b|

,

A1,1 =
b

g

y

ρ2
, A2,1 = A3,1 = 0, A1,2 = − b

g

x

ρ2
, A2,2 = A3,2 = 0,

Ak,3 = Ak,0, k = 1, 2, 3.

(17)
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Formulas (4), (10), (14), and (16) give the expressions for the field strengths F k,µν :

F 1,01 = 0, F 2,01 = −|b|G(τ − z)x + bH(τ − z)y
ρ2+|b| ,

F 3,01 =
bG(τ − z)y − |b|H(τ − z)x

ρ2+|b| ,

F 1,02 = 0, F 2,02 = −|b|G(τ − z)y − bH(τ − z)x
ρ2+|b| ,

F 3,02 = −bG(τ − z)x + |b|H(τ − z)y
ρ2+|b| ,

F k,03 = F k,12 = 0, F k,13 = −F k,01, F k,23 = −F k,02, k = 1, 2, 3.

(18)

Here, τ = x0 = ct, where t is time.

We have thus found a class of exact cylindrically symmetric solutions of the Yang–Mills equations.
These solutions contain two arbitrary differentiable functions G(τ − z) and H(τ − z) and an arbitrary
nonzero constant b and describe running waves propagating at the speed of light in the direction of the z

axis. As follows from (18), the vectors F k,01 and F k,02 are orthogonal. Therefore, the obtained solutions
of the Yang–Mills equations considered here are nontrivial.

We now consider expressions (6) and (11) for the components Jk,ν of field sources that can generate
the running waves under consideration. They can be represented as

J1,0 = 0, J2,0 = j2,0(τ − z, ρ), J3,0 = j3,0(τ − z, ρ),

J1,1 =
j1,2(ρ)y

ρ
, J2,1 = J3,1 = 0,

J1,2 = − j1,2(ρ)x
ρ

, J2,2 = J3,2 = 0,

Jk,3 = Jk,0, k = 1, 2, 3.

(19)

From (19), we easily find that the components of the field sources satisfy the differential charge-conservation
equations

∂νJk,ν = 0, k = 1, 2, 3. (20)

As can be seen from (19), the source components J1,ν correspond to a rotation of the current carriers
about the z axis. The source components J2,ν and J3,ν satisfy the relativistically invariant correlations
J2,νJ2

ν = 0 and J3,νJ3
ν = 0.

We now consider the properties of field sources located on the z axis that can generate axially symmetric
wave solutions of form (17). We first consider the equation for P (τ − z, ρ) in (11), which becomes

Pρρ +
Pρ

ρ
−

(
b

ρ

)2

P = −j2,0, (21)

where we take (14) into account. Knowing two particular solutions ρb and ρ−b of linear differential equa-
tion (21) with j2,0 = 0, we can easily find its solution for a nonzero function j2,0 by the method of variation
of constants. Applying this method, we obtain a solution of Eq. (21) that vanishes as ρ → ∞:

P =
1

2|b|
[
ρ−|b|

∫ ρ

0

ρ1+|b|j2,0 dρ + ρ|b|
∫ ∞

ρ

ρ1−|b|j2,0 dρ

]
. (22)
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Let δ(ρ) be the delta function that is rotation symmetric in the plane (x, y),

δ(ρ) = 0, ρ > 0, δ(0) = ∞,

∫ ∞

−∞

∫ ∞

−∞
δ(ρ) dx dy = 2π

∫ ∞

0

ρδ(ρ) dρ = 1. (23)

From formula (22), we then find the function j2,0(τ − z, ρ) that ensures the form of the function P (τ − z, ρ)
in (16) as ρ > 0,

j2,0 =
4π|b|G(τ − z)δ(ρ)

ρ|b|
. (24)

Completely similarly, we find the function j3,0(τ−z, ρ) that ensures the form the function Q(τ−z, ρ) in (16)
as ρ > 0:

j3,0 =
4π|b|H(τ − z)δ(ρ)

ρ|b|
. (25)

We consider the equation in (11) for the function ϕ(ρ) and write it as

ϕ′′ +
ϕ′

ρ
− ϕ

ρ2
= −gj1,2. (26)

This equation is similar to Eq. (21) with b = 1. Therefore, we similarly find the function j1,2(ρ) that ensures
the form of the function ϕ(ρ) in (14) as ρ > 0:

j1,2 =
4πb

g

δ(ρ)
ρ

. (27)

The sought field sources that are located on the z axis and generate the potentials Ak,ν and field strengths
F k,µν of the respective forms (17) and (18) are determined by formulas (19), (23)–(25), and (27).
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