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EXACT AXIALLY SYMMETRIC WAVE SOLUTIONS OF THE
YANG-MILLS EQUATIONS

A. S. Rabinowitch*

We find a class of exact axially symmetric wave solutions of the Yang-Mills equations with SU(2) sym-
metry. The solutions in this class describe running waves propagating at the speed of light in a vacuum
and contain two arbitrary differentiable functions of their phase. We consider properties of field sources

that can generate such running waves.
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We consider the equations describing Yang—Mills fields with SU(2) symmetry outside their sources [1]:
OuFM M + ge g FHH ATF = 0, (1)
Flre = g ARV — g A1 — gy APFA™Y, (2)

where v = 0,1,2,3, k,l,m = 1,2,3, A*” and F*"" are the potentials and strengths of the Yang Mills
field, egm, is the antisymmetric tensor with €123 = 1, g is the coupling constant of electroweak interactions,
and 0, = 0/0x", where z/ are orthogonal space-time coordinates of the Minkowski geometry. The Yang-
Mills equations with SU(2) symmetry play a major role in various models of electroweak interactions [1], [2],
but the mathematical properties of their solutions are not well studied because they are nonlinear. In the
spherically symmetric case, a number of exact solutions of the Yang—Mills equations have been obtained [3],
but the problem of finding their solutions in more complicated cases is still relevant.

Our objective is to find new exact axially symmetric wave solutions of Yang—Mills equations (1), (2)
describing running waves that propagate at the speed of light in a vacuum. We seek such solutions of
Egs. (1) and (2) in the form

k,1 k,2
kO _ kO k1 T+ oty
APY = A _f,
k1 k2
k2 _ 7Yy —amx k,3 k,3
A = , AP =, 3)
p
kv _ kv — .0 — 2 2\1/2
ot = o (1, p, 2) r=a" p=(’+y")7
a::a:l, y:a:2, ZEQ:B

It follows that each of the three two-dimensional vectors (A%, A%2) k =1,2,3, are sums of the mutually
orthogonal vectors (a®!/p) - (z,y) and (a2 /p) - (y,—x). Hence, the considered potentials A*" are co-
variant under spatial rotations of the coordinate system (z,y, z) about the z axis and are therefore axially

symmetric.
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Substituting formulas (3) in expressions (2) for the field strengths F**" we obtain

k1 k,2 k.5 k.6
ko1 JUx 4 [Ty k,12 k.4 ki Jhe 4 [l
F =, F = f 5 F = )
p p
k1 k,2 k.5 k.6
woz Sy —fTe kos Ty =" (4)
A ey
p p
k03 _ k3 kg _ gk, _
F _.f I f q_f q(Tvpvz)v q_172a"'76a
where the functions f*4(r, p, z) are given by
k1 k,1 k,0 1,0 1 k4 k,2 ah? 11 2
f = Oé,r7 + Oép7 — 9€kIm Q" a™ ) f = ap) + p + 9Ekim " a™ ’
k.2 k.2 1,0 m,2 k5 ki1 k3 11 m,3 5
[ = a7 — gepma o™, [ = —ap? — gema’ a™?, (5)
k3 _ k3 k,0 1,0 m,3 k6 _ k2 1,2 m,3
[ =al +al’ — gegma " a™?, o =al® — gepma“a™

with a’;”’ = 0k [0p, aFv = 0k /0T, and oV = 0akV /0z. We substitute expressions (3) and (4) for
AFv and F*# in the left-hand side of Yang-Mills field equation (1), denoted by J*¥ in what follows. We

then find
TRV = 0 FF Y 4 gepym UMY AT,

JkO = k0 Jel — m
) P ) (6)
k1 k,2
Ay — k2
S e T L L )

p

where the functions j%* are given by

fk,l

0= g = e I gen (P g [P 4 1 aT),

jk,l _ ff’l _ le€75 _'_gé_klm(fhlam,o _ fl,4am72 + fl7504m’3),

(7)
i = fh2 5,4 — 6 g (f12am0 4 fldgmil o L6 am3Y
k,3 k,3 ks I 1,5, m,1 1,6, m,2 1,3, m,0
=L = germ (7™ 4 fPRa™T — f2a™ ),
From Yang—Mills field equations (1) and formulas (6), we obtain the system of equations
() =0, k=123 v=0123, (8)

k,v

where j*¥ are determined by formulas (5) and (7). We seek the components o*¥ of field potentials that

can satisfy Eqs. (8) in the form

al? = 0, a®? = P(n, p), a®? = Q(n,p), n=7-2
al? = SD(P)7 22 = 32 — 0, (9)
g
k1 k,3
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where P(n, p), Q(n, p), and ¢(p) are some differentiable functions. From (5), we then find

fl,l _ 0’ f271 _ Pp7 f3,1 _ Qpa

f1)2 = Oa f272 = _QOQa f3)2 = (pPa

10
FR3 = F14 = © +o/p F24 = g3 (10)
) g ) )
fk,5 — _fk,l fk,ﬁ — _fk,Q k=1.2.3.
Here and hereafter, P, = 9P/0p and P,, = 0*P/dp* and similarly for Q.
Substituting formulas (9) and (10) in expressions (7) for 5%, we obtain
it =0, j2’0:_(Ppp+Pp/P—‘P2P)7 jg’oz—(Qpp‘FQp/P—‘PQQ)v
. © +¢/p) . .
jl,Q — _( / ) ’ j2,2 — j3,2 — 07 (11)
g
=0, =M k=123
From (8) and (11), we derive
P,
P,, + f —p?P =0, Qpp + % —$*’Q =0, (12)
li
<<p’ + %) 0. (13)
Equation (13) has the nonzero solution vanishing at infinity
b
@ =—, b=const#0. (14)
p
Substituting (14) in (12), we obtain two differential equations for the functions P and @,
B, (b\? Q b)*
P +—P—<—)P:0, Q +—”—<—) Q=0. (15)
T, P T, P

It is easy to verify that the functions p® and p~? satisfy Eqgs. (15). Therefore, the solutions of Eqs. (15)

that vanish as p — oo have the form

G(t —2)
plt!

H(r—2z)

P =
ol

; Q= , b#0, (16)
where G and H are arbitrary differentiable functions.

From formulas (3), (9), (14), and (16), we express the field potentials A®" as

ALO — 420 — G(r— =) 430 — H(r —2)
’ o o

ALl — 9%7 A1 — A3 — 0, A2 = _9%7 A22 = 432 — 0, (17)
gp gp
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Formulas (4), (10), (14), and (16) give the expressions for the field strengths F*#v:

PIG(r —2)z + bH(T — 2)y

FLO1 F2.01 _

P21 :
F3.01 _ bG(T — z)y — |b|H(T — 2)x
N p2 0] ;
L2 — F202 _ _ Ib|G(T — 2)y — bH(T — z)gc7 (18)
210
302 _ CbG(r = 2)x 4+ b H (T — 2)y

24|b ’
2]

Fh03 _ pki2 _ 0, Fkis _ _Fk,017 Fh23 _ _Fk,027 k=1,2,3.

Here, 7 = 2% = ct, where t is time.

We have thus found a class of exact cylindrically symmetric solutions of the Yang—Mills equations.
These solutions contain two arbitrary differentiable functions G(r — z) and H(7 — z) and an arbitrary
nonzero constant b and describe running waves propagating at the speed of light in the direction of the z
axis. As follows from (18), the vectors F¥01 and F*¥02 are orthogonal. Therefore, the obtained solutions
of the Yang—Mills equations considered here are nontrivial.

We now consider expressions (6) and (11) for the components J* of field sources that can generate
the running waves under consideration. They can be represented as

JH=0, S =% —zp), =5 —2p),

Jul = jl’z(P)y’ g2l g3l 0,
p
(19)
Jh2 — _31’2(/’)55’ J22 — g32 _ 0,
p

Jh3 = gk =12 3.

From (19), we easily find that the components of the field sources satisfy the differential charge-conservation
equations
o, g =0, k=1,2,3. (20)

As can be seen from (19), the source components J*¥ correspond to a rotation of the current carriers
about the z axis. The source components J>* and J3V satisfy the relativistically invariant correlations
J*vJ?, =0 and J3VJ3, = 0.

We now consider the properties of field sources located on the z axis that can generate axially symmetric
wave solutions of form (17). We first consider the equation for P(7 — z, p) in (11), which becomes

2
P b
Py, + =2 — (—) P=—j5%0 (21)
e, P
where we take (14) into account. Knowing two particular solutions p® and p~° of linear differential equa-
tion (21) with j2° = 0, we can easily find its solution for a nonzero function j2° by the method of variation
of constants. Applying this method, we obtain a solution of Eq. (21) that vanishes as p — oc:

1| _ i ) .
P= —[p 'b‘/ p”‘b'J270dp+p‘b'/ p' b'f’odp}- (22)
2|b| 0 P
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Let 6(p) be the delta function that is rotation symmetric in the plane (z,y),
S0 =0, p>0. s0=c0, [ [ spardy=2m [ piprdp=1. ()
oo d -0 0

From formula (22), we then find the function j2°(7 — 2, p) that ensures the form of the function P(r — z, p)
in (16) as p > 0,
00 _ Amb|G(T — 2)d(p)
ST P

(24)

Completely similarly, we find the function j3°(7 — 2, p) that ensures the form the function Q(7— z, p) in (16)

as p > 0O
j3’0 _ dm|b|H (1 — 2)5(/))'

(25)
pltl
We consider the equation in (11) for the function ¢(p) and write it as
/
n o, P ¥ -1,2
=5 =—gj " (26)
p P

This equation is similar to Eq. (21) with b = 1. Therefore, we similarly find the function j2(p) that ensures
the form of the function ¢(p) in (14) as p > 0:

. 47h d(p

j1,2:_ ( ) (27)
g p

The sought field sources that are located on the z axis and generate the potentials A*" and field strengths

Fk1v of the respective forms (17) and (18) are determined by formulas (19), (23)-(25), and (27).
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