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Abstract

In this paper a new generalized Einstein gravitational theory with four physical
vacuum potentials and the Weyl connection is proposed. In the examined
case of dust-like matter, differential equations of the second order for the
vacuum potentials consistent with the proposed gravitational equations are
obtained. A nonsingular cosmological solution for the homogeneous and
isotropic physical vacuum and a vacuum cosmological influence on particles
are found. Astronomical applications of this solution are discussed.

PACS numbers: 04.20.Cv, 98.80.Hw

1. Introduction

As is well known, in 1918 Weyl proposed a generalization of the Einstein gravitational theory
in which the connection F§ . is defined as follows [1]:

T = 38" (0;8mk + 0gjm — Omgjk) + 5 (M gjk — A8, — M), =T, o (d)
where 9; = 9/3x’, x' are four-dimensional coordinates, g;; are components of the metric
tensor, §; = land§, = 0,i # k, and Al are components of a four-dimensional vector.

The Weyl formula (1.1) for the connection F;k gives the following expressions for the
covariant derivatives V; of the metric tensor:

Vigik = Xigjk> Vgt = —rg'. (1.2)
The Weyl connection (1.1) is invariant under the gauge transformation
ik —> exp(9)gik, Ai = Aj +0i, (1.3)

where ¢ is an arbitrary differentiable function of the coordinates x’. This property of the
connection (1.1) plays a major role in the Weyl conception.

In the Weyl geometry the four-dimensional interval ds is defined as the invariant
differential expression (g;; dx’ dx*)!/? that gives the kinematic equation for beams of light [1]

g dx'dx* = 0. (1.4)
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Then the gauge transformations (1.3) consistent with equation (1.4) give physically
permissible components g;; and A; which do not change the connection I‘; .

Weyl regarded the components A; of formula (1.1) as electromagnetic field potentials and
his aim was to find a unified theory of gravitational and electromagnetic fields. But despite all
its attractions, this theory was not supported by Einstein and other famous physicists, since it
did not give satisfactory results.

That is why our objective is to investigate a gauge-invariant generalization of the Einstein
gravitational theory based on the Weyl geometry in which the components A; are not regarded
as electromagnetic field potentials. In order to have a theory consistent with the well-known
experimental data, we will interpret the components A; as potentials of the physical vacuum
giving only small corrections to the Einstein gravitational equations.

Though we will use the Weyl geometry to generalize the Einstein gravitational equations,
to do this we will choose a different way from that chosen by Weyl.

We will adhere to the following two principles.

(1) Weyl’s principle: The sought generalization of the Einstein gravitational equations should
be covariant and gauge-invariant.

(2) Extra principle: In the case of the standard gauge for the metric components g, this
generalization should be reducible to the Einstein equations with an additional energy—
momentum tensor of the vacuum vectorial field with the potentials A;.

It should be noted that the theory proposed by Weyl is based on a gauge-invariant
Lagrangian of second order in the curvature [1]. Weyl’s Lagrangian and a number of other
gauge-invariant Lagrangians of second order in the curvature give gravitational equations of
fourth order in the derivatives of the metric [2], in contrast with the Einstein gravitational
equations of the second order.

Therefore, such generalizations of the Einstein theory do not satisfy the second principle
stated above and the sought gravitational equations should be of second order in the derivatives
of the metric.

Consider now the following covariant generalization of the FEinstein gravitational
equations which is based on the Weyl connection (1.1) and different from the Weyl equations:

Rix + Ry — gixR = (16w f/c*) Ty,

: (1.5)
Ry = T}, — T+ TLTE — T2 I R = g™* Ry,

where R; is the Ricci tensor, the connection F; . 1s defined by formula (1.1), Tj is the energy—

momentum tensor of matter and classical fields, A’ is a 4-vector of vacuum potentials and f
is the gravitational constant. In the first equation of (1.5) we have taken into account that the
energy—momentum tensor 7j; has to be symmetric: T = Tj; [3].

Let us show that the gravitational equations (1.5) satisfy the two principles stated above.

First, since the connection Fj ¢ 18 invariant under the gauge transformations (1.3), the
tensors R;; and gix R = gix8™" Rmn contained in the first equation of (1.5) are also gauge-
invariant.

Let us now define gauge-invariant components 7;;. Such an energy—momentum tensor
T; can be easily defined by the following standard way [3]: in local inertial reference frames
Ty is the energy density of a matter, —cTy, are its energy flow densities, T, are its momentum
flow densities, «, B = 1, 2, 3 and Tjx = T;. In other coordinate systems 7} are transformed
as tensor components.

Then the proposed covariant gravitational equations (1.5) are gauge-invariantand coincide
with the Einstein gravitational equations when the vacuum potentials A; = 0.
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As will be seen in section 4, when the standard gauge for the components g;; is chosen,
the vacuum potentials A; generally take very small values: /AiA; ~ 1/A, where A is the
space curvature radius of the universe. However, we will see that the small vacuum potentials
can significantly influence cosmological processes.

Consider the gravitational equations (1.5). From them we have

R — Rix = %Y, — 8iTh, = 2(8ide — ki), (1.6)
Let us introduce the antisymmetric tensor
A = Vi — VA = 0iAr — OrA;. (1.7)

The tensor A, which is invariant under the gauge transformations (1.3), can be regarded
as the tensor of vacuum field intensities.
From (1.6) and (1.7) we get

Rii — Ry = 2A4. (1.8
Let us put
M =T+ Vi e = 38" (0;8mk + Oigjm — Omgje)
Vie =3\ gjx — 2,8, — M%), Rix = Ri+ Wi, (1.9)
Rik = 3lf‘5k - akﬁz + ffkf% - f‘zr’llf‘/lcm’ Rs gikRik’

_ [ 1 =~ om I vm mm myl . m m_ 1
Wik = 01Vig — Vi + Uik Vom + YieUim — Vit Vim — Vit Ukm + YikVim — Vit Vim-

Taking into account (1.9), equations (1.5) can be rewritten in the form

Rix — lgikR = -81[1(7}1« + Ou), O = _c_“ (Wi = leik + Aik) ;
2 c* 8 f 2
W = g Wy (1.10)
and from (1.10) we get the differential equation of energy—momentum conservation [3]
Vi(T*+0%) = 8;(T* + ©%) + T, (T™ + @) + T (T + ©"") = 0, (1.11)

where V; denotes the covariant derivative defined by means of the Christoffel symbolsl_*E -

Let us choose the standard gauge for the components g;;. This implies that in local inertial
reference frames g;; = gix, where g, is the Minkowski metric tensor. Then from (1.11) we
get

(T +0") =0, g =Zn (1.12)
and hence the components @ can be regarded as an additional energy—momentum tensor
corresponding to the vacuum vectorial field.

Therefore, the gravitational equations (1.5) can be reduced to the Einstein equations (1.10)
with the additional energy—momentum tensor ®¥ of the vacuum vectorial field.

Thus, the proposed equations (1.5) are in accord with the two principles stated above.

In section 2 we will investigate the gravitational equations (1.5), which contain the vacuum
potentials A; and will apply the Bianchi identities [3] to obtain a generalized differential
correlation for the energy—momentum tensor of matter 7%,

In section 3, we will apply this correlation to obtain covariant kinematic equations for
a free movement of a dust-like matter in a gravitational field. We will have four differential
equations of the second order for the three functions a9, 1 =1,2,3 describing the time
dependence of spatial coordinates of material points of the dust-like matter. The condition of
consistency of these equations will allow us to find four differential equations of second order
for the four vacuum potentials }; in the examined case. These four differential equations and
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the ten gravitational equations (1.5) will give 14 differential equations of the second order for
the 14 components A; and g.

In section 4, we will consider cosmological problems within the framework of the
proposed gravitational equations (1.5). We will find a nonsingular cosmological solution
for the homogeneous and isotropic physical vacuum and its potentials A; and will determine
the influence of the potentials on particles moving in the physical vacuum.

In section 5 we will discuss this solution and apply it to the interpretation of a number of
astronomical phenomena.

2. Generalized differential correlation for the energy—-momentum tensor 7%

Consider the curvature tensor R; 1, defined as follows [3]:

Ry, = 8T, — 8T + T T}, —THTS, 2.1)
where the connection F;'. ; is determined by formula (1.1) and, since F; o =15 ;> let us use the
well-known Bianchi identities [3]

ViR + Vo R + ViR, = 0. (2.2)

Identities (2.2) give the following equality:
8" (VR + VaRY + ViRY, ) = 0. (2.3)

Jkn jnm
Let us represent equality (2.3) in another form containing the Ricci tensor R;; instead of

the curvature tensor R; > taking into account the well-known correlations [3]

m : m  __ _ pm
ijk - Rjk’ Jjkn — R

ke (2.4)

Such a representation of (2.3) will be obtained later on. For this purpose, first consider
the following tensor:

Rijin = gimRin = 8im (T, — 3.T% + TF, T —TH T ). (2.5)

The Weyl connection satisfies the correlation F; = 1","( i Therefore, as is well known [3],

in the vicinity of any point x’ we can choose a local coordinate system in which at that point
I':; = 0. In this coordinate system at the considered point expression (2.5) acquires the form

F;nn == Oa Rijkn = 8im (akr‘% - anF;nk) = 3k(gsz;nn) - an (giml—‘;'nk)‘ (26)
Formulae (1.1) and (2.6) give
Rijkn = 0k(3;8in — 0i&jn + Ai&jn — Aj8in — Mn&ij) — %3n(3jgik — 0igjk

+Aigjk — Aj&ik — Ak8ij)s rs, =0. 2.7

In the considered local coordinate system from (2.7) we derive
Rijtn = —Rijuk, (2.8)
Rijin + Rjitn = Vo (M&ij) — Vi(Mn&ij) = &ij (Vnrk — Vikn) = &ij Mk, (2.9)

where we have taken into account formulae (1.2) and (1.7).

Since the left- and right-hand sides of equalities (2.8) and (2.9) are tensors, these equalities
are true in arbitrary coordinate systems.

Using correlations (2.8), (2.9) and (2.4), we obtain

8 Rijuk = —8"* Rijin = — 8" (= Rjitn + 8ij Ant) = 87 gjm Ry, + 8 A
=R" + Aip = Rin+ Ap. (2.10)

imn
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From (2.5) and (2.10) we find
8ij;";1k = gmigijijnk = R", + A", 2.1D

Let us turn to equality (2.3) and represent it in the form

Vm(gij;ﬂkn) + Vn (gij;'nmk) + Vk(gij;":qm) - R;nknvmg]k . R;nmkvngjk - R;nnmvkg]k =0.
(2.12)

Using (1.2) and (2.4), from (2.12) we get
(Vi + An) (87 Rni) = (Y + M) R + (Vi + M) RY, =0, R =g/*Rj. (2.13)

Taking into account correlation (2.11), from equality (2.13) we derive
(Vi + ) (R0 — 387 R+ 21A™,) =0. (2.14)

Let us multiply (2.14) by g"* and use the following formula, taking into account the
second formula in (1.2):

V0™ = V(870" 4) = O i Vg™ = (Vs 42) O", (2.15)
where
m __ pm 1om 1 Am
Q n—R ,1—§8nR+§A "

Then we obtain

(Vi +20) Q™ = 0, O™ = R™ — L™ R+ LA™K, (2.16)

Using (1.2), we find
VAR = g™V, (8" A) = " 8" (Vphn — Aphn) = g"P 8" Vphy — AT AR (2.17)

From (2.17) and (1.7) we get

VAR — VR = g gk (VA — Vadp) = g™ Apn = A™. (2.18)
Therefore, (2.16) can be represented as

(Vi +24) [R™ — g™ R + L(v™aF — vEam)] = 0. (2.19)
From (1.5) and (1.8) we find

R™ — Lgm™ R = Brf/cHT™ — A™. (2.20)

Hence, equations (2.18)—(2.20) give the differential correlation for the energy—momentum
tensor T

(Vi + 20,167 f/cHT™ + VEA™ — V™ AF] = 0. (2.21)

In the following section we will consider the case of dust-like matter and will apply
correlation (2.21) to obtain differential equations for the vacuum potentials A; consistent with
the gravitational equations (1.5).

3. Generalized kinematic equations for dust-like matter and differential equations for
the vacuum potentials \;

Consider dust-like matter moving in a gravitational field. Let us choose the standard gauge
for the metric tensor g;x. Then, as is well known, the energy—momentum tensor 7* for the
dust-like matter under consideration takes the form [3]

T = ¢?podx’ /ds dx* /ds, ds? = g dx' dx* = (dx%)? — (dx!)? — (dx?)? — (dx>)?,
(3.
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where x' are arbitrary coordinates of a material point of the matter, ¥’ are its coordinates in a
local inertial reference frame and py is the density of the rest mass of the matter in a comoving
local inertial frame.

In a local inertial frame with x’ = %' and gix = gir we have the well-known differential
equation of rest mass conservation [3]

3m(100 dxm/ds) = 05 xi . Xia 8ik = gi]ﬁ (32)

where 2;; denotes the Minkowski metric tensor.
In the considered local inertial frame from (1.1) and (3.2) we find

Vi (0o dx™ /ds) = 8,,(po dx™ /ds) + T po dx™ /ds = —2A, 0 dx™/ds,
ml

2 e ~ (3.3)
xt =X, 8ik = Bik-
From (3.3) we get the following covariant equation of rest mass conservation:
(Vin +2hm) (po dx™ /ds) = 0. (34)

Using (2.18), let us rewrite the differential correlation (2.21) for the energy—momentum
tensor 7% in the form

C4 \
Vi + 20 | TF" + —— AP ) = 0. 3.5
(Vi + )( Tort ) (3.5)

As follows from (3.1) and (3.4), we have
(Vi + 20,) T = ¢ dx* /ds(Vyy + 24m) (00 dx™ /ds) + ¢ po dx™ /ds V,, (dx* /ds)
= c?po dx™ /ds[d, (dx*/ds) + Tk, dx"/ds]

= c?po(d®x*/ds® + T%,, dx™/ds dx" /ds). (3.6)
Therefore, equations (3.5) and (3.6) give
&2zt dx™ dx” c?
—— 4T — - Vi + 20 AP = 0, 3.7
p°<ds2 mn” g ds) Tonf " n) @)
where the components dx* /ds satisfy the evident equality
dx* dx
— =] (3.8)
ds ds

Equations (3.7) and (3.8) present five differential equations for only four functions x*(s) (they

can be easily reduced to four equations for the three functions x/(x°), [ = 1, 2, 3). That is why

we will consider conditions for the potentials A; providing the consistency of these equations.
For this purpose, taking into account formula (1.9) for l"j.k, let us represent (3.7) as

d2xk . dx™ dx™ c?
— +(TF k) + YV, + 20, A" =0 3.9
'00|:ds2 (T + ¥nn) 55 ds] Torf m) @)

and note the identity (see equation (14) in [4])
dxy (xS demd”
ds (F * mnds ds )

In a local inertial reference frame with x* = %* and gix = 8ix formula (3.10) is evident,
since, taking into account equality (3.8), in this frame we have

dxp d?xF 1 d [/dxg dxF

ds ds? _ 2ds (K K)

where g;; is the Minkowski metric tensor.

=0. (3.10)

It =0, =0, xk = x*, gik = &k, (3.11)

mn
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As is well known, the left-hand side of (3.10) is a scalar [3]. Therefore, formula (3.10) is
also true in arbitrary coordinate systems.

Let us multiply equation (3.9) by dx;/ds and use identity (3.10) and formula (1.9) for
yK,. Then we obtain

% [po(kkgmn — Ak — Ans’;)% d;n + 8—;2];(%, + 2,\,”)1\"'"] =0. (3.12)
From (3.12) we derive
dxe /ds[(Vy + 2Am) AR — 87 f/cH) pork 1 = 0. (3.13)
Since dx/ds is arbitrary, equation (3.13) gives
(Vi + 22m) A = (87 F/c?) pork. (3.14)

From equations (1.5), (2.18), and (3.14) we get the following 14 differential equations of
the second order for the 10 metric components g;; and 4 vacuum potentials A;:

Rix + Ry — g R = (167 f/ch) Tiy, (Vi + 22 (VEA™ — V™2K) = (87 f/c?) port.
\ (3.15)

The four differential equations of second order obtained for the vacuum potentials A;
present the sought conditions providing the consistency of equations (3.7) and (3.8).
From equations (3.7) and (3.14) we easily get

d’x*/ds* + TF, dx™/ds dx"/ds + 1% = 0. (3.16)

The obtained equations (3.16) describe the kinematics of a dust-like matter in a
gravitational field and equations (3.14) describe the vacuum potentials A; in the case of a
dust-like matter with the density pp moving in a gravitational field.

It should be noted that

daxye/ds (d2xF /ds® + TF,, dx™ /ds dx" /ds + $25) = 0. (3.17)

Identity (3.17) can be easily verified by using identity (3.10) and formula (1.9) for Fj- -

Therefore, the four differential equations (3.16) are not independent: the first equation
(k = 0) is a consequence of the other three equations (k = 1, 2, 3). Hence, it suffices to solve
the differential equations (3.16) only fork =1, 2, 3.

4. Cosmological effects of the generalized Einstein gravitational theory with four
vacuum potentials

Examine the spacetime geometry in a big spatial region of the physical vacuum situated
sufficiently far from massive bodies and assume that this vacuum region is homogeneous and
isotropic in comoving local inertial frames of reference. Let us choose an extended reference
frame consisting of a big set of such local inertial frames covering the examined vacuum

region.

From equations (1.5), (1.7), (1.8) and (3.14) we get the vacuum gravitational equations
R=—@nf/hHT, T =g¢*Ty, Ry = @ f/c*) (T — 580 T) — A,
Ajk = 8hk — Bk, (Vi + 22m) MM = (87 f/H) Bor*,

“4.1)
Rix = T — %Ll + T I — T0 T,

Fj-k = 18" (0 gmk + 0kgjm — Omgix) + 3(N gjx — Aj) — )»kt?j-),
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where T;;and py are the energy—momentum tensor and rest mass density of the physical
vacuum, respectively.

Let us describe the homogeneous and isotropic space under consideration by the
Robertson—Walker metric. This metric can be represented as [5]

ds? = (dx%)?% — A%[dr?/(1 — Kr?) +r2(d6? + sin® 6 dp?)], A =AY, (4.2)

where A is the scale factor, x°/c is the time, r, 6, @ are some spherical coordinates and the
parameter K takes the values —1, 1, O corresponding to the cases of negative space curvature,
positive space curvature and to the flat case, respectively.

The vacuum potentials A; have to be independent of rotations and translations of
rectangular space axes in the considered homogeneous and isotropic space. Therefore, in
this space for the vacuum potentials A; in the considered coordinate system we get

M= =2i=0, Xo = Ao(x9). (4.3)

Let us choose the dimensionless time coordinate  which is called ‘conformal time’ in
[5] and defined as follows (see page 35 in [5]):

dn = dx°/A(x?). (4.4)
Then from (4.2) and (4.4) we find
ds? = A%[dn? — dr?/(1 — Kr?) — r2(d6? +sin® 0 dp?)], A= A®). (4.5)

Let A} denote the vacuum potentials in the coordinate system (7, r, 6, ¢). Then, since

Ap and A7 are components of a covariant vector in the coordinate systems x% 7,6, ¢) and
(n, 7,6, @), respectively, from (4.3) and (4.4) we find

M =02 ==, Ay = Ao dx®/dn = Ao, Ay =25(m).  (4.6)

In the coordinate system (n, 1,0, ) from (4.1), (4.5), and (4.6) we obtain the following
non-zero components I';, and Ry :

I =T =T =T5 = a=A/A-2}/2, A =daydy,
F?l =o/(1 - Krz), ng = oerz, F23 = ar?sin? 6, @7
Ty, = Kr/(1 — Kr?), Iy, =—r(l—Kr?, T3, = —r(1— Kr?)sin?#, '
T, =T3 =1/r, T2, = —sind cos¥, I3, = ctgh,
Al =0, R} = —34~%,
1 2 3 ) . 2 ) (4.8)
Rl =R; =R; =—-A""(2K +d& +2), @ = da/dn.
From the gravitational equations (4.1) and formulae (4.8) we find
347%4 = —(@dnf/chH (TP - 3TY), T =T =13, s

ATPQK +a +207) = (@Arf/ch (TP + T}).

Consider now the energy—momentumtensor 7; of the vacuum. Assuming that the vacuum
is very rarefied, we can regard it as a system of noninteracting particles. Then to describe the
vacuum energy—momentum tensor 7, we can apply formula (3.1) which gives

T} = c*podx’/ds dxi/ds, (4.10)

where Py is the vacuum rest mass density.
It should be stressed that we do not consider the case of a non-zero cosmological constant
[5] which could give an additional term in formula (4.10).
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From (4.3), (1.7) and (3.14) we find
A* =0, 5o = 0. (4.11)

As follows from (4.10) and (4.11), the rest mass of vacuum particles is zero and they
move at the speed of light.
From (4.10) and (4.11), we get

T=T"=c%pp=0 (4.12)
and from (4.9) and (4.12), we find
Tl=T=T, T} = -15 /3. (4.13)
Substituting (4.13) into equations (4.9), we have
= 87;];;42 7O, G +22+K) = 8’;’;;42 7O, (4.14)
The summation of equations (4.14) gives
d+a’+K =0, K = +1,0, & = da /1. (4.15)
From equation (4.15) we easily find the following two solutions in the case K = —1, one
solution in the case K = 1 and one solution in the case K = 0:
(l1a)K = —1,«a = th(n + no), (Ib)K = —1,a = cth(n +n9), no = const, 4.16)
DK =1, a = —tg(n +no), 3K =0,0 =1/ +mn0).
Let us represent the scale factor A in the form
A= Agexp(x/2), x = xm, Ao = const > 0. 4.17)
Then from the expression for « in (4.7) we get
a=A/A—=2/2=(x —))/2 (4.18)
As is seen from (4.16) and (4.14), in cases (1b) and (3) @ = oo and Tpp = 0o when
n = —no and in case (2) & = 0o and Top = co whenn = (n+1) —no, n =0, £1, £2, ...

That is why we regard these cases as inadmissible.
Consider the only admissible case (1a). Then from (4.14), (4.16) and (4.18) we find
i 3¢t
i) 0 __ -2 * .

o = th(n +no), Iy = _SJTfAZCh (17 +no), Ao = —2th(n+mo) + X,  (4.19)
where x = x(n) is an arbitrary differentiable function.

When x (n) is finite, from (4.19) and (4.17) we get that the component TOO of the vacuum
energy—momentum tensor is negative and bounded.

Since in the considered case (1a) K = —1, from (4.5), (4.6), (4.17) and (4.19) we derive

ds® = (Ag)2 exp(x)[dn? — dr?/(1 +r?) — r2(d6? +sin® 0 dp?)], 4.20)
A = Agexp(x/2), Ay = —2th(n +no) + X, M ArENl =0, K=-1. "

When the function y (n) is differentiable and finite, expressions (4.20) give a nonsingular
solution of the gravitational equations (4.1).

Let us now apply the gauge transformation (1.3) with ¢ = —x () to the metric and
vacuum potentials (4.20). Then they reduce to the following expressions:

ds? = (Ag)*[dn* — dr?/(1 +r?) — r*(d6* +sin” 6 dp?)],
A= Ay, )\8 = —2th(n + no), }LT = kz = )\g =0,

421

where A} are the vacuum potentials in the coordinate system (7, 7, 6, ¢).
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Choosing the time coordinate x° = Agn instead of 7 and using (4.6), we can represent
(4.21) in the form

ds® = (dx")? — dF?/(1 + 72/ A) — F*(d6* +sin* 0 dp?), 7 = Aor, (4.22)
ho=—Q/A)th[(x"+ B)/Aol,  2°=Aon, B=Aom, r=l=23=0, (4.23)

where A; are the vacuum potentials in the coordinate system 0,70, ©) and Ay = const.

As stated at the beginning of this section, the extended reference frame under consideration
consists of a big set of local inertial frames in which the examined vacuum region is homo-
geneous and isotropic.

Let us take this into account and note that in a small spatial region: 7 < A( metric (4.22)
coincides with the Minkowski metric, after choosing rectangular spatial coordinates. Then
we find that metric (4.22), having no time-dependent multiplier, corresponds to the standard
gauge used in the Einstein theory.

As to metric (4.20) with an arbitrary time-dependent multiplier exp(x), it is derived from
metric (4.22) by using a gauge different from the standard one.

Thus, choosing the standard gauge, we come to metric (4.22) which corresponds to the
Lobachevsky geometry of the physical vacuum with the constant curvature radius Ag.

Consider now a free movement of a material point in the physical vacuum along an
abscissa x! of the Lobachevsky space. For this purpose let us use the kinematic equations
(3.16) which, as well as formula (4.22), corresponds to the standard gauge of the metric (note
that in section 3 the standard gauge (3.1) is used).

At an arbitrary moment x° let us choose a local rectangular coordinate system x!, x2, x>
near the material point. In this local coordinate system the Lobachevsky geometry coincides
with the Euclidean geometry and in the considered case of one-dimensional movement from
(4.22) and (1.1) we find
ds? = gy dx’ dx*, The = (Mg — 2j8) — s, x2=x=0, (4.24)
where g, is the Minkowski metric tensor.

Putting £ = 1,2, 3 in equations (3.16) and taking into account formulae (4.23) and
(4.24), we get the following equations of a free movement of a material point along the
axis '

d’x!/ds? — g dx®/ds dx'/ds = 0, x?=x3=0,
ds? = (@x)* — @)% ho=—(2/A0) th[(x" + )/ Agl.

As stated above, from identity (3.17) we find that in the system of the four equations (3.16)
the first equation (k = 0) is a consequence of the other three equations (k = 1, 2, 3). Therefore,
in the considered case the first equation of (3.16) (k = 0) is a consequence of equations (4.25).

Let us introduce the time 7 = (x° + B)/c. Then from (4.25) and (4.23) we derive

dV /dt = cAgV, V=v1-V?H)2, V =dx!/dr, (4.26)
Ao = —(2/Ao) th(ct/Ayp), T ="+ B)/c= (n+m)Ao/c,

Ag =const, S = const.

As follows from (4.19) and (4.27), taking into account the equality for A in (4.21):
A = Ay, the zero time v = 0 corresponds to the maximum absolute value of the vacuum
energy density.

From (4.26) and (4.27) we easily get

V=V(QA-V?c®? =qagexp (—(2c/Ao) / th(ct/Aop) dr) =boch™2(ct/Ap), (4.28)

(4.25)

4.27)

where ag = const, by = const.
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Formula (4.28) gives

(1= V%)™ =1+ (bo/c)* ch™(ct/Ap), V = dx!/dr. (4.29)
From (4.29) we find
E? = (moc?®)? +doch™(ct/Ap), E = moc*(1 — V*/cH™V2,  dy = const >0,
(4.30)

where E and m are the energy and rest mass of the considered material point, respectively.
When t > Ap/c and mo > 0 formula (4.30) gives

8dy
Eyin(7) = mocz

Ao>0, mo>0, Eyn=E—myc*= Eun(7),

exp(—4ct/Ag), T > Ao/c, 4.31)

where Ey, is the kinetic energy of the material point.
From (4.30) and (4.31) we have

Eyin(0)/ Exin(t) = Do exp(4ct/Aop), T3> Ao/c, Ay >0, mo > 0,

Dy = (+/1+80 — 1)/(850), 80 = do/(moc*)’.
Let us apply formula (4.30) to a photon. Then we get

E = /dy ch™(ct/Ap), mo = 0. (4.33)
When t > Ap/c, from (4.33) and (4.27) we derive

E = 4\/dyexp(—2ct/Ayp), v = voexp(—21/Ap),

Ao =—2/Ag, Ap>0, T > Ao/c,

where v = v(l) is the photon frequency, vy = v(0) and / is the distance gone by the photon.
When ! <« Ay, from (4.34) we get the formula of the redshift z of the photon frequency

z= (v —v)/v=2l/A), [<KA, 77> Aoc, (4.35)

where A presents the space curvature radius of the universe.

As is well known [5], the redshift z in the spectrum of a galaxy is proportional to the
distance [ to it, when z < 1. At the same time, formula (4.35) also signifies that the values
z and [ are proportional and, besides, it describes a cosmological law, sinceA is the radius of
the universe.

Therefore, formula (4.35) could give a new explanation of the redshift in the spectra of
galaxies without presuming their dispersion: the redshift could be interpreted as the result of
a vacuum field influence.

It is interesting to note that formula (4.34) for the function v (/) was earlier obtained in [6]
by investigating a photon wavefunction covariant in the Lobachevsky space.

Let us now apply equations (4.25) in the non-relativistic case. Then for a free movement
in the vacuum of a material point along the axis x! from (4.25) and (4.27) we get

dzx‘/dt2=c)»0dx1/dr, x2=x3=0, |dx1/dr[ <L c,
="+ 8)/c, Ao = —(2/Ap) th(ct/Ap).

From formulae (4.36) we find that the following small force Fy, acts on the considered
material point which is caused by the influence of the vacuum vectorial field:

Fyac = AocmoV, ho = —(2/Ap) th(ct/Ao), (4.37)

where m( and V are the mass at rest and the three-dimensional vector of the velocity of the
material point, respectively, and Ay is the space curvature radius of the universe.

(4.32)

(4.34)

(4.36)
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When the time t < 0, this small force accelerates the material point and when 7 > 0 the
force decelerates it.

It should be stressed that the vector V presents the velocity of the material point relative to
the considered reference frame in which the physical vacuum is homogeneous and isotropic.

From (4.37) we get the following asymptotic values of the force Fy,:

Fyac = 2c/Ag)moV, T — —00, (4.38)

Fyae = —Q2c/Ao)moV, T — 400, Ay = const> 0. (4.39)

As follows from (4.37), the asymptotic formulae (4.38) and (4.39) correspond to the
stationary values Ay = 2/Ag and Lo = —2/A of the vacuum potential 1, respectively.

The following should be noted. As is shown in [6], formulae (4.38) and (4.39) can be
obtained by accepting the following axiom of a free translation of a solid body in the Lobache-
vsky space: the points of the body should move in straight lines and the body line segments
should remain straight [6].

5. Conclusions

In this paper we have proposed the generalized gravitational equations (1.5) with the
Weyl connection depending on the metric tensor and four vacuum potentials. The field
equations (1.5) are covariant, gauge-invariant and of second order in the derivatives of the
metric. From them, using the Bianchi identities, we derived the differential correlation (2.21)
for the energy—momentum tensor of matter 7°%. In the case of dust-like matter, from correlation
(2.21) and identity (3.10) we found the four differential equations (3.14) of second order for
the vacuum potentials A; consistent with the gravitational equations (1.5). The differential
correlation (2.21) and equations (3.14) allowed us to find the differential equations (3.16)
describing the kinematics of dust-like matter in a gravitational field.

It is worth noting that the gravitational differential equations (1.5), which are of second
order, can be reduced to the Einstein equations (1.10) with an additional energy—momentum
tensor corresponding to the vacuum vectorial field. As is seen from equation (1.12), the
proposed gravitational equations (1.5) give the conservation law for the resulting energy—
momentum tensor of matter including the energy—momentum components of the vacuum
vectorial field.

The proposed gravitational equations (1.5) were applied to cosmological problems and
their nonsingular cosmological solution for the homogeneous and isotropic physical vacuum
was found. This solution is described by metric (4.20) containing an arbitrary time-dependent
function . This function depends on the choice of a gauge for the metric tensor and the choice
of the standard gauge gives metric (4.22) corresponding to the Lobachevsky space geometry
with the constant curvature radius A = Ag.

As follows from formulae (4.19) and (4.23), in this solution the vacuum energy density
7Y and the vacuum potential Ao depend on the time.

Hence, the obtained cosmological solution describes a nonstationary universe.

The kinematic equations (3.16) and formula (4.23) for the vacuum potential Aq above
were applied to the movement of a photon. As a result, we came to formula (4.35) for the
redshift of a photon frequency and associated it with the redshift in the spectra of galaxies.

It should be stressed that formula (4.35) is valid when the cosmological time T > Ag/c.
That is why we assume that the cosmological time t = 7y corresponding to the present epoch
satisfies the correlation tp >> Ap/c.

It is worth noting that, as follows from (4.19), (4.27), and the equality for A in (4.21):
A = Ag, the vacuum energy density Tg and vacuum potential Ao are finite at any time and hence
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the cosmological solution obtained is applicable to arbitrary values of the time coordinate :
—00 < T < +00. In this solution the absolute value of the vacuum energy density reaches its
maximum at the cosmological time t = 0 and tends to zero as the time T — =o0.

From (4.27) we find that the vacuum potential Ay = Ao (7) is a decreasing function and

Ao(—00) =2/Ag, Mro(0) =0, Xto(+00)=—-2/Ag, Ag>0.

Thus, the proposed cosmological model has no singularity and is applicable to both
positive and negative values of the cosmological time.

It should be noted that in our model the physical vacuum influences the energies of
particles, but their rest masses do not change (see equation (3.2) of rest mass conservation).
This is an essential difference between our model and the Hoyle—Narlikar cosmology which
is also applicable to negative values of cosmological time. In the Hoyle—Narlikar model, in
contrast with our model, the rest masses of electrons and nucleons change with time (see
page 416 in [7]).

Let us now examine the thermal history of the universe. As follows from formula (4.30),
due to an influence of the vacuum field, the kinetic energy Eyy, = E — moc? of a free particle
increases when the cosmological time t < 0 and reaches its maximum at the time v = 0.
When t > 0 the kinetic energy Ey;, decreases and tends to zero as T — +00.

Consider time T = T corresponding to the present epoch. As has been assumed above,
79 > Ag/c. From formula (4.31) we find that the kinetic energy Eyin(7) of a free particle
with a non-zero rest mass decreases exponentially when t 3> Ag/c and from formula (4.32)
we find that at the time 79 > Ao/c, Exin(0) > Ekin(T0).

Therefore, at the moment t = 0 the kinetic energies of particles inside cosmic bodies
must have taken very large values and hence the temperatures of the cosmic bodies must have
been very high, as compared with those at the present epoch. That is why the epoch near
time T = 0 could be identified with the stage of the early universe of the standard cosmology
[5].

Thus, we come to the conclusion that the early universe, for which time t is near zero,
was very hot, similar to the standard cosmology. Hence, the well-known theoretical results of
the standard cosmology for the early universe concerning the primordial nucleosynthesis and
cosmic microwave background radiation [5] could be valid in our conception.

As follows from formula (4.34), in our model the temperature of the cosmic microwave
background radiation decreases exponentially when time © > Ag/c.

Let us now apply the proposed cosmological model to unsolved cosmological problems
of the evolution and structure of spiral galaxies.

First, as follows from formula (4.37), when 7 > 0 small decelerating forces act on the
stars of a galaxy. That is why the stars rotating about the centre of a galaxy have to move in
spiral orbits slowly approaching the galaxy centre.

Therefore, formula (4.37) may explain the visible spiral structure of many galaxies [8].

Second, old stars approaching the galaxy centre for a sufficiently long time could be near
the centre. Hence, the proposed model allows one to explain the well-known fact that the
galaxy central condensation is mostly composed of old stars (population II stars), whereas the
galaxy spiral arms contain a large number of young stars (population I stars) (see page 296 in
(8D.

Besides, since in our model the stars of the spiral arms of a galaxy approach its centre,
the earlier the spiral arms of a galaxy were formed in the past, the closer they are at present to
the galaxy centre.

It should be noted that this conclusion corresponds with observational data. Namely,
in passing from subclass ¢ of the spiral galaxies to subclass b and then to a, we observe an
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increasing percentage of old stars and, at the same time, a decreasing spreading of the spiral
arms (see page 303 in [8]).

Let us now compare the proposed gravitational equations with vacuum potentials with the
Einstein equations containing a time-dependent cosmological constant A (see page 267 in [5]).
Instead of the standard cosmological term A, equations (4.9) contain our terms (A5/A) dA /dn,
(kg)z, and dAj/dn, taking into account the expression for « in (4.7).

Thus, there are essential differences between the proposed gravitational equations and the
Einstein equations with a time-dependent cosmological constant.
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