
Syllabus 

1. Course Description 

a. Title of a Course : Research Seminar "Integrable Systems of 

Classical Mechanics" (I. Marshall). 

b. Pre-requisites :  It will be useful if students have some knowledge of 

classical mechanics, and already have some familarity with Lagrangian 

mechanics. If they have studied Hamiltonian systems, so much the better. 

Material from the 2nd year course «Calculus on Manifolds» will be 

sufficient for most of the technical parts of the course. Fundamental aspects 

will be revised during the first few seminars, and this course may be 

expected to be useful for the consolidation of concepts from all of the 

«prerequisites». 

c. Course Type :  optional 

d. Abstract :  Integrable systems are Hamiltonian systems possessing a 

complete set of commuting integrals. Since the Kepler problem, which is 

perhaps the most important physical model in history, and throughout the 

development of classical mechanics and celestial mechanics, they make 

recurrent appearances. In modern times they continue to find applications 

in diverse areas of physics and mathematics, and their study involves many 

interesting mathematical techniques. In this course we will treat a series of 

examples by means of which we shall encounter some of the various 

methods and approaches used in the subject. 

2. Learning Objectives 

The seminar is intended to introduce methods of integrable Hamiltonian systems 

with emphasis to particular examples. 

3. Learning Outcomes 

Successful participants will master methods of modern integrable systems theory, 

be able to apply them to finding explicit solutions of exactly solvable problems of 

mathematics and mathematical physics. 

4. Course Plan :   



1) First examples: Jacobi problem of geodesics on an ellipsoid, Neumann 

problem of harmonic oscillators on a sphere, Euler problem of rigid 

body motion, Kepler problem, KdV equation. 

2) Review of differential geometry: smooth manifold, tangent and 

cotangent bundles, vector-fields and _p- forms, exterior derivative, Lie 

derivative, symplectic structure, Poisson structure. 

3) Darboux Theorem, generating functions, Liouville Theorem. 

4) Euler, problem of two centres: Elliptic coordinates on Lax 

representation, Garnier and Calogero - Moser systems. 

5) The KdV story, and a superficial look at inverse scattering. 

6) Lie groups, Lie algebras. 

7) Involution theorems, the r-matrix, Toda models, Kowalevski top, 

Manakov top. 

8) Hamiltonian reduction, examples — Calogero and others. 

5. Reading List 

a. Required: Dubrovin, B. A.; Krichever, I. M.; Novikov, S. P. 

Integrable systems. I. Dynamical systems. IV. Symplectic geometry and its 

applications, Encycl. Math. Sci. 4, 173-280 (1990); http://www.mi-

ras.ru/~snovikov/98.pdf 

b. Optional: Lynn H. Loomis, Shlomo Sternberg, Advanced Calculus, 

Jones & Bartlett Publishers, 1989 

http://www.math.harvard.edu/~shlomo/docs/Advanced_Calculus.pdf 

6. Grading System  

The formula for marking is 0.3 cumulative + 0.7 final exam, where cumulative is 

proportional to number of tasks solved. 

7. Guidelines for Knowledge Assessment 

Sample exercises: 

- Write down an invariant symplectic structure in the phase space of a billiard. 

- Give a Lax representation for the KdV equation. 

- Find the moment map for the action of the circle on the complex 2-torus.  

8. Methods of Instruction 



Students are individually assigned papers and textbook excerpts to give a seminar 

talk. 

9. Special Equipment and Software Support  : no requirements 


