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Abstract

This research focuses on the construction of the modular forms in two variables, which are
the representatives of the smooth cohomology classes of the modular surfaces. Namely, it is
considered the case of the complement to the Hecke curve (the graph of a Hecke correspondence)
on the product of two standard modular curves Y0(1)2. Explicit expressions for the smooth
representatives of the cohomology classes are highly effective for solving various problems.
For example, a smooth representative of a correspondence class allows to describe the action
of this correspondence on cohomology in terms of an integral operator. Using the explicitly
constructed differential form with a simple pole on the Hecke curve, ΞN(z1, z2) (the modular
Cauchy kernel), in Chapter 1 we prove the generalization of the result of Don Zagier about
the integral representation of the Hecke operators for the case of weight 2 cusp forms of an
arbitrary level. After that we present the representation of the automorphic Green’s function
as a regularized integral over the fundamental domain of the Hecke congruence subgroup. In
the Chapter 2 we give the construction of the bimodular forms with given residues on the Hecke
curve. The last chapter is devoted to the study of the Cauchy modular kernel in the case of
the Hilbert modular surface.

Chapter 1

In 1975 prof. Don Zagier derived a preliminary formula for the trace of the Hecke operators
acting on the space of cusp forms. Actually, it is an expression in terms of an integral over
a fundamental domain of SL2(Z) [11, 53-56]. In [16] Zagier introduced the series ωm(z1, z2),
which is a bimodular form in two variables. He proved that the Petersson scalar product of the
weight k > 2 cusp form f(z2) and ωm(z1, z2), f ∗ ωm(z1, z2), can be identified with the action
of the Hecke operator T (m)f up to a constant depending only on the index of the operator.

Let k > 2. Consider the Zagier’s series:

ωm(z1, z̄2, k) =
∑

ad−bc=m

1

(cz1z̄2 + dz̄2 − az1 − b)k
,

where the sum is taken over all integer matrices

(
a b
c d

)
with the determinant m.

Theorem 1. (Don Zagier) Let Φ1 be a fundamental domain of the modular group Γ in H and
let

Ck =
(−1)k/2π

2k−3(k − 1)
; then, for every holomorphic cusp form f of weight k > 2, we have

∫
Φ1

f(z1)ωm(z1, z̄2, k)(=(z1))k−2dz1dz̄1 = f ∗ ωm(z1, z̄2) = Ckm
1−k(Tk(m)f)(z2),

where f ∗ g =
∫

Φ
f(z)g(z)(=(z))k−2dzdz̄ is the Peterson scalar product.

Don Zagier proved this theorem using the Rankin-Selberg method. Another way to prove
this theorem in case of weight k = 2 is to construct a Cauchy kernel, which is the first example
of a differential form on the product of two modular curves with a logarithmic singularity along
the Hecke curve.
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The section 1.1 provides the definitions and some theorems that are useful for understanding
the formulation of the problem. The second part of Chapter 1 is devoted to the study of the
modular Cauchy kernel, i.e. the representative of the ring H1(Y 2,Ω1

Y 2〈logT̃N〉).

By definition, put
µγ(z1, z2) = cz1z2 + dz2 + az1 + b,

where z1, z2 are arbitrary points from the upper-half plane H = {z : =(z) > 0} and γ =

(
a b
c d

)
is an integral matrix with the determinant m. By Γ0(N) we denote the Hecke congruence
subgroup of SL2(Z). Let X0(N) ' Γ0(N)\H∗, where H∗ = H ∪ P1(Q).

In section 1.2 we prove the generalisation of the Zagier theorem. Namely, we prove the
analogous integral representation for the Hecke operators on the space of weight 2 cusp forms
with respect to the Γ0(N). Let

M(m,N) =

{(
a b
c d

)
| ad− bc = m, (a,N) = 1, c ≡ 0 (mod N)

}
.

Consider the series

ωm,N(z1, z2) =
1

2

∑
γ∈M(m,N)

1

µγ(z1,−z2)2
, (1)

which is not absolutely convergent. We define the convergence as the value of this series in
terms of the limit.

Theorem 2. Let ΦN be a fundamental domain of the modular group Γ0(N) in H. Assume that
genus of curve X0(N) greater than zero. Then for every holomorphic cusp form f of weight 2,
we have ∫

ΦN

f(z1)ωm,N(z1, z̄2)dz2dz2 = f ∗ ωm,N(z1, z̄2) = 2πim−1 (T2(m)f)(z1).

The modular Cauchy kernel ΞN(z1, z2) is a modular invariant function of two variables with
the asymptotics ΞN(z1, z2) ∼ 1

z1−z2 as z1 → z2. Naively, the Cauchy kernel is expressed by the
following series

ΞN,k(z1, z2) =
1

2

∑
γ∈Γ0(N)

1

µγ(z1,−z2)kµγ(z1,−z̄2)k
.

The series ΞN,k(z1, z2) does not converge absolutely if k = 1; but it is just at the edge of
convergence. Following the Hecke’s trick, we investigate the series [12]:

ΞN(z1, z2, s) =
1

2

∑
γ∈Γ0(N)

µγ(z1,−z2) µγ(z1,−z̄2)

|µγ(z1,−z2)|2s |µγ(z1,−z̄2)|2s
,

where s is a complex number. In section 1.2 we prove that this series can be analytically con-
tinued to the point s = 1, then we put ΞN(z1, z2) = lims→1 ΞN(z1, z2, s) and prove the Theorem
2.

The section 1.3 is devoted to the case when the genus of congruence subgroup is equal to
zero. Let

E∞2,N(z, s) =
1

2

∑
Γ∞\Γ0(N)

(cz̄ + d)2

|cz + d|4s
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be the nonhomophonic standard Eisenstein series in the cusp i∞. The Poincare series at the
cusp i∞ with a complex parameter s is given by the following formula [15]:

P∞N,r′(z, s) =
1

2

∑
γ∈Γ∞\Γ0(N)

e−2πir′γz1

(cz + d)2|cz + d|2s−2
.

Theorem 3. Let p = e2πiz1, q = e2πiz2, q̃ = e2πiz̄2, then

1

2πi
ΞN(z1, z2)(z2 − z̄2) = 2πi lim

s→1

(
E∞N (z1, s) +

∑
r′>0

P∞N,r′(z1, s) q
r′ +

∑
r′<0

P∞N,r′(z1, s) q̃
r′

)
.

Denote by JΓ0(N)(p) the normalized generator of the function field of Γ0(N). In part 1.3.
we get the following result:

Theorem 4.(
ΞN(z1, z2)(z2 − z̄2)− 2πi E∞2,N(z1)

)
dz1 = dz1 log

∣∣JΓ0(N)(p)− JΓ0(N)(q)
∣∣2 .

In the 1980th, Koike, Norton, and Zagier independently proved the remarkable products
formula for the difference of two normalized Hauptmoduls of the group Γ:

JΓ(p)− JΓ(q) = p−1
∏
r>0
r′∈Z

(1− prqr′)c(rr′),

where JΓ(p) = j(p)− 744 = 1
p

+
∑

n>0 c(n)pn.

We find a Fourier expansion for the Cauchy kernel ΞN(z1, z2) and, as a consequence of
the Theorem 4, we prove the infinite product formula for the difference of two normalized
Hauptmoduls for the genus zero group Γ0(N). Let pr′,N(r) – is the r-th Fourier coefficient of
the Poincare series with the parameter r′ > 0, then

Theorem 5.

JΓ0(N)(p)− JΓ0(N)(q) =

(
1

p
− 1

q

)∏
r>0
r′>0

∏
d|(r,r′,N)

(
1− prqr′

)p1,N(rr′/d2)·d2/rr′

.

The logarithmic derivative and the logarithm of the difference of two j-invariants is a pretty
interesting function with an elegant arithmetic applications. The logarithmic derivative of two
generators of the function field of Γ is the central object in the article [1], in which Acai, Kaneko
and Ninomiya proved that for every point z2 ∈ H,

∞∑
n=0

jn(z2)e2πinz1 =
E2

4,1(z1)E6,1(z1)

∆(z1)
· 1

J1(z1)− J1(z2)
= − 1

2πi

J ′1(z1)

J1(z1)− J1(z2)
, (1)

where T (r) is the Hecke operator and the functions jr(z) = r j1(z)|T (r) form the Hecke
system:

j0(z1) = 1,
j1(z1) = J1(z1)− 744 = q−1 + 196884q + ...,
j2(z1) = J1(z)2 − 1488J1(z1) + 159768 = q−2 + 42987520q + ...,
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j3(z1) = J1(z1)3 − 2232J1(z1)2 + 1069956J1(z1)− 36866976 = q−3 + 2592899910q + ....

Function
∑∞

n=0 jn(z2)e2πinz1 in [1] named Hz2(z1). Thus, the function Ξ1(z1, z2) is connected
with Hz2(z1) by the following relation: Ξ1(z1, z2) = −Hz2(z1) + 2πiE∞2,1(z1).

In [8] Brunier, Kohnen and Ono obtained many arithmetic consequences of (1). For example,
they proved the following theorem:

Theorem 6. (Brunier, Kohnen, Ono) Let f =
∑∞

n=h anq
n be a nonzero meromorphic modular

form of weight k with respect to the group Γ, such that ah = 1. Let Φ1 be the fundamental
domain of the group Γ, and

ez =


1/2, z = i

1/3, z = ω = 1+
√
−3

2

1, z 6= i, ω

Then there is the following expression for the Ramanujan’s theta operator:

Θ(f) :=
∞∑
n=h

nane
2πinz1 =

kE2,1(z1)f(z1)

12
− f(z1)fΘ(z1),

fΘ :=
∑
z2∈Φ1

ez2ordz2(f) Hz2(z1)

This theorem indicates some properties of the modular Cauchy kernel and the function
jn(z1) calculated in a finite set of points which are the divisor of a meromorphic modular
form. Schneider proved that if z is algebraic and has a degree greater than 2, then J1(z) is
transcendental (1937). The following corollary [8] of Theorem 6 generalizes the classical fact
that if z is a Heegner point, then J1(z) is algebraic:

Corollary 1. (Brunier, Kohnen, Ono) Let f =
∑∞

n=h anq
n is a meromorphic modular form of

weight k with respect to the group Γ, such that ah = 1. If z0 is a point, such that ordz0(f) 6= 0
and coefficients of f lies in the number field K, then J1(z0) is algebraic.

The function Hz2(z1) also plays a central role in the work of Don Zagier [17]. In [3] (2017)
Bringmann, Kane, Lobrich, Ono and Rolen constructed a polar Maas harmonic form of weight
2, H∗N,z2(z1), which is generalizes the function Hz2(z1) for the case of an arbitrary congruence
subgroup Γ0(N). In our notation:

HN,z2(z1) = −ΞN(z1, z2) + 2πiE∞2,N(z1)

and H∗N,z2(z1) = −ΞN(z1, z2). Recall that the harmonic Maas form of integer weight k is the
real-analytic function f of weight k: H→ C, with the properties:

1. f transformed as the modular form of weight k under the action of the modular group;
2. at a cusp there is a constant C > 0, such that f(z) = O(eCy), y →∞;
3. f is annulled by the hyperbolic operator Laplace of weight k:

∆k = −y2

(
∂2

∂x2
+

∂2

∂y2

)
+ 2iky

(
∂

∂x
+

∂

∂y

)
.

If such a function f has the poles on the upper half-plane, it is called the polar harmonic Maas
form. In the work [2], it was shown that the function H∗N,z2(z1) as a function of z2 is a polar
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harmonic Maas form of weight 0, and as a function of z1 is a polar harmonic form of Maas of
weight 2.

In addition, in [3] it is obtained a direct generalization of the Theorem 6 for the case of an
arbitrary Hecke congruence subgroup:

Theorem 7. (Bringmann, Kane, Lobrich, Ono, Rolen) Let f =
∑∞

n=h anq
n is a nonzero

meromorphic modular form of weight k with respect to the group Γ0(N), such that ah = 1. Let
ΦN is the fundamental domain of the group Γ0(N). Define the divisor of the polar harmonic
Maas form:

fdiv(z1) =
∑
z2∈ΦN

eN,z2ordz2(f) H∗N,z2(z1).

Then

Θ(f) =
kf(z1)

4π=(z1)
− f(z1)fdiv(z1).

Section 1.4 is devoted to the study of the connection between the Cauchy kernel and the
automorphic Green’s function or resolvent kernel function. The automorphic Green’s function
GΓ0(N)\H or resolvent kernel is Γ0(N) - invariant function on H×H, harmonic in both variables
with a logarithmic singularity on DN = {(z, γz) | γ ∈ Γ0(N)}. It is natural to assume that

the function GΓ0(N)\H(z1, z2) is a series
∑

γ∈Γ0(N)/±1 log
∣∣∣ z1−γz2z̄1−γz2

∣∣∣, however it diverges as
∑

1/n.

Therefore, in [10] was proposed the following function:

GΓ0(N)\H(z1, z2, s) = −2
∑

γ∈Γ0(N)/±1

Qs−1

(
1 +

|z1 − γz2|2

2=(z1)=(γz2)

)
, (z1, z2 ∈ H, z2 6= Γ0(N)z1),

where Qs−1 =
∫∞

0

(
t+
√
t2 − 1 cosh u

)−s
du (t > 1, s > 0) is the Legendre function of the

second kind. More precisely,

GΓ0(N)\H(z1, z2) = lim
s→1

(GΓ0(N)\H(z1, z2, s)− es(z1, z2)),

where the function es(z1, z2) is some combination of the Eisenstein series and elementary func-
tions (see [19]). The automorphic Green’s function plays a key role in the paper [19] of Benedict
Gross and Don Zagier, where they discovered a remarkable relationship between the height of
the Hegner divisors classes on the Jacobian JN of the X0(N) and the first derivative at s = 1
of the L-series of certain modular forms. In this work, the value of the Green’s function was
associated with the height of the divisors of degree 0 on JN : if x, x′ two different non-cups
points on X0(N) (z an z′ represent x, x′ on H), then (see [19], 241)

lim
s→1

[
GΓ0(N)\H(z, z′, s) + 4πEN(wNz, s) + 4πσ1−2sEN(z′, s) +

κN
s− 1

]
+ CN =

= 〈(x)− (∞), (x′)− (∞)〉C,

where κN = −12N−1
∏

p|N(1+1/p)−1, CN is some constant ([19], 241), EN(z, s) =
∑

Γ∞\Γ0(N)=(γz)s,

wN : z → −1/Nz is the involution on X0(N), and be-additive and symmetric form 〈 , 〉 defines
the global height pairing on JN ×JN over the global field H (the corresponding quadratic form
〈a, a〉 = ĥ(a) is the canonical Neron-Tate height).

The modular Cauchy kernel ΞN(z1, z2) is an antiderivative of the automorphic Green’s
function. We prove that the difference of two resolvent kernel functions can be represented as
a regularized integral:
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Theorem 8. Let u, v, w some points on the H, ΦN is a fundamental domain for the group
Γ0(N). Then

lim
s→1

(
GΓ0(N)\H(w, u, s) + 4πE∞0,N(u)−GΓ0(N)\H(w, v, s) + 4πE∞0,N(v)

)
=

= (2πi)−1

∫ reg

ΦN

(ΞN(z, u)(u− ū)− ΞN(z, v)(v − v̄)) ΞN(z, w)(w̄ − w) dzdz̄.

Chapter 2

In the introductory part 2.1 are given the basic statements about the Leray residues and the
logarithmic differential forms. In part 2.2 we present the construction of the differential forms
on the surface Y0(1)2 \ TN with given residues.

Chapter 3

In the final chapter, the main object of our study is the Cauchy kernel on the Hilbert modular
surface, that is the 1-form on the Hilbert surface with a simple pole along the Hirzebruch-
Zagier divisor. In [5, 6] Richard Borchers built a lift from the elliptic modular forms of weight
1 − n/2 with the poles at the cusps to the automorphic forms with respect to the orthogonal
group O(2, n) with the known zeros and poles along Heegner divisors, which can be written
as an infinite product. In [7] Jan Henrik Brunier was interested in the opposite question: is
it true that every principal Heegner divisor is obtained as a divisor of the Borchers product
in the case of O(2; 2). He constructed the Poincare series Φm(z1, z2, s), which is a function
with a logarithmic singularity on the Hirzebruch-Zagier divisor. Using this function Brunier
constructed a “generalized Borchers product” for for each Heegner divisor H and explicitly
defined the Chern classes of the divisor H.

The construction of the Poincare–Brunier series is similar to the construction of the Green
function for SL2(Z) [7]:

Φn(z1, z2, s) =
∑
a,b∈Z
λ∈d−1

K
ab−N(λ)=n/D

Qs−1

(
1 +
|az1z2 + λz1 + λ′z2 + b|2

2=(z1)=(z2)n/D

)
.

In this chapter we consider another definition of the values of the Green’s function associated
with the Hirzebruch-Zagier divisor Tn at the points of the divisor Tm, if the discriminant D = p

is a prime congruent to 1 (mod 4) and
(
m
p

)
= +1. In this case divisor Tm is irreducible

and isomorphic to the modular curve X0(m). As in section 1.4 we represent the Green’s
function in terms of a regularised integral over fundamental domain of the group Γ0(m) of two
rational functions, the modular Cauchy kernels for the case of the Hilbert surfaces. This kernel
ΞHil,m(z1, z2)(z2− z̄2) is invariant under the action of the Hilbert modular group, with the first
order pole on the Hirzebruch-Zagier divisors Tm.

Definition 1. Let n 6= 0,

A(n) =
{
A =

(
θ b

√
D

−a
√
D θ′

)
∈ A2(O)| θ ∈ OK , a, b ∈ Z, A∗ = A′; det(A) = n

}
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and µM = az1z2 + λz1 + λ′z2 + b, where M =
(
λ b
a λ′

)
∈ (
√
D)−1A(n). Then

ΞHil,n(z1, z2)(z2 − z̄2) =
1

2

∑
M=

(
λ b
a λ′

)
ab−N(λ)=n/D

(z2 − z̄2)

µM(z1, z2)µM(z1, z̄2)
.

As well as the Green’s function Φm(z1, z2), the Cauchy kernel can be written as the sum
of two functions (as in [7]), m/D ΞHil,m(z1, z2) = ψm(z1, z2) + υm(z1, z2), where the function
υm(z1, z2) has no singularities and ψm(z1, z2) has a simple pole along Tm,

υm(z1, z2) = lim
s→1

∑
M∈A(m)

m/D

az1 + λ′
µM(z1, z̄2)

|µM(z1, z̄2)|2s
,

ψm(z1, z2) = − lim
s→1

∑
M∈A(m)

m/D

az1 + λ′
µM(z1, z2)

|µM(z1, z2)|2s
.

In part 3.1 we give the basic facts about modular Hilbert surfaces and Hirzebruch-Zagier di-
visors. In part 3.2 we consider some properties of the modular Cauchy kernel associated with
the Hirzebruch-Zagier divisors, its connection with the Poincare-Brunier function Φm(z1, z2)
and the series ωHil,n(z1, z̄2, k), introduced by Don Zagier in connection with the study of Doi-
Naganuma lift [15]. In [15], Zagier proved that for any fixed points z1 and z2, the following
function in τ

ΩHil,n(z1, z2, τ) =
∞∑
n=1

nk−1ωHil,n(z1, z̄2, k)e2πinτ

is a cusp form of weight k with respect to Γ0(D) with a character ε = (D/).
Using the Fourier expansion of ΞHil,m(z1, z2)(z2 − z̄2), one can obtain the similar result for

the “holomorphic part”, υm(z1, z2), of the Cauchy kernel. We recall some necessary notations
(for more details see [15], [7]).

For any cusp D1 of the group Γ0(D), such that D1D2 = D, it can be defined the r-th
Poincare series of weight 2 as a limit:

GD1
r,2 (z) = lim

s→0

1

2

∑
A∈ΓD1

\AD1
Γ0(D)

A=( a bc d )

χD(A−1
D1
A)
e2πir/D2Az

(cz + d)2

=(z)s

|cz + d|2s
,

where χD is the primitive character modulo D defined by the Kronecker symbol x 7→
(
D
x

)
, for

pD1 + qD2 = 1, AD1 =
(
D2 −p
D1 q

)
and ΓD1 = AD1Γ0(D)A−1

D1

⋂
Γ∞. For r ∈ Z− {0} and

ψ(D) =


(
D1

D2

)√
D2 if D1 ≡ 1 (mod 4)

−i
(
D1

D2

)√
D2 if D1 ≡ 3 (mod 4)

,

define the following linear combination of GD1
r,2 (z):

Pr(z) =
∑

D2|r,D2>0
D1D2=D

ψ(D2)

D2
2

GD1

r/D2,2
(z).
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Let Pr(z) =
∑

m∈Z pr(m)e2πimz is the Fourier expansion of the Poincare series Pr(z) (for r > 0
it can be found in [15], §3, and for r < 0 in [7], §2.2). Note, that in case of negative index
r < 0, the series Pr(z) is nonholomorphic, but it is invariant under the group Γ0(D). There is
the following Proposition:

Proposition 1. Let κn = iπ2
∑

a>0Ha(0,−n)a−1(=(z1))−1.

For (z1, z2) ∈ H × H − S(m), =z1=z2 > m/D and m 6= 0, the function ψ̃m(z1, z2) =
ψm(z1, z2) − κn(z1)n/2D, which has a simple pole along Tm, has the following product repre-
sentation:

ψ̃m(z1, z2) =
d

dz1

log
∏

ν>0,ν′>0

∣∣∣1− e2πi(νz1+ν′z2)
∣∣∣p−Dνν′ (m)

.

For the holomorphic on H2 function

υ̃m(z1, z2) = υm(z1, z2)− κn(z1)n/2D

it is true, that the function

Υ(z1, z2, τ) =
∑
m>0

υ̃m(z1, z2)e2πimτ =
∑
ν∈d−1

K
ν>0,ν′<0

P−Dνν′(τ)
d

dz1

log
∣∣∣1− e2πi(νz1+ν′z̄2)

∣∣∣
is a cusp form for Γ0(D) with respect to τ .

In part 3.3 we give the proof of the following theorem:

Theorem 9. Let discriminant D = p is a prime congruent to 1 (mod 4), then

Φn(z, w) |Tm = 2πi
m

D

∫ reg

FΓ0(m)

(ΞHil,n(z, w) dz + ΞHil,n(w, z) dw)

∣∣∣∣
Tm

Ξm(z, u) dz + 2πiA,

where FΓ0(m) is a fundamental domain for the Hecke congruence subgroup Γ0(m), ΞHil,n(z, w)|Tm
is a restriction of the Cauchy kernel to the Hirzebruch-Zagier divisor

Tm =
⋃

M∈A(m)

{
(z, w) ∈ H2; w = −Mz

}
,

and constant A = π/(2i)
∑
λ̂, for λ̂ = |λ|, if λ ∈ d−1

K , λλ′ = −m/D and |λ=z| ≤ |λ=w| or
|λ=w| ≤ |λ=z|.
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Approbation of the results of the dissertation research

The results of this PhD thesis were presented:
1. on the seminar “Automorphic forms and their applications 2” (report: “Bimodular forms

with given residues”) (NRU HSE, April 18, 2017, Moscow),
2. at the conference “Workshop: motives, Periods and L-functions” (report: “Bimodular

forms with given residues”) (April 10-12, 2017, Moscow),
3. at the conference “Modular Forms and Beyond” (report: “Modular Cauchy kernel for

the Hecke curve”) (May 20-26, 2018, St. Petersburg).

The main results of the thesis are presented in 2 papers:

1. N. Sakharova, Modular Cauchy kernel corresponding to the Hecke curve. Arnold Math-
ematical Journal, 4(3), 301-313 (2019).

2. N. Sakharova, The integral representation of automorphic Green’s functions associated
with Hirzebruch-Zagier divisors . European Journal of Mathematics, 5(2), 528-539 (2019)
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