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This poster in three lines

If we are interested in computing the expectation of a function g with respect to a
density π, i.e.

V = Eπ[g] =

∫
Rd

g(x)π(x) dx,

we can use the Plancherel’s theorem to represent V as

V =
1

(2π)d

∫
Rd

ĝ(−u)π̂(u) du

and then compute (using MCMC) the following expectation with respect to the
density p(u) ∝ |π̂(u)|

V =
Cp

(2π)d
Ep

[
ĝ(−X)

π̂(X)

|π̂(X)|

]
,

where Cp is the normalizing constant of the density p.

Why this is interesting?

1. In many applications, especially if one works with heavy-tailed distributions,

the density π is not known analytically
but

the characteristic function π̂ is known.

Typical examples are stable distributions, infinite divisible distributions, and
marginal distributions of Lévy and related processes.

2. For heavy-tailed distributions it is always so that

the characteristic function π̂ decays faster than the density π
(polynomially vs. exponentially).

The faster is the decay, the “better” is the convergence of MCMC algorithms.

Generalization of this approach

The Plancherel’s theorem is valid if g, π ∈ L1
⋂
L2. If, for example, the tails of g

do not decay and tails of π decay exponentially, one can damp the growth of g by
multiplying it by e−〈x,a〉 for some vector a ∈ Rd. Then the formula for V reads as

V =
1

(2π)d

∫
Rd

ĝ(ia− u)π̂(u− ia) du,

If π̂(u − ia) 6= 0, then it is, up to a constant, a probability density. Thus one can
rewrite V as an expectation with respect to the density pa(u) ∝ |π̂(ia− u)|,

V =
Cpa

(2π)d
Epa

[
ĝ(ia−X)

π̂(X − ia)

|π̂(X − ia)|

]
,

where Cpa is the normalizing constant of the density pa(u).

MCMC algorithms in Fourier domain

Algorithm 1: The Metropolis-Hastings algorithm in the Fourier domain
Initialize X0 = x0;
for k = 1 to N + n do

Sample u ∼ Uniform[0, 1] and Yk ∼ Q(Xk−1, ·);
if u < α(Xk, Yk+1) = min {1, pa(Yk+1)q(Yk+1, Xk)/pa(Xk)q(Xk, Yk+1)} then

Xk+1 = Yk+1;
else

Xk+1 = Xk;

Set VN,n =
Cpa

(2π)d
1

n

N+n∑
k=N+1

ĝ(ia−Xk)
π̂(Xk − ia)

|π̂(Xk − ia)|
.

Algorithm 2: The Metropolis-Adjusted Langevin Algorithm in Fourier domain
Initialize X0 = x0;
for k = 1 to N + n do

Sample u ∼ Uniform[0, 1] and Zk ∼ N (0, 1);
Sample Yk = Xk + γk+1∇ log pa(Xk) +

√
2γk+1Zk+1;

if u < α(Xk, Yk+1) = min {1, pa(Yk+1)q(Yk+1, Xk)/pa(Xk)q(Xk, Yk+1)} then
Xk+1 = Yk+1;

else
Xk+1 = Xk;

Compute ΓN,n =
∑n
k=N+1 γk;

Put VN,n =
Cpa

(2π)d

N+n∑
k=N+1

γk
ΓN,n

ĝ(iR−Xk)
π̂(Xk − ia)

|π̂(Xk − ia)|
.

Example: Elliptically contoured stable distributions

The elliptically contoured multivariate stable distribution is a special symmetric case
of the multivariate stable distribution. We say that X ∈ Rd is elliptically contoured
α-stable random vector if it has joint characteristic function

π̂(u) = Eπ

[
eiu

>X
]

= exp
(
−(u>Σu)α/2 + iu>µ

)
,

for some d× d positive semidefinite symmetric matrix Σ and shift vector µ ∈ Rd.

Tails of π̂ decay exponentially, but tails of the density π decay polynomially

π(x) ∼ |x|−(1+α).

As a function g(x) we take sech(t) = 2/(et + e−t) applied to each coordinate. This
choice stems from the fact that sech is an eigenfunction for the Fourier Transform op-
erator. Hence we will compute expectation of similar functions in the both Original
and Fourier domains. We take α = 1 (Cauchy distribution).

•Cauchy — sampling directly from the Cauchy distribution (Original domain)

•MEPD — sampling directly from the characteristic function (Fourier domain)

•ULA — Unadjusted Langevin Algorithm (Fourier domain)

•MALA — Metropolis Adjusted Langevin Algorithm (Fourier domain)

•MHRW — Metropolis-Hastings Random Walk (Fourier domain)

•MHIS — Metropolis-Hastings Independence Sampler (Fourier domain)

Conclusions

•The proposed approach is rather general and can be also used in combination
with importance sampling and variance reduction methods.

•Even if there exists a direct sampling method from π, moving to Fourier domain
may have its advantages.

• In many applications, there are no direct sampling methods from both π and π̂,
so MCMC in the Fourier domain is the only way to proceed.
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