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1 Course description

1.1 Pre-requisites

Di�erential and integral calculus at the level provided by a standard HSE course of calculus. Good
command of English.

1.2 Abstract

Probability Theory and Mathematical Statistics (PT&Stat below) is a core mathematical subject
taught to the second year students in the 1st and 2nd academic modules. The material is split
between probability theory and statistics almost evenly. The course covers classical probability
topics from basic probability to limit theorems. More attention is paid to the conditional moments
of multivariate random variables. Depending on the available time more advanced topics such as
random walks, the Poisson process and Markov chains may be considered. The statistical section
starts with the descriptive techniques but quickly switches to the inferential methods as they
are more mathematically involved and require more e�orts to explain. The topics covered here
include sampling distributions, point and interval estimates, hypothesis testing. We conclude with
a univariate and, if time permits, multivariate regression.

Throughout the course a certain balance between mathematical rigor and clarity is maintained.
Sometimes this dilemma is resolved in favor of illustrative examples which help students capture
the main ideas and use them in practice rather than focus on blind memorizing the derivations.
However, we �nd it instructive to provide the tractable proofs whenever it makes pedagogical or
some other sense.

The course is taught in English and worth 5 credits.

2 Learning objectives

PT&Stat provides an essential basis in probability theory and mathematical statistics and educates
students how to use these principles in practice. Another implicit purpose of PT&Stat is to
guide the �rst steps in students' research by suggesting more challenging topics and problems
to the interested students. This kind of activity develops self-study skills and critical thinking,
emphasizes importance of working with literature and provides many more helpful skills.

3 Learning outcomes

Upon completion of the course, students should:

Be aware of:

• need, basic concepts, applicability and limitations of probabilistic approach to modeling
reality;
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• paradigm of statistics, major statistical techniques and their applicability

Be able to:

• set and solve problems which arise in the probabilistic context

• select and use appropriate methods of descriptive and inferential statistics to infer from raw
datasets

Learn how to:

• use basic probability rules, conditional probability, uni- and multivariate distributions of
discrete and continuous random variables, limit theorems for analysis and prediction;

• visualize and summarize the raw data by methods of descriptive statistics

• make point and interval estimates of di�erent quantities characterizing the population and
assess reliability of such estimates

• test statistical hypotheses and draw correct conclusions

• perform linear regression analysis and evaluate quality of the resulting model

4 Course plan

4.1 Course map

Topic
In-class

Self-study Total
Lectures Seminars Total

1. Axioms of probability 2 2 4 10 14
2. Conditional probability and independence 4 4 8 10 18
3. Discrete random variables 2 4 6 10 16
4. Continuous random variables 4 4 8 10 18
5. Jointly distributed random variables 2 4 6 10 16
6. Limit theorems 2 4 6 10 16
7. Methods of descriptive statistics 2 2 4 10 14
8. Ideas of sampling and sampling distributions 2 4 6 10 16
9. Point and interval estimates 4 4 8 10 18
10. Hypothesis testing 4 8 12 12 24
11. Linear regression models 4 4 8 12 20

Total 32 44 76 114 190
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4.2 Topics to be covered

Topic 1. Axioms of probability. The de�nition of probability. Interpretations of probability.
Counting methods. Combinatorial analysis: permutations, combinations, Partitions, multinomial
coe�cients. Sampling with and without replacement. Sample space and events. Axioms of
probability. Probability as a continuous set function. Venn diagrams.

Reading:

1. Core Text: [1, Ch.1,2]

2. Further Reading: [2, Ch.1]

Topic 2. Conditional probability and independence. Conditional probability. Indepen-
dent events, mutually exclusive events. Exhaustive events. The law of total probability. Bayes'
theorem. Probability trees.

Reading:

1. Core Text: [1, Ch.3]

2. Further Reading: [2, Ch.2]

Topic 3. Discrete random variables. Random variables. Discrete and continuous distribu-
tions. Cumulative distribution function and its properties. Probability mass function. Common
discrete distributions: uniform, binomial, Poisson distributions. Sequences of Bernoulli trials.
Expected value, variance and their properties. Functions of a random variable

Reading:

1. Core Text: [1, Ch.4]

2. Further Reading: [2, Ch.3-5]

Topic 4. Continuous random variables. Properties of continuous random variables. Prob-
ability density function. Expectation and variance of continuous random variables. Common
continuous distributions (uniform, exponential, normal, chi-squared, F-distribution, Student's t-
distribution). The normal approximation of the binomial distribution.

Reading:

1. Core Text: [1, Ch.5]

2. Further Reading: [2, Ch.5]
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Topic 5. Jointly distributed random variables. Joint distribution functions. Indepen-
dent random variables. Expected values, covariance. Sums of independent random variables.
Conditional distributions. Marginal distributions. Conditional expectation and variance. Joint
probability distribution of functions of random variables. Properties of multivariate normal dis-
tribution.

Reading:

1. Core Text: [1, Ch.6,7]

2. Further Reading: [2, Ch.3], [3, Ch.1]

Topic 6. Limit theorems. Chebyshev's inequality, Cherno�'s bounds, Jensen's inequality.
Laws of large numbers for Bernoulli summands. The Poisson limit theorem. Weak and strong
laws of large numbers. The central limit theorem. Convergence in probability.

Reading:

1. Core Text: [1, Ch.8]

2. Further Reading: [2, Ch.5]

Topic 7. Methods of descriptive statistics. The nature of statistics. Population, bias,
parameters, sampling. Quantitative and categorical variables. Data presentation: dot plot, his-
togram, steam-and-leaf. Measures of location: mean, median, mode. Quartiles and percentiles.
Measures of spread: range, variance and standard deviation, interquartile range.

Reading:

1. Core Text: [4, Ch.1,2]

2. Further Reading: [5, Ch.1,2]

Topic 8. Ideas of sampling and sampling distributions. Sampling distributions. Sampling
distributions for the mean. Distribution of the sample variance.

Reading:

1. Core Text: [4, Ch.7]

2. Further Reading: [2, Ch.6,7]

Topic 9. Point and interval estimates. Properties of estimators: bias, variance, mean
squared error. Consistency. Finding estimators: method of moments, least squares, maximum
likelihood. Con�dence intervals for the mean of a normal population. Intervals for mean di�erences
(paired, unpaired samples). Con�dence intervals for proportions (single proportion, di�erences
between proportions). Con�dence intervals for variance.

Reading:

1. Core Text: [4, Ch.6-8]

2. Further Reading: [2, Ch.7], [3, Ch.2-3]
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Topic 10. Hypothesis testing. Null and alternative hypotheses. One- and two-sided alterna-
tive hypotheses. Test statistics and critical regions, signi�cance levels. Type I and Type II errors.
p-values. Level and power of the statistical test. Testing hypotheses about population means and
proportions. Link to con�dence intervals. Two-sample tests. Testing hypotheses about population
variances. Categorical data and nonparametric methods: contingency tables and the chi-squared
test. Goodness-of-�t tests.

Reading:

1. Core Text: [4, Ch.9,10]

2. Further Reading: [2, Ch.8,9], [3, Ch.3]

Topic 11. Linear regression models. The simple linear regression model. Least squares
method. Coe�cient of determination. Means and variances for slope and intercept. Interval
estimates for �tted values. Prediction with the regression model. Multiple Regression. The model
for multiple linear regression. Least squares �tting. Collinearity. Diagnostic plots.

Reading List:

1. Core Text: [4, Ch.11-13]

2. Further Reading: [2, Ch.10]

Reading list

[1] S. Ross, A First Course in Probability, Pearson, 2018.
URL https://books.google.ru/books?id=vQe-tAEACAAJ

[2] M. DeGroot, M. Schervish, Probability and Statistics, Pearson Education, Limited, 2019.
URL https://books.google.by/books?id=ps_YtAEACAAJ

[3] À.Ñ.Øâåäîâ, Òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòàòèñòèêà:ïðîìåæóòî÷íûé
óðîâåíü, Ó÷åáíèêè Âûñøåé øêîëû ýêîíîìèêè, Èçä. äîì Âûñøåé øêîëû ýêîíîìèêè,
Ìîñêâà, 2016.

[4] P. Newbold, B. Thorne, W. Carlson, Statistics for Business and Economics, Pearson Education,
2013.
URL https://books.google.com/books?id=FCarnAEACAAJ

[5] W. Mendenhall, R. Beaver, B. Beaver, Introduction to Probability and Statistics, Cengage
Learning, 2012.
URL https://books.google.com/books?id=60DFDKKQ9Z4C
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5 Grading

The �nal grade S�nal
S�nal = 0.6× Saccm + 0.4× Sexam

is made up of the score Saccm accumulated over the entire course and the score Sexam earned on
the �nal exam.

The accumulated score summarizes performance of a particular student with respect to in-class
tests, home assignments (HAs) and in-class activity as follows:

Saccm = 0.65× Stest + 0.3× SHA + 0.05× Sactv

where Stest, SHA, Sactv are the 10-point marks for the in-class tests (3-4 in total), home assignments
and activity, respectively.

Also, students are supposed to take the on-line Coursera course on inferential statistics
https://www.coursera.org/learn/inferential-statistics# and demonstrate an evidence of
its completion (e.g., a certi�cate). In the event of no documentary con�rmation of passing that
course the students are obliged to answer additional question(s) on inferential statistics on the
�nal exam.

5.1 Grading for home assignments

There will be no separate HAs other than those given on seminars. To be graded for the HAs, the
students need to:

• submit the handwritten notes (the hard-copy form, not electronically!) with the problems
at the end of each module

• defend the HA in person (a face-to-face discussion of several randomly chosen problems)

6 Examination Type

A classical 2-hour written exam consisting of six problems plus a theoretical question.

6.1 Sample theoretical questions for the �nal

1. Classical and statistical de�nitions of probability. Properties of probability

2. Mutually exclusive events, exhaustive events

3. Independent events

4. Probability of union and intersection of the events

5. Combinations and permutations with and without replacement.
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6. The law of total probability

7. Bayes' theorem

8. Discrete random variables, probability mass function

9. Expectation of random variable and its properties

10. Variance and standard deviation of random variable. Properties of variance

11. Bernoulli trials. The Binomial distribution

12. The Poisson distribution and its properties

13. Continuous random variable, probability density function, cumulative density function

14. Use of pdf and cdf for calculating probability for a continuous random variable to be in a
given range

15. The normal distribution, its properties, standardized normal distribution

16. The normal approximation for the Binomial distribution

17. Chebyshev's inequality

18. The law of large numbers

19. Central limit theorem and its consequences

20. Random walks, basic properties and implications

21. The Poisson process

22. The subject of statistics. Population and sample

23. Methods of visualizing raw data. Histogram, stem-and-leaf, scatter plot

24. Measures of locations: sample mean, median, mode

25. Measures of spread: range, sample variance, standard deviation, interquartile range

26. Point estimates: estimators, bias, consistency, e�ciency

27. Point estimates for mean and variance

28. Interval estimates, con�dence intervals.

29. Con�dence intervals for population mean (known, unknown variance)

30. Con�dence intervals for population proportion
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31. Con�dence intervals for population variance

32. Hypothesis testing: null and alternative hypotheses, Type I and Type II errors.

33. One- and two-tailed tests: rejection regions and p-values

34. Generic procedure of hypothesis testing

35. Testing hypothesis about the population mean

36. Testing hypothesis about the population proportion

37. Testing hypothesis about the di�erence between two population means

38. Testing hypothesis about the di�erence between two population proportions

39. χ2-test on association between categorical variables

40. Simple linear regression model

41. Least squares method

6.2 Sample problems for the �nal

1. If two dice are rolled what is the probability that the sum of the upturned faces equals 8?

2. Stores A, B and C have 30, 25 and 45 employees and, respectively, 40, 50, and 60 percent
of these are woman. One employee resigns, and this is a woman. What is the probability
she worked that she works in A given resignations are equally likely among all employees?

3. Urn A contains 3 white and 5 black balls, urn B contains 2 white and 3 black balls. Two
balls are randomly transferred from A to B and then a ball is withdrawn from B. Suppose
that white ball is selected. What is the probability that both balls transferred from A to B
are white?

4. A test is taken by some students, their marks are recorded and we are interested in the
properties of the sample mean. Under the assumption that the marks follow the Normal
distribution with mean 50 and variance 64, calculate the probability that the mark of a
randomly selected student lies between 51 and 57.5 exactly

5. Two fair dice are thrown.

(a) Let M denote the largest of the scores on the two dice. Work out the probability
distribution of M.

(b) You are told that the sum of the scores on the two dice is at most 3. What is the
probability of at least one score being 1?
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6. The random variables X1 and X2 are independent and normally distributed with mean 1
and variance 2. Find Pr(8X1 − 3X2 < 10.5)

7. The random variable X has the following cdf:

F (x) =


0, x < 0

0.4x3/2 + 0.6x, 0 < x 6 1

1, x > 1

Calculate the pdf of X, Cov(1/
√
X,X) and Pr(X < 7/15|X > 1/3)

8. Consider two random variables X and Y . They both take the values 0, 1 and 2. The joint
probabilities for each pair are given by the following table, with a parameter θ ∈ R

X=0 X=1 X=2
Y=0 1− 8θ/10 0 θ/10
Y=1 θ/10 θ/10 2θ/10
Y=2 θ/10 θ/10 θ/10

(a) Find admissible values of θ

(b) Calculate Pr(X = 2|X + Y = 3)

(c) Find Cov(X,Y)

(d) Consider X, Y and X+Y as estimators of θ. Which one should be preferred and why?

9. Suppose one wants to compare the number of working hours per day between male and
female employees in a certain company. A random sample was drawn consisting of various
employees in the company and the average number of working hours per day was recorded:

Gender Sample size Working hours per day Sample standard deviation
Males 40 9 1.8
Females 30 7.5 0.9

Run a hypothesis test to determine whether there is a di�erence between the number of
working hours per day between male and female employees. Give a 95% con�dence interval
for the mean number of working hours per day for male employees.

7 Recommendations for instructors

Normally, lectures should give insight into underlying concepts and ideas. Theoretical core of
presentation should be preceded and followed up by clear examples. The lecture slides are preferred
as the lecturer can save time on handwriting and focus instead on explanation. It is recommended
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to provide students with the lecture slides prior to the lecture so that they could familiarize
themselves with the material in advance, read recommended textbooks and prepare questions.

Practice classes play the key role in teaching the course. The instructor should focus on
implementation of theoretical constructs introduced on lectures. The more challenging problems
should be discussed and worked out together with students. The problems left for home assignment
should not be too di�erent from those solved in class.

The students are encouraged to use mathematical and statistical software whenever possible.
It is good practice to suggest the students some real-world datasets when studying statistics. A

great amount of market data can be found at Yahoo Finance, Google Finance, Federal Reserve Eco-
nomic Data Repository http://research.stlouisfed.org/fred2/. Other possible data sources
include the JSE archive http://ww2.amstat.org/publications/jse/jse_data_archive.htm,
a huge repository at https://www.data.gov/ and a list of freely available sources at http:

//guides.emich.edu/data/free-data. Most often, these data can be downloaded directly us-
ing the respective functions of software at hand which should be clearly pointed out to students.

8 Recommendations for students

When doing homework, �rst read the lecture slides and the recommended textbook. Then think
a little and try some simple problems and then read and think some more. This procedure should
be iterated until the problem becomes clear. You should not spend much time on pure reading
with no practice but, at the same time, you should not tackle a problem without understanding
of the underlying theory. Plan your timetable so that to do homework shortly after the lecture
and/or practice class to keep the basic ideas fresh in your mind. Do not hesitate to ask your
lecturer and instructor as many questions as you need.
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