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There exist various models to describe compressible gas mixture flows, in
particular, see monographs Nigmatulin (1990), Golovachev (1996),
Giovangigli (1999) and Lebo & Tishkin (2006).

In Elizarova (2009) on the basis of the model kinetic equation, a
regularized (quasi-gasdynamic, QGD) system of equations was constructed
for the binary gas mixture flows in the absence of chemical reactions (the
cold gas approximation).

For more information on QGD single-component gas models, see
monographs: Chetverushkin (2008) and Elizarova (2009).

We also notice that their numerical implementation has recently (2018)
been incorporated into the open source CFD software package OpenFOAM.

It was assumed that both components of the mixture have their own
density, speed and temperature. The exchange terms in the mass balance
equations were absent, but they were present in the momentum and total
energy balance equations for both mixture components and described the
interaction between the components. Their form was taken as in the
kinetic equation under the assumption that the gases are monatomic.
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This system of equations was applied for numerical simulation of 1D
rarefied gas flows, the results were compared with those obtained by the
Monte Carlo method, see Bird (1994), and were fairly accurate.

On the basis of these equations, a homogeneous model, where the velocities
and temperatures of the both mixture components are the same, was also
constructed in Elizarova (2009), in the particular case of equal adiabatic
indices v and Prandtl numbers ap, of the components. This model was
also successfully applied to the numerical simulation of the same 1D flows.

Later in Elizarova, Zlotnik & Chetverushkin (2014), a generalization of the
exchange terms in the full QGD system of equations for the binary gas
mixture flows were given in the case of polyatomic gases, with arbitrary ~
and ap, (its physical meaning was analyzed by Elizarova & Lengrand
(2016)).

In addition, the QGD equations themselves were rewritten in another form
like the compressible Navier-Stokes equations which is particularly
convenient for discretization, and the mixture entropy balance equation
with the non-negative entropy production was derived.
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Application of the full QGD system of equations for numerical simulation of
the mixture flows for sufficiently dense gases showed that as the number of
intermolecular collisions increases, the exchange terms in the equations
increase rapidly which leads to a rapid equalization of temperatures and
velocities of the mixture components and, therefore, the possibility of
transition to a homogeneous mixture model. Moreover, a computational
instability arose, and thus a homogeneous model became more preferable
from both physical and computational points of view.

In this study, a regularized system of equations is constructed for
homogeneous binary mixture flows by aggregating equations from
Elizarova, Zlotnik & Chetverushkin (2014). In the system, the mass
balance equations for the both mixture components include diffusion flows
for the components. For the solutions of the system, the mixture entropy
balance equation with the non-negative entropy production is satisfied
which confirms the physical correctness of the model. The model was
tested by numerical simulating the problem of 2D Rayleigh-Taylor-type
gravitational instability (concerning it, see the recent review Zhou (2017)).
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The regularized (or QGD) system of equations for binary gas mixture flows
in the form of Elizarova, Zlotnik & Chetverushkin (2014) contains the
mass, momentum and total energy balance equations for gases o = a, b

Otpa + div [pa(ua — wa)] =0, (1)
d(paua) + div [pa(Ua — Wa) ® ug] + Vpq
=divIl, + [pa — Tdiv(paua)]Fa + Su.as (2)
Oy Fo + div [(Ea + pa)(ug — wa)]
= div(—qa +Haua) + pa(ug —Wo) - Fo + Qo + SE.a- (3)

Here 0, = (% and 0; = 8 , the operators div and V are taken with respect
to spacial coordinates x = (.’L‘l, ceyy), n=1,23.

The divergence of a tensor is taken with respect to its first index, and ®
and - are the signs of tensor and scalar products of vectors.

The main sought functions

Pa >0, uy = (ulaa---vuna)v 0o >0

are the density, velocity and absolute temperature of the gas a (depending
on (z,t)).
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Also the total energy together with the pressure and specific internal
energy for the perfect polytropic gas « are as follows

Ea = %pa’ua|2 + Pa€a;s Pa = Rapozaoc = (’Ya — 1)paEa, Ea = Cvaea,

where R, > 0 is the gas constant, v, = CC‘IZO‘ = CRTD‘ + 1 is the adiabatic
index as well as ¢y > 0 and ¢, > 0 are the specific heat capacities at
constant volume and pressure.

In these equations, I, = ITNS + 117, and q = — 4 V0, + q, are the
viscous stress tensor and heat flux.

Here TIYVS is the classic Navier-Stokes viscosity stress tensor

Y5 = IV9(uy, fia [2D(uq) — 2 (divug)I] + Ao (divua)L,

)=
Dj(ua) = %[Vua + (Vu,) ], Vu, = {@-uja}zj:l,

where (g = tio(pay0a) > 0, Ao = Aa(pas o) = 0 and

o = #0(pa,ba) > 0 are the coefficients of dynamic and bulk viscosity and
thermal conductivity as well as I is the unit tensor.

In practice, both physical and artificial viscosity and thermal conductivity
coefficients are used as well as their sums, see Elizarova (2009).
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The regularizing tensor II7, velocities w,, and w,, and heat flux q, are
given by the formulas

I}, = palla @ Wq + T[ua - Vpa + Ciapa divug — (Yo — 1)@04]]1,

T .
Wo = ? [dlv(paua ® ua) + Vpa — panoz]y
a

Vo = [pa(uq - V)ug + Vpa — paFal,

_qg = T[ua : (CVaPavga - Raeavlooé) - Qa] Ua, (4)

where 7 = 7(pg, Ua, 04, Po, Up, Bp) > 0 is the relaxation parameter and

Cso = /Yo (Yo — 1)eq4 is the sound speed of the gas a.

The quantities S, o and Sk are the exchange terms depending on all the
sought functions and interconnecting the equations for the gases a and b,
see them in Elizarova, Zlotnik & Chetverushkin (2014) (with the physical
motivation in Elizarova & Lengrand (2016)).

Below the explicit form of S, , and Sg  is not required, and only the
equalities Sy, o + Sy =0 and Sg, + S = 0 are essential.

F, and Q. > 0 are the given body force density and heat source intensity.
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The above system of regularized equations for binary mixture flows is quite
complex and contains 2(n + 2) scalar sought functions p,,

Uy = (Uiay .-+, Una) and B4, a = a,b. Therefore simplified models for
binary mixture flows are of high practical interest.

For the homogeneous binary mixture, it is assumed that u, = u, = u and
0, = 0y = 0 (Nigmatulllin, 1987). Let also F, = F;, = F. To derive the
equations for such a mixture flows, we perform an aggregation of the above
written equations. Namely, we preserve the mass balance equations for the
components (1), sum up the momentum and total energy balance equations
(2) in @ = a,b and take in all the equations u, = u, =u and 6, = 6, = 6.
As a result, we obtain the following system of equations

Oipa + div [pa(u — W(O‘))] =0, a=a,b, (5)

d(pu) + div [p(u — w) ® u] + Vp = divIl + [p — 7 div(pu)]F, (6)
O E + div [%mu!?(u — W) + Cpapab(u — W) + cppppf(u — w“”)}

=div(—q+1ITu) + p(u—w) - F + Q. (7)
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They contain the aggregated density and pressure
P = pPa+pp, P:=pa+py=(Rapa+ Rppp)0,
together with the aggregated total and specific internal energies
E = 3plul® +ps, e:= Brea + By = cvl.
The summands of the viscous stress tensor IT = ITVS + I17 are
V5 = 1105 (u) + I)Y® (u) = p[2D(u) — 2 (divu)I] + A(divu)l,
I :=1II] + 1l = pu@w + T[u SVp+cEpdivu — (7.Qa + 71Qp) + Q]]I,

with g := pig + pp, A :=Ag + Xp and Q := Qq + Qp,
and the regularizing velocities are

w &:Waz) + %Wﬂv) - %[div(pu ®u) + Vp - pF],
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The aggregated heat flux and its regularizing summand are expressed by
the formulas —q := —q, — Qp = (564 + 24)VE — q" and

—q":=—q’ —q] = T{u . [chVH —0(R.Vpa + Rprb)] - Q}u-

The following aggregated squared sound speed and physical coefficients of
the mixture are introduced:

2 Pa 2 | Pb 2 Pa Po Pa Pb
Cy = —CoyT—Cypy CV i= —Cygt+—Cyb, Cp = —Cpa+—Cpp, 1= cp—cy
s P sa p sb P a p P P pa P p p

and v := cc—"; = % + 1. With the help of them, other important natural
formulas for the mixture pressure are valid: p = Rpf = (v — 1)pe.

But, for mixtures, cy, ¢,, R and « are functions of the component
concentrations 22 and % =1- %“ rather than constants.

Notice that when aggregating is performed, some quantities are taken
additively, i.e., we just sum up them (as pq, pa, €tc.), while others are
taken as linear combinations with the weights-concentrations %‘* (as €q,

w(® etc.). Additivity of p, pe, cyp, pw, pw, etc., is taken into account.
When summing, the exchange terms in Eqgs. (6) and (7) have been reduced.
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The derived system of regularized equations for homogeneous binary
mixtures is much simpler than the original one (1)—(3) and contains only
n + 3 sought scalar functions pg, pp, w = (uq,...,uy,) and 6.

In the simplest case of gases with the same cy and ¢, the total energy
balance equation and the expression for q7 take the standard for a
single-component gas form of type (3) and (4) (in IT and q, the aggregated
viscosity and thermal conductivity coefficients have to stand).

Next, for 7 = 0, the resulting system of equations (5)—(7) goes into the
Navier-Stokes type system of equations for compressible binary mixtures

Opa + div(pau) =0, o =a,b,
d(pu) + div(pu ® u) + Vp = divIIVS + pF,
OHE +div [(E + p)u] = div(—q + TVu) + pu - F + Q

with the above introduced p, TIV®, Q and —q = (32, + 24,) V6.

If also 1o, = Ao = 224 = 0, then we obtain a system of equations of the
Euler type for compressible binary mixtures with IINS = 0 and q = 0.
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The regularized equations for homogeneous binary mixtures (5)—(7) imply
the aggregated density, kinetic energy and specific internal energy balance
equations
dp + div [p(u —w)] =0,
I (3pMul?) + div [$plul*(u—w)] + Vp-u
=divIl-u+ (p— rdiv(pu))F - u,
A (pe) + div [peu — (pasaw(“) + pbsbw(b))] + pdivu
—div (paw(“) —I—pbw(b)) =—divg+1Il: Vu—pw -F+Q,

where : denotes the scalar product of tensors.
Now we define also the entropies of the component o and the mixture

Sa = Soa — Ralnpg + cvalne,, Soo = const, o =a,b,
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Theorem

The following homogeneous binary mixture entropy balance equation holds
A (ps) + div [psu — (pasaw(a) + pbsbw(b))] + div (%)
=PNS + P+ Py,
with the entropy production PN + PT + Py, where

“g —|- 2

IVol* >

PNS = 98 D(w) : Dw) + (A - g(u)) %(div w)? +

pT_T_‘W ‘ +T];—[dlv(pau)] —l—TCVapa[(’Y —1)divu

(Ya — )Qa] +%<1_ T(Ya — )Qa>’

Ving —
fu- Vi 2 ipa

moreover, Pl > 0 under the known condition T(vo — 1)Qa < 4pa,
a=a,b.

v
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The proof exploits the aggregated density and specific internal energy
balance equations and mainly follows Zlotnik & Gavrilin (2011) and
Chetverushkin & Zlotnik (2017).

The result is crucial in view of the physical correctness of the model.

See more details and related numerical results on the 2D Rayleigh-Taylor
type gravitational instability on mixing layers of heavy and light gases in:
T.G. Elizarova, A.A. Zlotnik and E.V. Shilnikov, Regularized equations for
numerical simulation of flows of homogeneous binary mixtures of viscous

compressible gases, Computational Mathematics and Mathematical
Physics, Vol. 59, No. 11 (2019).

Note that the constructed model can be generalized to a larger number of
the mixture components.
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