
ALGEBRAIC GEOMETRY. HW9. (DUE NOVEMBER, 8)

The ninth lecture covered the notion of normalization of a variety in a finite ex-
tension of its field of rational functions. The main result is: for an integral scheme X
of finite type over a field and a finite extension L of the field of rational functions on
X the normalization of X in L is finite over X. We also proved that a Noetherian,
local, integrally closed domain of dimension one is a DVR.

1. Recall that an integral scheme X is said to be normal normal if all the local rings
OX,x are integrally closed. Prove for a Notherian integral scheme X the following two
conditions are equivalent: (1) X is normal, (2) for every point x ∈ X of codimension
1 the local ring OX,x is a DVR and, for any open U ⊂ X and closed Z ⊂ U of
codimension > 1, the restriction morphism O(U) → O(U − Z) is an isomorphism.
(Hint: the implication (2) → (1) is easy using the characterization of DVR proven
in class. For the other implication it suffices to prove that for Noethereian integrally
closed domain A, one has ⋂

ht p=1

Ap = A,

where the intersection is taken over all prime ideals such that Ap has dimension 1.
Reduce this assertion to another characterization of DVR: if B is a Noetherian local
integrally closed domain and 0 6= b ∈ B such that there exists an element a ∈ B/(b)
whose annihilator Ann(a) ⊂ B is precisely the maximal ideal m ⊂ B, then B is DVR
(in particular, B has dimension 1). Then prove the latter assertion.)
Remark. We will show later that for a scheme X of finite type over a perfect field
the condition that, for every point x ∈ X of codimension 1 the local ring OX,x is
a DVR, is equivalent to the condition that X is smooth outside of a closed subset
Z ⊂ X of codimension > 1.

2. Let X be an integral normal scheme and φ : Y → X a finite étale morphism
(this means that every point x ∈ X has an affine open neighborhood U such that
φ−1(U) is affine with O(φ−1(U)) being a free O(U)-module of finite rank and each
fiber Yx is the spectrum of a k(x)-algebra, which is a product of separable extensions
of k(x)) with connected Y . Show that φ : Y → X is the normalization of X in a finite
separable extension of the field K(X) of rational functions on X.
Remark. This assertion implies that for a normal integral scheme X the morphism
Gal(K(X)/K(X))→ πet

1 (X) is surjective.
3. Let X be a scheme obtained by gluieng two copies of A1

k along A1
k − 0. Show

that X is not separated.


