
National Research University
Higher School of Economics

Faculty of mathematics

As a manuscript

Aleksei Ilin

Degeneration of Bethe subalgebras in Yangians

Summary of the dissertation
for the purpose of obtaining the academic degree

Doctor of Philosophy in Mathematics

Academic supervisor:
Leonid Rybnikov

Candidate of Science,
Associate professor

Moscow-2020



2

Introduction

Abstract. Let g be an arbitrary complex simple Lie algebra, G be the corresponding adjoint
group. The Yangian Y (g) for the simple Lie algebra g is a Hopf algebra, deformation of the
universal enveloping algebra U(g[t]).

In this dissertation we study the family of commutative Bethe subalgebras B(C) ⊂ Y (g), C ∈
G. We prove that if an element C ∈ Greg is regular then the corresponding subalgebra is free,
and if C is regular semisimple, then the corresponding subalgebra is also maximal commutative
subalgebra of the Yangian.

Then we study two ways to compactify the parameter space Greg of Bethe subalgebras:
construction of limit subalgebras, which gives us the flat family of subalgebras and the wonderful
compactification of group G, which gives us non-flat family of subalgebras. We also describe
subalgebras corresponding to any stratum of the wonderful compactification.

In the case g = sln we describe a parameter space of the family of subalgebras, parameterized
by regular semisimple elements. We also recursively describe all limit subalgebras in terms of
Bethe subalgebras of Y (slk), k ≤ n and shift of argument subalgebras of the universal enveloping
algebra.

In the course of proof we also study some questions of the Yangian’s theory: connection of
different filtrations, inclusion of the Yangian of Levi subalgebra in RTT -realization, connection
of RTT generators with ABC-generators of the Yangian.

Historical review. Yangian Y (g) for an arbitrary simple Lie algebra g is defined in paper
[D1]. At the same time, Yangian for sln (or gln) appeared earlier in the works of L.D. Faddeev
and Leningrad school, see, e.g., [TF]. Note that historically discovery of the Yangians is in
connection with rational solutions of Yang-Baxter equation, see subsection 1.8.

Bethe subalgebras in the Yangian for sln are defined in paper [NO], see also ealier work of
Leningrad school, e.g., [KR]. In the Yangian of orthogonal and symplectic Lie algebra these
subalgebras appear in the paper [M1]. See also [D2] and [MO].

The problem about description of limit subalgebras is due to E. Vinberg [Vi].

Applications of Yangian’s theory. The Yangian’s theory have many applications in math-
ematics. Here we mention only some of them.

• Quantum integrable systems, see, e.g., [L];
• Geometric representation theory, in particular quivier varieties, Hall algebras, quanti-

zation of affine slices in affine Grassmanians, see [MO], [SV], [KWWY];
• Representations of classical Lie algebras, see, e.g. [M2].

This work is organized as follows.

• In section 1 we recall basic facts about Yangians. This section does not contain results
of the dissertation except subsection 1.25;
• Section 2 is based on papers [IR2], [I]. In this section we define Bethe subalgebras in

the Yangian Y (g) and study some properties of this subalgebras;
• Sections 3 and 4 are based on the paper [IR2]. In this sections we study two ways to

compactify the parameter space of Bethe subalgebras.
• Section 5 is based on the paper [IR]. In this section we study some class of limit

subalgebras in the case g = sln(gln).

Acknowledgments. The author is deeply indebted to his scientific supervisor L.G. Rybnikov
for stating the problem and constant attention to work. Author is also grateful to NRU HSE
and International Laboratory of Representation Theory and Mathematical Physics for providing
excellent working conditions and for supporting trips to scientific conferences and internship.
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Author is also grateful to R. Bezrukavnikov and P. Etingof for the given opportunity to spend
Spring 2017 at the MIT Department of Mathematics.

1. Yangian for a simple Lie algebra g.

In this section we follow papers [D1], [D3], [W], [CP], [ES].

1.1. Notation. Let g be a complex simple Lie algebra, h ⊂ g be a Cartan subalgebra, h ⊂ b ⊂ g
be a Borel subalgebra, g[t] be the corresponding current Lie algebra, i.e. the Lie algebra of
polynomial maps C→ g.

Let Φ be the root system corresponding to g, Φ+ be a set of positive roots, {α1, . . . , αn} be
the set of simple roots, {ω1, . . . , ωn} be the set of fundamental weights, (·, ·) — the invariant
scalar product such that (α, α) = 2 for short simple roots, gα be the subspace of g corresponding
to root α , xα ∈ gα, x

−
α ∈ g−α such that (xα, x

−
α ) = 1, tωi ∈ h be the element corresponding

to ωi by means of invariant scalar product and hi be the element corresponding to αi. By

definition, put di = (αi,αi)
2 . By eα ∈ C[T ] denote the monomial function corresponding to α.

1.2. Definition of the Yangian. Yangian Y (g) is historically one of the first examples of
quantum groups, i.e. non-commutative and non-cocommutative Hopf algebras, see [D2]. More
precisely, Yangian is the unique homogenuous deformation of the universal enveloping algebra
U(g[t]) in class of Hopf algebras. Let us formulate the last statement rigorously.

Let V be a vector space over C. By definition, put V [[h]] = {
∑
n≥0 vnh

n}. Obviously V [[h]]

is naturally a C[[h]]-module.

Definition 1.3. A module M over C[[h]] is topologically free, if M ' V [[h]] for some vector
space V .

Definition 1.4. Let A be a Hopf algbera over C. Deformation of A in class of Hopf algebras
is a Hopf algebra A0 over C[[h]] such that
1) A0 is topologically free C[[h]]-module;
2) A0/hA0 ' A as a Hopf algebra.

Let (A,∆) be a deformation of a Hopf algebra U(g1) where g1 is an arbitrary Lie algebra.

Proposition 1.5. The Lie algebra g1 has a natural structure of a Lie bialgebra

δ(x) =
∆(x̃)−∆op(x̃)

h
(mod h),

where x̃ is an arbitrary lifting of x to A.

By definition, put g1 = g[t]. It is well-known that g[t] has a natural structure δ of a Lie
bialgebra. Let x ∈ g[t]. Then

δ(x)(u, v) =
(
adx(u)⊗1 + 1⊗ adx(v)

)( Ω

u− v

)
.

Here Ω is a Casimir element of U(g)⊗2, i.e. Ω =
∑
λ xλ ⊗ xλ where {xλ}λ∈Λ is an arbitrary

orthonormal basis of g.
A deformation of U(g[t]) is called a deformation of the Lie bialgebra (g[t], δ) if the induced

bialgebra structure on g[t] coincides with δ.
Note that g[t] is graded by degrees of t and δ is a homogeneous map of degree −1.

Definition 1.6. Deformation Uh(g[t]) of the Lie bialgebra (g[t], δ) is called homogeneous if
1) Uh(g[t]) is graded over C[[h]](deg h = 1);
2) Uh(g[t])/hUh(g[t]) ' U(g[t]) as a graded algebra.
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Now we are able to formulate the statement about uniqueness.

Theorem 1.7. There is the unique homogeneous deformation Uh(g[t]) of the Lie bialgebra
(g[t], δ). As an associative algebra it is topologically generated by the elements {x, J(x) |x ∈ g}
with the following relations

xy − yx = [x, y], J([x, y]) = [J(x), y],

J(cx+ dy) = cJ(x) + dJ(y),

[J(x), [J(y), z]]− [x, [J(y), J(z)]] = h2
∑

λ,µ,ν∈Λ

([x, xλ], [[y, xµ], [z, xν ]]){xλ, xµ, xν},

[[J(x), J(y)], [z, J(w)]] + [[J(z), J(w)], [x, J(y)]] =

= h2
∑

λ,µ,ν∈Λ

(([x, xλ], [[y, xµ], [[z, w], xν ]]) + ([z, xλ], [[w, xµ], [[x, y], xν ]])) {xλ, xµ, J(xν)}

for all x, y, z, w ∈ g and c, d ∈ C, where {xλ}λ∈Λ is some orthonormal basis of g, {x1, x2, x3} =
1
24

∑
π∈S3

xπ(1)xπ(2)xπ(3) for all x1, x2, x3 ∈ Uh(g[t]).

Let Ω =
∑
λ xλ ⊗ xλ ∈ U(g)⊗ U(g) and ω =

∑
λ x

2
λ ∈ U(g) be the Casimir elements, cg the

value of the element ω on the adjoint representation.
The Hopf algebra structure on Uh(g[t]) is as follows

∆h(x) = x⊗ 1 + 1⊗ x,

∆h(J(x)) = J(x)⊗ 1 + 1⊗ J(x) +
1

2
h[x⊗ 1,Ω],

Sh(x) = −x, Sh(J(x)) = −J(x) +
1

4
cgx,

εh(x) = εh(J(x)) = 0.

Grading on Uh(g[t]):
deg(x) = 0, deg(J(x)) = 1.

Note that the defining relations and the maps ∆h, Sh, εh do not contain power series so one
can put h equal to any complex number. If h = 0 then U0(g[t]) ' U(g[t]). If h 6= 0 then for
any c1, c2 ∈ C we have an isomorphism Uc1(g[t]) ' Uc2(g[t]). Put h = 1 and by definition, put
Y (g) := U1(g[t]).

1.8. J-realization and the universal R-matrix. The algebra Y (g) is the J-realization of
the Yangian. If we choose the arbitrary basis of g then we see that the Yangian Y (g) is finitely-
generated algebra.

For any c ∈ C let us define an automorphism τc of Y (g):

x 7→ x, J(x) 7→ J(x) + cx ∀x ∈ g.

For any a, b ∈ C by definition, put τa,b := τa ⊗ τb.
One of the most important result in the Yanginan’s theory is the following theorem:

Theorem 1.9. There exists the unique series

R̂(u) = Id+
∑
k>1

R(k)u−k ∈ (Y (g)⊗ Y (g))[[u−1]],

with the following properties
1) (id⊗∆)R̂(u) = R̂12(u)R̂13(u);

2) τ0,u∆op(x) = R̂(u)−1(τ0,u∆(x))R̂(u) for any x ∈ Y (g), where ∆op = ∆ ◦P , P (a⊗ b) = b⊗a
for all a, b ∈ Y (g).
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This series is called the universal R-matrix and is a solution of quantum Yang-Baxter equa-
tion

R̂12(u− v)R̂13(u)R̂23(v) = R̂23(v)R̂13(u)R̂12(u− v).

Also

R̂12(u)R̂21(−u) = 1, τa,bR̂(u) = R̂(u+ b− a),

R̂(u) = 1 + Ωu−1 +
∑
λ

(J(xλ)⊗ xλ − xλ ⊗ J(xλ))u−2 +
1

2
Ω2u−2 +O(u−3).

Remark. Let (ρ, V ) be an arbitrary representation of the Yangian. Note that the evaluation of
the universal R-matrix gives us a solution of quantum Yang-Baxter equation with coefficients
in End (V )⊗ End (V )[[h−1]]. Is is known that up to multiplication by an element of C[[u]] the

series (ρ ⊗ ρ)R̂(u) is a rational function, see [D1]. The description of solutions we obtain by
this method, see [D1] or [CP].

1.10. New or current realization of the Yangian. The J-realization of the Yangian is
suitable to see that the Yangian is finitely-generated algebra, but is not suitable for study
representations. For the purposes to study representation theory of Yangians, V. Drinfeld in
paper [D3] present new or current realization of the Yangian.

Definition 1.11. The Yangian Ynew(g) is a Hopf algebra over C generated by the elements

{e(r)
i , f

(r)
i , h

(r)
i | i = 1, . . . , n; r > 1} with the following defining relations:

[h
(s)
i , h

(s)
j ] = 0,

[e
(r)
i , f

(s)
j ] = δijh

(r+s−1)
i ,

[h
(1)
i , e

(s)
j ] = (αi, αj)e

(s)
j ,

[h
(r+1)
i , e

(s)
j ]− [h

(r)
i , e

(s+1)
j ] =

(αi, αj)

2
(h

(r)
i e

(s)
j + e

(s)
j h

(r)
i ),

[h
(1)
i , f

(s)
j ] = −(αi, αj)f

(s)
j ,

[h
(r+1)
i , f

(s)
j ]− [h

(r)
i , f

(s+1)
j ] = − (αi, αj)

2
(h

(r)
i f

(s)
j + f

(s)
j h

(r)
i ),

[e
(r+1)
i , e

(s)
j ]− [e

(r)
i , e

(s+1)
j ] =

(αi, αj)

2
(e

(r)
i e

(s)
j + e

(s)
j e

(r)
i ),

[f
(r+1)
i , f

(s)
j ]− [f

(r)
i , f

(s+1)
j ] = − (αi, αj)

2
(f

(r)
i f

(s)
j + f

(s)
j f

(r)
i ),

i 6= j,N = 1− aij ⇒ sym[e
(r1)
i , [e

(r2)
i , · · · [e(rN )

i , e
(s)
j ] · · · ]] = 0,

i 6= j,N = 1− aij ⇒ sym[f
(r1)
i , [f

(r2)
i , · · · [f (rN )

i , f
(s)
j ] · · · ]] = 0.

In this realization the explicit formulas for multiplication are unknown. Anywhere, this
realization is suitable for representation theory, see 1.15.

Definition 1.12. Let H ⊂ Y (g) be a subalgebra generated by all h
(r)
i , 1 ≤ i ≤ n, 1 ≤ r.

Following [D2], H is called the Cartan subalgebra of Yangian .
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Fix an arbitrary order on the set of simple roots. We will need the following elements of
Ynew(g):

e(r)
αi = e

(r)
i

[e
(r)
α̂ , e

(1)
α̌ ] = e(r)

α

f (r)
αi = f

(r)
i

[f
(r)
α̂ , f

(1)
α̌ ] = f (r)

α

Here α̌ is minimal simple root such that α̂ = α− α̌ is again a positive root.

Theorem 1.13. ([KWWY, Proposition 3.2]) Ordered monomials in the variables e
(r)
α , h

(r)
i , f

(r)
α ,

with α ∈ Φ+, i ∈ ∆, r ∈ Z>0, form a PBW basis of Ynew(g).

Note that the Theorem 1.13 defines an embedding U(g) → Ynew(g), i.e. the elements

e
(1)
α , h

(1)
i , f

(1)
α where α ∈ Φ+, i ∈ ∆, r ∈ Z>0 generate the subalgebra, which is isomorphic to

U(g).
Theorem 1.13 allows as to define a filtration on Ynew(g) by

deg e(r)
α = deg f (r)

α = deg h
(r)
i = r.

Proposition 1.14. Subalgebra H is a maximal commutative subalgebra of the Yangian. The
Poincaré series of H is ∏

r≥1

1

(1− tr)n
.

1.15. Finite dimensional representations of Ynew(g). Following [CP] we review the finite-
dimensional representation theory of Yangians.

More precisely, let λ = {λi,r | i = 1, . . . , n, r > 0, λi,r ∈ C} be a set of complex numbers, V
be a representation of Y (g). Then the λ-weight space is by definition the subspace of V

Vλ = {v ∈ V |h(r)
i v = λi,rv for all i, r}.

The Y (g)-module is called highest weight module, if there exist w ∈ V such that e
(r)
i · w = 0

for all i, r and V = Y (g) · w. Using the technique of Verma modules one can construct the
irreducible module V (λ) of the highest weight λ. The following theorem is well-known.

Theorem 1.16. The irreducible Y (g)-module V (λ) is finite dimensional iff there exist polyno-
mials Pi(u) ∈ C[u] such that

Pi(u+ di)

Pi(u)
= 1 +

∞∑
r=0

λi,ru
−r−1

in the sense that the right-hand side is the Laurent expansion of the left-hand side at u = ∞.
These polynomials are called Drinfeld polynomials.

Definition 1.17. A finite dimensional irreducible Y (g)-module is called fundamental if the
associated polynomials are given by

Pj(u) =

{
1, j 6= i,

u− a, j = i,

for some i = 1, . . . n. We denote it by V (ωi, a).

Remark. One can motivate the name fundamental by the following observation: any irreducible
finite-dimensional module is a factor of some submodule of some tensor product of fundamental
modules.
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We will consider representations V (ωi, 0). It is well-known that the restriction of V (ωi, 0) to
U(g) decomposes as

V (ωi, 0) = Vωi ⊕
⊕
µ<ωi

V ⊕kµµ

Here Vµ is the irreducible representation of g of highest weight µ and µ < ωi means that ωi−µ
is a sum of positive roots.

1.18. RTT -realization. The third realization is also due to V. Drinfeld, see [D1]. Anywhere
the proof that this algebra is isomorphic to Y (g) is only recently due to C. Wendlandt [W].

Let V be an arbitrary non-trivial representation of the Yanginan, i.e. not the sum of one-
dimensional trivial representation, ρ be the corresponding morphism Y (g) → End (V ). By

definition, put R(u) = (ρ⊗ ρ)R̂(−u) ∈ End (V )⊗ End (V )[[u−1]].

Definition 1.19. The Yangian YV (g) is a unital associative algebra generated by the elements

t
(r)
ij , 1 ≤ i, j ≤ dimV ; r ≥ 1 with the following defining relations

R(u− v)T1(u)T2(v) = T2(v)T1(u)R(u− v) in End (V )⊗2 ⊗ YV (g)[[u−1, v−1]],

S2(T (u)) = T

(
u+

1

2
cg

)
,

Here
T (u) = [tij(u)]i,j=1,...,dimV ∈ EndV ⊗XV (g),

tij(u) = δij +
∑
r

t
(r)
ij u

−r

and T1(u) (resp. T2(u)) is the image of T (u) in the first (resp. second) copy of EndV .
The Hopf algebra structure is as follows:

∆(T (u)) = T[1](u)T[2](u),

ε(T (u)) = Id ,

S(T (u)) = T (u)−1.

Definition 1.20. If we ommit the relation S2(T (u)) = T
(
u+ 1

2cg
)
, in definition 1.19, then

we obtain the Hopf algebra called extended Yangian XV (g).

Theorem 1.21. [W] The extended Yangian XV (g) is isomorphic to YV (g)⊗ C[x
(r)
1 , . . . , x

(r)
k ],

where r ∈ Z>0, k = dim End Y (g)V .

1.22. Isomorphism theorems.

Theorem 1.23. ([D3], [GRW]) There is an isomorphism φ : Ynew(g)→ Y (g) such that

φ(h
(1)
i ) = hi, φ(h

(2)
i ) = J(hi)− vi,

φ(e
(1)
i ) = xα+

i
, φ(e

(2)
i ) = J(x+

αi)− w
+
i ,

φ(f
(1)
i ) = xα−i

, φ(f
(2)
i ) = J(x−αi)− w

−
i .

Here

vi =
1

4

∑
α∈Φ+

(α, αi){x+
α , x

−
α } −

1

2
h2
i ,

w±i = ±1

4

∑
α∈Φ+

{[x±i , x
±
α ], x∓α } −

1

4
{x±i , hi},

{xα, x−α} = xαx−α + x−αxα.
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As in subsection 1.19, let V be an arbitrary non-trivial representation of the Yangian, ρ be the
corresponding morphism Y (g)→ End (V ) and R(u) = (ρ⊗ρ)R̂(u) ∈ End (V )⊗End (V )[[u−1]].

Theorem 1.24. ([D1], [W]) There is an isomorphism ψ : YV (g)→ Y (g) such that

ψ : T (u) 7→ (ρ⊗ 1)R̂(−u).

Hereinafter we identify Yangians Y (g), Ynew(g), YV (g) by means of isomorphisms of Theorems
1.23, 1.24.

1.25. Yangian for Levi subalgebra l ⊂ g. Let Q be the Dynkin diagram of g. To any Dynkin
subdiagram I ⊂ Q we assign a Levi subalgebra l generated by the Cartan subalgebra and the
simple root elements corresponding to I. Denote by Φ+

I the corresponding set of positive roots.
It is easy to see that l is a reductive Lie algebra. We denote by gI the semisimple part of l, i.e.
gI = [l, l].

Let us define the Yangian of l as the subalgebra of Ynew(g) generated by e
(r)
i , f

(r)
i for i ∈

I, r ∈ Z>0 and h
(r)
i , r ≥ 1, i = 1, . . . , n. We denote this subalgebra by Ynew(l).

Proposition 1.26. ([IR2, Proposition 3.1]) Ynew(l) is the tensor product Ynew(gI)⊗C[a
(r)
j ]j∈∆\I,r∈Z>0

such that deg a
(r)
j = r.

Here a
(r)
j are from ABC-generators of the Yangian (see [GKLO].)

Note that the Lie algebra l is the centerilizer of the element x =
∑
j∈∆\I a

(1)
j and x is central

in Ynew(l). Using x one can decompose V as a sum of Ynew(l)-submodules V = VI ⊕W , see
[IR2, Section 3].

Theorem 1.27. ([IR2, Proposition 3.3]) Let YV (l) be the subalgebra of YV (g), generated by all
Fourier coefficients of tβ,v(u), where v ∈ VI , β ∈ V ∗I . The image of YV (l) in Ynew(g) is Ynew(l).

Theorem 1.27 realize the embedding Ynew(l) ⊂ Ynew(g) in RTT -realization.

2. Bethe subalgebras.

It have been discussed in the introduction that Bethe subalgebras for the Yangians of classical
Lie algebras are defined before. But to the best of authors knowledge in full generality (for
arbitrary simple Lie algebra) it is defined in paper [IR2]. The paper [I] is devoted to study
general properties of these subalgebras.

2.1. Definition of Bethe subalgebras. Let G (corresp. G̃) be the corresponding to Lie
algebra g adjoint (corresp. simply-connected) group, i.e. a Lie group with Lie algebra g such
that Z(G) = {e}, where Z(G) is the center G (corresp. fundamental group is trivial). Let
T ⊂ G be a maximal torus, T reg ⊂ T and Greg ⊂ G be sets of regular elements, i.e. such
elements, that dimension of their centralizer in G is minimal.

Bethe subalgebras of the Yangian form a family of commutative subalgebras parameterized
by adjoint group G. Bethe subalgebras in the Yangian for gln and twisted Yangians were studied
in the paper [NO].

Let V =
⊕

i V (ωi, 0) be a sum of fundamental representations, see subsection 1.15. Let
ρi : Y (g)→ EndV (ωi, 0) be the i-th fundamental representation of Y (g). Let

πi : V → V (ωi, 0)

be a projection to i-th fundamental representation.
Let T i(u) = πiT (u)πi be a submatrix of T (u), corresponding to i-th fundamental represen-

tation.
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Definition 2.2. ([IR2, Definition 4.2]) Let C ∈ G̃. Bethe subalgebra B(C) ⊂ YV (g) is the
subalgebra generated by all Fourier coefficients of the following series with the coefficients in
YV (g)

τi(u,C) = tr V (ωi,0)ρi(C)T i(u), 1 6 i 6 n.

Remark. Note that the Bethe subalgebra B(C) depends only on the class of C in G̃/Z(G̃), so
in fact Bethe subalgebras are parameterized by G.

2.3. Results about Bethe subalgebras.

Proposition 2.4. The coefficients of τi(u,C), i = 1, . . . , n pairwise commute.

Let us define a filtration on YV (g) by

deg t
(r)
ij = r.

Note that this filtration on YV (g) coincides with the filtration on Ynew(g) from subsection
1.10, see [IR2, Propostion 2.24]. It follows that

Theorem 2.5. ([KWWY, Theorem 3.9]) Associated graded algebra grYV (g) is isomorphic to
O(G1[[t−1]]) as the Poisson algebra.

Theorem 2.6. ([IR2, Theorem 4.9]) For any C ∈ Greg, the subalgebra B(C) ⊂ YV (g) is free
polynomial algebra. Moreover, the Poincare series of B(C) coincides with the Poincare series
H.

Theorem 2.7. ([I, Theorem 1]) For any C ∈ T reg the subalgebra B(C) is a maximal commu-
tative subalgebra of YV (g).

As a corollary we have the following description of Bethe subalgebras for C ∈ T reg.

Corollary. ([I, Corollary 2]) For any C ∈ T reg subalgebra B(C) in Y (g) is generated by all

tr V ρ(C)(ρ⊗ 1)R̂(u),

where (ρ, V ) is a finite-dimensional representations of Y (g).

By analogy with the paper [R] we can refine Theorem 2.7. Let Q(C) be a quadratic part of
a subalgebra B(C):

Q(C) := B(C) ∩ F 2YV (g),

where F 2YV (g) is the subspace of YV (g) of elements of degree ≤ 2.

Theorem 2.8. ([I, Theorem 3]) Let C ∈ T reg. Subalgebra B(C) coincides with centralizer of
the subspace Q(C).

We can describe Q(C) explicitly.

Proposition 2.9. ([I, Proposition 4]) Consider the elements

σi(C) = 2J(tωi)−
∑
α∈Φ+

eα(C) + 1

eα(C)− 1
(α, αi)xαx

−
α ∈ Y (g),

i = 1, . . . , n. The subspace Q(C) is the span of elements σi(C) and subspace h · h + h.
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2.10. Outline of proofs. The main tool in course of proof are PBW-theorems. Let us define
another filtration on YV (g) by

deg t
(r)
ij = r − 1.

Theorem 2.11. ([W]) The associated graded algebra grYV (g) is isomorphic to U(g[t]).

This filtration is used in the paper [I]. In particular

Proposition 2.12. ([I, Proof of theorem 1]) Let C ∈ T reg. Then grB(C) = U(h[t]).

Let us recall another filtration on YV (g) defined by

deg t
(r)
ij = r.

Let gr ′ be the associated graded algebra corresponding to this filtration.

Theorem 2.13. ([KWWY]) The associated graded algebra gr ′YV (g) is isomorphic to O(G1[[t−1]]).

In the course of proof of Theorem 2.6 we study the images of B(C), C ∈ Greg in the algebra
O(G1[[t−1]]). Finally, the proof of theorem is based on the following proposition:

Proposition 2.14. ([S]) The differentials at a regular point of the characters of the fundamental

representations of the Lie group G̃ are linearly independent.

2.15. Applications and possible future research directions. Bethe subalgebras are in-
teresting for the following reasons.

• Bethe subalgebras of Y (sln) are in connection with quantum inverse scattering method
and algebraic Bethe ansatz, see, e.g., [TF], [KR];

• The images of Bethe subalgebras for C ∈ T reg under the action of the Yangian on the
cohomologies of quiver varieties are subalgebras generated by the operators of quantum
multiplication to cohomological classes where C ∈ T reg is the quantum parameter, see
[MO];

• We expect that the spectrum of Bethe subalgebras for real value of parameter is simple
on some class of finite-dimensional representations of the Yangian, see [M]. Follow the
papers [R2] and [HKRW], it is naturally to expect that it is possible to obtain the
structure of Kirillov-Reshetikhin crystal from limit Bethe subalgebras, see Section 5.

3. Bethe subalgebras and the wonderful compactification.

In the paper [IR2] Bethe subalgebras of the Yangian are defined and connection with won-
derful compactification of adjoint group is studied.

There is at least two natural ways to extend the parameter space of Bethe subalgebras. One
of them is wonderful compactification.

3.1. The wonderful compactification of the adjoint group. We follow [EJ] and recall
a construction of the De Concini-Procesi wonderful compactification of the adjoint group G.
Consider V – a representation of G̃. Then we have

G→ P(EndV ).

It is known (see, e.g. [CS]) that if V = Vλ where Vλ is irreducible representation of the regular
highest weight λ, then the closure of G in P(EndV ) does not depend on λ and it is a smooth
projective variety. We call it the De Concini-Processi wonderful compactification G.

It is easy to see that the closure of G in
∏
i P(End (V (ωi, 0))) is isomorphic to G, see [IR2,

5.4]. Let X = (X1, . . . , Xn) ∈ G ⊂
∏
i P(End (V (ωi, 0))).
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Definition 3.2. Bethe subalgebra B(X) is generated by Fourier coefficients of the series

τi(u,X) = tr V (ωi,0)X̂iT
i(u), 1 6 i 6 n,

where X̂i is an arbitrary representative of Xi in End (V (ωi, 0)).

It is easy to see that any subalgebra B(X), X ∈ G is commutative, see [IR2].

3.3. Description of Bethe subalgebras, parameterized by G. In order to formulate the
statement we should describe the stratification of G. Let I ⊂ ∆. To any I ⊂ ∆ one can assign
the pair of opposite parabolic subgroups PI , P

−
I and the Levi subgroup LI = PI ∩P−I . Denote

by GI = LI/Z(LI). Let pI , p
−
I be a Lie algebras of PI and P−I correspondingly. Note that

there is an action of G×G on G by

(g1, g2) · x = g1xg
−1
2 .

There is the following theorem about the orbit structure on G. Denote by VI the LI -
subrepresentation in V generated by the highest vector of V . There is a natural embedding of
P(End (VI))→ P(End (V )). The subgroup GI is embedded into P(End (V )) by the map

GI → P(End (V )), g 7→ [g ◦ prI ],

where prI : V → VI is the G̃-invariant projection.
There are exactly 2l orbits, any orbit S0

I corresponds to subset I and S0
I ' (G×G)×PI×P−I

GI → S0
I , (g1, g2, x) 7→ g1xg

−1
2 , e.g. S0

I is homogeneous bundle over G/PI × G/PI with the
fiber GI . Denote by ϕ : S0

I → G/PI ×G/P−I the projection and let us identify G/PI (corresp.

G/P−I ) with the set of parabolic subalgebras conjugated to pI (corresp. p−I ). Finally, let us
define

S00
I =

⋃
∃g∈G:Ad(g)p=pI ,Ad(g)p−=p−I

ϕ−1(p, p−).

Here Ad is the adjoint action of group on its Lie algebra.
In paper [IR2] it is shown that the closure of T ⊂ G belongs to

⋃
I S

00
I .Moreover, in this

paper we give a description of Bethe subalgebras corresponding to the points of
⋃
I S

00
I , in

particular, T .
Let X = (g, g, x) ∈ S00

I where g ∈ G, x = x̃ ◦ prI ∈ P(End (VI)), x̃ ∈ GI . Here VI is
LI -subrepresentation of V generated by the highest vector of V . A map prI : V → VI is a

G̃-invariant embedding. Let l = Ad(g)pI ∩Ad(g)p−I be the corresponding Levi subalgebra.

Theorem 3.4. ([IR2, Theorem 5.7]) For any X = (g, g, x) ∈ S00
I the corresponding subalgebra

B(X) is B(gx̂g−1) ⊂ YV (l) ⊂ YV (g) where x̂ ∈ LI such that the class [x̂] of LI/Z(LI) coincide
with x̃.

For definition of YV (l) and for description of the embedding YV (l) ⊂ YV (g), see subsection
1.25.

4. Limit subalgebras.

The second way to extend the parameter space is the construction of limit subalgebras. Here
we follow the papers [Vi], [Sh].
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4.1. Definition of limit subalgebras. Let C be an element of Greg. Recall that the formula

deg t
(r)
ij = r defines a filtration on YV (g). Let FY

(r)
V be an r-th filtered component. Consider

B(r)(C) := FY
(r)
V ∩B(C). In the paper [IR2] (in course of proof of Theorem 2.6) it is proved that

the images of the coefficients of τ1(u,C), . . . , τn(u,C) freely generate the subalgebra grB(C) ⊂
grYV (g). Hence the dimension d(r) of B(r)(C) does not depend on C. Therefore for any r > 1

we have a map θr from Greg to
∏r
i=1 Gr(d(i),dimFY

(i)
V ) such that C 7→ (B(1)(C), . . . , B(r)(C)).

Here Gr(d(i),dimFY
(i)
V ) is the Grassmannian of subspaces of dimension d(i) of a vector space of

dimension dimFY
(i)
V . Denote the closure of θr(G

reg) (with respect to Zariski topology) by Zr.
There are well-defined projections ζr : Zr → Zr−1 for all r > 1. The inverse limit Z = lim←−Zr
is well-defined as a pro-algebraic scheme and is naturally a parameter space for some family of
commutative subalgebras which extends the family of Bethe subalgebras.

Indeed, any point z ∈ Z is a sequence {zr}r∈N where zr ∈ Zr such that ζr(zr) = zr−1. Every

zr is a point in
∏r
i=1 Gr(d(i),dimY

(i)
V ) i.e. a collection of subspaces B

(i)
r (z) ⊂ Y

(i)
V such that

B
(i)
r (z) ⊂ B(i+1)

r (z) for all i < r. Since ζr(zr) = zr−1 we have B
(i)
r (z) = B

(i−1)
r−1 (z) for all i < r.

Let us define the subalgebra corresponding to z ∈ Z as B(z) :=
⋃∞
r=1B

(r)
r (z).

Proposition 4.2. ([IR2, Proposition 4.11]) For any z ∈ Z B(z) is a commutative subalgebra
of YV (g). The Poincaré series of B(z) is not smaller (lexicographical) that the Poincaré series
series of B(C) for C ∈ Greg. We call a subalgebra of the form B(z), z ∈ Z limit subalgebra.

Remark. In [Sh] the limits of subalgebras are defined in the analytic topology, just as limits
of 1-parametric families of subalgebras. But it is well known (see, [Se]) that the closure of an
algebraic variety under a regular map with respect to Zariski topology coincides with its closure
with respect to the analytic topology. In our work we use both approaches.

4.3. Connection with wonderful compactification. Denote by Z̃ the closure of Greg in
Z ×G.

Proposition 4.4. ([IR2, Proposition 5.6]) For any (z,X) ∈ Z̃ ⊂ Z×G we have B(X) ⊆ B(z).

The conjecture is that the space Z is a resolution of singularities.

Conjecture 4.5. ([IR2, Conjecture 5.9]) The projection to the first factor of Z ×G gives the

isomorphism Z̃→̃Z. The projection to the second factor gives a birational proper map Z̃ → G.

We discuss the facts related to this conjecture in subsection 5.19.

5. Limit subalgebras for Yangian of gln.

In paper [IR] we study limit subalgebras in the case g = gln.

5.1. Yangian for gln. Yangian Y (gln) for Lie algebra gln is by definition an extended Yangian
XV (sln), where in Definition 1.20 we consider V = Cn, the tautological representation of sln.
Then up to multiplication to f(u) ∈ C[[u]] we have R(u) = 1 − Pu−1 where P ∈ End (V )⊗2 ,
i.e. P (u⊗ v) = v ⊗ u for any u, v ∈ V .

In consideration of Theorem 1.21 we define a Bethe subalgebras of extended Yangian as a
product of Bethe subalgebra of YV (g) and of the center of XV (g). From discussion above we
see that study Bethe subalgebras of Y (gln) or Y (sln) is equivalent.

For the detail description of Bethe subalgebras of Y (gln), see [IR, Section 2]. About connec-
tion between different definitions of Bethe subalgebras of Y (gln), see [IR2, Section 6].
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5.2. Some homomorphisms of the Yangian Y (gln). Let us define two different embedding
of Y (gln) to Y (gln+k):

ik : Y (gln)→ Y (gln+k); t
(r)
ij 7→ t

(r)
ij

ϕk : Y (gln)→ Y (gln+k); t
(r)
ij 7→ t

(r)
k+i,k+j

According to PBW-theorem these maps are injective. Define a homomorphism

πn : Y (gln)→ U(gln); tij(u) 7→ δij + Eiju
−1.

Here Eij are the standard generators of gln. πn is a surjective homomorphism from Y (gln) to
U(gln) known as evaluation homomorphism. By definition, put

ωn : Y (gln)→ Y (gln); T (u) 7→ (T (−u− n))−1.

It is well-known that ωn is an involutive automorphism of Y (gln). We define a homomorphism

ψk = ωn+k ◦ ϕk ◦ ωn : Y (gln)→ Y (gln+k).

Note that ψk is injective.

5.3. Shift of argument subalgebras of S(g) and U(g). In order to formulate results about
limit subalgebras we should define a family of subalgebras of symmetric algebra S(g) and U(g).

Let us define a filtration on U(g): deg x = 1, ∀x ∈ g. By PBW thorem, grU(g) = S(g).
Moreover, an algebra S(g) has a natural Poisson structure. The Poisson bracket is defined on
generators as follows:

{x, y} = [x, y] ∀ x, y ∈ g.

It is known that the Poisson center of S(g) is freely generated by rk g homogeneous generators
P1, . . . , Pn of some degrees s1, . . . , sn. Let χ ∈ g.

Definition 5.4. The subalgebra of S(g) generated by an elements

∂ciχ Pi, 1 ≤ ci ≤ si − 1,

is called shift of argument subalgebra and denoted by F (χ).

The element of a Lie algebra is called regular if the dimension of its centralizer in Lie algebra
is minimal possible. Let us denote by greg ⊂ g and hreg ⊂ h the sets of regular and regular
semisimple elements correspondingly.

Theorem 5.5. ([FFTL]) If χ ∈ greg, the the subalgebra F (χ) is freely generated by its gen-
erators from Definition and has the maximal possible transcendence degree dim b among all
commutative subalgebras of S(g).

Theorem 5.6. ([T], [PY]) If χ ∈ greg, then F (χ) is a maximal Poisson commutative subalgebra
of S(g).

We say that the subalgebra F̂ (χ) ⊂ U(g) is a lifting of F (χ) if gr F̂ (χ) = F (χ).

Theorem 5.7. ([FFTL], [T2]) For any χ ∈ greg there exist a lifting F̂ (χ). The subalgebra

F̂ (χ) is a maximal commutative subalgebra of U(g). Moreover, in type A a lifting is unique.

In fact, in is known that in type A a lifting exist and unique for any χ ∈ g, see [FM].

Finally, in the case g = gln shift of argument subalgebra F̂ (χ) for χ ∈ hreg could be con-
structed from Bethe subalgebra as the image of the evaluation homomorphism, i.e. πn(B(χ)) =

F̂ (χ), see [NO].
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5.8. Deligne-Mumford compactification. In order to find a details about M0,n, see [DM],
[HL]. In this subsection we give a description of the points of Deligne-Mumford compactification.
Let n ≥ 3 be an integer. Let us define a space M0,n of rational curves of genus 0 with n marked

points, i.e. CP1 with n marked points. M0,n+1 denote the Deligne-Mumford space of stable
rational curves with n+ 1 marked points, smooth variety, compactification of M0,n.

The points of M0,n+1 are isomorphism classes of curves of genus 0, with n+1 ordered marked
points and possibly with nodes, such that each component has at least 3 distinguished points
(either marked points or nodes). We are going to represent the points of M0,n by the following
pictures (here n = 10)

5.9. Limits of shift of argument subalgebras. About limits of shift of argument subalge-
bras, see [Vi], [Sh]. The description of the closure of the family of shift of argument subalgebras,
parameterized by hreg is due to V. Shuvalov [Sh]. In the paper [HKRW] the parameter space
for this family is described. We are going to describe these results only in the type A.

Denote by T the family of subalgebras in S(gln), parameterized by C ∈ hreg. It is easy to
see that shift of argument subalgebra do not change under transformation C 7→ aC+ bE where
a, b ∈ C∗, a 6= 0. Therefore the parameter space for the family T one can consider as M0,n+1.
To any diagonal matrix with non-zero eigenvalues (λ1, . . . , λn) we assign a curve with marked
points λ1, . . . , λn,∞.

Theorem 5.10. ([Sh], [AFV], [HKRW]) The parameter space of the closure of the family T is
isomorphic to M0,n+1.

Theorem 5.11. ([T2]) Let X ∈ M0,n+1. There exists the unique lifting F̂ (X) of the algebra
F (X).

Note that from Theorem 5.11 we cannot conclude that the parameter space for the closure
of the corresponding family in U(gln) is the same. But it is proved in the paper [HKRW].

5.12. Main results. Here we consider a problem of finding the parameter space for the family
of Bethe subalgebras parameterized by T reg, i.e. in Definition 4.1 we obtain Z as the closure
of the set T reg. By analogy with the shift of argument subalgebras, we can regard T reg/C∗
as the moduli space M0,n+2, i.e. the space of rational curves with n + 2 marked points. More
precisely, to any matrix C with the eigenvalues z1, . . . , zn, we can assign a rational curve CP1

with the marked points 0, z1, . . . , zn,∞.

Theorem 5.13. ([IR, Theorem 5.1]) The closure of T reg is isomorphic to M0,n+2. For any

point X ∈ M0,n+2, the corresponding subalgebra B(X) in Y (gln) is free and maximal commu-
tative.
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Limit Bethe subalgebras of this algebra can be described recursively analogous to shift of
argument subalgebras, see [Sh], [HKRW]. Let X∞ be the irreducible component of X ∈M0,n+2

containing the marked point∞. We identify X∞ with the standard CP1 in such a way that the
marked point∞ is∞ and the point where the curve containing the marked point 0 touches X∞
is 0. To any distinguished point λ ∈ X∞ we assign the number kλ of nonzero marked points
on the maximal (possibly reducible) curve Xλ attached to X∞ at λ (we set kλ = 1 if Xλ is a
(automatically, marked) point).

Let C be a diagonal (n− k0)× (n− k0)-matrix with eigenvalues λ of the multiplicity kλ for
all different points 0 6= λ ∈ X∞. The subalgebra ik0(B(C)) commutes with the Lie subalgebra⊕
λ 6=0

glkλ in gln−k0 ⊂ ik0(Y (gln−k0)) ⊂ Y (gln), and with the Yangian ψn−k0(Y (glk0)).

Theorem 5.14. ([IR, Theorem 5.2])

(1) The limit Bethe subalgebra corresponding to the curve X ∈M0,n+2 is the product of the
following 3 commuting subalgebras: first, ik0(B(C)) ⊂ ik0(Y (gln−k0)) ⊂ Y (gln), second,
the subalgebra corresponding to X0 in the complement sub-Yangian ψn−k0(Y (glk0)) ⊂
Y (gln) and third, the limit shift of argument subalgebras F̂ (Xλ) in U(glkλ) ⊂ ik0(Y (gln−k0)) ⊂
Y (gln) for all distinguished points λ 6= 0 (again we define the point ∞ on each Xλ just
as the intersection with X∞).

(2) ik0(B(C)) contains the center of every U(glkλ) ⊂ ik0(Y (gln−k0)). The above product is
in fact the tensor product

ψn−k0(B(X0))⊗C ik0(B(C))⊗ZU(
⊕
λ 6=0 glkλ

)

⊗
λ 6=0

F̂ (Xλ).

In order to illustrate theorem consider an element X ∈M0,n+2:

Let C = diag (µ1, µ1, µ1, λ1.µ3, µ3). Then the limit subalgebra B(X) is

ψ6(B(X0))⊗ i2(B(C)))⊗ZU(gl3⊕gl2)

(
F̂ (diag (λ1, λ2, λ3))⊗ F̂ (diag (λ5, λ6))

)
.

5.15. Research methods. The main idea of proof is Olshanski centralizer construction [O] and
results of papers [Sh] and [AFV]. Let A0 = C[E1, E2, . . .] be a filtered subalgebra of polynomials

in countable many variables deg Ei = i. On the Yangian here we consider deg t
(r)
ij = r.

Proposition 5.16. ([O]) There exist a sequence of homomorphisms ηk : Y (gln) ⊗ A0 →
U(gln+k)glk which is asymptotic isomorphism. The latter means that for any N there exists K
such that for any k > K the restriction of ηk to the N -th filtered component (Y (gln)⊗A0)N is

an isomorphism of vector spaces (Y (gln)⊗A0)N ' U(gln+k)
glk
N .
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For the definition of the family of homomorphisms {ηk} see, e.g., [IR].

Proposition 5.17. ([IR, Proposition 6.7]) For any C ∈ T reg the restriction ηk to B(C) is an

asymptotic isomorphism between B(C) and F̂ (C(k)). Here C(k) := diag (C, 0, . . . , 0︸ ︷︷ ︸
k

).

Proposition 5.18. ([IR, Lemma 4.11]) Let A be a family of subalgebras of the form

F̂ (diag (C, 0, . . . , 0︸ ︷︷ ︸
k

)), C ∈ T reg ⊂ GLn. The closure of a parameter space of the family A

is M0,n+2. All limit subalgebras of the family A are maximal commutative subalgebras of
U(gln+k)glk .

5.19. Connection with wonderful compactification in the case of g = gln. Let Z be
a parameter space for the closure of the family parameterized by T reg, i.e. M0,n+2. Consider

the closure Z̃ of T reg in Z × T (subsection 4.5). Here T = T
reg

is the closure of torus in the
wonderful compactification.

Consider a point (z,X) ∈ Z̃. We know that B(X) ⊆ B(z). From [IR2, Section 6] it
follows that z ∈ M0,n+2 define a point X uniquely. Hence the projection to the first factor
is isomorphism. It also follows that the projection to the second factor is a birational proper
map. Therefore in the case g = sln and if we consider the closure of T reg, then the conjecture
4.5 becomes the theorem.

5.20. Torus closure for an arbitrary simple Lie algebra g. The natural generalization
of torus compactification M0,n+2 to Lie algebras of other types is the De Concini – Procesi
closure of the complement to the following arrangement of subvarieties in a variety. Consider
T – the wonderful compactification of the torus. We can regard T reg as a complement of an
arrangement of hypersurfaces in T . Following [CG], one can construct a compactification Mg

of T reg.

Conjecture 5.21. ([IR, Paragraph 1.6]) Mg is the parameter space for limit subalgebras of the
family B(C) ⊂ Y (g), C ∈ T reg of Bethe subalgebras in the Yangian Y (g). All limit subalgebras
are free, maximal commutative and have the same Poincaré series as B(C), C ∈ Greg.

The results of this dissertation are published in three articles:

(1) A. Ilin, L. Rybnikov Degeneration of Bethe subalgebras in the Yangian of gln. Letters
in Mathematical Physics. 2018. Vol. 108. No. 4. P. 1083-1107

(2) A. Ilin, L. Rybnikov Bethe Subalgebras in Yangians and the Wonderful Compactifica-
tion. Commun. Math. Phys. (2019). https://doi.org/10.1007/s00220-019-03509-1

(3) A. Ilin The maximality of certain commutative subalgebras in Yangians. Functional
analysis and its applications, 53:4 (2019), 85-88 (in Russian)
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