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Abstract In this paper, we introduce new methods for convex optimization problems
with stochastic inexact oracle. Our first method is an extension of the Intermediate
Gradient Method proposed by Devolder, Glineur and Nesterov for problems with
deterministic inexact oracle. Our method can be applied to problems with composite
objective function, both deterministic and stochastic inexactness of the oracle, and
allows using a non-Euclidean setup. We estimate the rate of convergence in terms of
the expectation of the non-optimality gap and provide a way to control the probability
of large deviations from this rate. Also we introduce two modifications of this method
for strongly convex problems. For the first modification, we estimate the rate of conver-
gence for the non-optimality gap expectation and, for the second, we provide a bound
for the probability of large deviations from the rate of convergence in terms of the
expectation of the non-optimality gap. All the rates lead to the complexity estimates
for the proposed methods, which up to a multiplicative constant coincide with the
lower complexity bound for the considered class of convex composite optimization
problems with stochastic inexact oracle.
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1 Introduction

In this paper, we introduce new first-order methods for problems, which belong
to a rather wide class of convex composite optimization problems with stochastic
inexact oracle. First-order methods are widely developed since the earliest years of
optimization theory; see, e.g., [1,2]. The book [3] started an activity of providing
upper complexity bounds for optimization methods and lower complexity bounds for
different classes of problems (see also [4]). Later, ellipsoid methods (e.g., [S]) and
interior-point methods [6] were proposed for convex problems with special structure.
These methods possess very fast convergence rate but have rather costly iterations,
which require the number of arithmetic operations proportional to cube or fourth power
of the space dimension [4]. This makes them hardly applicable for general problems
with dimensions greater than ten thousands. In the last decade, problems of large and
huge dimension [7] have become one of the main focuses of research in optimization
methods. The reason is large amount of application areas, such as telecommunications,
the Internet, traffic flows, machine learning and mechanical design. Usually in these
areas, the requirements for the precision of the approximation of the optimal value are
not very strong. This allows to use first-order methods, which converge slower, but
have nearly dimension-independent rate of convergence, and each of their iteration
requires the number of arithmetic operations proportional to the square of the space
dimension or less.

In some problems, e.g., bi-level optimization, a concept of inexact oracle naturally
arises. This means that the value of the objective function and its subgradient are
available only with an error of some kind. It could be a deterministic error and a
random error. The recent work [8] considers the case of deterministic error. The authors
propose the Dual Gradient Method and the Fast Gradient Method with inexact oracle
and show that the first one does not accumulate the error of the oracle, and the second
has faster rate of convergence, but accumulates the oracle error. In [9], the same authors
propose the Intermediate Gradient Method. This method allows to choose the trade-
off between the rate of convergence and the rate of the oracle error accumulation by
choosing an appropriate value of some parameter. In the thesis [10], all the mentioned
above methods are extended for non-Euclidean setup. On the other hand in [11, 12], the
authors construct a method for composite stochastic optimization problems, which is
optimal for problems both with smooth and non-smooth objective functions, but they
do not consider any deterministic error of the oracle.

In this paper, we consider the general framework of stochastic inexact oracle intro-
duced in [10]. This means, that both stochastic and deterministic errors are present in
the oracle information, and the methods we develop can solve more general problems
than the methods proposed in [9,11,12]. Unlike [10], our method has more flexibil-
ity in using the trade-off between the rate of convergence and the rate of the oracle
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error accumulation. In contrast to [9, 10], we develop two modifications of our method,
which converge faster under additional assumption of strong convexity of the objective
function. Note that the considered class of problems with stochastic inexact oracle is
very wide and includes, for example, problems of stochastic optimization, smooth and
non-smooth problems (see [8]), problems with an error in the gradient of the objective
function, such as LASSO [13].

The paper is organized as follows. In Sect. 2, we introduce the problem and provide
the definition of stochastic inexact oracle. In Sect. 3, we generalize the Intermedi-
ate Gradient Method [9] for the case of composite optimization problems [14] with
stochastic oracle error. The result is the Stochastic Intermediate Gradient Method
(Algorithm 1), which also can be used in non-Euclidean setup. We estimate its rate
of convergence in terms of the non-optimality gap expectation (Theorem 3.3). With
some so-called light-tail assumption about the nature of the stochastic error, we obtain
(Theorem 3.4) a bound for the probability of large deviations from the rate given
in the previous theorem. In Sect. 4, we propose an accelerated method for strongly
convex problems (Algorithm 2) and estimate its rate of convergence (Theorem 4.1).
Finally, we introduce Algorithm 3, which allows to control the probability of large
deviations from the rate of convergence in terms of the non-optimality gap expectation
for strongly convex case (Theorem 4.2).

2 Notation and Terminology

Let E be a finite-dimensional real vector space and E* be its dual. We denote the
value of a linear function g € E* at x € E by (g, x). Let || - || be some norm on E. By
af (x), we denote the subdifferential of the function f(x) at a point x. In this paper,
we consider the composite optimization problem of the form

min{e(x) := f(x) + h(x)}, (D
xeQ

where Q C E is a closed and convex set, i (x) is a simple convex function, and f (x)
is a convex function with stochastic inexact oracle. This means that, for every x € Q,
there exist f5 1 (x) € Rand g5 1 (x) € E*, such that

0<f() = fs.o(x)—{gs.L(x),y—x) < =—llx —y|*+8, ¥yeQ, (2

N

and also that, instead of (f5 1(x), gs.z.(x)) (we will call this pair a (§, L)-oracle),
we use their stochastic approximations (Fs 1 (x, &), G5, 1(x,&)). The latter means
that, for any point x € (@, we associate with x a random variable & whose prob-
ability distribution is supported on a set 2 C R and such that E¢ F5 1 (x,§) =

fs,0(x), EeGs L (x,§) = gs5,.(x) and

Ee (1G5 (x, £) — g5.1.(x)|l+)* < o2 )
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Here ||| is the dual norm corresponding to || || g, i.e., |g[l« = supycp{(g, y) : I¥llE
<1}

To deal with such problems, we will need a prox-function d (x), which is differential
and strongly convex with parameter 1 on Q withrespectto |- ||. Let xo be the minimizer
of d(x) on Q. By translating and scaling d(x), if necessary, we can always ensure that

1
d(x0) =0, d(x) = EIIX —xoll*, Vxe Q. (4)
We define also the corresponding Bregman distance:

Vix,z) =d(x) —d(z) — (Vd(2), x —z). (&)

Due to the strong convexity of d(x) with parameter 1, we have:

1
Vx,2) = Sl — 7%, Vx,zeO. (6)

3 Stochastic Intermediate Gradient Method

Let {&;}i>0, {Bi}i=0. {Bi}i>0 C R be three sequences of coefficients satisfying

ap €]0,1], Bix1 =B > L, Vi=>0, (7)
0<a; <B;, Vi=>0, (8)
k
0513,31( < Bifi-1 < (Z%‘)ﬂk—l, Vk > 1. 9)
i=0
We define also
k
Ap = ai, (10)
i=0
Qj+1
7= — . (1)
l Biti
Note that, by definition, &9 = Ap = Bp. The Stochastic Intermediate Gradient

Method is described below as Algorithm 1.

3.1 General Convergence Rate

Let us obtain the convergence rate of the proposed method in terms of the sequences
A;, B; and B;,i > 0. Denote by
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ALGORITHM 1: Stochastic Intermediate Gradient Method (SIGM)

Input: The sequences {«;};>0. {B;}i>0, {Bi}i>0. functions d(x), V (x, z).
Output: The point y.

1 Compute x( := arg minye o {d(x)}.

2 Let &) be a realization of the random variable &. Calculate G 1. (x0, &o)-

3 Find

Yo = argxnéig{ﬂod(X) + a0(Gs, 1 (x0, §0), x — x0) + agh(x)}. (12)
4 Setk=0.
5 repeat
6 Find

k
k= arg;léig{ﬂkd(x) + D0 (Gs, L (xi. &), x — x;) + Agh(x)). (13)
i=0
7 Let
X1 = T2k + (1= ) vk (14)

8 Let &1 be a realization of the random variable &. Calculate G5 1 (xg41, &k+1)-
9 Find

Rt = arg;'féig{ﬂk V(x, 2k) + okt 1(Gs, 1 k1, Ek 1), X — 2x) +ogp1h(x)}. (15)

10 Let
W1 = Tkt + (= 1) vk (16)
1 Let
Api1—B B
Vil = k+2k+lk+1yk+ A],:iw"“‘ )
12 until;
k
Wi (x) = Brd (x) + Dt [ Fs.L(xin &) + (Gs.1.(xi. &), x — xi)] + Agh(x), (18)
i=0

the model of the objective function, ¥ := min,cp W (x) its minimal value on the
feasible set and &} := (%o, . . ., &) the history of the random process after  iterations.
Let us show that {y}x>0 and {¥k (x)}x>0 define a sequence of estimate functions. We
denote f; := f5,1(x;), & = g5,.(x;), Fi == F5,1(xi, &), Gi = Gs,1.(xi, &).

Lemma 3.1 For all k > 0, the following inequality holds

Avp(yk) < ¥ + Ex, (19)
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where
k kg k
Ex:i=) Bis+ > ——(IGi — gill)* + D_ai(fi — Fy)
i—0 i—0 IBi - L i=0
1= 1= 1=
k o
+ Zl (Bi — Oli)Eli(gi —Gi, zi—1 — Yi-1)-
1=

Proof The proof is rather technical and can be found in “Appendix A.” O

Lemma 3.2 For all k > 0, the following inequality holds
Wi (x) < Arp(x) + Brd(x) + Ex(x), Vx € Q, (20)

where Ep(x) := Zf:o o [F,- - fi+(Gi—gi,x— xi)].
Proof We have:

Wi (x) = Brd(x) + Sh_gai[ fi + (ginx — x1)]
+Zf:o“i[Fi — fi +(Gi — gix —xi)] + Axh(x)

2 _
< Brd(x) + Arp(x) + Ei(x).

Combining Lemmas 3.1 and 3.2, we obtain the following result.

Theorem 3.1 Assume that the function f is endowed with a stochastic inexact oracle
with noise level o, bias § and constant L. Then the sequence yy generated by the
Algorithm 1, when applied to the Problem (1), satisfies

k k
1 B;
o) —¢* < —(ﬂkdoc*) + D Bis+ > ——IGi —aill:
A — = Bi—L
=l i=
k k o
+ Z%‘(Gi — g, X" —x;) + Z(Bi - ai)E;(Gi = &i»Yi-1— Zi1)). 2n
i=0 i=1
Moreover,
E ) * Brd (x™) + Zf:o B;s n 1 ¢ B; 5
..... eOk) —¢ = e 0.
o Ay A T ACEB-L

Proof From the inequalities (19) and (20), by the definition of ¥y (x) and ¥, we
have:

Arp(k) < WE 4 Ex < Wi(x™) + Ex < Agp™* + Brd (x™) + Ex(x*) + Ex,

which immediately gives the first statement of the theorem.
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Since Eg, [Gil&i—11] = gi and x;, yi—1, and z;_; are deterministic functions of
(&0, ..., &—1), we have

Ee, [(Gi — gi, x* — xi)|&i—n] = Ee, [(Gi — gi, yi—1 — zi—1)|&i—17] = 0.

Therefore, the expectation of fourth and fifth terms in (21) with respect to &, .. ., &
is zero. Also, by our assumption, Eg, [IIG; — gil2|&i—1j] < o2, and, hence,

.....

the theorem. O

3.2 General Probability of Large Deviations

In this section, we obtain an upper bound on the probability of large deviations for the
©(yr) — ¢™*. To obtain our results, we make the following additional assumptions.

1. &, ..., & are i.i.d random variables.
2. Gs,1(x, &) satisfies the light-tail condition

_ 2
Ee |:exp (IIGa,L(x,E) . ga,L(x)Il*)} < exp(l).

o

3. Set Q is bounded, and we know a number D > 0, such that maxy yep [lx — y|l <
D.

Lemma 3.3 ([15], [10]) Let &, ..., & be a sequence of realizations of the i.i.d.

random variables Xy, ..., Xy and let A; = A;(§[;]) be a deterministic function of
2

&y such that, for alli > 0,E |:exp (f—z) |$[i1]:| < exp(l), and co, ..., cx be a

sequence of positive coefficients. Then we have for any k > 0 and any 2 > 0:

k k
IP’(Z c,'Ai2 > (1+Q) 20502) < exp(—Q).
i=0 i=0

Lemma 3.4 ([16], [10]) Let &, . . ., & be a sequence of realizations of i.i.d. random
variables X, ..., Xk and let I'; and n; be deterministic functions of &[;) such that 1)
E [F,- |$[,-,1]] =0, 2) |T'i| < cini, where c; is positive deterministic constant; and 3)

2
E [exp (%) |E[i_1]i| < exp(l). Then, for any k > 0 and any 2 > 0,
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Theorem 3.2 [fthe assumptions 1, 2, 3 are satisfied, then, forallk > 0 and all Q > 0,
the sequence generated by the SIGM satisfies

_ () Zi-;o B;é
Ay Ag

(fp(yk)

k
1+Q Bi 2D5 /39
+ > ——o’+
pi — L Ak

k
Zal?) < 3exp(—K).

i=0

Proof From Theorem 3.1, we know that for the SIGM, the gap ¢(yx) — ¢* can be
bounded from above by the sum of four quantities:

deterministic 1, (k) := ﬂkd(x + i OB‘S’

1.
2. random I (k, &) := A]k Zk_o 7-rlGi — gill3,

3. random I3(k, &) := A- S4—; (Bi — o) §-(Gi — gi, yio1 — Zi1)s
4. random 14(k, S[k]) = Alk Zf-{zo a,'<G,' — &i, x* — x,').

For I>(k, &[k)), using Lemma 3.3 with A; = ||G; — gill« and ¢; = %, we obtain,
forallk > 0and 2 > 0,

k
14+ B; 2
Py L(k, > E < —Q).
(2( &) = AL - ,Bi_LG )_exp( )

For I3(k, &), using Lemma 3.4 with I = (B; — &) 575 (Gi — & Yi—1 — Zi—1)s

ni = |Gi — gillsx and ¢; = %, we obtain, for all k > 0 and Q2 > 0,

Do /382
Py Bk, &) =2 ——— < exp(—£2).
A
For I4(k, k1), using Lemma 3.4 withI'; = X—;(Gi —gi, x*=xi),mi = |1Gi — gi ll«
and ¢; = %, we obtain, for all k > 0 and Q > 0,
Do /322
Py Lak, §) =2 ——— < exp(—£2).
Ay
Combining these results, we obtain the statement of the theorem. O

3.3 Choice of the Coefficients

In Theorem 3.1, we have obtained the rate of convergence for the SIGM in terms
of the non-optimality gap expectation, and in Theorem 3.2, we have obtained the
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bound on probability of large deviations for the non-optimality gap. These results are
formulated in terms of the sequences {¢;}i>0, {Bi}i>0, {Bi}i>0 satisfying (7), (8) and
(9). In this section, we specify these sequences in order to obtain the rate of convergence
Eo(yx) — <O (Lklf, + ‘;—If + kP~ 18) where p € [0, 1] can be chosen before the

start of the algorlthm Leta > 1 and b > 0 be some parameters. Let us assume that
we know a number R such that \/2d (x*) < R. We set

1 (i p=l
a,-:_(””’) L Viso, 22)
a\ p
bo . 2p-1 ,
,Bi:L'i‘?(l-i-P‘l'l) 7, Vi>0, (23)
1 . 2p—2
B,-:aa?:—(l—l_p) . Vi>0. (24)
a\ p

Then inequalities (7) and (8) hold, and we only need to check that (9) also holds. We

have .
1k o k
Ak=Zaiz—/ (x+p) dx+ao>—( +p) : (25)
i=0 a.Jo a P

p

Clearly, for any i > 0,

O[Z:i k+_p 2p_2<1 k-l—_p 2p_2<l k+_p p<Ak
FTa2\ p “al\ p “a\ p ) =77

If we choose a = 2 2 , then

1 (k+p\7"? 2p=1
—2(—”) k+p+D72
a\ p

1 (k 2p=2 _ k _
s—(ﬂ) k+p) T <—( +p) k+p)7T
a p a p
Last two sequences of inequalities prove that (9) holds. Using (25), we have

* 2 b
Prd™) _ iR _(L+—(k+p+1> S )R22 (ﬁ) -

Also, using (25) and the fact that p € [1, 2], we have the following chain of inequalities

k k k 2p—2 2p—-2
8 adé X+ k +
nxm=gxa=g(f (57« (50)
Ax =3 Ak 5 = A 0 p p
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(L) ((50) 7+ ()
B k+p P p
k p=l
< 22r-1 ((ﬂ> + 1)5. @7)
p

Again, by (25), we have the following inequalities
o2 Zk: Bi oR ( » )Pz": (i + p)¥r2
_ 2 -2 . 2p—1
(2 Bi—L b\ p S +p+D

sz’p
~ bk + p)P

oRp*P

k+1 5
< — x4+ p+ DP " 2dx
b+ )P / +p+l)

Z(z+p+1)1’"

- oRp%P (k+p+2)”_7
T b(p-3) k+pr

(28)

Combining the estimates (26), (27) and (28), we get for the rate of convergence
obtained in Theorem 3.1

bo 2p-1 2p-3 r \’
Eg, *<(L+—*k+p+1D7T JR27T (——
,,,,, g9k — " < ( g k+r+D ) (k + p)

Rp* (k 2)P~3 k+p\"!
+0171(+p+) 2+?“1( +p) +1)s
b(p—53) (k+p)? p

2,09352 P—3 1-p
- LR-pP22 oR(k+p+2)2 b2p7%pp+2p
(k+ p)P (k+ p)r

k o
+ 227! ((—+ p) + 1)5.
P

—2p
Choosing optimal b = 2 =+ p —2, we get the following theorem.

Theorem 3.3 Ifthe sequences {o;}i>0, {Bi}i=0, { Bi}i>0 are chosen according to (22),

(23), (24) with a = 2¥ and b = 2¥ p%, then the sequence yy generated by
the SIGM satisfies

2p-3
LR2pr2™  oR2TT k+p+2 r=3
ESO ,,,,, Skgo(yk) - §0* < P f P ) +

(k+ p)P (k + p)P
o (k+p\P! CiLR> CyoR B
4221 (—) +1)s< + +C3kP s
p kP vk
LR? R
_®(—+G—+k” 15)
kP Jk
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where C = 4+4/2, Cy = 163/2, C3 = 48.

Similarly to what we have done to prove (27), we obtain the following inequality
A% ZLO (xiz < ,j_—pp. Combining this inequality with (26), (27) and (28), we prove the
following corollary of Theorem 3.2.

Theorem 3.4 Ifthe sequences {o;}i>0, {Bi}i>0, { Bi}i>0 are chosen according to (22),
(23) and (24) with a = 2@ and b = 257421’17#, then the sequence yy generated
by the SIGM satisfies

CiLR*> Cy(1+Q)oR 1. CiDo/Q
P{o(k) —¢* > + + kP s 22
(v00-9- 55 VK N
2p-3 3+2p 1
<P( o) — o* LR?pP2™7 (14 QoR2™7 /ptk+p+2)P 2
— >
=\ T T (k+ p)?
k p-1 2Do /6Sp
+ 22r—1 (ﬂ) +1)5+ u) < 3exp(—9),
P Vk+p

where C = 4+/2, Cy = 163/2, C3 = 48, C4 = 44/3.

4 Stochastic Intermediate Gradient Method for Strongly Convex
Problems

In this section, we consider two modifications of the SIGM for strongly convex prob-
lems. For the first modification, we obtain the rate of convergence in terms of the
non-optimality gap expectation, and for the second, we bound the probability of large
deviations from this rate. Both modifications are based on the restart technique, which
was previously used in [12] and [17].

Throughout this section, we assume that E is a Euclidean space with scalar product
(-, -) and norm ||x| := +/{x, Hx), where H is a symmetric positive definite matrix.
Without loss of generality, we assume that the function d(x) satisfies conditions 0 =
argmin,ep d(x) and d(0) = 0. Also we assume that the function ¢(x) in (1) is
strongly convex, i.e., %Hx — 9y < o(y) — ex) — (gx),y — x) forall
x,y € 0, g(x) € dp(x). As a corollary, we have

o(x) — p(x*) > %Hx —x*|%, Vxeo, (29)

where x* is the solution of the Problem (1).

4.1 Modified Algorithm with Rate of Convergence for Expectation of
Non-Optimality Gap

In this subsection, we assume that d(x) satisfies the following property. If x¢ is a
random vector such that E,||x — xol? < R(Z) for some fixed point x and number Ry,
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then, for some V > 0,

X — Xo V2
E.d < —. 30
" ( Ro )_ 2 G0

This assumption is satisfied, for example, for prox-functions, which have quadratic

growth with constant V2. The latter means that d (x) < VTZ x| forallx € E. Several
examples of such prox-functions can be found in [17].

Lemma 4.1 Assume that we start Algorithm 1 from a random point xo such that
Ey, llx*—x0 12 < R% and, hence, (30) holds withx = x*. We use the function d (%)
as the prox-function in the algorithm. Also assume that on kth iteration of Algorithm
1, we ask the oracle m times, getting answers G, 1 (Xk+1, §I€+l)’ i=1,...,m,and
use Go,L(x41) = 5 DLy Go.1 (k1. §4y) in (15) instead of Gy L (xie1. Ekr).
We assume that & |, i = 1,...,m are i.i.d for fixed k + 1. Also let the assumptions of
Theorem 3.3 hold. Then

ClLR8V2 n Cro RgV
kP mk

where C| = 4\/5, Cr = 16\/5, C3 = 48 and the expectation is taken with respect to
all the randomness.

Ep(yr) — ¢* < + C3kP~1s,

Proof Note that d (x E;‘O) is strongly convex with respect to the norm RLO Il - || with

parameter 1 and that the dual for this norm is the norm Ryl - [|«. Also note that with
respect to the norm RLOH N (fs.L(x), gs.(x)) isa (8, LR%)-oracle for f(x). Also we

-------
216 2
g, RollGs, L (xk1) — g5, (k) Il

2
® o’R3

l — .
- Z Gs.L(Xk+1, &) — 8.0 (Xkt1)

i=1

=E,.: R?
ot RO

*

Applying Theorems 3.1 and 3.3 with changing L to LR, o to %andR to V, we

N
obtain
BrExd (X*R_O’“’) KBS 1 < B
Eg(y) — ¢* < 4+ &= —o?
Ag Ag Ak Z:; Bi—L

2v/2
_ CILRyV +C2(IROV

< + C3kP 1.
kP mk

O

Now we are ready to formulate the new algorithm for strongly convex problems
and convergence result for this algorithm.
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ALGORITHM 2: Stochastic Intermediate Gradient Method for Strongly Convex

Problems
Input: The function d(x), point ug, number R such that ||ug — x*|| < Rg, number p € [1,2].
Output: The point uy .

1 Setk =0.
2 Calculate
) 1
4eC LV~ \?
Neo= | ZHE2) (31)
m
3 repeat
4 Calculate
l6ek+2C202V2
my :=max {1, B w — 22 s (32)
123 RoNk
5
) p=1
2PeC38 [ 4eC LV
R} = Rk 4 =30 [ ZH1=T 1-eF). (33)
k 0
ue—1) Iz
6 Run Algorithm 1 with xog = uy and prox-function d (%) for Ny steps, using oracle
G’g LX) = %k Z;n:kl Gs,p(x, &), where Si, i =1,...,my arei.i.d, on each step and sequences

{@;}i>0, {Bi}i=0, {Bi}i>0 defined in Theorem 3.3.
7 Setugy1 = yn . k=k+1.
8 until;

Theorem 4.1 After k > 1 outer iterations of Algorithm 2, we have

p—1
R} C3e2P~! (4eCiLV?\ 7
“zoe—k+- Ze 1 ( =l ) 5, (34
- I

Ep(uy) — ¢* <

p—1
P

C3e2P  (4eC LV?
Ellux — x*||* < Rje™ + 3¢ ( e ) 5. (39
ue—1) u
As a consequence, if we choose the error § of the oracle satisfying
5 e
—1) [4eC|LV P
5< 2D (3G , (36)
2P Cse %
2
then we need N = [ln (MTR")—‘ outer iterations and not more than
4eCILV2\? R2 16e3C202V?
L »
+ u 1+1In Ko e Lyo
m e uee—1)
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oracle calls to guarantee that Eo(uy) — ¢* < e.
Proof The proof is rather technical and can be found in “Appendix B.” O

4.2 Modified Algorithm with Controlled Probability of Large Deviations

In this subsection, we assume that the prox-function has quadratic growth with para-
meter V2 with respect to the chosen norm, i.e.,

V2 2 n
d(x) < 7||x|| , Vx eR". 37

Several examples of such prox-functions can be found in [17].
Now we present a modification of Algorithm 2 and a theorem with a bound for the
probability of large deviations for the non-optimality gap of this algorithm.

ALGORITHM 3: Stochastic Intermediate Gradient Method for Strongly Convex
Problems 2
Input: The function d(x), point uq, number R such that |lug — x*|| < Rg, number p € [1, 2],
number N > 1 of outer iterations, confidence level A.
Output: The point u .

1 Setk =0.
2 Calculate
9 1
6eC1LV~\"?
Ny = ("‘) : (38)
%
3 repeat

4 Calculate

2
366423022 (1410 () ’7144ek+2C‘%az n (%)
my :=max q 1, )

12 R Nk

} . (39)

12 RN

p—1

> ook, 2PeCss (GeCiLV2Y) 7 »
Rk = Roe + m (M) (1 —€ ) s (40)
O = {xe 0: fouk”zgR]%}. (41)

5 Run Algorithm 1 applied to the problem miny¢ g, ¢(x) with xp = u and prox-function

d (%) for Ny steps using oracle (N}’g’L(x) = % lm:kl
are i.i.d, on each step and sequences {¢; }; >0, {B;}i>0, { Bi}i>0 defined in Theorem 3.3.
6 Setupy) = yn . k=k+1.

7untilk =N —1;

Gs,p(x, &), where 1, i = 1, ..., my
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Theorem 4.2 After N outer iterations of Algorithm 3, we have

Pl pun) — g7 » 1R, 2710 (6eC1LV2
m

])%
5 = ) sl<aA. @2

As a consequence, if we choose error of the oracle § satisfying

_ N
- ee—1 (6eC1LV ) ’ 43)

2PCze nw

R2 . .
then we need not more than N = lrln (%)—‘ outer iterations and not more than

1
L 2\ 7 R2
1+ (MI—V) (1 + ln(u))+
" e
2
36e3C202V2 3 wR?
— 2 f1+mIm{=f1+ml =2
+ ue — e i A i £
144e3C302 3 wR?
—— 4 {1+ m =2 44
+ uee —1) f A i £ “44)

oracle calls to guarantee that P{p(uy) — ¢* > e} < A.

Proof The proof of this theorem can be found in “Appendix C.” O

5 Conclusions

In this paper, we propose the Stochastic Intermediate Gradient Method, which can
be used for convex composite optimization problems with stochastic inexact oracle.
We estimate its rate of convergence in terms of the non-optimality gap expectation
and provide the bound on the probability of large deviations for the non-optimality
gap, which has the same asymptotic dependence on the iteration number. The main
advantage of this method is that it provides several degrees of freedom for adapting it
to the problem at hand.

1. Depending on the relations between the error of the oracle and the Lipschitz
constant, one can choose an optimal trade-off between error accumulation and
rate of convergence.

2. One can introduce a randomization to the problem if some stochastic approxima-
tion of the gradient is cheaper to obtain than the real gradient. Since the rate of
convergence depends only on the number of iterations, but not on the number of
calls of the oracle, one can use Monte Carlo approach and generate several real-
izations of the stochastic approximation of the gradient on each iteration. This can
reduce the variance of the stochastic approximation.
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3. The concept of stochastic inexact oracle allows to use the proposed method to
solve non-smooth problems; see [8].

4. Since the method uses a general prox-function and norm, one can choose them
optimally, depending on the geometry of the feasible set. The classical example is
the standard simplex and the entropy prox-function.

5. The method allows to solve composite optimization problems such as the LASSO.

We provide an extension of this method for the case of problems with a strongly convex
objective function and estimate its rate of convergence in terms of the expected non-
optimality gap, and another extension for the case when one needs a solution with
controlled level of confidence in corresponding non-optimality gap. It follows from
the results of [3], [10] that the obtained rates of convergence of our algorithms lead
to the complexity estimates, which up to a multiplicative constant coincide with the
lower complexity bound for the considered class of convex composite optimization
problems with stochastic inexact oracle.
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Appendix A: Proof of Lemma 3.1

Note that forall g € E*,x € E, ¢ > 0,
e 1
(g, x) + Enxn2 > —Engni. (45)

Let us first prove that the statement is true for £ = 0. Since «g = Ag, we have

(18),(12)

vy Bod(y0) + o [Fo + (Go, yo — x0) + h(yo)]
)
> Blyo — xoll> + a0 [Fo + (Go. yo — X0) + h(y0)]
7
= ao | Fo+(Go, 3o = x0) + h(o) + &1y = xol
= ao[fo+ (g0, yo — x0) + h(y0) + 5o — x0l1%]
+ag [Fo — fo+ (Go — go, yo — x0) + ﬁOEL lyo — XOHZ]
(2),(45) a0 2
= ag[f(yo) + h(yo) — 8] + a0 [Fo — fol — 72z [1Go — golls-

In view of g = Ag = By, this proves (19) for k = 0.
Let us assume that (19) holds for some k > 0 and prove that it also holds for k + 1.
Let gh(zx) € 0h(zx). From the optimality condition in (13), we have

k
<,3ka(Zk) + D 0Gi+ Argh(zi), x — Zk> >0, VxeQ
i=0
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and, hence,

k

BuVd(z). x — 21) = D ei(Gi, 2k — x) + Ar(gh(a). 2k — x). Va € Q.
i=0
(46)

At the same time, due to the convexity of /(x)

10
Arpth() + Ar(gh(zi). 2k — x) 2 Aeh(x) + Ar(gh(ze). 2k — x) + o1 h(x)
> Arh(zi) + Ar(gh(zi), x — zk) + Ar(gh(zk), 2k — x) + agg1h(x)

10
D Aeh(z) + ars1h(x) (47)

Now we get forall x € Q

18
e (1) L Brd() + X5 wi [F 4 (Grx — xi)] + Acprh(x)

(1),(5)
> BVx, zi) + Bed(zi) + Be(Vd(zx), x — zx)+
+ 35 6 [Fi 4 (G x — xi)] + Agsrh(x)

> BV, 20+ Brd (@) + 2o i (Gi, 2k—x) + Ar(gh(2k), 7k —x)
+ 3 @i [F: + (G x — xi)] + At h(x)
= BV(x,z1) + Bred(zi) + Ap+1h(x) + Ar(gh(zi), 2k — x)
+ Zf-;o i [Fi+(Gi, zi—xi)] + i1 [Frg1 + (Gig1, x — xpg1)]
> BV(x,zk) + Bed(zk) + Zf:o a; [Fi +(Gi, zx — xi)] + Axh(zi)+
kit [Firt + (Grpr, X — xiq1) + h(x)]

BV (x, zk) + ¥ + a1 [Fit + (Grgr, x — xpq1) + h(0)].
(48)

(18),(13)

Also, since Ay 19 (Ak+1 — Br+1) + (Bg+1 — otg+1), we have

U+ eyt [Fret + (Gia1, X — 1) + h(x)]

19)
> Arp(k) — Ex + @it [Firt + (Gi1, ¥ — xiq1) + h(x)]

@ (Ak+1 = B ) f ) + (Bt — e 1) f k) + Arh (Vi) — Ex

+ a1 [Firt + (Grgr, x — Xpp1) + h(x)]

D (Akst — B FO0) + Begt — ateen) st + {ges1, e — xe41) +
+Ach (1) — Ex + o1 [Fr1 + (Grg1, ¥ — xeg1) | + ors1h(x)

= (Ak+1 = B+ 1) f ) + (Bt — k1) frt1 + 1 it
+(Bi+1 — Qe+ 1D{(8k+1, Yk — Xk+1) + k1 (G k15 X — Xgt1)
+Arh(yr) — Ex + ogt1h(x)

= (Ak+1 = B+ 1) f (k) + (Bit1 — otk 1) (k1 — Fig1) + Bir1 Fierr - (49)
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+(Bi+1 — @+ 1) {(8k+1 — Gkt15 Yk — Xk+1)
H(Grt1s (Brt1 — 1) Ok — Xk+1) + g1 (X — Xp41))
+Arh(yr) — Ex + ogt1h(x)

@ (Aks1 = Biw1) f () + (Bia1 — k1) (fier1 — Frp1) + Brp1 Fr
+(Bi+1 — Wk+1){8k+1 — Gi+1, Yk — Xk+1)
H(Grt15 (Brt1 — 1) Ok — Xk+1) + g1 — Xpt1))

+(Ak+1 — Bk+1 + Biv1 — ok 1)h (k) — Ex + ap1h(x)

D As1 = Bia) (F i) + h ()

+(Bis1 — 1) [ firt — Frgt + (k1 — Grats Ye — Xk41) + h(i) ]
+Biy1 Frg1 + x+1{Gik41, x — 2k) — Er + ag41h(x).

In the last equality we used, from (14) and (11), it follows that

(Br41 — Qe 1) X1 + Ok 1 X1 = 012k + (Brr1 — 0k1) Y-

Hence,

(Bia1 — 1) (Vk — Xk1) — Q1 X1 = — 412k

and

(Br41 — oty 1) (Vk — Xk1) + g1 (6 — Xga1) = o1 (X — 2.
Thus, for all x € Q, we have

(48),(50),(1)
Yir1(x) > (Ak+1 — Br+1)9 (V) + Brt1 Fier1

+ BV (x, zk) + ok+1(Gr1, X — 2k) + otkt1h(x)
+ (Bir1 — air1) [fer1 — Figt + (k1 — Grat, Yk — Xit1) + h(v) ] — Ex (50)

At the same time,
B © o1 B

= 2
Bit By

T2 Brs1. (51)
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Using (50), we obtain

VE = By Frpr +mingeg BV (x, 2k) + k1 (Gr1, X — 2k)+
+ ap1h(0)} + (Ak1 — By () +

(Bir1 — @y 1) [ fert — Frar + (8k1 — Grgts Yk — Xit1) + 2 () |

=" Bry1Fre1 + BV (Rig1, z) + kg1 (Gt Xk1 — 2k)+
+ap1h(Xr1) — Ex + (Ake1 — By D)o () +
(B4t — okt1) [ fi1 — Fig1 + (k1 — Gig1, Yk — Xi1) + 2 ()]

> Bis1[Fit1 + w(Grat, Rt — 2i) + Bk+1 861 — zil?]—
—E + (Biyt — akt) [ firt — Frgt + (@1 — Grats Yk — Xiy1) ]
+Bit1 (tieh (Fx+1) + (1 — ©)h(yr)) + (Ak+1 — Br+1)@ (k)

(51),(16) n kﬁ 1

> Biy1[Fir1 + w(Grsts Ryt — 2k) I%+1 — zxll?] — Ex
+(Biy1 — axs1) [ fir1 — Fr1 + (gk+1 Grt1, Yk — Xr1)]
+Bit1h(wit1) + (Akt+1 — Br+1)9(yk)

(14,06) | B

> Biyi1[Fir1 + (Grg1s W1 — Xit1) lwit1 — xer11l?
+h(wit1)] = Ex + (Bks1 — dkt1) [fk+1 Fit1
+ (8k+1 — Gir1, Yk — Xk 1) | 4+ (Akr1 — Beg Do)

= Birt[fir1 + (8kt1s Wit — Xkr1) + Sllwisr — x|
+h(wit1)] = Ex + Be1[Feg1 — frst
F(Grg1 — grtts Wit — Xip1) + PR Jwgy — xi1112]
+(Bit1 — okr1) [ fer1 — Frgr + (gk+1 Grs1s Yk — Xk+1)]
+(Ak+1 — Be+1)9 (k)

> Brp1 (f (i) + A(wet1) — 8) — Ep + g1 (Fiet1 — fit1)
+(Br+1 — @+ 1)(8k+1 — Gi+1, Yk — Xk+1>+
+Bis1[(Grg1 — Ght1> W1 — Xaq1) + ﬂk“
+(Ak11 — BirDo ()

Apy1—Bi

= Ay (A'fi @ (Wit1) + %w(yk)) — Biy16 — Ex
Fagr1 (Fra1 = firt) + Brat — 1) (8k+1 — Gy, Y — Xk 1)+
+ Bt [(Grrt — gty Wit — k1) + 2wy — xer |17]

(17),(45)

> Arr190k+1) — Ex — Brg16 + a1t (Fr1 — frt1)

+(Bit+1 — W+ 1){gk+1 — Grr1, Yk — Xk+1)

Bit1 2
T Bry1—L llgk+1 — Gr+1 ”*

L wiesr — 1l 7]

(52)
Finally, from (14), we have
(14) (1) Ok+1
Yk — Xkl = Tk —2k) = —— (k — 2k)-
Bi+1
Thus, by (52), we obtain (19) for k + 1. m|
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Appendix B: Proof of Theorem 4.1
Obviously, (35) follows from (34) and (29). Let us prove the inequality
p=l
P

R? C3e2P~ 1 f4eC LV?
Ep(ur) — ¢* < Mzoe*"+ 3¢ 1 ( e ) (1—e*k)5 (53)
e— o

for all K > 1. Then we will have (34) as a consequence. Let us prove (53) for k = 1.
It follows from Lemma 4.1 that

CiLR3V? N Cr0 RV

E — ot < + GNP s, 54
PNy — " = N oo 3N, (54)
From (31), we have
2y/2 2y/72 2
CILR3V? _ CiLR3V? _ R
NP = 4eCILV2 — 4e ’
0 W
1 2\ &
1. C3e2P71 (4eCiLV? 7
CiNy s < =2 1 (e 1 ) (1-¢7)s. (55)
e— I

Using (32), we obtain

2
Cro RyV - Cro RyV - URG

VmoNo ~ [1ee2czorve T de
u2R3No 0

This with (54) and (55) proves (53) for k = 1.
Let us now assume that (53) holds for k = j and prove that it holds for k = j 4 1.
It follows from (29) and(53) for k = j that

2
Ellu; — x*|* < o (Egp(u;) — ¢*)

p—1
RZ _. 2P (4eC LV 7 .
'uzoe_j + Ce ( cGiLV ) (1 — e_-’) 5| &

2 2
<= =) R?.
T u e—1 w /

After N; iterations of Algorithm 1 with starting pointu j (or yy;_,, which is the same),

applying Lemma 4.1, we have

CILRJZ'VZ n CoR;V
p
Nj m;N;

Ep(yn;) — ¢* < +CNTs. (56)

@ Springer



J Optim Theory Appl (2016) 171:121-145 141

From (31), we have

CILR2V®  C,LR2V? uR? N
1 j 1 j 128 j p—1 1 4eCLV P
57— < — =< , GNy 8 =C32P | ——
N! 4eC LV 4e w
yr
(57)
By (32),
. 16e/t2C302V? - 16e*C30%V?
m
I = /,L2R(%Nj

> —
2,—j 2PeC38 (4eC LVZY P —j
W2N; (Roe I+ e (e‘T) (1 —eJ) 5)

(33) 1662C§(72V2
= 2
,quj N;

’

and, hence,
CroR;V CoR;V pLR?
< - <

\/ijj _\/16e2C%<72V2N ~ de
=27 T N;
W RN

(58)

Finally, we arrive at

2 r—1
(56),(57),(58) LR L (4eCILVE\ 7 (33
Ep(uji1)—¢* = Ep(yn;) — @* < Z_eJ + Cy2P7! (—) s @

2 -1 2\ 5
_ l uR; e+ Cze2? 4eCLV p (1 _ e*j) s
e 2 e—1 %

p=1
4eC1LV2) P 5

+ C32p_1 (
n

2 —1 2 el
HRG —eny | C3e2” (4eC1LV ) ’ (1 _ef(j+l)) 5.

-2 e—1 m

Thus, we have obtained that (53) holds for k = j + 1 and, by induction, it holds for all
2
k > 1. If we choose § satisfying (36) and perform N = lrln (”TRO)—‘ outer iterations
of Algorithm 2, we will obtain from (34)
wRE _y  C3e2P7! (4eC LV? g
e "+ s <
2 e—1 %

+

Ep(un) — ¢* < =¢.

| ™
| ™

It remains to calculate the number of oracle calls to obtain an e-solution in the sense
that Ep(uy) — ¢* < &. We perform N outer iterations (k runs from 0 to N — 1), on
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each outer iteration k, we perform Ny inner iterations, and, on each inner iteration, we
call the oracle mj times. Hence, the total number of oracle calls is

—1 2.2 2vs2 k 2.2 2v2.N

16C5e“0-V=e 16C5e“0-V~<e

Ce) = E Nymy < E 1+ —— ) s WNo+ o ———
| w” Ry N "

1

R? 4eC LV2\ 7 16e3C252V2
<{1l1+1In u 1+ 61— +;0‘

& I pne(e —1)

1

R? 62LV2\ 7 960000 2V2
5(1+ln(u)) 1+( ) Mt

& " ne

O
Appendix C: Proof of Theorem 4.2
2 -
Let Ag, k > 0 be the event Ay := o (ur) — ¢* < %} and Ay be its complement.
Let us first prove that, for k > 1,
,uR,% A
P —o* > —L A1 < —. 59
[‘/’(”k) ¢ > kl]_N (59

Since the event A;_1 holds, we have from (29)
*||2 2 * 2
fuk—1 —x*|” < o (p(ur-1) — ¢*) < R;_,.

Hence, the solution of the problem min,cp,_, ¢(x) is the same as the solution of
the initial Problem (1). Let us denote Dy := maxy yeg,_, lIx — yll. Clearly,

Dy_1 < 2Rj—1. Note that D1 = Ry maxy yep,_, ” y” and the diameter of

the set Q_1 with respect to the norm ” ” is not greater than 2. We apply Theorems

3.2 and 3.4 with LR,%f1 in the role of L, % in the role of o, V in the role of R, 2

in the role of D, use (37) and make the same argument as in the proof of Lemma 4.1.
This leads to the following inequality

CILR?_\V?  Cy(1+Q)oRi 1V _
o(te) " 1 ;—1 2( )o Ry +C3N,5’7118+
Ni_, N/ Mi—1 N1
2C4Ri—10/ Q2 A
AN A b < 2 (60)
mg—1 N1 N
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where C| = 4¢/2, C; = 163/2,C3 = 48, C4 = 4+/3, 2 = In (2¥). Using (38), we
have

p—1

6eC1LV2)P8
"

2 2 2 2 2
CILR; V> _CiLRp \V? R,
Ny, = 6eCiLV2Z — e
m

, C3N15:115 < c32r! (

(61)
From (39), we have

36eM1C302V2 (1 + Q)2 .
U2RENi—1 B
36e2C302V2(1 + Q)2 40)

p—1
2 20—(k—1 2reC38 (6eCLV2Y) 7 — (k=1
U Ni—1 (ROe k=1) + M(C—jl) (IT) (1 —e & )) 5)

_36e?C302VE(1 + Q)?
MZR]%_lNk—l

mg—1 =

’

and, hence,

CroR—1V(1 4+ ) - Cro R V(1 + Q) < NR/%A
Ny \/36ezc§azv2(1+sz)2 T e

Ni—1
12 R Nk

(62)

Also, by (39), we have

1441 C202Q -

mg—1 =
2
MzRoNk—l

144e2C30°Q @0) 144e’C30°Q

p=t T O2R2 ’
MZNk_l(Rge—<k—l>+—2”eC35 (—6601”2) (1_e—<k—1))5) R N

ue=1) "

and, hence,
2C4Rk_1m/§< 2C4Re—10/Q - wR?

VmiiNe—1 T [iasecloe - 6e
N1
H2RZ_ | Ni—i k

(63)
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Finally, we arrive at

CiLR} \V?  Cy(1+Q)oR_1V NS 2C4Ri_10/Q (61).(62).(63)
SNP” LEATk-10V 3
le—l mi—1Ni—1 k- A/Mj—1 Ng—1
p—1
R} 6eCL LV 7
< By ot (—1 ) 5
2e w
p—1
4o 1 [ wRS 4y | C3e2P7! (6eCILVZY 7 e
= - | —¢ + 1—e 8
e 2 e—1 7

p—1
6eC1LV?\ 7
+ C32[7_1 (el—) P
w

2 — el 2
_ Ry i, Cae2? L (6eCLV?\ 7 (1 B e_k) s MRE
2 e—1 1 2

Thus, (59) follows from (60).
Also, forallk =1, ..., N, we have

2 2
UR UR
P[‘P(uk) —¢* > Tk] =P[<ﬂ(uk)—<ﬂ* > Tk

R2
ZP[‘P(W{)_(P*>%

A U Akl}

Akll P{Ai_1}

R2
+P[<p(uk)—<p*> %

_ _ (59)
Ar—y f P{A—1} <

=<

A - A /LRI%_I
— +P{Ar1}=—=+P 1) —¢F .
N+{k1} v [(ﬂ(ukl) >
Using that P{Ap} = 1 and summing up these inequalities, we obtain

p—1
R2 2P=leC38 (6eCLVZ\ 7
P (P(MN)_§0*>M e 5 (el ) °[=

2 e—1)

1%
RZ
P[w(uzv) —yt > “TN] <A.

Making the same arguments as in the proof of Theorem 4.1, we obtain the complexity
bound (44).

a
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