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Hanpasnenue 01.04.02 «IIpukaagHasi MmareMaTuka u nHQOPMATUKA»

IIpoduas 020 «IIpukaagHas MmaremMaTuka U MHPOPMATHUKA»

Bpems Bbinosinenus 3agaHus — 240 MuH.

Pemenunst onmMnmaobix 3aaHuil TOJKHBI OBITH 3aITACA-
HBI [TO-PYCCKU WK no-aHrmiicku. Kaknas 3agada oenn-
Baercs u3 10 6asoB, MakcumasbHas cymma — 100 6aswios.

1. Haitru det(e?) - onmpeae/ et MATPEYHON SKCITOHEHTDI
JUISL MATPHUIIBI

19

A 8

2. Haiinure dyunknuio y = y(z) Takyio, 410

dy

dx

3. Hazosem Typrupom opuenruposannbiii rpad G = (V) E)
TaKkoii, uro (z,xz) € E mua moboit Bepumubl € V| a g
JIIOOBIX JIBYX PA3JUIHBIX BEPINUH & # Yy, z,y € V aubo
(z,y) € E, mbo (y,z) € E.

MHOKeCTBO BEpIIMH HAa30BEM UTPOKAMU, KarKjaas Ia-
pa UTPOKOB POBHO OJMH pa3 BCTPEUAIOTCs Ha MaTde, ec-
JIT UTPOK T BBIMTPBIBAET y Urpoka y, To (z,y) € E. Ta-
MUJITOHOBBIM IyTeM rpada Ha30BEM NEPECTAHOBKY BEp-
mwuH (L1,%2,...,%Tn), 9TO JJIsl BCEX § UTPOK &; BBIUTDBI-
BaeT y X;11. lloKaxKuTe, 9TO HaliJIeTCS TAKOW TYpHUD Ha
7 BepIIUHAX, JJIST KOTOPOTO YHCJIO FAMUJILTOHOBBIX Iy Tei
He Menbire dem n!/(2771).

4. BepHo i, uT0 B J11000M HellJIaHAPHOM rpade eCcTh IUKJI
JIAHLL 3 wia 47

5. Ha nnockoctu nposeneno 30 mpsMbIX OOIIEro ImoJioxKe-
HUsl (9TO O3HAUAET, YTO HUKAKWe 2 He apajlleJbHbl U HU-
Kakue 3 He IIepeceKaloTcs B OiHOl Touke). Bee Touku 1e-
pecedenus MOKpalleHbl B 2 npeTa. V3BecTHO, 9TO |MCIO
OJTHOIIBETHBIX TPEYTOJbHUKOB Aesurcsa Ha 11. Jlokaxkure,

YTO YHCJIO PA3HOIBETHBIX TPEYT'OJIbBHUKOB HE JE/JIUTCA Ha
11.

6. HazoBéM TpaBUIIBHBIMU CKOOOYHBIMU MOCJIETOBA-
TEJBbHOCTSIMU CEMENCTBO CTPOK, COCTOSIIINX I3 CHMBOJIOB
>(? m ?)?, ompesiesiieMoe CIeIYIONUMEI CBOMCTBAMM:

e Iycras CTPOKa — HPaBHJIbHAs CKOOOYHAs IIOCTIe-
JIOBATEJIHOCTD;

[paBHU/IbHAS CKOOOYHAS IIOCIIEJOBATEILHOCTD, B3s-
Tasi B CKOOKM — TIpaBUJIbHAsT CKOBOUHAST TTOCIIEI0-
BATEJILHOCTH (TO €CTh ecyin S — IpaBUIbHAS CKO-
GO9IHAST TIOCIIEIOBATEILHOCTD, TO 1 (S) — IpaBHiIb-
Has CKOOOYHAS MOCIIEI0BATEIBHOCTD);
KOHKATEHAIMS [[BYX HPABUJIBHBIX CKOOOUHBIX IO~
CJIEZIOBATEJILHOCTEH — TOXKE [PABIJIbHAS CKOOOU-
Hasl IOCJICJOBATEILHOCT.

1) IIpeaioxKuTe aJropuT™, KOTOPBII JIJIsT 38/ IaHHON CTPO-
KK 87 ...Sp, COCTOSIIER 13 cuMBOJIOB ° (° u ’)’, ompeje-
JISIET, CYIIECTBYET JIU 4, JJIsi KOTOPOTO Siiq ...SpS1---8;
— IpaBUWIbHas CKOOOYHAs IIOC/Ie10BaTeIbHOCTh. OneHure
BpeMs# ero pabOThl U 3aTPATHI JOIIOJHUTEILHON MaMATH.

HauumonasnbHbIN uccienoBaresbekuii yuuBepcureT «Bpicinas ITIkora DKOHOMUKMI»

Time to complete the task is 240 min.

Solutions should be written in English or Russian language.
A solution of each problem costs 10 points, the maximum
sum equals to 100 points.

1. Calculate det(e?), the determinant of exponential matrix,
for the matrix

)

2. Calculate the function y = y(x) given that

—48
—-21

1
= y+/0 xy(z)dz, y(0)=1.

3. Tournament is a directed graph G = (V, E), such that
(z,z) € E for any vertex x € V, and for every two vertices
x #y, x,y €V either (z,y) € F, or (y,z) € E.

A set of vertices is called players, every player encounters
every other player exactly once, if player x beats player y,
then (x,y) € E. Hamiltonian path is a permutation of
vertices (z1,xa,...,T,) in such a way that for every i a
player x; beats x;11. Show that there is a tournament of
n vertices that contains at least n!/(2"~!) Hamiltonian
paths.

4. Is it true that any non-planar graph has cycles of length
3 or 47

5. A plane contains 30 straight lines of general position (if
no two of them are parallel, and no three of them meet in
the same point). All the points of intersection are colored
with two colors. It is known that the number of unicolorous
triangles is divisible by 11. Prove that the number of multi-
colored triangles is not divisible by 11.

6. Let correct bracket sequence be a collection of strings,
consisting of the symbols * (* and ?) ?, with given properties:

e an empty string is a correct bracket sequence;

e a correct bracket sequence in parentheses is a correct
bracket sequence (meaning if S is a correct bracket
sequence, then (.5) is also a correct bracket sequence);

e concatenation of two correct bracket sequences is
also a correct bracket sequence.

1) For a given string sj ... sp, consisting of symbols * (> u
)’ propose an algorithm determining the existence of 4
for which s;41...5,51...5; is a correct bracket sequence.
Assess the amount of time and additional storage needed
to execute it.
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2) OnruMusupyiiTe Iponeaypy Tak, 4Tobbl OHAa pabo-
taja 3a O(n) omepanuii.

7. IlpemoxkuTe aaropuTM, IO3BOJIAIONINI BRIOpATH U3 Mac-
cusa A[1:n] nBa MaKCHMAJIBHBIX JIEMEHTA, UCIOJIb3Ysl HE
Gonee n+]logn| cpaBuenuit (3mech | - [ o3HadaeT B3ATHE
BEpXHEH 11eI0l YaCTh, TO €CTh HANMEHBIIIETO MEJI0T0 THC-
Jia, GOJIBIIIErO WJIM PABHOTO 33IAHHOIO).

8. Crenuajmcr 1Mo MaIlluHHOMY OOYYEHUIO IBITAeTCS Pe-
IUTh HEKOTOPYIO 3ajady. s sroro on Gepér ciydaii-
HYIO MOJIEJIb, KOTOPAasi OIPEIE/IsIeTC CJIyJaifHONl BeJmdn-
noit ¢ «~ N(0,0%) ¢ macrosmeit onenkoit KavecTsa (¢ MaK-
CHMaJIbHBIM 3HauenneM Bemautel § « ¢ + N(0,02)). On
IIOBTOPSIET BBIOOD MOJIEJIM CTO Pa3 U OTOMpAET U3 HUX MO-
JeIb C HAWIYYIneil ONMEHKONW KAadeCTBA (qr- KaKOe Ma-
TEeMaTUIECKOE OYKUJIAaHNE HACTOSAIIErO0 KAUECTBA Gqy BBI-
OPaHHOM MOJIEJIN IPU YCJIOBUM, ITO €€ OIEHEHHOE KAIeCTBO
0Ka3aJ10Ch €IUHUYIHO (mar = 17

Samevarnue: Pacemorpum Besmauny M = maz;ec100(qi+
&), rie & — caydafHBIA IIyM, pacrpejeeHHbl 0 HOp-
MaabHOMY 3aKony, & v N(0,02). Haiimure snavenne ma-
TEeMATHIECKOT0 OXKUJIAHUS BBIOPAHHOTO ¢; MPHU YCJIOBUU

M; =1.

9. IloBepxHOCTH HEKOTOPOU MIAPOOOPA3HON IIJIAHETHI CO-
CTOWT U3 OKeaHa U CyImu (MHOXKECTBO MEJIKHX OCTPOBKOB).
Cymra 3anuMaer OOJIBbIIE TOJIOBUHBI ILIOIIAIA ILIAHETHI.
Tak2Kke W3BECTHO, YTO CYIIA €CTh MHOYKECTBO, [IPUHAJJIE-
JKarree OOpeJsieBCKoi o-aredbpe Ha cdepe.

Ha nianery xXo4er COBEpPIINTH MOCAIKY KOCMHYECKUUN
KOpabJib, CKOHCTPYUPOBAHHBIN TaK, YTO KOHILI Beex 2020
€ro HOXKEK MOTYT JIE?KaTh HA IMOBEPXHOCTH ILIAHETHI. [lo-
caJiKa OKasKeTcCsl yCIIeNHOH, ecan He MeHbIe 1011 HOXKek
u3 2020 okaxkyTcs Ha cytie. Beerya ju BO3MOYKHA, YCIIEITT-
Hasl [10cajKa KopabJis Ha ILJIAHETY !

10. /lana MaTpuIia MOKYIIOK JBYMS IIOJIb30BATEISIMEI TPEX

1 10
TOBapOB.A—<O 0 1).

1) (3 6amna) Haitnure Takue Gynaessl marpunsl P u Q

(Py,Qij € {0,1}), ato A = PoQ” nin B 1OKOMIIOHEHTHOI
k
(bopMe Aij = l\/1 Pik . ij.

2) (7 6asuios) Mcnonbsys onpejesieHie CHHIYIISIPHOIO
pazioxkenus MaTpuribl, HaiiauTe U, ¥ u V. I3BecTHO, UTO
g1 = \/§

Ounpegnesnienne. s marpunst A € R™™(n < m),
ee cuHTyJIApHOE passoxkenne nMeer sug A = UXVT, rae
U € R™™"™ — oproroHajbHasl MATPUIA JIEBbIX CHHIYJISAD-
upix Bekropos (UUT = 1), V € R™X™ — oproronaibHas
MaTpHIIa IPaBbIX CHHIYIapHBIX BekTopos (VVT = 1), &

— MaTpula CHUHTYJIAPHBIX YHCEJI X e Rnxm’ TaKad 49TO
Eii:Ji (0'1ZO’QZ...ZO),&EUZOHPI/I’L'#]..

2) Optimize the procedure so that it executes in O(n)
operations.

7. Propose an algorithm for finding two maximal elements
from the array A[1:n] in no more than n+]log n[ comparison
operations (there | - [ is a ceiling function which outputs
the least integer greater than or equal to the given one).

8. A machine learning specialist is solving a task. He evaluates
the real quality of a random model g «» N(0,0?) (getting
maximal value of ¢ «~ ¢ + N(0,0?)). He repeats sampling
100 times and chooses a model with the best quality estimation
Gmaz- What is the expected value of the real quality rate
Qmaz Of the chosen model, given that ¢,q: = 17 normally
distributed noise

Note: Consider the value M = mawz;c100(q; +&;), where
&; is normally distributed noise, & «~ N(0,02). Calculate
the expected value of the chosen ¢; considering M; = 1.

9. The surface of some spherical planet consists of oceans
and land (lots of little islands). More than a half planet’s
surface is covered with land. It is also a known fact that
the land is a set belonging to Borel og-algebra on sphere.

A spaceship wants to land on the planet. The spaceship
is designed such that the end of his 2020 legs can lay on
the planet’s surface. The landing is successful if at least
1011 of 2020 legs lay on the land. Is landing can be always
completed successfully?

10. There is a user-item matrix of purchasing three items

1 10
bytwousers.A—<0 0 1).

1) (3 points) Find the boolean matrices P and Q (P, Qi; €
{0,1}), such that A = P o Q7 or in element-wise form

k
Aij =V P - Qrj.
=1

2) (7 points) Based on the definition of singular value
decomposition find U, ¥ u V. It is known that oy = /2.

Definition. For matrix A € R"*™(n < m), its singular
value decomposition is A = UXVT, where U € R"*"
is a left-singular vectors orthogonal matrix, (UUT = I),
V € R™*™ ig a right-singular vectors orthogonal matrix
(VVT = 1), ¥ is a matrix of singular values ¥ € R"*™,
such that Eii = 0; (0'1 Z g2 Z [N Z 0), and Eij = 0 with

i # .
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