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Power indices are used for measuring the influence of each agent in electoral bodies. The most
used power indices do not take into account agents’ preferences to coalesce. Power indices taking
into account agents’ preferences to coalesce were introduced in (Aleskerov, 2006). These indices
are based on functions of intensity connections between agents, which can be divided into 2 groups —
linear and nonlinear functions. We consider linear functions of intensity connections and introduce
an axiomatization for them.
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Introduction

Power indices are used to study electoral bodies and an institutional balance of power in
these bodies (Aleskerov, 2006; Brams, 1975; Felsenthal and Machover, 1998). As an example of

power index consider the Banzhaf index (Bz), which was introduced in (Banzhaf, 1965).

Let N be a finite set of agents. Any subset of the set N is called a coalition. A coalition is
called winning if the number of its votes is not less than a quota g. An agent i is called pivotal in
winning coalition A if coalition A\{i} is not winning. The set of winning coalitions, where i is a

pivotal agent is denoted as W;.

The Banzhaf index (Bz) for agent i is defined as

Bz = Wl
C Sjen W]

For instance, there are 3 parties in a legislative body — A, B, C. Party A has 30 seats, B has

45, C has 25 seats, q = 51 (simple majority rule). Thus, the Banzhaf index for A is Bz, =

BB, AR A CACA 5 For parties B, C there are Pz = P, = >

The Banzhaf and other most used indices are based on the idea that all coalitions can be
formed. Going back to the previous example let us suppose that party B prefers not to coalesce
with parties A and C. Thus, coalitions {B, A}, {B, C} and {4, B, C} are not possible. If we try to

measure the Banzhaf index, we will get for party A Bz, = % for C Bz, = % for B Bz, = 0. Party

B has more seats than A and C, but the influence of party B in this legislative body is 0. Note that
these values are not satisfied an axiomatization of the Banzhaf index (Dubey and Shapley, 1979;
Laruelle and Valenciano, 2000). Such situations also occur in real political systems (Aleskerov et
al., 2014).

Power indices taking into account agents’ preferences to coalesce were introduced in
(Aleskerov, 2006). These indices are constructed with the function of intensity of each agent.
Sixteen functions of intensity were introduced in (Aleskerov, 2006). In that paper an
axiomatization for one function was constructed and posed a problem of an axiomatization for

other functions of intensity.



1. The statement of the problem

Power index for agent i taking into account agents’ preferences is constructed with the
functions f (i, w) of intensity of i’s connections with other agents from the coalition w. For agent
i € w, the value f(i,w) is a real number, which is constructed by considering the preferences of

members in coalition w. In other words, f: N x (2M\@) - R.

In (Aleskerov, 2006) for each agent i € N it is defined the value

In other words, the value y; is the aggregated intensity of connection of agent i with other
agents in winning coalitions, where i is pivotal. The power index taking into account preferences
of agent i is defined in (Aleskerov, 2006) similarly the Banzhaf index (modification for other

power indices is introduced in (Sokolova, 2009)) as

_ Xi
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It can be said that the power index «; is the normalized value y;.

In (Aleskerov, 2006) it was proposed that the desire of agent i to coalesce with agent j is a
real number p;; € [0,1], Vi € N X jen pij = 1. The value p;; is called the intensity of connection
i and j. Basically, it is allowed that p;; # pj;. Power indices based on values p;; are called cardinal

(Aleskerov, 2006).

For example, let N = {4, B,C}, B is in bad attitude toward A and in very good attitude
toward C, A is in equally good attitude toward B and C. C prefers the agent A to B for coalescing.
Thus, the values p;; can be the following: pgs = 0,pgc = 1, Pap = Pac = 0.5,Pca = 0.7, pcp =

0.3.

Consider the following linear functions of intensity for cardinal indices (Aleskerov, 2006):
e average intensity of i’s connection with other agents of coalition w

_ ZjEwpij

Friw) =1



e average intensity of connection of other agents of coalition w with i

YjewDji

flw) = T

e average intensity for i
. 1 . .
favg (iw) = 2 FrEw) + f~Gw))

e average positive intensity in w

+(w) =
frw) o
e average negative intensity in w
f_(W) — ZiEWf (l, W)
lwl

e average intensity in w

Ziew favg (i' W).

lw|

favg (w) =

Note that the last three functions do not depend on agent i. Thus, for these functions, each

member in coalition w has an equal value with others.

Consider the function f*(i,w). Assume that there are 3 parties in a legislative body —
A, B, C. Party A has 50 votes, B has 25 votes, C has 25 votes, quota g = 51. The values of intensity

of connections are as follows: p,p = 0.4, pac = 0.6, pga = 0.5, Pgc = 0.5, pca = 0.7, pcp =
0

0.3. Thus, f*(A,{A,B}) = === 0.4, f*(4,{A,C}) =22 = 0.6, *(4,{4,B,C}) = =2 = 0.5,
f*(B.{A,BY) === 05,f*(B,{B,C}) == =05, f*(B,{4,B,C}) = =05,
fr(C{A,CH =2=07,f*(C,{B,C) === 03,f*(C,{4,B,C}) = = 05.

For this case, the values y; for each agent are the following: y, = 0.4 + 0.6 + 0.5 = 1.5,

15 15 5 0.5 05 5
= 0.5 =0.7. Thus A =———— =" = gp=—m——— = —=— g =
AB » XB : AT 15+05+07 27 9’ B T is+05+07 27 27°°C

07 07

1.5+0.5+0.7 2.7 27



Despite the numbers of the agents” B and C votes are equaling, the value of power index
ag is higher than the value a.. The cause of this is that party C has the higher value of the intensity
of connection with coalition {4, C} than the value of the intensity of connection B with coalition
{A,B}.

Note that
" _ Ziewf+(i: w) — - _ Yiew [~ (L, w) _ _ Ziewfavg(ir w)
frw) == =f~(w) AT =f(w) = Wi :
Indeed,
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Therefore, instead of all indices f*(w), f~(w), fag(w) we consider the only one —

favg(W).
An axiomatization for function f* (i, w) was introduced in (Aleskerov, 2006).

e Axiom 1. For any m-tuple of values (p;1, ..., pim) there exist a function f(i,w), 0 <
f(i,w) <1, where f(i,w) — continuous differentiable function of each of its arguments.

e Axiom 2. If p;; = 0 forany j, then f(i,w) =0

e Axiom 3 (Monotonicity). A value of f(i,w) increases (decreases) iff any value p;;

increases (decreases). Moreover,




and

af (i, w)
aplj

= (0 forany! # i.

Theorem 1 (Aleskerov, 2006). f (i, w) satisfies Axioms 1-3 iff f(i,w) = f*(i,w).

In this article, it is introduced an axiomatization for functions f~(i,w), faue(i,w),

favg (w).
2. An axiomatization for linear functions of intensity
Consider the following axioms:

e Axiom 1. For any m-tuple of values (p;4, ..., pim) there exist a function f(i,w), 0 <
f(i,w) <1, where f(i,w) — continuous differentiable function of each argument. (The
intensity of connection with other members of the coalition can be evaluated for each
member i and for any i’s preferences).

e Axiom 1a. For any k-tuple of values (py;, ..., px;) there exist a function f(i,w), 0 <
f(i,w) <1, where f(i,w) — continuous differentiable function of each argument.

e Axiom 1b. For any 2s-tuple of values (p;1, p1; ---» Dis» Psi) there exist a function f (i, w),
0 < f(i,w) < 1, where f(i,w) — continuous differentiable function of each argument.

e Axiom 1c. For any r(r-1)-tuple of values (p1z, ..., P1y) P21s ) Pr1, > Dr r—1) there exist a
function f(w), 0 < f(w) < 1, where f(w) — continuous differentiable function of each
argument.

e Axiom 2. If p;; = 0 for any p;; from (p;s, ..., Pirm), then f(i,w) = 0 (If member i is in
bad attitude toward other members of the coalition, then the intensity of connection i with
others is 0).

e Axiom 2a.If p;; = 0 for any p;; from (py;, ..., Pri), then f(i,w) = 0 (If all members of
the coalition are in bad attitude toward member i, then the intensity of connection i with
them is 0).

e Axiom 2b. If p;; = 0,p;; = 0 for any p;j, p;; from (p;1, P1; -, Pis» Psi), then f(i,w) =
0 (If member i of the coalition is in bad attitude toward other members and they are in bad

attitude toward i, then the intensity of connection i with them is 0).



Axiom 2c. If Dim = 0 for any p;,, from (P12, ..., P17y P21y s Priy oo Prr—1)s
then f(w) = 0 (If all members of the coalition are in bad attitude toward each other, then
for each member the intensity of connection with others is 0).

Axiom 3 (Monotonicity 1). A value of f(i,w) increases (decreases) iff any value p;;

increases (decreases). Moreover,

af (i, w)
= y; for any Dij from (p;, .-, Dim)
apij
and
af (i,
f@w) = 0 for other cases.
opy;

Equal changes in values of preferences lead to the same changes in the value of intensity.

Axiom 3a (Monotonicity 2). A value of f(i,w) increases (decreases) iff any value pj;

increases (decreases). Moreover,

f (i, w)
5 = p; for any pj; from (py;, ..., Dri)
Dji
and
af (i,w
fGw) = 0 for other cases.
6ij

Axiom 3b (Monotonicity 3). A value of f(i,w) increases (decreases) iff any value p;;,

pji increases (decreases). Moreover,

af (i,w) B af (i,w)
dpi;  Opji

= p; for any Pij, Dji from (p;1, P1; --) Diss Psi)

and

of(i,w) 0f(i,w)

= = 0 for other cases.
opu pji




e Axiom 3c¢ (Monotonicity 4). A value of f(w) increases (decreases) iff any value p;,,

increases (decreases). Moreover,

ofw _ .
a = Uy or any plm from (p12! L plri le! L] prl,' L] pr r—l)
Pim
and
0
fw) = 0 for other cases.
apkz

Theorem 2. 1. f (i, w) satisfies Axioms 1, 2, 3 iff f(i,w) = f+(i,w);
2. f(i,w) satisfies Axioms 1a, 2a, 3aiff f(i,w) = f~(i,w);
3. f(i,w) satisfies Axioms 1b, 2b, 3b iff f(i,w) = fg,4(i, w);
4. f (w) satisfies Axioms 1c, 2¢, 3c iff f(w) = fo,0(W).

Proof. The proof of this theorem is based on the idea of proving the average rule for
probabilistic social choice (Intriligator, 1973).

YjewDij
lwl-1

1. It can be measured the value f*(i,w) = for each m-tuple (p;1, ..., Pim). Thus,

f (i, w) satisfies the Axiom 1. If in m-tuple (p;y, ..., pim) all p;; = 0, then % = % =0

Thus, f*(i,w) satisfies the Axiom 2. Since the function f*(i,w) is linear with respect to

arguments p;4, ..., Pim., then this function satisfies the Axiom 3.

Consider an arbitrary coalition w = {1, ..., m}, an agent i € w, and m-tuple (p;1, -.-, Pim)-
By the Axiom 1, it exists f(i,w) for the tuple (pi1,...,Pim), Where f(i,w) — continuous
differentiable function of each argument, 0 < f(i,w) < 1. Consider a total differential df (i, w).
By the Axiom 3, df(iw)=pYjewdp; e [df = Yjew [dpij o fGW) =C; +
Ui Xjewbij- If all p;; =0, j €w, then, by the Axiom 2, f(i,w) =0 =C;. Thus, f(i,w) =
Wi X jew Dij- Expect that condition Vi € N Y ey p;; = 1 is violated. If we prove the uniqueness of
function f*(i,w) for this case, then this function is unique for the case with condition Vi €
NYjenpij=1. If all p; =1, j€w, then, by monotonicity, f(i,w)=1. Thus, 1=

. Z'W ij .
Wi XjewPij = mi(m—1) = f(i,w) = ZiewPl = £+ (i, w).

lw|-1



Z]Eijl

2. It can be measured the value f~(i,w) = for each k-tuple (py;, ..., Pxi). Thus,

£~ (i, w) satisfies the Axiom 1a. If in k-tuple (py;, ..., ;) @ll pj; = 0,j € w, thenzfewp” =2 =

-1 m-—1
0. Thus, f~(i,w) satisfies the Axiom 2a. Since the function f~(i,w) is linear with respect to

arguments py;, ..., Pxi, then this function satisfies the Axiom 3a.

Consider an arbitrary coalitionw = {1, ..., k}, an agent i € w, and k-tuple (p4;, ..., Pxi)- BY
the Axiom 1a, it exists f (i, w) for the tuple (p4;, ..., Pri), Where f (i, w) — continuous differentiable
function of each argument, 0 < f(i,w) < 1. Consider a total differential df (i, w). By the Axiom
3a, df (i, w) = W Xjewdpji © [ df = [ 1; Xjew dpji = i Xjew [ dpji © f(L,w) = G +
i Yjewpji- If all pj; =0, j €w, then, by the Axiom 2a, f(i,w) =0 = C;. Thus, f(i,w) =
ti Xjewpji- If all p;; =1, j € w, then, by monotonicity, f(i,w) = 1. Thus, 1 = p; Yjew 0ji =

ik = 1) = F(i,w) = Z2Pi = £=(; ),

[wl|-1

3. It can be measured the value %(f*(i, w) + f~(i,w)) for each 2s-tuple
(i1, P1i -+ Dis» Dsi)- THUS, fopq (L, w) satisfies the Axiom 1b. If in 2s-tuple (p;1, p1; ..., Pis, Psi) @ll
pij = pji = 0,j € w, then %(f*(i, w)+ f~(,w)) = % = 0. Thus, fg,,4 (i, w) satisfies the Axiom
2b. Since the function fg,,4 (i, w) is linear with respect to arguments p;q, py; ..., Pis, Psi» then this

function satisfies the Axiom 3b.

Consider an arbitrary coalition w ={1,...,s}, an agent i €w, and 2s-tuple
(Pi1, P1i > Pis» Psi)- By the Axiom 1b, it exists f(i,w) for the tuple (p;1,p1;i -, Dis» Psi), Where
f(i,w) — continuous differentiable function of each argument, 0 < f(i,w) < 1. Consider a total
differential df (i, w). By the Axiom 3b, df (i, w) = u; X jew d(pji) + 1 ZjEWd(Pij) & [df =
S Cjewdpji + Zjewd®@i)) © f = Ci+ wi(Tjewpji + Zjewpij)-fallpy; =p;; = 0,j € w,
then, by the Axiom 2b, f(i,w) = 0 = C;. Thus, f(i,w) = u;(XjewPji + X jew Pij)- EXpect that
conditionV i € N ) ey p;j = 1is violated. If we prove the uniqueness of function f (i, w) for this
case, then this function is unique for the case with condition Vi € N} ;cyp;; = 1. If all

pij = pji = 1, j € w, then, by monotonicity, f(i,w) = 1. Thus, 1 = u;(Xjew Dji + XjewPij) =

. LjewPjitZjewPij _ 1 . py
wi2(s = 1) = f (i, w) = LRI R = 2 (£ (1, w) + £ (1 w)).
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4. It can be measured the value for each r(r-1)-tuple

(D125 s D1rs D215 s Pray oo s Prr—1)- THUS, fo,,g(w) satisfies the Axiom 1c. If in r(r-1)-tuple

P 0
(p12: o P1rP21s = Pra,» ---'prr—l) all bij = 0, i,j€Ew, then favg(W) =5 0. Thus, favg(W)
satisfies the Axiom 2c. Since the function f,,,,(w) is linear with respect to arguments

P12, > P1rs P21 s Pr1s - Pr r—1, then this function satisfies the Axiom 3c.

Consider an arbitrary coalition w ={1,...,7}, an agent i € w, and r(r-1)-tuple
(D12) ) P1rs P21s s Pr1y 0 Prr—1)- BY the Axiom 1c, it exists f(w) for the tuple
(D12) -+ P19 D215 s Pr1y o0 Prr—1), Where f(w) — continuous differentiable function of each
argument, 0 < f(i,w) < 1. Consider a total differential df (w). By the Axiom 3c, df(w) =
tw Yijewd®i) © [df = [t (Tijew dpis) = tw Zijew [ dpij © f = Co + 11w (T jew pij)-
If all p;; =0, i,j €w, then, by the Axiom 2¢, f(w) = 0 = C,,. Thus, f(W) = w,, X jew Pji-
Expect that condition Vi € N Yy p;; = 1 is violated. If we prove the uniqueness of function
f (w) for this case, then this function is unique for the case with condition Vi € N ¥ ;eyp;j = 1.
If all p;; =1, i,j €w, then, by monotonicity, f(w)=1. Thus, 1= p,(3;ijewpji) =

YijewDji _ Ziew favg(iw)
wi(lw|-1) [w|

pyr(r—1) = f(w) =

Note that all considered linear functions of intensity can be presented by the axioms with
slightly changed conditions. The list of conditions is given in Table 1, where “+” means that a

function satisfies chosen axiom.

Table 1: List of conditions

Function/axiom | 1 |1a |1b |1c |2 |2a |2b | 2c |3 |3a |3b | 3c
fra,w) + + +
f=,w) + + +
favg (L, W) + + +
favg(W) + + +

11



3. Example

ASSUI’ﬂe that N = {A, B, C, D}, pAB = 04, pAC = 05, pAD == 01, pBA = 02, pBC =
0.5, pBD = 03 pCA = 06, pCB = 02, pCD = 02, pDA = 02, pDB = 02, pDC = 06 CO”Slder the
coalition w = {4, B, C} and evaluate the values of linear functions for this coalition and each agent

inw.

Z]Ewpl] _ Pap t Pac _ 0.9

Z]EW Pji _Ppatpca 0.8
Y jew Di Ppa + D 0.7
+ JEW l] BA BC —
frB,w) = W1 > -~ =035
Z]EW Pji _ Pas +pcg 0.6
Z]EW Pij _ Pca +pcg 08
F(Cw) = Y jew Dji pAC+pBC:1:05
Wl —1 2 2=

favg (A W) = %(f*(A, W) + (A W) = %(0.45 +0.4) = 0.425
favg(B, W) = %(f*(B, W) + f7(B,w)) = %(0.35 +0.3) = 0.325

1 1
favg(C,W) = 3 (FrC,w) +f(C,w)) = > (0.4 + 0.5) = 0.45

IR —y. . ZiEv'vfav (i' i ) 1.2
f W) = f (W) = favg(W) = |Wg| d = ? =04

4. Conclusion

In this article, we consider linear functions of intensity for cardinal indices. It is constructed
the axiomatization for each linear function and proved the theorem. It is shown that the
axiomatization for all linear functions can be defined by the axioms with slightly changed

conditions.
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